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Appendix A

Solutions to Selected
Exercises

Chapter 1

Section 1.1

(5) We solve z2 = i for z. Let z = x+iy. Then z2 = (x+iy)2 = x2−y2+2xyi.
Equating real parts and imaginary parts in the equation z2 = i, then
results in the two equations

x2 − y2 = 0,

2xy = 1.

The first equation is equivalent to y = ±x and when we combine this with
the second equation we get 2x2 = 1 or 2x2 = −1 . The first equation has
x = ±2/

√
2 as solution and the second has no real solutions. We conclude

that x = ±2/
√

2 and y = ±2/
√

2. Hence, there are two solutions to z2 = i
given by z = ±(2/

√
2 + 2i/

√
2.

(13) If z = x + iy, the expression |z − i| = x2 + (y − 1)2 is the distance from z
to i. The set of points z for which this distance is 1 is the circle of radius
1 centered at i.

(14) If z = x + iy, then z2 = x2 − y2 + 2xyi and z2 + z2 = 2(x2 − y2). Thus,
the equation z2 + z2 = 2 is equivalent to the equation x2 − y2 = 1. This
is a horizontal hyperbola with vertices at ±1 on the x-axis.

(15) If z = x + iy, then
1
z

=
x − iy

x2 + y2
. The conjugate of this is

x + iy

x2 + y2
. On

the other hand, z = x − iy and so
1
z

=
x + iy

x2 + y2
. Hence, 1/z = 1/z.
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For the second part, |1/z|2 = (1/z)(1/z) = (1/z)(1/z) = 1/zz = 1/|z|2.
On taking the square root of both sides, we conclude that |1/z| = 1/|z|.

Section 1.2

(1) (2+ni)−1 =
2 − ni

4 + n2
=

2
4 + n2

+i
−n

4 + n2
. Since both the real and imaginary

parts of this expression have limit 0 as n → ∞, the sequence {(2 + ni)−1}
converges to 0.

(2) By the ordinary triangle inequality,

|z| = |w + (z − w)| ≤ |w| + |z − w|.

Subtracting |w| from both sides yields |z| − |w| ≤ |z − w|. The same
argument, with z and w interchanged, shows that |w| − |z| ≤ |w − z| =
|z − w|. Since both |z| − |w| and its negative are less than or equal to
|z − w|, the same is true of ||z| − |w||.

(4) If λ = 1/
√

2 + i/
√

2, then a direct calculation shows that λ2 = i, λ4 =
i2 = −1, and λ8 = (−1)2 = 1. Thus, λ9 = λ and, in fact, the powers
of λ just keep cycling through the eight numbers 1, λ, λ2, · · · , λ7. Such a
sequence is not converging to any number.

(5) If |z| > 1, then |zn| = |z|n which diverges to ∞ which implies that {zn}
cannot converge. If |z| < 1, then |zn| = |z|n converges to 0 and, hence,
zn → 0.

The sequence also fails to converge if |z| = 1 except in the case z = 1. To
show this, we assume zn converges to a number w. Then lim(zn+1−zn) =
w − w = 0. But |zn+1 − zn| = |z||z − 1| = |z − 1|. Thus, the only way
lim(zn+1 − zn) = 0 can be true is if z = 1.

(10) No. We have lim n/(3 + 2ni) = lim 1/(3/n + 2i) = 1/(2i) = −i/2. Since
this is not 0, the term test tells us the series

∑
n/(3+2ni) cannot converge.

(11) Yes,
∑∞

n=1 |n/(n3+2i)| =
∑∞

n=1 n/
√

n6 + 4 converges by comparison with
the p-series

∑∞
n=1 1/n2. Hence the original series is absolutely convergent,

hence, convergent.

(13) Ratio test applied to
∑∞

n=0 n|z|n shows that this series of positive terms
has radius of convergence 1. Hence, the original series also has radius of
convergence 1.

(14) Ratio test shows
∑∞

n=0 |z|n/3n has radius of convergence 3. Hence, the
original series does also.
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Section 1.3
(5) If z = x + iy then ez = ex(cos y + i sin y). If this is 0, then cos y = 0 and

sin y = 0 since ex is never 0 for x real. However, sin2 y + cos2 y = 1 for all
y and so sin y and cos y cannot both be 0 at the same value of y. Thus,
ez is never 0.

(9) If z = x + iy then ez = ex(cos y + i sin y) and so ez is real if and only if
sin y = 0. This occurs if and only if y is a multiple of π. Thus ez is real
for z = x + inπ where x is any real number and n is any integer.

(12) By Euler’s identities, and the law of exponents

sin z cos w + cos z sin w =
eiz − e−iz

2i

eiw + e−iw

2
+

eiz + e−iz

2
eiw − e−iw

2i

=
eizeiw − e−ize−iw)

2i
=

ei(z+w) − e−i(z+w)

2i
= sin(z + w).

The identity for cos(z + w) is proved analogously.

(15) By integrating the power series expansion (1+x)−1 = 1−x+x2−x3 + · · ·
for (1 + x)−1, we obtain a power series expansion log(1 + x) = x − x/2 +
x3/3 − x4/4 − + · · · for log(1 + x). To extend log(1 + x) to a function of
a complex variable z, we simply use this expansion with x replaced by z.
Thus,

log(1 + z) = z − z/2 + z3/3 − z4/4 − + · · · =
∞∑

k=1

zk/k

is the function we seek. It is defined for those values of z for which this
power series converges – that is, on the open disc of radius 1 and some of
its boundary points.

Section 1.4
(1) −1 = eiπ, i = eiπ/2, 1 +

√
3i = 2eiπ/6, 5 − 5i = 5

√
2e−π/4.

(4) 1 − i =
√

2e−iπ/4 and so (1 − i)7 = 27/2e−i 7π/4 = 8
√

2eiπ/4 = 8(1 + i).

(7) 1, i,−1,−i.

(11) 1− i =
√

2e−iπ/4 and −π < −π/4 ≤ π. Thus, if log is the principal branch
of the log function, then log(1 − i) = log

√
2 − iπ/4.

(12) 1 − i =
√

2ei 7π/4 and 0 < 7π/4 ≤ 2π. Thus, if log is the branch of the
log function for which arg lies in the interval [0, 2π), then log(1 − i) =
log

√
2 + i 7π/4.
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Section 2.1
(2) If K is closed, then its complement C \ K is open. Then U ∩ (C \ K) is

also open. Since, U \ K = U ∩ (C \ K), we conclude that U \ K is open.

(4) If w ∈ A, then Re (z) > 0. Set r = (1/2)Re (z), then the disc Dr(w) lies
entirely in A, since |z − w| < r implies ℜw − ℜz < r which implies that
0 < ℜw − r < ℜz.

(8) If f(z) =
z − z

|z| for z 6= 0, then f(z) is identically 0 for z real and so

the limit as z → 0 is 0 for f restricted to the real line. However, along
other lines through the origin, the limit is not 0. For example, along

the imaginary axis, the limit does not exist, since f(iy) =
2iy

|y| , which

approaches 2i as y → 0 from the positive direction, while it approaches
−2i as y → 0 from the negative direction.

(10) (1−z4)−1 is continuous wherever it is defined, that is, wherever its denom-
inator is not 0. Thus, it is continuous except at the points {1, i,−1,−i}.

Section 2.2
(5) The proposition is true when n = 1 since z′ = 1 = 1 · z0. If we assume

it is true for n, then by this assumption and the product rule we have
(zn+1)′ = (z · zn)′ = z′ · zn + z · (zn)′ = zn + z · (nzn−1) = (n + 1)zn. This
implies the proposition is true for n + 1. By induction, it is true for all n.

(7) (ez3
)′ = 3z2ez3

by the chain rule.

(8) Both logI(z) and
logI(z)

z
are defined everywhere except at 0. However,

neither one of these functions is continuous on the cut line for logI(z).
Therefore, neither one of them can be analytic on this cut line. Both are
analytic on the complement of the cut line and the derivative there is

(
logI(z)

z

)′

=
1
z3

− logI z

z2
.

(11) If f = u + iv is real valued, then its imaginary part v is identically 0.
Then the Cauchy-Riemann equations ux = vy, uy = −vx imply that both
ux and uy are identically 0 and, hence, u is a constant. Thus, f is a real
constant. We conclude that the real valued analytic functions are the real
constants.

(16) The function log |z| is the real part of the function log z and this is analytic
on C with the non-positive reals removed. Therefore, log |z| is harmonic on
this set and has the imaginary part of log z, which is arg z, as a harmonic
conjugate if log is the principal branch of the log function. Choosing
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other branches of log and arg shows that log |z| is also harmonic on C
with different cut lines removed and, hence, is harmonic on all of C \ {0}.
The harmonic conjugate, however, will always fail to be harmonic on the
cut line for whatever branch of arg is chosen.

Section 2.3
(4) Such a path is γ(t) = 2 − i + t((−1 + 3i) − (2 − i)) = 2 − 3t + (4t − 1) i

with t ∈ [0, 1].

(5) (a) γ(t) = z0 + reit, t ∈ [0, 2π];
(b) γ(t) = z0 + re−it, t ∈ [0, 2π];
(c) γ(t) = z0 + re3it, t ∈ [0, 2π] or γ(t) = z0 + reit, t ∈ [0, 6π].

(7) Just apply the fundamental theorem of calculus to the real and imaginary
parts of f .

(8)
∫

γ 1 dz =
∫ b

a dt = γ(b) − γ(a).

(10)
∫

γ 1/z dz =
∫ 2π
0

(i/3)e−iteit dt = 2πi/3, while
∫

γz dz =
∫ 2π
0

(3i)e−iteit dt = 6πi.

Section 2.4
(2) Set γ(t) = e2ti for 0 ≤ t ≤ 2π. Then γ′(t) = 2ie2ti and so

∫

γ

1
z

dz =
∫ 2π

0

1
e2ti 2ie2ti dt = 2i

∫ 2π

0

1 dt = 4πi.

(3) Set γ(t) = z0 + t(w0 − z0) for 0 ≤ t ≤ 1. Then γ′(t) = w0 − z0 and so
∫

γ
z dz = (z0+t(w0−z0))(w0−z0) dt = z0(w0−z0)+

1
2

(w0−z0)2 = w2
0−z2

0 .

(7) The length of γ is
∫ b

a |γ′(t)| dt. The length of γ ◦ α is

∫ d

c
|(γ(α(s)))′| dt =

∫ d

c
|γ′(α(s))||α′(s)| ds.

Since α has a non-negative derivative, |α′(s)| = α′(s). Then the fact that
the two lengths are equal follows from making the change of variables
t = α(s), dt = α′(s) ds in the integral describing the length of γ.

(8) cos z =
1
2

(eiz + e−iz). On the unit circle,

|eiz | ≤ e|iz| = e and |e−iz| ≤ e|−iz| = e.
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Thus, | cos z| ≤ e on the unit circle, by the triangle inequality. Then
|(cos z)/z| ≤ e on the unit circle, also, since |z| = 1. By the inequality in
Theorem 2.4.9, we have that

∣∣∣∣

∫

γ

cos z

z
dz

∣∣∣∣ ≤ 2πe,

Since γ has length 2π.

Section 2.5

(6) Since zn has
zn+1

n + 1
as an antiderivative for each non-negative integer n,

it follows that each polynomial has an antiderivative. Hence, by Theorem
2.5.6,

∫
γ p(z) dz = 0 if p is a polynomial and γ is any closed path in the

plane.

(7) 1/z has the principal branch of the log function as an antiderivative on
the open set consisting of C with the non-positive reals removed. Any
path γ in the right half plane joining −i to i lies in this open set and so,
by Theorem 2.5.6,

∫

γ

1
z

dz = log(i) = log(−i) = πi/2 − (−πi/2) = πi.

(9) If f(z) = (2/3)e(3/2) log z on {z : z 6= 0,−π/2 ≤ arg z ≤ 3π/2}, then

f ′(z) = e(3/2) log z/z = e(1/2) log z =
√

z.

Since f is an anti-derivative for
√

z, we have
∫

γ

√
z dz = f(1) − f(−1) = 1 − e3πi/2 = 1 + i

for any path γ in the upper half plane which begins at 1 and ends at −1.

Section 2.6
(2) The integral is 0 by Cauchy’s theorem. The integrand (z2−4)2 is analytic

except at ±2 and so it is analytic in the open disc D2(0), which is convex.
The closed path γ is contained in this convex open set and so Cauchy’s
theorem applies.

(4)
∫

γ 1/z dz = 0 if 0 is outside the circle traced by γ, by Cauchy’s theorem.
The integral is 2πi if 0 is inside the circle, by Cauchy’s formula applied to
the function f(z) = 1.

(5)
∫

γ 1/z2 dz = 0 if γ is any closed path not passing through 0, because 1/z2

is the derivative of −1/z. Since 1/z2 has an antiderivative in C \ {0}, its
integral around any closed path in this set is 0.



CHAPTER 1 317

(13) We write
1

z2 − 1
=

1/2
z − 1

− 1/2
z + 1

.

The function
1/2

z − 1
is analytic in a convex open set containing the circle

|z + 1| = 1 and so its integral around this circle is 0 by Cauchy’s theorem.

The function
1/2

z + 1
has integral around this circle equal to πi by Cauchy’s

formula applied to f(z) = 1/2. Thus,
∫

|z+1|=1

1
z2 − 1

dz = −πi. The

integral around |z − 1| = 1 is computed in the same way.

Section 2.7
(3) Go clockwise around the circle bounding the disc from the point where

the path first enters the disc to where it exits the disc. Then travel back-
wards along the path to the original point. The resulting path will be the
boundary of one of the left component of the two components that the disc
is split into. Doing the same thing but traveling counterclockwise alone
the circle from the starting point will yield a path which is the boundary
of the right component.

(8) Both 1, both −1, or one 1 and the other −1. The latter answer is the one
that holds if the figure 8 is traversed the way a figure skater would do it
(the entire path smooth, no sudden direction changes).

(9) The index is 0 in the unbounded component. Then starting in the up-
per right corner and moveing counterclockwise around the outside, the
bounded components have indices 1, −1, −1, −1, −1. This leaves three
components that are ”inside”. Starting with the one on the upper right,
their indices are 0, 0, and −2.

Section 3.1
(5) If z ∈ D1(0), we have |k + z| ≤ k + |z| ≤ k + 1 for all k = 1, 2, · · · . Thus,

∣∣∣∣
k + z

k3 + 1

∣∣∣∣ ≤
k + 1
k3 + 1

≤ 2k

k3
=

2
k2

.

Also, the series
∑∞

k=1 1/k2 converges because it is a p-series with p = 2.

Thus,
∑∞

k=1 2/k2 converges as well. Then the series
∞∑

k=1

k + z

k3 + 1
converges

uniformly on D1(0) by the Weierstrass M-test.

(14) No! A power series centered at 1 which converges at 3 must have radius
of convergence at least 2. Thus, it must converge in the entire disc D2(1)
and so it cannot diverge at z = 0.
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(15) By integrating term by term, we determine that
∫ z

0

1
1 + w

dw =
∞∑

k=0

(−1)k zk+1

k + 1
=

∞∑

k=1

(−1)k−1 zk

k
.

This has radius of convergence 1. The resulting function has derivative
1

1 + z
on D1(0) as does the function log (1 + z) and both functions have

the value 0 at 0. Thus, they must be the same.

Section 3.2
(2) If f(z) =

√
1 + z we have

f(z) = (1 + z)1/2 which is 1 at z = 0,
f ′(z) = 1/2(1 + z)−1/2 which is 1/2 at z = 0,
f ′′(z) = (1/2)(−1/2)(1 + z)−3/2 which is −1/22 at z = 0,
f ′′′(z) = (1/2)(−1/2)(−3/2)(1 + z)−5/2 which is 3/23 at z = 0,
f (4)(z) = (1/2)(−1/2)(−3/2)(−5/2)(1+z)−5/2 which is −3·5/24 at z = 0.
In general, for n ≥ 2, f (n)(0) = (−1)n−13 · 5 · · · (2n − 3)/2n. Thus,

sqrt1 + z = 1+
1
2

z− 1
22

z2

2
+

3
23

z3

3!
+· · ·+(−1)n−1 3 · 5 · · · (2n − 3)

2n
z3

n!
+· · · .

The function
√

1 + z is analytic on D1(0), but on no larger disc centered
at 0 because it is not analytic at −1. Thus, the radius of convergence of
its power series expansion is 1.

(8) We have sin z = z − z3/3! + z5/5!− · · · and so the function defined by the
power series 1 − z2/3! + z4/5! − · · · , which is also analytic on the entire

plane, agrees with
sin z

z
on C \ {0} and has the value 1 at z = 0.

(11) Actually, |a3| ≤ 1 if p(z) = a3z3 + a2z2 + a1z + a0 satisfies |p(z)| ≤ 1 on
the unit circle. This follows from Cauchy’s estimates, which imply that

|p′′′(0)| ≤ 3!
13

= 3!.

Since a3 = p′′′(0)/3!, this implies that |a3| ≤ 1.

(14) Given a triangle ∆ in U , construct a collection of triangles in U such
that the given point or line segment is a vertex of one of these triangles
or a union of edges of some of these triangles and such that ∆ is the
union of some of these triangles. Argue that the integral around each
of these triangles is 0 since an edge of a triangle A that may be part of
the line segment where f is not analytic can be moved slightly so as to
produce a triangle B which is entirely in the set where f is analytic. The
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integral around ∂B is 0 and B may be chosen close enough to A so that
the difference of the integrals around ∂A and ∂B is less than a given ǫ.
It follows that the integral around ∂A is 0. Since the original triangle
is a union of some of the new triangles and f has integral 0 around the
boundary of each of these, it follows that the integral of f around ∂∆ is
also 0. Now Morera’s theorem tells us that the function f is analytic on
all of U .

Section 3.3

(1) If f does not have a zero in C, then 1/f is also an entire function.
Since limz→∞ f(z) = ∞, we have limz→∞ 1/f(z) = 0. By Theorem
3.3.3, 1/f is bounded. By Liouville’s theorem, 1/f is a constant. Since
limz→∞ 1/f(z) = 0, this constant must be 0, but this is impossible. Hence,
f must have a zero somewhere in the plane.

(7) If |f(z)| ≤ K|z| for all z ∈ C, then |f(z)| ≤ KR on the disc of radius R
centered at 0. By Cauchy’s estimates, we have

|f (n)(z)| ≤ n!KR

Rn =
n!K
Rn−1

for all n and all R > 0. On taking the limit as R → ∞ we see that
|f (n)(z)| = 0 for all n ≥ 2. Thus, the power series coefficents cn in the
power series expansion of f about 0 are equal to 0 for n ≥ 2. This means
f(z) = c0 + c1z. However, if n = 0, then, on taking the limit of the above
inequality as R → 0, we conclude that f(0) = c0 = 0. Thus, f(z) = Cz,
where C = c1.

(10) If p(z) = anzn + an−1zn−1 + · · · + a1z + a0. Then set

q(z) = p(z) = anzn + an−1zn−1 + · · · + a1z + a0.

This is also a polynomial in z and its roots are exactly the conjugates of
the roots of p. If p has real coefficients, then ck = ck for each k and so
p = q. This implies that each conjugate of a root of p is also a root of p.
Thus, if λ is a root of p, then it is either real (is its own conjugate) or λ
and λ form a pair of distinct roots of p.

Section 3.4
(3) The set E = {1/n}∞n=1 is not a discrete subset of C because, although 0

is not in E, every open disc centered at 0 contains elements of E. Since,
by Theorem 3.4.2, the set of zeroes of an analytic function on a connected
open set U is either a discrete subset of U or all of U , there can be no
analytic function on C which is zero at each point of E but is not identically
0.
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On the other hand, if we only require that the function be analytic on
C \ {0}, then there are functions which are not identically 0 but do vanish
on E. For example f(z) = sin(π/z) is such a function.

(5) If f(z) = cos z − 1 + z2/2, then the power series expansion of cos z about
0 tells us that

f(z) =
z4

4!
− z6

6!
+ · · · + (−1)n z2n

2n!
+ · · · ,

which implies that f(z) = z4g(z), where

g(z) =
1
4!

− z2

6!
+ · · · + (−1)n z2n − 4

2n!
+ · · · .

Since g(0) 6= 0, f has a zero of order 4 at 0 and f(z) = z4g(z) is the
required factorization.

(14) The function f(z) = sin(1/z) has an essential singularity at 0. If it had
a pole or a removable singularity there would be an integer k ≥ 0 such
that f(z) = z−kg(z) where g is analytic on all of C (no singularity at 0).
However, f((nπ)−1) = 0 for every integer n and the only way this can
happen is if g((nπ)−1) = 0 for every n 6= 0. However, {(nπ)−1} is not a
discrete subset of C and no analytic function on C can be zero on such a
set unless it is identically 0. Hence, there is no such factorization and f
necessarily has an essential singularity at 0.

Section 3.5
(1) By the maximum modulus theorem, the function f(z) = z2 − 1 attains its

maximum modulus on the disc D1(0) only on the boundary of the disc –
that is, only on the unit circle {z : |z| = 1}. In polar coordinates, points
on the unit circle have the form eiθ. Then

|f(eiθ)| = |e2iθ − 1|.

This is a maximum when e2iθ is as far away from 1 as is possible for a
point on the unit circle – that is, when e2iθ = −1. This happens when
θ = ±π/2– that is, when z = ±i.

(4) If f has no zeroes in U , then 1/f is also an analytic function in U . By the
maximum modulus theorem, |1/f | = 1/|f | has no points of local maximum
on U . This means that |f | has no points of local minimum.

(7) If f is analytic on D1(0) and f has a zero of order 2 at 0, then f(z) =
z2g(z) for some function which is analytic on D1(0) and has no zero at
0. If |f(z)| ≤ 1 on D1(0), then |g(z)| = |f(z)|/|z|2 ≤ 1/r2 on the circle
{z : |z| = r}. The maximum modulus theorem implies that this same
inequality holds on the entire disc {z : |z| ≤ r}. Since this is true of all r
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with 0 < r < 1, we conclude, on letting r approach 1, that |g(z)| ≤ 1 on
D1(0). Then

|f(z)| = |z2g(z)| ≤ |z2||g(z)| ≤ |z|2

on D1(0).

(14) log(z) = log |z|+ arg(z) = 1/2 log(x2 + y2) + arg(x+ iy), where we use the
principal branch of the log function. Since log z is analytic on C\ (−∞, 0],
this means that arg(x + iy) is a harmonic conjugate of 1/2 log(x2 + y2) on
this set. The function arg(x + iy) can be described as cos−1(x/

√
x2 + y2)

if z is in the upper half plane and as − cos−1(x/
√

x2 + y2) when z is in
the lower half plane.

Section 4.1

(5) We have IndΓ(0) = Indγ1 (0) − Indγ2(0) = 1 − 1 = 0 and IndΓ(z) =
Indγ1 (z) − Indγ2 (z) = 0 − 0 = 0 if z is any point outside the unit circle
(since z is then in the unbounded component of the complement of γ1(I)
and of γ2(I)). Thus, Γ is homologous to 0 in D \ {0}. Since f(z)/z is
analytic in D \ {0}, the general Cauchy integral theorem implies that

∫

γ1

f(z) dz −
∫

γ2

f(z) dz =
∫

Γ

f(z) dz = 0.

(7) Let A be the outside of γ1, B the set of points which are inside γ1 and
outside both γ2 and γ3, C the inside of γ2 and D the inside of γ3. If
Γ = γ1−γ2−γ3, then IndΓ is 0 on A, C, and D and is 1 on B. In particular,
IndΓ(i) = IndΓ(−i) = 0 and so Γ is homologous to 0 on C \ {i,−i}

Section 4.2

(2) Since Indγ1(−2) = 1, Indγ1 (3) = 1, Indγ2 (−2) = 1, Indγ2(3) = 0, while
Indγ3 (−2) = 0, and Indγ3 (3) = 1, we conclude that IndΓ is 0 at both
−2 and 3 and, hence, is homologous to zero on U = C \ {−2, 3}. Since
(z + 2)−1(z − 3)−1 is analytic on U , the Cauchy integral theorem implies
that ∫

Γ

1
(z + 2)(z − 3)

dz = 0.

(5) By Exercise 2, The function f(z) = 1
(z+2)(z−3) is analytic on the comple-

ment U of {−2, 3} and Γ is homologous to 0 in U . By Cauchy’s integral
formula
∫

Γ

1
z(z + 2)(z − 3)

dz =
∫

Γ

f(z)
z

dz = 2πi IndΓ(0)f(0) =
2πi

−6
= −πi

3
.



322 APPENDIX A. SOLUTIONS TO SELECTED EXERCISES

(7) If D1 and D2 are closed discs inside Γ, centered at −1 and 1, respectively,
and γ1 and γ2 traverse the boundaries of these discs once in the positive
direction, then Γ = γ − γ1 − γ2 is a cycle which has index 0 at −1 and
at 1 and, hence, is homologous to 0 in C \ {−1, 1}. Since the integrand is
analytic in this set, we conclude from Cauchy’s integral theorem that

∫

Γ

f(z)
(z2 − 1

dz =
∫

Γ

f(z)
(z − 1)(z + 1)

dz = 0.

This means that
∫

γ

f(z)
(z − 1)(z + 1)

dz =
∫

γ1

f(z)
(z − 1)(z + 1)

dz +
∫

γ2

f(z)
(z − 1)(z + 1)

dz.

If we apply Cauchy’s integral formula to each of the integrals on the right,
noting that g(z) = f(z)/(z − 1) is analytic in a neighborhood of D1 and
h(z) = f(z)/(z + 1) is analytic in a neighborhood of D2, we conclude that

∫

γ1

f(z)
(z − 1)(z + 1)

dz = 2πig(−1) = −πif(−1)
∫

γ2

f(z)
(z − 1)(z + 1)

dz = 2πih(1) = πif(1).

Thus,
∫

γ

f(z)
(z − 1)(z + 1)

dz = πi(f(1) − f(−1)).

(9) Let A = {z : r ≤ |z| ≤ R}, and U be an open set containing A on which
f is analytic. Then Γ is homologous to 0 in U , since γ1 and γ2 have the
same index about any point outside A and, hence, at any point outside U
(both γ1 and γ2 have index 1 on the inside of γ1 and both have index 0
on the outside of γ2). Since f is analytic in U , Cauchy’s integral formula
implies that

f(z) =
1

2πi

∫

Γ

f(w)
w − z

dw.

(10) If |z| < r or |z| > R, then the point z is in the complement of the annulus
A of the previous problem. Then the integrand of the above integral is
analytic in an open set V containing A. Also Γ is homologous to 0 in V
for the same reason it was homologous to 0 in U in the previous problem.
Then Cauchy’s integral theorem implies that the integral is 0.

Section 4.3
(2) The power series expansion

1
1 − z

=
∞∑

n=0

zn.
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converges in the disc D1(0). If we divide this by z, we conclude that

1
z − z2

=
∞∑

n=−1

zn.

This converges to
1

z − z2
in A and, hence, is the Laurent expansion of f

(there is only one such expansion).

(3) We have

e1/z =
∞∑

n=0

z−n

n!
=

0∑

n=−∞

zn

(−n)!
,

where this series converges for |z| > 0. If we multiply this by z3 we
conclude

z3e1/z =
0∑

n=−∞

zn+3

(−n)!
=

3∑

n=−∞

zn

(3 − n)!

= · · · z−2

5!
+

z−1

4!
+

1
3!

+
z

2
+ z2 + z3.

(11) Since f(z) =
1

sin(z)
is an odd function, we have

f(z) + f(−z) = 0.

If cn is the nth coefficient in the Laurent expansion of f in the annulus
{z : 0 < |z| < π, then this implies that cn = 0 if n is even.

Since sin z has a zero of order 1 at 0, then function g(z) = zf(z) =
z

sin z
has a removable singularity at 0 and may be given a value (in fact the value
1) at 0 which makes in analytic in the disc {z : |z| < π}. The Laurent
expansion of f(z) is obtained by dividing the power series expansion of
g(z) by z. This yields an expansion in which the only non-zero coefficient
cn with n negative is the one with n = −1.

Section 4.4

(3) If f(z) =
ez

z2 − 1
=

ez

(z − 1)(z + 1
, then

∫

|z|=2

f(z) dz = 2πi(Res(f, 1) + Res(f,−1)) = 2πi(e/2 − e−1/2).

Thus, the integral is πi(e − e−1).
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(8) The function f(z) =
log z

sin z
has poles at π and 2π in the disc {z : |z−5| = 4}.

Thus, its integral is 2πi times the sum of the residues of f at these two
points. Since sin(z − π) = − sin z,

f(z) =
g(z)
z − π

where g(z) = − (z − π) log z

sin(z − π)
.

The function g(z) has a removable singularity at z = π and is analytic
there if given the value g(π) = − log π. Thus, Res(f, π) = − log π.
Similarly, sin(z − 2π) = sin z and so

f(z) =
h(z)

z − 2π
where h(z) =

(z − 2π) log z

sin(z − 2π)
.

The function h(z) has a removable singularity at z = 2π and is analytic
there if given the value h(π) = log 2π. Thus, Res(f, 2π) = log 2π. Then

∫

|z−5|=4

f(z) dz = 2πi(log 2π − log π) = 2πi log 2.

1.
∫

γ

f ′(z)
f(z)

is 2πi times the number of zeroes inside γ minus the number of

poles inside γ, counting multiplicity. Since f has a zero of order 1 at 1 and
a pole of order 1 at −1, the possibilities for the integral are 0, 1, and −1.
If 1 is inside γ and −1 is not, then the integral is 2πi. If −1 is inside and
1 is not, then the integral is −2πi. If both are inside or neither is inside
the integral is 0.

Section 5.1
(2) If f(z) =

cos z

2z − z2z
=

cos z

z(2 − z)
, then the poles are both of order 1 and so

Res(f, 0) = 1/2 and Res(f, 2) = −(1/2) cos2.

(7) Here the pole is of order 2. We set f(z) =
ez

cos z − 1
=

ez

−z2/2 + z4/24 − · · · .

So f(z) = g(z)/z2 where g(z) =
1 + z + z2/2 + · · ·
−1/2 + z2/24 − · · · . Long division then

yields
1 + z + z2/2 + · · ·
−1/2 + z2/24 − · · · = −2 − 2z + · · · .

Thus, Res(f, 0) = −2 – the coefficient of degree 1 in the expansion of g.

(8) Here the pole is of order 3. We set f(z) =
1

z2 sin z
= g(z)/z3, where

g(z) =
1

z−1 sin z
=

1
1 − z2/6 + z4/120 + · · · .
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Then long division yields

g(z) = 1 + z2/6 + · · · ,

and so Res(f, 0) = 1/6 – the coefficient of the term of degree 2 in the
expansion of g.

Section 5.2

(4) The integrand f(z) =
x2

(1 + x2)2
is even so the integral we seek is

1
2

∫ ∞

−∞

x2

(1 + x2)2
dx.

Since 0 < f(z) = x−2

(x−2+1)2 < x−2 if |x| > 0, the integral satisfies the
hypotheses of Theorem 5.2.3 with p = 2. The only singularity of f in the
upper half plane is the one at z = i. Thus, Theorem 5.2.3 tells us that

1
2

∫ ∞

−∞

x2

(1 + x2)2
dx = πiRes(f, i)

Since f has a pole of order 2 at i, its residue there is the coefficient
of the degree 1 term in the power series expansion about z = i of of

g(z) =
f(z)

(z − i)2
=

z2

(z + i)2
. This may be obtained by applying Corollary

5.1.2 – that is, by simply finding the derivative of g at z = i. The result is

g′(z) =
2z(z + i)2 − z22(z + i)

(z + i)4

which is
−8i + 4i

16
= − i

4
. Thus, our integral is this times πi, which is

π

4
.

(6) By Example 5.2.6 with n = 3, integrating around the boundary of the
sector defined in polar coordinates by 0 ≤ θ ≤ π/3, 0 ≤ r ≤ R and then

letting R go to ∞ shows that if f(z) =
1

1 + z6
, then

(1 − eπi/3)
∫ ∞

0

f(x) dx = 2πiRes(f, πi/6).

Calculating the residue leads to Res(f, πi/6) = eπi/6/6 so that

∫ ∞

0

f(x) dx =
2πieπi/6/6
1 − eπi/3

=
π/6

sin(π/6)
=

π

3
.
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(7) Let f(z) =
1

1 + z3
As in Example Example 5.2.6, we integrate f over the

boundary of the sector defined in polar coordinates by 0 < θ < 2π/3 and
0 < r < R and then let R go to ∞. If R > 1, the Residue Theorem tells
us that this integral is equal to 2πiRes(f, eπ/3. The contribution to the
integral of the circular part of the path goes to 0 as R → ∞ and what is
left gives us

∫ ∞

0

f(z) dz − e2πi/3

∫ ∞

0

f(z) dz = 2πiRes(f, eπi/3.

Since
1

1 + z3
=

1
(z − eπi/3)(z2 + eπi/3z + e2πi/3)

,

the residue we seek is
1

3e2πi/3
= −eπi/3

3
. Thus,

∫ ∞

0

f(z) dz = −2πi
eπi/3

3(1 − e2πi/3)
=

π/3
sin π/3

=
2π

3
√

3
.

(8) If f(z) =
eiz

1 + z2
, then for z = x+ iy in the upper half plane we have y ≥ 0

and Re (iz) = −y ≤ 0. Thus,

|f(z)| ≤ eRe(iz)

|1 + z2| ≤
1

|z|2 − 1
≤ 2|z|2

if |z| ≥ 2. Hence, the hypothese of Theorem 5.2.3 are satisfied for f on
the upper half plane. By that theorem,

∫ ∞

−∞

f(x) dx = 2πiRes(f, i),

since the only pole of f in the upper half plane is at z = i. Since this is a
pole of order 1 and

f(z) =
eiz

(z − i)(z + i)
,

Res(f, i) =
e−1

2i
. Thus,

∫ ∞

−∞

f(x) dx = 2πi
e−1

2i
= π/e.

Section 6.1
(3) s(z) = 1/z is a conformal equivalence from D \ {0} to C \ {D}.
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(4) The map z → i
1 + z

1 − z
is a conformal equivalence of D to the upper half

plane. The square root function z → √
z = e(1/2) log z is a conformal

equivalence of the upper half plane to the first quadrant W (if log is the

principal branch of the log function). Thus, h(z) =
√

i
1 + z

1 − z
is a conformal

equivalence from the unit disc to W .

(8) If log is the principal branch of the log function, and we define za/π to be
e(a/π) log z for z in the upper half plane, then h(z) = za/π is a conformal
map from the upper half plane {z = reiθ : r > 0, 0 < θ < π} to the set
{z = reiθ : r > 0, 0 < θ < a}.

(9) h(z) = 1 + z2 is a conformal equivalence from the upper half plane to
C \ (−∞, 1).

Section 6.2

(2) f(z) =
1

z2 + 5
is analytic at ∞ because f(1/z) =

z2

1 + 5z2
is analytic at 0.

(3) Since limz→∞(2z−1) = ∞, the function 2z +1 cannot be given a value at
∞ which makes it an analytic C-valued function. However, s ◦ f ◦ s(z) =
1/f(1/z) =

z

2 − z
is analytic at 0 and, hence, f is analytic at ∞ as a S2

valued function.

(5) If f(z) =
z4

z2 − 1
, then f has poles of order 1 at −1 and 1 and f(1/z) =

1
z2 − z4

=
1

z2(1 − z2)
has a pole of order 2 at 0. Thus, f has a pole of

order 2 at ∞.

(6) A polynomial p(z) has no poles on C and so its only pole is at ∞. If p
has degree n, then p(z) = anzn + · · · + a1z + a0 with an 6= 0, and so
p(1/z) = z−n(an + · · ·a1zn−1 + a0zn). This function has a pole of order
n at 0. Thus, p has a pole of order n at ∞.

Section 6.3

(2) We will find a linear fractional transformation h(z) =
az + b

cz + d
that takes

the three points {∞, 1, 1 + i} on the line Re (z) = 1 to the three points
{−2, 0,−1+i} on the circle |z+1| = 1. If h(∞) = a/c = −2, then a = −2c.

If h(1) =
a + b

c + d
= 0, then a = −b. If h(1 + i) =

a + ai + b

c + ci + d
= −1 + i, then

a + ia + b = −2c + d + id. The first two equation tell us that a = −2c and
b = 2c. If we substitute these values of a and b into the third equation,
we get

−2ci = −2c + (−1 + i)d or d = −2c.
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Thus, we obtain a solution by choosing c = 1, a = −2, b = 2 and d = −2.
The corresponding linear fractional transformation is

h(z) =
−2z + 2

z − 2
.

(3) We can find where h(z) =
2iz

z − 1
sends the boundary of the unit disc by

finding where h sends 1, i, and −1. We have

h(1) = ∞, h(i) =
−2

i − 1
= i + 1, h(−1) = i.

We conclude that h takes the unit circle to the line Im (z) = 1. Thus, it
takes the unit disc to one of the half spaces that this line divides the plane
into. Since h(0) = 0, it must take the unit disc to {z : Im (z) < 1}.

(9) This is just a calculation. Show that h−w◦hw(z) = z by direct calculation.

(11) The conformal automorphism of D defined by

hw(z) =
z − w

1 − wz
,

takes w to 0 and has positive derivative at 0 and at w. Also, h−w takes 0
to w and has positive derivative at 0 and −w. Thus, an automorphism of
D taking 1/2 to −i/3, with positive derivative at 1/2 is

h1/2 ◦ h−i/3(z) =
(z − 1/2)/(1 − z/2) − i/3

1 + (i/3)(z − 1/2)/(1 − z/2)

=
(1 + i/6)z − (1/2 + i/3)
(1 − i/6) − (1/2 − i/3)z

=
1 + i/6
1 − i/6

z − (20 + 9i)/37
1 − ((20 − 9i)/37)z

.

Note, this is of the form u
z − w

1 − wz
with u =

1 + i/6
1 − i/6

of modulus 1 and

w = (20 + 9i)/37.

Section 6.4
(5) There are non-constant bounded analytic functions on the unit disc D

(the function f(z) = z is one such). There are no non-constant, bounded
analytic functions on C, by Liouville’s theorem. Thus, D and C cannot be
conformally equivalent. Another (only slightly different) way to see this is
the following: if there were a conformal equivalence h from C to D, then h
would be a non-constant, bounded entire function and Liouvilles theorem
assures us that there are no such functions.
The fact that there is no conformal equivalence between C and D does
not contradict the Riemann mapping theorem (RMT) because C is not a
proper subset of C and so it does not satisfy the hypotheses of the RMT.
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(6) Yes, by RMT, since an open rectangle is a simply connected, proper open
subset of C.

(7) Yes, by RMT, since C \ [1,∞) is a proper, simply connected open subset
of C.

(8) No, because U = C\[1.2] is not simply connected (a circle with [1, 2] inside
will not be homologous to 0 because it will have index 1 about points in
[1, 2] and these points are in the complement of U). It is easy to see that
if two open subsets of C are conformally equivalent and one of them is
simply connected, then the other one must also be simply connected.

Section 6.5
(3) The function cos t is the real part of eit = cos t + i sin t and eit = f(eit) if

f is the analytic function f(z) = z. By Theorem 6.5.7 with u(z) = Re (z),
R = 1, and z0 = 0, we have

1
2π

∫ 2π

0

(1 − r2) cos t

1 − 2r cos θ − t + r2
dt = Re

(
reiθ) = r cos θ.

(4) For each fixed t, the Poisson kernel Pr(θ−t) is the real part of the analytic

function
eit + z

eit − z
on the unit disc D (here, z = reiθ). Since it is the real

part of an analytic function on D, it is a harmonic function on D.

(5) The Poisson formula expresses the harmonic function u as the real part of
the analytic function

f(z) =
1

2π

∫ 2π

0

g(eit)
eit + z

eit − z
dt

on D (g is real valued). A harmonic conjugate for u may be obtained by
taking the imaginary part of this same function. The result is

v(reiθ) =
1

2π

∫ 2π

0

2r sin(θ − t)
1 − 2r cos θ − t + r2

dt.

Section 6.6
(1) If arg is chosen so that its values lie in (−π/2, 3π/2) then arg(z) is 0 on

the positive real line and π on the negative real line. Thus,

1 − π−1 arg(z) = 1 − π−1 cos−1

(
x√

x2 + y2

)

is 1 on the positive real line and 0 on the negative real line. It is harmonic
on the upper half plane because it is the imaginary part of a branch of the
log function on the upper half plane.



330 APPENDIX A. SOLUTIONS TO SELECTED EXERCISES

(3) The function h(z) = z2 is a conformal equivalence from the first quadrant
to the upper half plan. It takes the positive real axis to itself and the
positive imaginary axis to the negative real axis. Thus, appying h first
and then the function from problem 1 will give a solution. Hence, the
solution is the harmonic function

u(z) = 1 − π−1 arg(z2) = 1 − π−1 cos−1

(
x2 − y2

x2 + y2

)
.

(8) The equation w = z + 1/z holds if and only if z2 −wz + 1 = 0 holds. The
quadratic formula says this has solutions for z given by

z1 =
w +

√
w2 − 4
2

and z2 =
w −

√
w2 − 4
2

.

Note that z1z2 = 1 and so these two solutions are inverses of one another.
They are distince solutions except when w = ±2. Since a number z and
its inverse 1/z = z/|z|2 have imaginary parts with opposite sign, one of
z1 and z2 has imaginary part with the same sign as w and the other has
imaginary part with the opposite sign. In fact, since z + 1/z = z + z/|z|2
has imaginary part y(1 − |z|−1 if z = x + iy, z and w = z + 1/z have the
imaginary part of the same sign if and only if |z| ≥ 1. Otherwise, they
have opposite signs.

(9) Let h(z) = z + 1/z. By the preceding exercise, if h(z1) = h(z2) with
|z1| > 1, then z1 = z−1

2 and so |z2| < 1. Thus, h is a one to one analytic
function from the exterior of the unit disc to some subset of C. Also by the
previous exercise, every complex number w is h(z) for some z. If z = eit is
on the unit circle, then h(z) = eit +e−it = 2 cos t is on the interval [−2, 2].
Thus, every point of C \ [−2, 2] is the image under h of exactly two points
– one inside the unit disc and one outside the closed unit disc. Hence,
h is a conformal map from the exterior of the closed unit disc onto the
C\ [−2, 2]. It is also a conformal map of the open unit disc onto C\ [−2, 2].
It also follows from the previous exercise that {z : |z| > 1, Im (z) > 0} is
taken to the upper half plane by h.

(10) This is very similar to Example 6.6.6. The function f(z) = Re (z) = x is
harmonic and has normal derivative 0 along the boundary of C \ [−2, 2].
Since h(z) = z + 1/z is a conformal equivalence from the exterior of the
unit disc to C\ [−2, 2], composing it with f will yield a harmonic function
on C \ D which has normal derivative 0 on the boundary of this set (the
unit circle). This composition is the potential function we seek:

u(x, y) = f ◦ h(z) = Re (z + 1/z) = x +
x

x2 + y2
.

Its velocity vector field is

∇u(x, y) =
(

1 +
y2 − x2

(y2 + x2)2
,− 2xy

(y2 + x2)2

)
.


