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Chapter 6

Conformal Mappings

If U and V are open subsets of the complex plane, then just how dilerknt are
U and V from the standpoint of the study of analytic functions? If there is a
analytic map h: U - V with an analytic inverseh 1 :V - U, then the answer
is; ”they are not di[erent at all.” In this case, we shall say that h is a conformal
equivalencebetween U and V, and that U and V are conformally equivalent

If h:U - V is a conformal equivalence, then each analytic function g on V
gives rise to an analytic function g = h on U ,and each analytic function f on U
gives rise to an analytic function f o h * on V. This establishes a one to one
correspondence between the analytic functions on U and those on V. This cor-
respondence preserves sums and products and exponentials and logarithms and
roots. The same formulas define one to one correspondences between meromor-
phic functions on U and on V, and between functions with isolated singularities
on U and on V. Similarly, paths, closed paths, and homotopies in U all have
corresponding objects in V. Indices of paths are preserved by this correspon-
dence.

Clearly then, it is important to know when two open sets U and V are
conformally equivalent. That is the subject of this chapter. The main theorem of
the chapter is the Riemann Mapping Theorem which says that every connected,
simply connected, proper open subset of C is conformally equivalent to the open
unit disc.

6.1 Definition and Examples

The word conformal refers to maps between regions of the plane that are angle
preserving, in a sense to be defined below. It turns out these are exactly the
maps which are analytic with a non-vanishing derivateve.

193



194 CHAPTER 6. CONFORMAL MAPPINGS

Figure 6.1: The Angle 6 Between Two Paths.

Angle Preserving Maps

Let U and V be open sets in C. A mapping h: U - V is said to be conformal
if it preserves angles between smooth curves at each point of U. We will make
this statement precise below.

If h(x+iy) = u(x,y)+iv(x,y), for z = x+iy [, then we may consider h to
be an R? valued function of two real variables x and y with coordinate functions
u(x,y) and v(x,y). Let zg = (Xo,Yo) be a point of U. If h is di Cerentiable at z,
as a function in this sense, then its di Cerential dh(zp) is the linear transformation
from R? to R? whose matrix is

Ux Uy

dh=" (6.1.1)

evaluated at zp. If y(t) = (x(t),y(t)) is a di[erkntiable curve in U with y(tp) =
Zo, then y%(to) = (xY(to), yX(to)) is the tangent vector to the curve at the point
Zp. The chain rule implies that

(h = ¥)to) = dh(zo) - Yto),

where (h = y)Xto) is the tangent vector to the curve h oy at h(zp), and the
product on the right represents the linear transformation dh(zp) applied to the
vector yY(tp). Using the matrix for dh, this is given in terms of vector-matrix

multiplication as
0

0

Uux Uy X
Vi VoY
where the partial derivatives are evaluated at zo while (h - y)° x° and y° are

evaluated at to. Thus, the matrix dh(zg) transforms the tangent vector to y at
Zp into the tangent vector to the image curve h =y at h(zp).

(hey)=

Definition 6.1.1. We say a mapping h, as above, is conformal at zq if its
di Lerential dh at zq is non-singular and angle preserving, in the sense that if a
and b are any two non-zero vectors in R?, then the angle between dh(zg)a and
dh(zo)b is the same as the angle between a and b. If h: U - V is conformal at
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each point of U and maps onto V, then we say it is a conformal map of U onto
V.

Theorem 6.1.2. A complex valued functionh, de ned in a neighborhood of
zo [CQ, is conformal at zg if and only if it has a complex derivative atzg and
this derivative is non-zero.

Proof. If h has a non-zero complex derivative at zg, then its partial derivatives
satisfy the Cauchy-Riemann equations at zo and are not all 0. Hence, the
di Lerential (6.1.1) has the form

—Uy Uy ’
with the partial derivatives evaluated at zo and the vector (uy, uy) non-zero. If
we put this vector in polar form (rcos8,rsin®), with r & 0, then this matrix

becomes ) )
rcos8 rsin6 _ r O cosB sinB
r

—rsin® rcos® ~ O —sin® cosh (6.12)

That is, if h has a complex derivative at zo, then the dilerential of h at zg is
rotation through an angle 8 followed by expansion or contraction by a positive
factor r. A linear transformation of this form is clearly non-singular and pre-
serves the angle between any two vectors, since both vectors get rotated by the
same angle 6. Hence, h is conformal at zg.

Conversely, suppose h is conformal at zy. Let 6 be the angle from the vector
(1,0) to its image under dh(zp). Let

cos® sind
—sin® cosB

be the matrix which rotates every vector through an angle 8. Then A *.dh(zo)
is an angle preserving matrix which sends (1,0) to a positive multiple (r,0) of
itself. Since it preserves angles between vectors, it must also send every other
vector to a multiple of itself. We claim that, in fact, it multiplies each vector
by r. Suppose (0,1) is sent to (0,t). Then the vector (1,1) is sent to (r,t)
and, if this is to be a multiple of (1,1), we must have r = t. This implies that
A 1.dh(zo) is r times the identity matrix. Hence, dh(zo) has the form (6.1.2).
This implies that h satisfies the Cauchy-Riemann equations at zy and, hence,
has a complex derivative at z5. This derivative is non-zero because dh(zp) is
non-singular. O

Note that a conformal map h from U onto V need not be one to one. In fact,
the exponential function e is a conformal map of C onto C which is not one
to one. However, the following is true, based on the Inverse Mapping Theorem
(Theorem 4.5.5).

Theorem 6.1.3. If h is a one to one conformal map ofU onto V, then h has
an inverse functionh *:V - U which is also a conformal map.
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Proof. The function h: U — V has a well defined inverse functionh ':VvV - U
because h is one to one and onto. By Theorem 4.5.5, since h is analytic and
has non-vanishing derivative at each point of U, its inverse function is analytic
with non-vanishing derivative on all of V. O

As mentioned in the introduction, an analytic map from U to V with an
analytic inverse is called a conformal equivalence between U and V. By the
preceding theorem, a map of U onto V is a conformal equivalence if and only if
it is a one to one conformal map.

Examples of Conformal Maps

It can be useful to have a substantial inventory of conformal maps between
various regions in the plane. Here we describe a short list of such maps. Many
others can be constructed using similar ideas or by combining some of these.

Example 6.1.4. Find a conformal equivalence between the unit disc and the
right half plane.
Solution: Let

9(2) =

1+z
1—-z°

Then g is defined and analytic on C\ {1}. If w & —1, the equation

_1+z
T 1-z

can be uniquely solved for z. The solution is

w—1

z= .
w+1

It follows that g is a one to one analytic map of the set C \ {1} onto the set
C\ {—1} with an analytic inverse function
9 W=7
If we multiply both numerator and denominator of the fraction defining g
122 -

by 1 —7, we see that the real part of g(z) is ﬁ Hence, g has positive real
part if and only if |z| < 1. Thus, g maps the unit disc onto the right half plane.
Since it has an inverse function, it is a conformal equivalence from the unit disc
onto the right half plane.

Example 6.1.5. Find a conformal equivalence between the unit disc and the
upper half plane.

Solution: Since multiplication by i has the e[edt of rotating points of the
plane by 11/2 in the counterclockwise direction, we obtain a conformal equiva-
lence h of the unit disc to the upper half plane by multiplying the function g of
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the previous example by i. Thus,

1+z

h@) =i7—

is the equivalence we seek.

Example 6.1.6. Find a conformal equivalence from the unit disc to the first
quadrant of the plane.

Solution: The upper half plane consists of all points which, in polar coor-
dinates, have the form z = re' with r > 0 and 0 < 8 < 1, while the open first
quadrant consists of points of this form with 0 < 8 < /2. It follows that the
principal branch of the square root function (which sends re! to re'~= 2 for
—T < 0 < m) is a conformal equivalence from the upper half plane to the first
quadrant with inverse function w — w?. It follows from this and the previous
example that r

1+7z
h(z)= i e
is a conformal equivalence from the unit disc to the first quadrant, provided we
use the principal branch of the square root function.

Example 6.1.7. Find a conformal equivalence from the unit disc onto the strip
S={z:-1<Im(2) <1}.

Solution: The principle branch of the log function is a conformal equiva-
lence of the open right half plane onto the strip {z : —11/2 < Im (2) < n/2}.
Thus, we can get a conformal equivalence from the unit disc to S by composing
the following series of conformal maps: First, map the unit disc to the right half
plane, as in Example 6.1.4; follow this by the map log from the right half plane
to the strip {z : —11/2 < Im(2) < n/2}; and finally, divide by n/2. The result

IS
+z

1
1-2z°
Example 6.1.8. Find a conformal equivalence from the set

h(z) = % log

A={z:—1/2<Re(z)<n/2, Im(z) >0}

to the upper half plane.
Solution: Recall from Exercise 1.3.14 that the function sinz can be written
as
sin(x + iy) = sinxcoshy + icosxsinhy, (6.1.3)

while its derivative cosz can be written as
cos(X + iy) = cosxcoshy — isinxsinhy. (6.1.4)

The first of these formulas can be used to prove that sin is one to one on the
set A (Exercise 6.1.9), while the second can be used to prove that its derivative,
cosz, is non-vanishing on A (Exercise 6.1.10). Therefore, sin is a one to one
conformal map of A onto some open set B.
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To identify B we note that sin takes the interval [-11/2, /2] on the real line
to the interval [—1, 1]. It takes the half lines {z : Re (z) = £n/2,Im(z) > 0 to
the half lines [1, o0) and [—oo, —1]. Hence, it must take A to either the upper
or lower half plane. Since it takes i to isinh1 and sinh1 > 0, it must take A to
the upper half plane. Hence, sin is the required conformal equivalence.

Exercise Set 6.1

1.

10.

11.

12.

Ifree [Cland the map z — re' z is considered as a linear transformation
from R? to R?, then what is its corresponding matrix?

Find a conformal equivalence from the half plane {z : Re (z) > 1} to the
unit disc D.

If D is the unit disc, find a conformal equivalence from D \ {0} to C\D.

Find a conformal equivalence from the open unit disc to the set

W ={z:0<arg(z) < n/4}.

Show that the image of the upper half disc {z : |z| <1, Im (z) > 0}, under

the mapping
1+z

Z —
1—-z

of Example 6.1.4, is the open first quadrant.

. Find a conformal equivalence from the upper half disc of the previous

exercise to the unit disc.

For each a with 0 < a < 2m, find a conformal equivalence from the set
{z : 0 < argz < a} to the upper half plane.

. Find a conformal equivalence from the upper half plane to C\ (—oo, 1].

. Prove that sinz is one to one on the strip A of Example 6.1.8. Hint: Show

that sinh and cosh are increasing functions on {y [R:y > 0} and then
use (6.1.3).

Prove cosz is never 0 on the strip A of Example 6.1.8. Hint: Show that
sinh and cosh are non-vanishing functions on {y [CR :y > 0} and then
use (6.1.4).

Prove that the composition h = g of a conformal map g : U - V with a
conformal map h: vV - W is conformal.

Prove that an analytic function f on an open set U in the plane is a
conformal map from U to f(U) if and only if it has a local analytic inverse
(in the sense of Definition 4.5.4) at each point of U.
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6.2 The Riemann Sphere

In Lemma 4.3.1 we saw how the change of variables z = 1/w + z; transforms a
function which is analytic in the exterior of a disc centered at 0, and has a limit
at oo, into a function which is analytic in a disc centered at zg. This suggests
that, in some sense, co can be made to play the same role that ordinary points
of C play in analytic function theory. In fact, it turns out that the set C [{do}
can be treated as a space with both a topological and an analytic structure
in which oo is in no way dilerent from other points. This space is called the
Riemann Sphere It is the proper setting for the theory of conformal mappings
and so it is time for us to introduce it and discuss its properties.

Construction of the Riemann Sphere

The Riemann Sphere S? has several descriptions. We begin with the simplest
of these.

We denote by S? the set C [{do} where co denotes an abstract point that is
adjoined to C. We want to emphasize that oo is to be thought of as a point of
this space no di Lerent than any other. In fact, we will work with two coordinate
systems on S2. In one of these, the coordinate function is z — a function analytic
at every point except z = oo. In the other, the coordinate function isw = 1/z —
a function analytic at every point except z = 0, including the point at co (this
will follow once we define what it means for a function to be analytic at o).

An open disc in S?, centered at oo, is defined to be the set of all points with
w coordinate satisfying |w| < r for a fixed r > 0. Equivalently, it is the set of
all points with z coordinate satisfying |z| > 1/r. An open set in S? is a set U
such that every point of U is the center of some open disc contained in U. This
is the familiar definition of open set in case U [Cl It now also makes sense
if U contains oo, since we have defined the notion of an open disc centered at
co. With this definition, a neighborhood ofco is the union of {oo} with an open
subset of C which contains the complement of a closed bounded disc centered
at 0.

With the topology (the collection of open sets) defined, we can talk about
limits of functions from a subset of S? to a subset of S?, and about the continuity
of such functions. These notions are defined using open sets (i. e. neighborhoods
of points) rather than epsilons and deltas, as suggested by Theorem 2.1.10 and
Definition 2.1.11. Thus, if f : U - S? is a function defined on an open set
U [CSt, then

lim f(z) =L
z! zo

if and only if for each neighborhood W of L, there is a deleted neighborhood V
of zo such that V [Uland (V) WM. This leads to definitions for the meaning
of the statements lim;, ,, f(z) = oo and lim;y  (z) = L, that are consistent
with the meanings attached to them in preceding chapters.

A function f, defined on an open set U [CS%, with values in S2, is continuous
at zo O if and only if limy ., f(z) = f(z0). As in Theorem 2.1.13, f, is
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continuous at every point of its domain U if and only if the inverse image,
under f, of every open set is open.

Analytic Functions on the Riemann Sphere

In what follows, the phrase analytic at zg, applied to a function on a subset of
S?, will mean de ned and analytic in a neighborhood ofz.

We know what it means for a function to be analytic at a finite point of S2.
What does it mean for a function f(z) to be analytic at co? We make sense of
this by, again, using the coordinate function w = 1/z which is 0 at z = co.

Definition 6.2.1. We will say that a complex valued function f(z) is analytic
at oo if £(1/w) is analytic at w = 0 (meaning defined and analytic in a deleted
neighborhood of 0 with a removable singularity at 0).

Thus, a function f(z) is analytic at oo if £(1/w), when given the appropriate
value at 0, is complex di [erentiable with respect to w for w in a neighborhood
of 0. Note that, at points where z and w = 1/z are both finite, di Lerkntiability
with respect to z and di Cerkntiability with respect to w are equivalent, although
the two derivatives are not the same (Exercise 6.2.1).

Example 6.2.2. Show that f(z) = i :

Solution: According to the above definition, we must show that f(1/w) is
analytic at w = 0. However,

i is analytic at oo if we set f(o0) = —1.

1-1/w _w-—1

W) = T T wel

and this is, indeed, analytic at w = 0.

A way to think of S? that is suggested by the use of the z and w coordinate
functions is to regard it as two copies of C glued together along C \ {0} by
identifying the point z in one copy of C\ {0} with the point 1/z in the other

copy.

Analytic Functions from S? to S?

We will now discuss analytic functions defined on an open subset of S? with
values in S? rather than in C. There is some question as to what this means.
That is, we know what an analytic function from an open subset of S? to C is ,
but what does it mean for a function to be analytic at a point where it has the
value oo? This is only a problem if we insist on using the z coordinate function
on the image space of the function f. If we use the w coordinate function,
instead, then it is clear that  should be considered analytic at a point zo where
f(z0) = oo if and only if 1/F is analytic at z,.

Example 6.2.3. Show that the function i:

z . .
. is analytic at z = —1 as a

function from S2 to S2.
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Solution: Since f(—1) = oo, to show that f is analytic at —1 as an S?
valued function, we must show that 1/f is analytic at —1. In fact,

1 _1+z

f(2)

[N
N

and this is analytic at z = —1.

The function 1/z that has played a major role in the discussion to this point,
can not only be thought of as a new coordinate function on S?, it can also be
thought of as a mapping of S? to itself which interchanges 0 and co. We will
call this mapping s. Thus,

s(z) = 1/z,

for all z SP (including 0 and oo, where, of course, 1/0 = co and 1/c0 = 0).

According to our definitions, a function f is analytic at infinity if and only
if f o s is analytic at 0, while f is analytic at a point zo where it has the value
oo if and only if s - f is analytic at z,.

Theorem 6.2.4. The mappings is a conformal equivalence ofS? onto itself,
that is, it is a one to one analytic map of S? onto itself with an analytic inverse
map.

Proof. Clearly s is one-to-one and onto and is its own inverse function, since
ses(z) = z. It is also analytic at every point, with the possible exceptions of
0 and oo. However, s(1/w) = w is analytic at w = 0 and so s is analytic at
z = oo, Similarly, 1/s(z) = z is analytic at z = 0 and so s is analytic at 0. This
completes the proof. O

A meromorphic function f(z) on C is said to have a pole of order n at oo if
f(1/w) has a pole of order n at 0 (we include the case where the pole is of order
0 — i.e. the case of a removable singularity). The next theorem shows that the
meromorphic functions on C, with poles at oo, are the analytic functions from
S? to S2.

Theorem 6.2.5. Each meromorphic function on C with a pole at oo de nes
an analytic function f from S? to S2, and each analytic function from S? to S2
arises in this way.

Proof. Certainly a meromorphic function with a pole at oo can be considered
as a function f from S? to S? — we let f(z) = f(z) at points of C which are not
poles of positive order and assign the value oo to f at each point (including oo)
at which f has a pole of positive order.

If (z) has a pole of order 0 at oo, then f(1/w) has a removable singularity
at 0 and we assign f(oo) the value which makes f(1/w) analytic at w = 0.
The resulting function f : S2 to S? is analytic at each point of C where fis
analytic. At a pole zg [CClof f(z), 1/f(z) is analytic, and this implies that f(z)
is analytic.
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At the point oo, (z) has a pole as a meromorphic function on C if and only
if £(1/w) has a pole at 0. This happens if and only if T is analytic at oo as a
function from S2 - S2.

Thus, each meromorphic function f on C with a pole at oo extends to be
an analytic function f from S? to S2. It remains to show that every analytic
function from S2 to S? arises in this way.

If g is an analytic function from S? to S2, then at points zo of C where
g(zo) B oo, g is an analytic complex valued function. At a point zo of C
where g(zp) = oo, 1/9(z) is analytic and, hence, g(z) has a pole. Therefore,
the restriction f of g to C is a meromorphic function. At oo, g(1/w) is either
analytic or has a pole and this implies that f has a pole at co. This completes
the proof. O

Complex Projective Space

The Riemann Sphere can also be described in a way that treats all points alike
from the beginning, so that there is no special point co. We briefly describe this
below.

Let C? denote the complex two dimensional vector space consisting of all
ordered pairs (z, w) of complex numbers. We define a space P*(C) by starting
with the space of non-zero vectors in C? and then identifying any two of these
that diler only by a scalar factor. That is, we identify (zy,w;) and (zz, w) if
there is a complex scalar A such that (z2, wz) = (Az1, Awq).

The set {(z,0) : 0 8 z [Cl} is a single point p of P1(C), since any two vectors
in this set are scalar multiples of one another. Similarly, the set {(O,w) : 0 B
w [} is a single point g of P1(C). If we remove p from P1(C), then there is
a well defined map

@:P(C)\{p} -~ C where (p(z,w):%_

Note that @ defines a well defined map on P (C)\{p} because it sends equivalent
points (z,w) and (Az,Aw) to the same point z/w. Similarly, there is a well
defined map

Y :PYC)\{aq} - C where Y(z,w)= VZ_V

Both ¢ and y are one to one and onto. The inverse map for @ sends the complex
number z to the equivalence class containing (z, 1), while the inverse map for
Y sends w to the equivalence class containing (1,w). Then, on C\ {0}, the
composition Y o @ * is defined and it is, in fact,

1
o 1 = —
Yoo “(2) >

This means that P 1(C) may also be thought of as two copies of C glued together
along C \ {0} by identifying the point z in one copy of C \ {0} with the point
1/z in the other copy. Definitions of continuity and complex di Lerentiability for
functions on P1(C) may then be defined at points on each copy of C. These
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Figure 6.2: Stereographic Projection.

definitions will agree on the overlap because 1/z is an analytic function of z on
C\ {0}.

It is apparent that our description of P1(C) is just another description of
the Riemann Sphere S2.

Stereographic Projection

Why do we call S? the Reimann Sphere? It doesn’t appear to look like a sphere
at all. However, there is a standard construction that shows how a plane with
the point at infinity adjoined can be made to look like a sphere.

Consider a (hollow) sphere S in R3. If one point is removed from S, the
result is a space which can be mapped in a one-to-one fashion onto the plane.
To see this, imagine S sits in R® = {(x,y,t) : x,y,t R}, above the xy—plane
and tangent to it at the origin. Thus, the t—axis meets the sphere at the origin
and one other point p. Then every line through p, that is not tangent to the
sphere, meets the sphere S at exactly one point u, other than p, and also meets
the xy—plane at exactly one point v. The function p which sends the point u to
the point v is a one-to-one map of the sphere with p removed onto the xy—plane.
This function is called the stereographic projection of the sphere to the plane.
The standard topology on the sphere is such that p and its inverse function
are both continuous. This means that a set is open in S\ {p} if and only if its
image in the plane is open. A one-to-one onto map with this property is called a
homeomorphismbetween the two spaces involved, and its existence means that
the two spaces are equivalent as topological spaces.

Note that, if S is thought of as a globe representing the earth and p is
thought of as the north pole, the spherical open discs on the sphere, centered at
p, are just the sets consisting of all points above a certain north latitude. Each
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such disc is taken by the stereographic projection p onto the exterior of a closed
disc, centered at 0, in the xy—plane.

This discussion suggests that the sphere S, as a topological space, is home-
omorphic to a space constructed from the plane by adding a single point and
then defining the topology in such a way that exteriors of closed discs centered
at 0 are deleted neighborhoods of co. This is how we constructed the Riemann
Sphere.

Exercise Set 6.2

1.

10.

11.

12.

. Show that the function f(z) = ZZL

Prove that if f is defined in a neighborhood of zo CCI\ {0} , then f(z) is
di Cerkntiable with respect to z at zg if and only if £(1/w) is di Lerentiable
with respect to w at wg = 1/z9. What is the relationship between the two
derivatives?

5 is analytic at oo if it is given the
value 0 at oo.

. Show that the function f(z) = 2z — 1 is not analytic at co as a complex

valued function, but it is analytic at co as an S? valued function.

Show that e* is not analytic at co — either as a complex valued function
or as an S? valued function.

4

I f(2) = zzz——l is considered as an analytic function from S? to S? where

are the poles of f and what are their orders.

Prove that a polynomial of degree n determines an analytic function from
S? to S? which has a pole of degee n at oo and no other poles.

Show that if f is an analytic function from S? to S2 which has no poles
on C, then f is a polynomial.

Find a conformal equivalence from S? to S2 which sends 1 to oo, —2 to 0,
and 0 to 6.

Show that every open cover of S? has a finite subcover — that is, show
that S? is compact as a topological space (see Section 2.5).

Show that if f is a non—-constant analytic function from S? to S? and
w [3?, then T takes on the value w at most finitely many times. If
w = oo this means that f has only finitely many poles. If w & oo, this
means that f(z) —w has only finitely many zeroes.

Can we consider sinz as an analytic function from S? to S?? Justify your
answer.

Show that if f is a non-constant analytic function from S? to S?, then f
is onto. That is, T takes on each value p [CSP at least once.
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13. Show that S? is connected. That is, show that S? cannot be expressed as
the disjoint union of two non-empy open subsets.

14. If £ : S? _ S? is an analytic function yghich has no pole or zero at oo,
then show that, for su [ciehtly large R, izi=R f(z)dz = 0.

15. If : S? — S? is a non-constant analytic function, w [SFP, and n(f, w) is
the number of zeroes of f(z) — w, counting multiplicity, if w & oo, and is
the number of poles of f, counting multiplicity, if w = oo, then prove that
n(f,w) is constant as a function of w. Hint: use the result of previous
exercise and Rouché&’s Theorem.

16. Prove that every analytic function from S? to S? is a rational function —

p(z)

that is, a function of the form —= where p and q are polynomials in z.

q(2)

6.3 Linear Fractional Transformations

A linear fractional transformation is a mapping of the form

az+b
h(Z)=—CZ+d,

where ad —bc & 0. Note that, if the condition ad — bc & 0 is not satisfied, then
h is the constant function b/d.

The right way to think about a linear fractional transformation is to regard
it as a map from S? to S?, where oo is taken to lim,; h(z) = a/c and the
point —d/c is taken to oo. In fact, as we shall see below, the linear fractional
transformations are exactly the conformal equivalences from S? to itself.

(6.3.1)

Conformal Automorphisms of S2

By a conformal automorphism of an open subset U of S? we mean a one to one
conformal map of U onto itself. The composition of two conformal automor-
phisms of U is clearly also a conformal automorphism of U, as is the inverse
function of a conformal automorphism of U. Thus, the conformal automor-
phisms of an open set U form a group under the operation of composition. We
are particularly interested in the group of conformal automorphisms of S? itself.

We will show that the conformal automorphisms of S? are the exactly the lin-
ear fractional transformations — that is, the transformations of the form (6.3.1).
There are two types of linear fractional transformations that will be partic-
ularly useful in the argument. These are the a ne transformations , that is,
transformations of the form

L(z) =az +h,

and the inversion transformation s, given by

s(z) = %
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Theorem 6.3.1. Each linear fractional transformation is a conformal auto-
morphism of S2. Conversely, each conformal automorphism 062 is either an
a ne transformation or a composion Lj ese Ly, wherelL; and L, are ane
transformations. Hence, each conformal automorphism ofS? is a linear frac-
tional transformation.

Proof. We show that each linear fractional transformation h has an inverse
function which is also a linear fractional transformation. In fact, if

az+b

h@) = 4

and we solve the equation w = h(z) for z, the result is

_ —dw+b

z= ow—a _ g(w).
This suggests that g is an inverse function for h. In fact, if we calculate h - g,
then for all w [CSP except w = oo and w = —a/c we get

(ab — cd)w

hegw) = ab—cd

Since ab — cd & 0, we conclude that h - g(w) = w. The cases w = oo and
w = —a/c can be checked separately (Exercise 6.3.1), and so h = g(w) = w for
all w [CSP. A similar calculation shows that g o h(z) = z for all z [CSP. Hence,
h has an inverse function h 1 =g : S? . S? and it is also a linear fractional
transformation. Since h has an analytic inverse function, defined on all of S?, it
is a conformal automorphism of S2. Thus, each linear fractional transformation
is a conformal automorphism of S2.

To prove the converse, we let f be a conformal automorphism of S? and
proceed to show that it has the form claimed in the theorem. We first consider
the case where f(c0) = co. By Theorem 6.2.4, s(z) = 1/z is a conformal
automorphism of S2. Thus, the composition

q(z)=50fos(z)=ﬁ

is also a conformal automorphism of S?, and it takes 0 to 0. Thus, q is a
one to one analytic function with a zero at 0. This zero must be of order one
since a conformal map has non-vanishing derivative at each point. This implies
that £(1/z) has a pole of order 1 at z = 0 and is analytic and finite at every
other point of S2. Then f(z) has a pole of order 1 at oo and is analytic and
finite everywhere on C. | follows that, z 1(f(z) — f(0)) is analytic and finite
everywhere on S2. Hence, it is constant by Liouville’s Theorem. If this constant
is a and b = f(0), then f is the a [neltransformation f(z) = az +b. Such a
transformation is of the form (6.3.1), with ¢ = 1 and d = 0, and, hence, is a
linear fractional transformation.
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We next consider the case where f(o0) = k & oo. If we let

p@) = 2.

then p is a linear fractional transformation and, hence, a conformal automor-
phism of S2. The composition

1
pof(z) - f(Z)_ k
is then a confromal automorphism of S? which takes oo to co. By the previous

paragraph, it has the form az +b. This implies that

1 akz +bk +1
+k= ——— =

f(Z)=a2+b az+b

This is the composition of the a [neltransformation z — az + b, followed by s,
followed by the a [neltransformation z - z + k. Since this composition is also
a linear fractional transformation, the proof is complete. O

Lines and Circles

By a circle in S? we mean either a circle in C or a line in C together with
the point {oo}. That is, lines are to be thought of as circles in S? which pass
through oo,

Theorem 6.3.2. Each linear fractional transformation transforms a circle in
S2 to a circle in SZ2.

Proof. By the previous theorem, each linear fractional transformation is either
a [nelor the composition of a [neltransformations and s. Thus, it su [ced to
show that s and each a [neltransformation map circles in S? to circles in S2.

Each a [neltransformation L(z) = az + b obviously takes lines to lines and
circles to circles, since, if a = re' , then L is just rotation through an angle 6,
followed by an expansion or contraction by a factor r, followed by a translation
by b. To finish the proof, we must show that s also takes circles in S? to circles
in S2.

Every line or circle in the plane is the solution set to an equation of the form

alz|> +wz +wz +b =0. (6.3.2)

where a and b are real numbers and w is a complex number. Conversely, every
equation of this form has a line, circle, point, or the empty set as its set of
solutions (Exercise 1.1.18). Given a line or circle with equation (6.3.2), the
transformation s takes a point on this line or circle to a point z which satisfies
the equation

alz] 2+wz *+wz l+d.
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On multiplying through by |z|?, this becomes
a+Wwz +wz +d|z|?,

which is another equation of the form (6.3.2). Hence, its solution set is a line,
circle, point, or the empty set. Clearly, only the first two are possible images of
a line or circle under s. This completes the proof. O

The preceding result can be very useful in making a quick determination of
the image of a set under a linear fractional transformation.

Example 6.3.3. Find the image of the unit disc under the transformation

2z

h(z) = et

Solution: We have h(1) =1+i, h(—1) = 1—1i, and h(i) = oo. Since h must

take the unit circle to a line or a circle, it evidently takes the unit circle to the

vertical line Re (z) = 1. Since the unit circle is the boundary of the open unit

disc, h must take this disc to a set having the line Re (z) = 1 and the point oo as

its boundary. Thus, the image must be one of the half planes {z : Re (z) < 1},
{z : Re(z) = 1}. Since h(0) = 0, the image must be {z : Re (z) < 1}.

A linear fractional transformation h is determined by the images of any three
distinct points in S? under h.

Theorem 6.3.4. Given two ordered triples{w1, w», w3} and {z1, 75, z3} of dis-
tinct points of S?, there is exactly one linear fractional transformation h such
that h(w;) =z, j =1,2,3.

Proof. We first show that there is a linear fractional tranformation that takes a
given ordered triple of complex numbers {w1, w», w3}, to {0, 1, co}. In fact,

(w2 —w3)(z —wip)
(w2 —w1)(z —wz)’

h(z) =

does the job.

Now suppose we have a triple {w;, w», w3} of distinct points of S2, where
one of the points is co. Then we can still find an h taking this triple to {0, 1, co}.
For example, if w3 = oo, then

Z— W,
W2 — Wy

h(z) =

will su [Ccel

Now to get a linear fractional transformation h which takes {wj,w,, w3}
to {z1,22,23}, we choose h; taking {wi,w,,w3} to {0, 1,00} and h, taking
{21,22,23} 10 {0,1, 0} and then set h = h, ! < h;.

It remains to prove that h is unique. Suppose g is another linear fractional
transformation that takes {wi, w.,ws} to {z1,2>,z3}. With h = h, Lohy, as
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in the previous paragraph, we have that f = hy o g - h; 1is a linear fractional
transformation that takes {0, 1, oo} to {0, 1, co}. If

az+b

f@ =5

then (0) = 0 implies that b = 0, f(o0) = oo implies that ¢ = 0, and (1) =1
implies that a/d = 1. We conclude that f is the identity transformation — that
is, f(z) = z. This, in turn implies that

g=h210f0h1=h210h1:h_

Automorphisms of the Unit Disc

We next determine the conformal automorphisms of the open unit disc and study
their properties. These maps will play a key role in our proof of the Riemann
Mapping Theorem. We begin by identifying the subgroup of the linear fractional
transformations that map the unit disc to itself.

Let D = D1(0) be the open unit disc and let w be a point of D. Then the
linear fractional transformation

Z—W
1—wz

hw (2) = (6.3.3)

maps w to 0, and 0 to —w. It also maps the unit circle to itself since, if |u] = 1,
thenu ! =m0, and so

u—w _ u—w u—w
1—wu ul-—-w Uu—Ww

Since hy, maps the unit circle to itself and a point, w, inside the unit circle to
another point, 0, inside the unit circle, it must map the unit disc D onto itself
(it has to map it to some open set in S? which has the unit circle as boundary
and there are only two choices: D and the complement of its closure). It follows
that hy, is a conformal automorphism of D.

Suppose that h is some other conformal automorphism of D that takes w to
0. Then heh,,! is a conformal automorphism of D that takes 0 to 0. By Theorem
3.5.6 there is a complex number u of modulus one such that h-h,*(z) = uz. On
replacing z by hy (z), this implies that h(z) = uhy, (z). Thus, we have proved
the following theorem.

Theorem 6.3.5. Every conformal automorphism of the unit disc is a linear
fractional transformation of the form

h(z) =u

1—wz

where |u| =1 and |w| < 1.
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The following is an elementary calculation and is left as an exercise (Exercise
6.3.8). It will be used in the proof of the Riemann Mapping Theorem.

Theorem 6.3.6. With w O and hy, as above,

1

0 — 1 _ 2 0 = _
hy©@=1-IwP and hGW) =1—rns.

Exercise Set 6.3

1.

10.

Prove that h - g(w) = w for the transformations h and g of Theorem 6.3.1
in the exceptional cases w = oo and w = a/c.

Find a linear fractional transformation that takes the line Re(z) = 1 to
the circle of radius one centered at —1.

What is the image of the unit disc under the linear fractional transforma-
tion .

2iz
z—-1

h(z) =

What is the image of the disc of radius 1, centered at 1 + i, under the
linear fractional transformation

h(z) =

1+2z
1—z

What is the image of the disc of radius 1/2, centered at 1/2, under the
linear fractional transformation of the previous exercise.

. . . 1+z -
The linear fractional transformation h(z) = =% takes the open unit disc

D to the right half plane. Show that h sends the set consisting of those
points in D which lie outside another circle which intersects the unit circle
at right angles and passes through the point z = 1 to a set of the form
{z : Re(z) = 0, Im(z) > a} or one of the form {z : Re(z) > 0, Im(2) <
—a} for some positive a. What is a?

. A linear fractional transformation h takes the ordered triple of points

{a1,b1,c1} on circle number one to the ordered triple {az, b, c2} on circle
number two. Just by looking at these points, how can you tell whether h
maps the inside of circle one to the inside or to the outside of circle two?

Prove Theorem 6.3.6.

Prove that, for each w [CD), the mapping h,, of (6.3.3) has h , as its
inverse transformation.

Find a conformal automorphism of D which takes 1/2 to 0 and has deriva-
tive 3i/4 at z = 0.
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11. Find a conformal automorphism of D which takes 1/2 to i/3 and has
positive derivative at 1/2

12. If w [CD, prove that among all analytic functions that map D into D,
map w to 0, and have a positive derivative at w, the one with the largest
derivative is the function hy, of (6.3.3). Hint: Use Schwarz’s Lemma
(Lemma 3.5.5).

13. Each non-singular 2 x< 2 complex matrix

a b

A=

c d

determines a linear fractional transformation
az+b

cz+d

0a(2) =

Show that this correspondence A — @a is a group homomorphism - that
is, show that it takes the product AB of two matrices A and B to the
composition @a e@g of the corresponding linear fractional transformations.

14. What is the kernel of the map A - @a of the preceding exercise — that
is, for which matrices A is @ the identity transformation z - z.

6.4 The Riemann Mapping Theorem

In this section we prove the Riemann Mapping Theorem, which says that every
proper, simply connected, open subset of C is conformally equivalent to the unit
disc.

The proof proceeds as follows: Given a proper, simply connected, open
subset U [CC] we fix a point zo [CUl and consider the family F of all one to one
conformal maps of U into the unit disc D which map zo to 0. We first show
that this set is non-empty. We then show that if a given f [H does not map
U onto D, then there is an g CHwith [g%zo| > |[f%z0)|. Finally, we show that
there is an h CElwhose derivative at zg has maximum absolute value. Such an
h must map U onto D.

The last step in this program involves showing that any sequence in F has
a subsequence which converges to a function which is also in F. This means we
must prove that F is a normal family. We take up this task first.

Normal Families

Definition 6.4.1. Let U be an open subset of C. A collection F, of analytic
functions defined on U, is called a normal family if each sequence in F either
converges uniformly to infinity on each compact subset of U or has a subsequence
which converges uniformly on each compact subset of U to an analytic function.
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Normal families containing sequences which converge to infinity will not
occur in this chapter, but they will play a role in the next chapter.

Here we encounter another one of the amazing properties of analytic func-
tions: It takes very little for a family of analytic functions to be a normal family.
In fact, it is enough that the family be uniformly bounded, where F is said to
be uniformly bounded on U if there is an M such that |f(z)] < M for every
z and every f [El

Theorem 6.4.2. (Montel’s Theorem) Given an open setU [C] each uni-
formly bounded family of functions onU is a normal family.

Proof. Let F be a uniformly bounded family of analytic functions on U and
{fn} a sequence of functions in F. We must show that this sequence has a
subsequence that converges uniformly on each compact subset of U.

We begin by choosing an enumeration z;,25,- - ,z,, -+ of the points of U
with rational coordinates. Since F is uniformly bounded, there isan M > 0
such that [f(z)| <= M for all z [0l and all f CEL Then {f,(z1)} is a sequence
of complex numbers, bounded in modulus by M. It therefore has a convergent
subsequence. We denote by {f1,} the corresponding subsequence of {f,}. Then
{f1n(z2)} is a bounded sequence, and so it too has a convergent subsequence.
We denote the corresponding subsequence of {f1,} by {f2,}. Continuing in this
way we inductively construct a sequence of subsequences of {f,}:

fi1, T2, -+ Fin,
for, T, -+ fTon,

L (6.4.1)
fkl! fk21 e fkl"l ’

with each sequence a subsequence of the preceding sequence, and {fx, (zj )}n a
convergent sequence of numbers for each k and each j < k. Then the diagonal
sequence {fan } is a subsequence of {f,} which converges at every z;.

Let gn = fnn . We will show that {g,} converges uniformly on every compact
subset of U — not just pointwise at each rational point z; .

If w [0, we choose r > 0 such that the closed disc Dy, (W) is contained in
U. Then for each z [, (w) we have

D: (z) [Db(w) [
By Cauchy’s estimates, each f [Flsatisfies

< 7.

Then, for any two points z, z® [, (w) we have
Z z
[f(z) — £(z9 = N dA < ¥|Z -29. (6.4.2)

z
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Note that the bound on the right in this estimate is independent of the function
f [CEL In particular, it holds for each function in the sequence {gn}.

Given 3> 0, we choose d = C:W If z O, (w), there are points with rational

coe [ciehts arbitrarily close to z. Let z; be one such point with [z—z; | <. By
(6.4.2),
M rO O
19n (2) —gn(Z)| < T3
We next choose N such that

[gn(zi) —9m (7))l < %:l whenever n,m = N.

We can do this because {gn(z;)} is a convergent, hence Cauchy, sequence for
each j. Then

190 (2) = gm @] <190 (2) = In (Z)] + 190 (7)) = Im (Z)] + 19m () — Im ()| < L]

if n,m = N. This proves that g, is uniformly Cauchy on the disc D; (w) and,
hence, converges uniformly on this disc.

If K is a compact subset of U, then the discs of the form D, (w), where
w [K and r is chosen so that Dy, (w) [CU] form an open cover of K. Since K
is compact, it is covered by finitely many of these discs. Since {gn} converges
uniformly on each of these disc, it also converges uniformly on K. O

The Riemann Mapping Theorem

Let U be a non-empty, connected, proper subset of C with the property that
every non-vanishing analytic function on U has an analytic square root. This
property is satisfied, for example, if U is simply connected (Theorem 4.6.15).
We fix a point zog [0l and let F denote the set of one to one conformal maps f
of U into the open unit disc D, such that f(zg) = 0. The proof of the Riemann
Mapping Consists of several steps leading to the conclusion that there is an
element of F which maps onto D.

Lemma 6.4.3. The setF is non-empty.

Proof. Since U is a proper subset of C, there is a point A [_O which is not in
U. Then the function f(z) = z — A is non-vanishing on U and, hence, has an
analytic square root g. Since f is one to one and non-vanishing, so is g and,
hence, g is a one to one conformal map whose image does not contain 0.

Since g is analytic, its image g(U) is open by the Open Mapping Theorem
(Theorem 4.5.8). It follows that we can find a closed disc D, (W) CgqQU) with
0 <r <oo. Since g = f and f is a one to one function, the image of g cannot
contain a non-zero point and its negative, since then these two points would
be taken to the same point by g2. Thus no point of the reflection through the
origin, D; (—wp), of D; (wp) is contained in g(U). It follows that

19(z) +wo| >r
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Figure 6.3: The Mapping f of Lemma 6.4.4.

for all z [OI, and this means that the function

r
)= ——

P®= 5@+ wo

is a one to one conformal map of U into the unit disc. If p(zo) = w, then we

can compose p with the conformal automorphism h,, of the unit disc (6.3.3) to

obtain a one to one conformal map hy, = p of U into D which takes zo to 0. Thus,

F is not empty. O

Lemma 6.4.4. Let U, zo and F be as above. Iff [CH and f does not mapU
onto D, then there is ag [Hl with

19%z0)| > [£%z0)!.

Proof. Let w [CD be a point which is not in the image of f (see Figure 6.3).
Recall from the previous section that the map hy,, of (6.3.3) is a conformal
automorphism of the unit disc which sends w to 0. Thus, hy, = f(z) & 0 for all
z . As in the proof of the previous lemma, this means that h,, = f has an
analytic square root g. If q(zo) = A, then A> =w, g°> = h,, = f, and

G gy = 1) gy — L= A
oy 20 = %z0) =

The function g is a one to one conformal map of U into the unit disc, but q(zo)
is not 0 — it is A. To get an element of F we compose g with h . The resulting
map g = h < q belongs to F and satisfies

A=
2M1 =A%)

Since 0 < (1—|A])? = 1—2[A)+|A]%, we have 2|A| <1+ |)\|2. Since a conformal
map has non-vanishing derivative, [f%zo)| > 0. It then follows from (6.4.3) that
19%20)| > [F%z0)I. O

Theorem 6.4.5. (Reimann Mapping Theorem) Let U be a proper, con-
nected open subset ofZ with the property that every non-vanishing analytic
function on U has an analytic square root. Then there is a conformal equiva
lence of U onto the unit disc D.

a%zo0) = 5 T20)

9%z0) = h°(N)q%z0) = fYz0) = ——~ A+1A% 'N ) %z0). (6.4.3)
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Proof. Let zg and F be as above. We know that F is non-empty by Lemma
6.4.3. We set

m = sup{[f%zo)| : f CEB.

Then m is either +oo or a positive number, since every conformal map has non-
vanishing derivative. We will show that there is an element h of F such that
[h%zo)| = m. Clearly, in view of the previous lemma, such an h maps U onto
D.

We choose a sequence {f,} of elements of F such that

H 0 —
lim [F2@o)l = m.

Since F is a normal family, there is a subsequence of {f,} which converges
uniformly on compact subsets of U to a function h. It follows from Cauchy’s
Estimates that the derivatives of the functions in this subsequence converge to
hO (Exercise 3.2. 15), and so |h%zp)|] = m. Since m £ 0, h is not a constant.
Since each f,, is one to one, it follows that h is also one to one (Exercise 4.5.5).
Since T, (zo) = 0 for every n, we also have h(zg) = 0. Hence, h is an element of
F whose derivative at zg has modulus m. O

A conformal equivalence h from an open set U to an open set V is, in
particular, a homeomorphism — that is, a one to one continuous function from
U onto V with a continuous inverse function. Such a function h takes a curve y
inU toacurve hey in V. Its inverse function h ! takes curves in V to curves
in U. Clearly homotopies are taken to homotopies by these maps. It follows
that if there is a homeomorphism between two open sets, then one is simply
connected if and only if the other is also. This implies the following corollary
of the Riemann Mapping Theorem.

Corollary 6.4.6. If U is a connected open set in the plane with the property
that every non-vanishing analytic function on U has an analytic square root,
then U is simply connected.

This corollary completes the proof of Theorem 4.6.15.

Exercise Set 6.4

1. Is the set of all conformal automorphisms of the unit disc a normal family?
If so, then every sequence of such maps has a convergent subsequence. Is
the limit necessarily also a conformal automorphism of the unit disc?

2. If U is a connected open subset of C and zq is a point of U, prove that
the set of all analytic functions £ on U with positive real part and with
f(z0) = 1 is a normal family.

3. Suppose U is a connected open set and V is a simply connected open set
which is not the whole plane. If zo [0l and wg [V are fixed, let F be the
family of all analytic functions from U to V which send zo to wg. Prove
that F is a normal family.
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4. Show by example that it is not true that every uniformly bounded family
F of continuous functions on an interval on the line has the property that
every sequence in F has a convergent subsequence.

5. Prove that the complex plane C is not conformally equivalent to the unit
disc even though it is simply connected. Why doesn’t this contradict the
Riemann Mapping Theorem.

6. Is an open rectangle in the plane conformally equivalent with the open
unit disc D?

7. Is the open right half plane, with the interval [1, o) removed, conformally
equivalent to the unit disc D?

8. Is the open right half plane, with the interval [1, 2] removed, conformally
equivalent to the unit disc D?

9. Is the punctured disc D1(0) \ {0} conformally equivalent to the right half
plane {z : Re (z) > 0}?

10. Given one conformal equivalence h from an open set U to the unit disc D,
can you describe all the others in terms of h?

11. With F as in the proof of Theorem 6.4.5, is it necessarily true that a
conformal equivalence h from U to D that takes zo [0 to 0 has the
property that |h%zo)| is maximal among the numbers |£%zo)| for ¥ CEP

12. Prove that if T is analytic and satisfies |f(z)| < 1 on the right half plane,
and if f(1) =0, then
1

.
f@l= S

for all z in the right half plane.

6.5 The Poisson Integral

Let U be a bounded open set in the plane and let g be a continuous function on
0U. The Dirichlet Problem for U and g is the problem of finding a function u
which is continuous on U, harmonic on U, and equal to g on dU. The function
g is called the boundary function for the problem. A uniqueness theorem for
solutions to the Dirichlet problem follows easily from the results of Section 3.5
(see Exercise 6.5.2):

Theorem 6.5.1. If U is a bounded open subset @& and g a continuous function
on 0U, then there is at most one solution to the Dirichlet problem ér U and g.

If U is simply connected and has a simple closed curve as its boundary, then
the Dirichlet problem always has a solution. One proof that this is so, uses
the Riemann Mapping Theorem. This proof proceeds as follows: We exhibit an
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explicit solution to the Dirichlet problem for the unit disc D and any continuous
function on its boundary. The Riemann Mapping Theorem tells us there is a
conformal equivalence h : U - D. We use this map to show that the Dirichlet
problem on U is equivalent to the Dirichlet problem on D.

The di Cculty with the above approach is that it requires that the conformal
equivalence h : U — D extends to a one to one continuous map U — D with a
continuous inverse. In fact, this is true and we will state it as a theorem, but
we don’t include a proof.

Theorem 6.5.2. If U is a simply connected open set with a simple closed curve
as boundary, and ifh : U — D is a conformal equivalence, therh extends to a
continuous function from U to D with a continuous inverse.

Assuming this theorem, we will proceed with the proof that the Dirichlet
problem always has a solution for a set U as above. In this section we deal with
the first step — the case where U is the unit disc D. The next section is devoted
to showing how to use the Riemann Mapping Theorem to attack the problem
on more complicated sets.

The Poisson Kernel

Recall the linear fractional transformation from Example 6.1.4:

1+z
1—-2z°

(6.5.1)

This is a one to one conformal map of the unit disc onto the right half plane.
The Poisson Kernel is constructed from the real part of this function. This
was calculated in Example 6.1.4 by multiplying numerator and denominator in
(6.5.1) by the conjugate of the denominator. The result is

1+z _ 1—|z)?
Re =7 [I-zF (6.5.2)
If z=re , then
1—z?=]1—re' >=1—2rcosf+r?
and so the expression on the right in (6.5.2) becomes
1—r?
PO = T orcse v 2 (65.3)

This may also be written as

x
P, (6) = r’neh
1

by Exercise 6.5.1.
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The Poisson kernel is the function

P(O—1t) = 1-r
' " 1—2rcos(6—t) +r2
. . (6.5.4)
R 1+e "z et +2z
l—e itz et —z

It produces a harmonic function on D when it is integrated with respect to t
against a continuous function on the boundary of D.

Theorem 6.5.3. If D is the open unit disc, g is a continuous real valued func-
tion on 9D, and u is de ned by

1 22
u(re ) = or g(€" )P, (6 — t) dt,

then u is a harmonic function of z=ré' on D.

Proof. Since g is real valued, the function u is the real part of
z 2

1 i et +z
@)=, . g(e")

et —z

dt. (6.5.5)

This function is analytic on the complement of the unit circle (Exercise 3.2.16)
and, in particular, on D. Hence, its real part u is harmonic on D. O

The integral defining the harmonic function u in the above theorem is called
the Poisson Integral

Boundary Values

We will show that the function u, defined in the above theorem has the property
that

lein\)V u(z) =g(w)

for each w on the unit circle. This implies that we get a continuous extension
of u to the closed unit disc D if we define u(w) to be g(w) at each w [dD.
Before proving this, we need to establish some properties of the function P, (8).

Lemma 6.5.4. The Poisson kernelP, (68 —t) of (6.5.4) satis es

1 z
— P(8—t)dt=1
AR
for every r <1 and every®6.
Proof. We have
Z Z .
1 1 et 4+ 7
o P, (8 —t)dt =Re > p— dt . (6.5.6)
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We can easily evaluate this using residue theory. In fact,

z et +7 1 z l1+e itz .
— ——dt= — I T |
21 et —z 2mi gt —z

1 1+z/w

The last expression can be evaluated by applying the Residue Theorem to the

function
1+z/w _ w+z

w—z wWw-—2)

This has residue —1 at w = 0 and residue 2 at w = z. Hence,

Z i
+
R
2m et —z
Thus, its real part is also 1. In view of (6.5.6), the proof is complete. O
Lemma 6.5.5. If g is a continuous function on the unit circle, then
Z
lim g(e" )P, (6 —t)dt = g(€ ). (6.5.7)
ri 1— 2m

Furthermore, the convergence is uniform in6.

Proof. The idea of the proof is this: When r is near 1, P, (6 —t) is nearly 0 for all
t [J3mr, 1] except near 6, where the function has a large spike. This means that
only values of g(e") for t near 8 contribute significantly to the integral (6.5.7).
The proof below makes this claim precise.

The function P, (8) is a positive, even function of 6. Since its denominator
is increasing on the interval [0, ], this function is decreasing as 6 moves away
from 0 in either direction. It follows that, if n is a fixed number between 0 and
m, then

Pr@—t)<=P.(n) when n=<|8—-t=m (6.5.8)

Since g is continuous on the unit circle, which is compact, g is uniformly
continuous. Thus, given (3 0, we may choose n > 0, which does not depend on
8, such that

lg(e") —g(e' )] < ZR whenever |6 —t|<n. (6.5.9)

It follows from Lemma 6.5.4 that
Z Z

1 i _ _ i _i i _ i _
IR @-Ddt—gE )= (@)~ o P (@ et

The absolute value of this expression is less than or equal to

4
1 ity — g(el _
o lg(e" ) — g(e' )IP (8 — D) dt.
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We split this integral into the sum of an integral over [8 —n, 8 +n] and integrals
over [—m, 6—n] and [0+n, T]. The first summand may be estimated using (6.5.9)
and Lemma 6.5.4:

1 zZ ., z .,

. . =l
o lo(e") —g(e IP (0 —Ddt < 5 P, —t)dt=<

%:.' (6.5.10)

The integrals over [—m, —6p] and [0y, 1] are estimated using (6.5.8). If M is an
upper bound for g on the circle, then

N COETC G
* L Z _ _ (6.5.11)
<Py loE)—g( ldt=MP ()

+
and the integral over [—1, 8 — n] satisfies the same estimate.

Since 0 <n<m,

1—r?2
lim P = lim ——— =0,
Am P = fim —2rcosn + r2

because the numerator has limit 0 and the denominator has limit 2—2cosn & 0.

We choose & > 0 such that

|Pr(r])|<£I if 1-0<r<l1.

Then (6.5.11) implies that

y4
1 i i O O
7 lg(e") —g(e" )P, (B —t)dt <=M Mo (6.5.12)

Putting (6.5.10) together with (6.5.12) and the analogous estimate for the
integral on [—T, 6 — n], we conclude that

Z
~ @ P @do—g(e ) <O
21
for 1—9% <r <1 and for every 8 [[3mr, nt]. This proves the Theorem. O

The next theorem tells us that the Poisson integral yields a solution to
the Dirichlet problem for the unit disc and an arbitrary continuous boundary
function g.

Theorem 6.5.6. If g is a real valued continuous function on the unit circle and
u is de ned on the closed unit discD by
1 42
u(re' )= — g(€" )P, (6 — t) dt, (6.5.13)
2m

if r<1andbyu(d )=g(¢ ) on the unit circle, then u is continuous on D
and harmonic on D.
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Proof. In view of Theorem 6.5.3, the only thing left to prove is that

lim u(z) =g(e' °) forall 8. (6.5.14)
z! e o

The previous lemma almost says this, but not quite. The limit there is taken
only along radial lines and this is not exactly what is meant by (6.5.14). We
need to do a bit more work.

Because the convergence in Lemma 6.5.5 is uniform in 8, given [ 3> 0 we may
choose a 6; = 0 such that

jure' ) =9 < 5
for all 6 and all r with 1 —8; <r < 1. We may also choose 9, such that
. : [
loe' ) =g ) <3

whenever e —e' o] <3,. If 3 = min{31,5,}, then |re' —e' °| <3 implies both
[re' —e' | <d; and e —¢€' °] < &y, from which it follows that

lu(re' ) —g(e' )l <|u(re' ) —g(e' )| +1g(e' ) —g(e' °)| < I
This proves (6.5.14). O

Poisson’s Formula

Suppose g is a continuous function defined on the circle of radius R centered
at zo and we wish to solve the Dirichlet problem for Dg(zp) and g. By using
the conformal map z - zo + Rz, which takes D to Dgr(zp), we can transform
this problem into a Dirichlet problem on the unit disc. The solution given
by Theorem 6.5.3 may then be pulled back to Dg(zp) using the inverse map
Z - (z —z0)/R. The result is a solution to the Dirichlet problem for Dg(z0)
and g given by

z 2

u(re )= = . g(zo+Re“)Rz

(R?=1?)
= dt (6.5.15)

—2rRcos(®@ —t) +r2

We leave the details to Exercise 6.5.8.
This result may be used to prove Poisson’s Integral Formula for a harmonic
function on an open set U:

Theorem 6.5.7. Let u be a real valued harmonic function de ned on an open
setU in the plane. If Dr(zo) O] then

Z,
- (R2—1?)
= — =+ t
u() 2m U(zo + Re )R2 —2Rrcos(f —t) + r2 at
172 i« (Ret +z
=Re — +Re'\)———dt
© 2n u(zo )Re" -z

forall z=1z9+re [MDg(z0).
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The proof is left as an exercise (Exercise 6.5.9)
Note that the second equality in the above theorem expresses u as the real
part of an analytic function in the disc Dr (2o).

Exercise Set 6.5

1.

10.

Prove that the Poisson kernel may also be written as

x o
P, (6) = riNen |
1

. Prove the uniqueness theorem (Theorem 6.5.1) for solutions of the Dirich-

let problem.

By inspection, find a solution to the Dirichlet problem on D if the bound-
ary function g is g(e" ) = cost. Use your answer to evaluate

Z,

1 (1 —r?)cost

2n g 1—2rcos(®@—t)+r2

Show that the Poisson kernel P, (8 — t) is a harmonic function of z = re!
on the open unit disc.

Equation (6.5.5) expresses the harmonic function u, given by the Poisson
Integral, as the real part of an analytic function on D. Use this equation
to find an integral formula for a harmonic conjugate to u.

Show that if g is a positive, continuous function on the unit circle, then
the analytic function f defined by Equation (6.5.5) has positive real part
and imaginary part which vanishes at z = 0.

Let  be analytic on the open unit disc D. If the real part of f is positive
and extends to be continuous on D, then f is a function of the form given
in the previous exercise plus an imaginary constant.

. Supply the details of the proof that 6.5.15 gives a solution to the Dirichlet

problem for Dg (zg) with boundary function g.
Prove Theorem 6.5.7.

Show that if u is a real valued, non-negative harmonic function on an open
set containing Dg (2o), then

R—r R+r
< <
Ry = U@ s u@)g—,

u(zo)

for 0 < r = |z—2zp| < R. This is Harnack’s inequality. Hint: use Theorem
6.5.7.
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11. If u is harmonic and non-negative on D and u(0) = 1, give upper and
lower bounds for u(1/2). Hint: use the result of the previous exercise.

12. Prove that if u, is a sequence of positive harmonic functions on a connected
open set U, and if u,(zo) —» 0 at one point zg [l then uy(z) - 0 at
every point z of U. Hint: use the result of Exercise 10.

6.6 The Dirichlet Problem

The Dirichlet problem is of great importance in physics and engineering. Here
we briefly discuss some of the applications that make this so. We then move on
to showing how to use conformal equivalence to reduce the Dirichlet problem
for a set U and boundary function g to a simpler problem which, hopefully, we
know how to solve.

Heat Flow

The termperature T at points of a flat plate represented by a region U in the
plane satisfies the heat equation

oT 0°T  0°T

3t = kAT =k 37x + a2y (6.6.1)
If the set U is bounded and if each point w of its boundary is maintained at a
constant temperature To(w), then, over time, the temperature distribution on
the entire plate will approach an equilibrium state T — one that does not change
with time. This means 0T /0t = 0. The heat equation (6.6.1) then implies that
T, as a function of x and y satisfies Laplaces equation. Thus, T is a harmonic
function on U which agrees with the boundary function To on dU. Thus, to
find the equilibrium temperature on U that will result from maintaining the
temperature on the boundary at To means solving the Dirichlet problem for U
and To.

Electrostatics

An electric field on a plane region U is a vector function
E(2) = (E1(2), E2(2))

which, for each z [, describes the force that would be exerted on a charged
particle located at z. This vector function has the form

¢ 00

E=-LF—- — —

ox’ ay
for a real valued function @ on U called the potential function for the electric
field E. A static electric field (one that is not changing in time) satisfies

0E1 . 0E>

leEza—X a—x=0
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This means its potential function ¢ satisfies Laplace’s equation and is, therefore
harmonic.

If the boundary of U is maintained at a potential given by the boundary
function ¢ on dU, then the problem of finding the resulting potential at points
of U is the Dirichlet problem for U with boundary function .

Hydrodynamics

In the study of two dimensional fluid flow for non-viscous fluids, the velocity
of the fluid at a given point z is a vector q(z) = (91(2),92(2)). If the fluid is
incompressible and the flow is irrotational, so that

divg=0 and curlgq=0,

then the vector q is the gradient [q of a potential function ¢ which satisfies
Laplaces equation and, hence, is a harmonic function. A typical fluid flow prob-
lem is not, however, a Dirichlet type problem. The typical boundary condition
for fluid flow is that the flow along the walls of the container should be parallel
to the walls; that is, the component 0¢/0n of LCqhormal to the wall should 0.
The problem of finding a harmonic function which satisfies this condition on a
given region is called the Neumann problem

Existence of Solutions

Given a bounded simply connected open set U with a simple closed curve for its
boundary, the Riemann Mapping Theorem and Theorem 6.5.2 tell us that there
is a homeomorphism h: U — D which, on U, is a conformal map of U onto D.
This allows us to prove the existence of a solution to the Dirichlet problem for
U in the following way.

If g is a continuous real valued function on dU, then goh ! is a continuous
real valued function on dD. By Theorem 6.5.6, g h ! is the restriction to 0D
of a function u which is continous on D and harmonic on D. Then u - h is
a continuous function on U which equals g on dU. It is also harmonic on U,
since the composition of an analytic function followed by a harmonic function
is harmonic (Exercise 6.6.11). This proves that the Dirichlet problem for U and
g has a solution for every continuous function g on oU.

The Dirichlet problem also makes sense for unbounded open sets. Suppose
U is an unbounded, simply connected, open subset of C with closure U a proper
subset of C. If we choose a point w CCI\ U, then the linear fractional transfor-

mation
1

Z—W

h(z) =

is a conformal automorphism of S? which takes U to a bounded simply connected
open subset V of C. If V has a simple closed curve as boundary, then we will
say that U has a simple closed curve as boundary in S2. If this is the case, then
the Dirichlet problem can be solved for V and any continuous function on oV .
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The map h is a homeomorphism from the closure of U in S? to the closure of
V and so it can be used to transform a continuous function g on the boundary
of U in S? to a continuous function g = h * on the boundary of V. A solution
to the Dirichlet problem for V and g = h may then be transformed back to a
solution to the Dirichlet problem for U and g by composing with h.

The following theorem summarizes the preceding discussion.

Theorem 6.6.1. Let U be a proper simply connected open subset & with a
simple closed curve as its boundary i82. Then each continous function on the
boundary of U in S? is the restriction of a continuous function on the closure
of U in S? which is harmonic onU.

Remark 6.6.2. The hypothesis that g is continuous in the above theorem is not
really necessary if one is willing to accept somewhat less in the conclusion. For
example, if g is bounded and continuous except at a finite set of discontinuities,
then Lemma 6.5.3 continues to hold, while in Lemma 6.5.5 and Theorem 6.5.6,
the conclusions about limits and continuity of u at boundary points continue to
hold at the points where g is continuous. This implies that the previous theorem
can be modified to cover the case where g is bounded and continuous except at
a finite set of discontinuities. The conclusion is then that g is the restriction to
dU of a function which is harmonic on U and continuous on U except at those
points of U where g is not continuous.

Finding Explicit Solutions

The previous theorem tells us that solutions to the Dirichlet problem exist if
U is simply connected with a simple closed curve as boundary, but it does not
give us an explicit expression for the solution in terms of elementary functions.
It is too much to hope for this in general, but there are situations where a
conformal equivalence between U and some other set V reduces the problem to
one where we can find an explicit solution, often by inspection. This is another
way in which conformal maps aid in the study of the Dirichlet problem. We will
demonstrate this with a series of examples.

Example 6.6.3. Let U be the strip {z: —1 < Im (z) < 1}. Find a solution to
the Dirichlet problem for U and the boundary function which is 0 on the line
{z :Im(z) = —1} and 2 on the line {z : Im (z) = 1}.
Solution: This one is easy. The function 1 — iz is analytic on C and so its
real part
1+Im@Z)=1+y

is harmonic on C. The restriction of this functionto {z: -1 <Im(z) = 1} is
continuous, is harmonic on {z : —1 < Im(z) < 1}, and has the required values
on the boundary of this set.

Example 6.6.4. Find a function on the closed unit disc which is continuous
except at +1, is harmonic on the open unit disc, and is 0 on the lower half of
the unit circle and 2 on the upper half of the unit circle.
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Figure 6.4: The Picture for Example 6.6.4.

Solution: In Example 6.1.7 we showed that the function

1+z
1_

h(z) = % log

is a conformal equivalence from the unit disc to the strip {z: —1 < Im(z) < 1}.
This map takes the upper half circle to the line Im(z) = 1 and the lower half
circle to the line Im (z) = —1. It follows that a solution to the problem may be
obtained by composing the solution to the previous problem with h (see Figure
6.4). This yields

2 1+z
=1+Im( =1+— ,
u@=1+Im(h@)=1+-arg ;—
so that ) )
— < 1 y
u(x,y)—1+ntan ==y

is our solution. Here, for points on the unit circle x? +y? = 1, we interpret
this expression to mean its limit as the point (x,y) is approached from within
the unit disc. Note that the resulting function u is, indeed, continuous on the
closed disc, except at the points =1 where the boundary function fails to be
continuous.

Example 6.6.5. Let g be the function on the real line which is \/1 — x2 for
—1l <x<1andis 0 for all other values of x. Find a harmonic function on the
upper half plane which has g as its boundary function and which has limit 0 as
z - oo in the upper half plane.

Solution: We use the results of Example 6.1.8. There we showed that sinz is
a conformal equivalence of the strip A ={z : —/2 < Re (z) < n/2, Im(z) > 0}
onto the upper half plane. If we compose g with sinz we get the function g on
0A which is cos x on the real line between —1/2 and 11/2 and is 0 on the vertical
lines Re (z) = £n/2. The real part e Y cosx of €Z is a harmonic function on A
which has q as boundary function and has limit 0 as z - oo in A. Hence, we
obtain a solution u to our problem by setting

f(z)=€e " @ and u(z)=Re(f(2))

for z in the upper half plane. We can simplify this.
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2> 2+1/2
B —

/N

Figure 6.5: The Picture for Example 6.6.6.

If w = sin 1(z), then sinw = z and cos?w = 1 — z2. Since, for every z in
the open upper half plane, 1 — z? is\}'n the domain of the pringipal branch of
the square root function (denoted - ), we have cosw = = 1—z2. Since
cosw has positive real part if w [CA (see (6.1.4)), and the principal branch of
the squaye root function takes values in the right half plane, we conclude that
cosw= 1—2z2. Then

eV =cosw+isinw= 1—2z2+iz,

and so D
f(z)= 1—2z2+iz.
Then our solution u is
P—
u@z)=Re 1—2z2+iz

"3 5 (6.6.2)
=-y+ 3 1-=x2+y2+ (1—x2+y?)?+4x2y? .

This last equality is left as an exercise (Exercise 6.6.13).

Example 6.6.6. Let B be the open upper half plane with the upper half of the
closed unit disc removed. That is

B={z:|z| >1, Im(z) > 0}.

Solve the Neumann problem for B: find a function u on B which is harmonic
on B and has normal derivative 0 at every boundary point of B.

Solution: The same problem on the upper half plane has an easy solution:
the function Re (z) = x is harmonic on the upper half plane and its gradient
(1,0) is parallel to the real axis at each point. Thus, its normal derivative on the
real axis is 0. To get a solution to our original problem, we need only compose
this solution with a conformal equivalence of B to the upper half plane. In fact

1
Z z+=
z
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is such a map (Exercise 6.6.9). Thus, our solution is

1
u(z) =Re Z+E

X2 _|_y2'

Any constant multiple of this solution is also a solution. If this solution rep-
resents the potential function for a fluid flow problem, then the corresponding
velocity vector field for the flow would be its gradient

y2—x2  2xy
(X2 +y2)2" (x2+y?)?

foxy)= 1+

Exercises Set 6.6

1.

. Show that

Solve the Dirichlet problem for the upper half plane and the boundary
function which is 1 on the positive real axis and 0 on the negative real
axis. Hint: think about the function arg(z) on the upper half plane.

. Use the result of the preceding exercise to find a di[erknt way of solving

the problem in Example 6.6.4 .

Solve the Dirichlet problem on the first quadrant with boundary function
g which is 1 on the real axis and 0 on the imaginary axis.

Solve the Dirichlet problem on the half disc {z : |z| < 1, Im (z) > 0} with
boundary function which is 0 on the line [—1,1] and 1 on the half circle
where |z] = 1. Hint: Use the result of Exercise 6.1.5.

Solve the Dirichlet problem for the open set consisting of the points inside
the unit circle and outside a circle C which intersects the unit circle at
right angles at the points 1 and i. The boundary function is the function
which is one on the part of the boundary which lies on the unit circle and
is 0 on the part which lies on C. Hint: see Exercise 6.3.6.

. 1 .
——, for x R, is the real part of —. Use this to solve
1+x2 1—ix

the Dirichlet problem on the upper half plane with boundary function

Tox2 on the real line and limit 0 as z — oo.

Modify the approach used in the preceding problem to find a solution to
the dirichlet problem on the lower half plane for the boundary function
1

1+x2°

. For each w [Q show that the equation w = z + 1/z has two solutions

for z, one is the inverse of the other, and they are distinct if and only if
w & £2. Show that the solution with |z| = 1 has imaginary part with the
same sign as Im (w), while if |z] < 1 then z and w have imaginary parts
with opposite sign.



6.6.

10.

11.

12.

13.
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. Show that the transformation z - z + 1/z is a conformal equivalence of

the exterior of the unit circle onto the complex plane with the interval
[—2,2] removed. Also show that the restriction of this transformation to
{z : |z] = 1, Im(z) > 0} is a conformal equivalence from this set to the
upper half plane. Hint: use the result of the previous exercise.

Find a solution to the Neumann problem for the set consisting of the
exterior of the unit disc. Hint: use the result of Exercise 9.

Let U and V be open sets in the plane and let h : U - V be analytic.
Prove that u = h is harmonic on U for every harmonic function u on V.

Suppose U is a bounded open set and g is a continous function on dU.
Prove that if u is a solution to the Dirichlet problem on U with boundary
function g, then, for any real constants a and b, au +b is a solution to the
Dirichlet problem on U with boundary function ag + b.

Prove the second equality in (6.6.2). Hint: express 1 — z? in polar form:
1—2z2=re" =r(cosb +isind),

with r = |1 —z?| and 8 = =cos *(Re 1—2z2 /r).



