Chapter 4

The General Cauchy
Theorems

In this chapter we extend Cauchy's theorems in two ways: (1) v remove the
condition that the open set U be convex; and (2) we replace the path by a
more general type of object called acycle

In making these improvements, we nally come to grips with anissue which
we have avoided so far. This issue concerns thpology of the plane. Specif-
ically, there is a phenomenon that occurs in the plane which des not occur
in the line. On the line, every connected open set is an open farval, which
certainly has no gaps or holes. However, in the plane, therera connected open
sets which do have holes. An example is an open annulus of therin

A=fz2C:r< jzj<Rg;

with 0 r < R. The integral of an analytic function on A around a closed
path in A may fail to be zero. In fact, the integral of 1=z around any positively
oriented circle in A, centered at 0, is 2i , not 0, even though Xz is analytic on
A. Thus, Cauchy's integral theorem, as stated in Theorem 2.8, is not valid if

we simply drop the condition that U be convex. The problem with this example
is that there is a hole in the domain on whichf is analytic and the path goes
around this hole. In our nal version of Cauchy's theorem we will avoid this

problem, not with a hypothesis on the shape ofU, but rather with a hypothesis

that ensures that the path does not go around any holes inJ. We do this by
adding the hypothesis that the path has index 0 around every point in the
complement ofU.

We begin by introducing a compact and e cient notation for ex pressing an
otherwise complicated sum of integrals over a number of di eent paths. This
is the language of chains and cycles, as used in the study of mmlogy in alge-
braic topology. Using this language will allow for relatively simple statements
and proofs of theorems that otherwise could be, at least not@onally, quite
complicated.
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118 CHAPTER 4. THE GENERAL CAUCHY THEOREMS

4.1 Chains and Cycles

In this section, all paths will have parameter interval [0;1]. Let U be an open
subset of C. We will construct a group called the group of 1{chains in U from
the set of all paths :[0;1]! U as follows: we de ne al{chain in U to be a
nite formal linear combination, with integral coe cients

xXP
= mj j;
j=1

of paths in U. We agree that the chain does not change if we drop summands
m; ; with m; = 0, and we agree that two summandsm; ; and my  with

i = k may be combined to yield (n; + my) j. The empty chain { that is the
chain with no summands is denoted by 0. We add two chains in theobvious
way: the sum of two formal linear combinations of paths is anther formal
linear combination of paths. The operation of addition, so e ned, is clearly
associative and commutative.

The set of 1{chains, as de ned above, forms a commutative grop { that is,
it has an operation (+) which is associative and commutative there is a zero
element (the linear combination with no summands) and each kement has an
additive inverse (just replace each coe cient m; by m;). However, we won't
really need the fact that the set of 1{chains forms a group . Wejust use the
formalism of 1{chains and 1{cycles as formal devices to avdiwriting out large
sums in a number of arguments.

Cycles

A O{chain in U is a formal linear combination, with integral coe cients, o f
singleton subsets ofU { that is, a formal sum

X
m; ij g
=1

Again, terms with 0 as coe cient are dropped and terms with th e samefz g
may be combined by adding their coe cients. The empty chain is denoted by
0. Addition is de ned as before and the result is another comnutative group.

De nition 4.1.1.  If U is an open subset ofZ, we de ne a map @from 1{chains
in U to O{chains in U by
0 1
X X
@@ m ;A= (mf ;@)g mf ;(0)g):
j=1 j=1

A 1{chain in U is called al{cycle if @=0.
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The map @from 1{chains to 0{chains is a group homomorphism (meaning
it respects addition), but we won't need this fact here.

A path is, itself, a 1{chain (a 1{chain where there is only onesummand and
its coe cient is 1). However, a path can also be used to produe a 1{chain
which is a linear combination of other paths.

Example 4.1.2. Show how to use a path inU, in the sense of the previous
chapter, to produce a 1{chain in U which is a linear combination of smooth
paths. Show that this 1{chain is a 1{cycle if and only if is closed.

Solution: Suppose ;[a;h! U is a closed path. Let

a=tyg<t;< <th=b

be a partition such that is smooth on each subinterval. Letz; = (t;) for
j=1; n. Forj=1; ;nlet ; be areparameterization of the restriction
of to [tj 1;t;] which changes the parameter interval to [Q1]. If we de ne a

chain to be the formal sum .

= j ;
j=1
then this is a chain consisting of smooth paths. Also
f j(l)g f j(O)g= ijg f Zj 10:

Hence,

X

@= (fzg f 7z 109)= fzhg f 2o0;

j=1

and so is a cycle if and only if is a closed path.

Integration Over Chains and Cycles

Why introduce 1{chains and 1{cycles? We will be dealing with sums of a pos-
sibly large number of integrals, all of which involve the sang integrand but not

the same path. An e cient way to denote such a sum is given in the following

de nition.

De nition 4.1.3. Let

be a 1{chain. With | =[0; 1], we set

[P

(n= (1)

j=1

If f is a continuous function on a setE  C with ( 1) E, then we set
z P z
f(z)dz= m; f (z) dz: (4.1.1)
j:l i
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N

Figure 4.1: A Cycle Which is a Sum of Closed Paths

It is an immediate consequence of the de nition of the integal over a 1{chain,
thatif and are two 1{chains and f is a function de ned and continuous on
a set containing both (1) and ( 1), then

z z z
f(z)dz= f(z)dz+ f(2)dz (4.1.2)
+
De nition 4.1.4.  Suppose and are cycleswith ( 1)and ( |) both subsets
of asetE C. We will say that and are E-equivalent if
z z
f(z)dz= f(2)dz

for every continuous functionf onE. If (I)= ( I)= E and and are
E -equivalent, then will will simply say that and are equivalent

Example 4.1.5. Let be the triangle with vertices fa;b;q listed in counter-
clockwise order. Show that@and =] a;b+[b;d+[c;a] are equivalent, as
are@and =[ a;b+[b;d [a;q.

Solution: Clearly @ 1)= ( I)= ( 1){each of them is just the boundary
of the triangle . Also, it follows from Theorem 2.4.6 parts ( b) and (c) that
@ ; , and all determine the same integral for continuous funct ions on the
boundary of . Thus, by de nition, the three cycles are equiv alent.

Given a chain , there are always many other chains which are quivalent
to it. This is due to the fact that, as in the previous example, paths in a chain
may be partitioned into sums of subpaths without changing the integral, and
several paths may be joined to form a single path if their endpints correspond
in the right way. This is what is going on in the following theorem.

Theorem 4.1.6. If is a 1{cycle, then there is a 1{cycle which is equivalent
to and which is a sum of closed paths.

Proof. We will make a succession of changes to , none of which will cange
(1) or the integral (4.1.1).

We rst express as a linear combination of paths in which the coe cients
areall1or 1. Thatis, each termm; ; is replaced by a sum ofm; copies of j
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if m; is positive and by a sum of m; copies of ( 1) j if m; is negative. This
doesn't change the chain .

The next step is to replace each summand of the form (1) ; with the path

i, where recall that j(t) = ;(1 t), sothat ; is ; traversed in the
reverse direction. Theorem 2.4.6, Part (c), implies that this change results in a
cycle “which is equivalent to .

At this point we have replaced with a cycle ~which is a simple sum of
some number of paths. Say the number is1. We next show that if these paths
are not all closed paths, then we can replacéwith a sum of fewer than n paths
without changing the integral.

Suppose ; is a path in “which is not closed. Then ;(0) 6 ;(1). Since
@=0, (1) must be equal to ,(0) for some path  in 7 otherwise there
would be no term to cancel withf ; (1)g in the expression for@. We may join

k and j, asin (2.4.2), to form a new path which begins at  (0) and ends at
k(1). By Theorem 2.4.6 Part (b), replacing ; and ¢ in ~by this new path
does not change the integral. Thus, if its summands are not dlclosed paths, we
may replace ~with a path with fewer summands, which determines the same
integral. This forms the basis for an induction argument, which is carried out

below.

If a cycle consists of a single path , then the condition

@=f1 (1)g f (0g=0

implies is a closed path. Suppose we know that any cycle which can be itten
as a sum of fewer thann paths may be replaced by an equivalent cycle which
is a sum of closed paths. Then the argument of the previous pagraph shows
that any cycle which can be written as a sum ofn paths is equivalent to some
cycle which is a sum of closed paths. By induction, every cyel is equivalent to
a sum of closed paths. O

Index of a Cycle

The notion of index of a path around a point can be extended to gcles as
follows.

De nition 4.1.7. If isa 1{cyclein C andz 2 C is a point which does not
lieon (1), then we set
Z

Ind (z) = % =

w Z

dw:

The number ( z) is called the index of around z.

By Theorem 4.1.6 the cycle may be replaced by one which is a sm of
closed paths without changing (1) or the integral de ning Ind (z). Thus,
Ind (z)is a nite sum of numbers of the form Ind (z), where is a closed path.
This, together with Theorems 2.6.6 and 2.7.5 proves the rstthree parts of the
following theorem. The last part follows immediately from (4.1.2).
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Figure 4.2: The Paths Making up the Cycle of Example 4.1.9

Theorem 4.1.8. Let be a 1{cycle inC. Then

(@) Ind is an integer valued function de ned on the complement of( 1);
(b) Ind is constant on each component ofcn ( 1);
(c) Ind is 0 on the unbounded component o€ n ( I);
(d) if isalsoacycle,andz2 (I)[ (1), then
Ind+ (2)=Ind (2)+ Ind (2):

Example 4.1.9. For each integerj, let
_o Lo, S
,-(t)_1+21e2 ;o t2]0;1]
For a positive integer N set
(t)=(N +1=2)&" : t2]0;1]

and
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Find Ind (z);Ind ,(z), and Ind (z) for each value ofz which is an integer.

Solution: The paths and ; are circles traversed once in the counterclock-
wise direction. For such a path we know the index is 1 inside tk circle and 0
outside the circle. Thus, if k is an integer,

and . .
e 31
Thus,
Ind , (k) = X Ind (k) = cl) :; jt}ﬂil\l :
i= k
and so,

Ind (k)=Ind (k) Ind ,(k)=0

for every integer k.

Homologous Cycles

In the general Cauchy theorem of the next section, the condibn that U be
convex is replaced by a condition on the path or cycle over with the integration
takes place. The condition is that the path or cycle behomologousto 0 in the
sense of the following de nition.

De nition 4.1.10. Let U be an open subset ofZ and let and be 1{cycles
in U. We will say that and are homologousin U if

Ind (z)=Ind (2)

for every z in the complement of U. We will say that is homologousto 0 in
U if

Ind (z)=0
for every z in the complement of U.

For a closed path , intuitively, the statement that  is homologous to 0 in
U means that does not go around any points of the complement ofJ { that
is, it does not go around any \holes" in U. For cycles, the meaning is more
complicated. For example, the cycle of Example 4.1.9 is honologous to O in
the complement of the integers inC.

Note that two 1{cycles and are homologous if and only if is
homologous to 0.

Example 4.1.11. If 1(t) = e?® and ,(t) = 2e2™ for t 2 [0;1], show that
= , iisal-cycle whichis homologousto OitJ = fz2 C: 1=2< jzj < 3g,
but is not homologous to 0 in the setV = U nf3=2g.
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Figure 4.3: The Paths Making up the Cycle of Exercise 4.1.6.

Solution: The curve 3 has index 1 about points inside the unit discD 1(0),
and index 0 about points exterior to the closed unit disc, whle 5 has index 1
about points in D,(0) and 0 about points exterior to the closure of this disc.
The complement of U is D1-,(0) [ (C nD3(0)). Since

Ind , =Ind , =1 on D;-3(0)

and
Ind , =Ind ,=0 on CnDj3(0);

we conclude that = » 1 iIs homologous to 0 inU.
However, at the point z = 3=2, ; has index 0 and , has index 1. Since 32
is in the complement ofV = U nf3=2g, is not homologousto 0 in V.

Exercise Set 4.1

1. Let a;b;cbe three points in C and let ; be a path beginning ata and
ending at b, » be a path beginning ata and ending atc, and 3 a path
beginning at b and ending atc. Is ;+ ,+ 3 a cycle? How about

1 2% 3?

2. Consider the following directed line segments: ; from 1to 1+i, »
fromltol+i, 3from 1t00, sfrom0tol, sfrom 1+itoi, gfrom
itoi+l,and sfromOtoi. Showthat = 1+ , 3+ 4+ 5 ¢ 27
is a cycle.

3. Find a sum of closed paths which is equivalent to the cycle fathe previous
exercise.

4. Fort 2 [0;1], let 1(t)=1+e?2i (t*1=2) gnd ,(t)= 1+e2" . Find a
single closed path with parameter interval [0; 1], such that is equivalent
to 1 2.
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. Let f be a function which is analytic on the open unit discD and ; and

> two CIQ§ed paths inD each of which has index 1 about 0. If = ; 5,
compute f (z)=zdz?

. LetR C be arectangle and let be a path with traverses the boundary

of R once in the positive direction. Partition R into four subrectangles
Rj,j =1,;2,3;4, by joining each pair of opposite sides oR with a per-
pendicular line. Let ; be a path wil}jch traverses the boundary ofR; once
in the positive direction. Let = j4=1 j and E = ( I). Show that
and are E-equivalent but not equivalent (see De nition 4.1.4).

.Fort21 =[0;1], let

1(t) = 4e?"
a(t) = i+e?";
s(t)= i+e?":

If = 1 2 3, then nd Ind (z) for z in each of the components of
Cn (1I). Is homologousto Oin Cnfi; ig?

. Find Ind (z) for z in each component ofCn (1) if is the cycle of

Exercise 4.1.2.

Find Ind (z) for z in each componentofCn ( I)if =2 1 ., 3 with
1, 2, 3 the positively oriented circles of radii 4, 2, and 2, centerd at O,
1, and 1, respectively.

Let U be an open set. Prove that if and ; are cycles that are U-
equivalent, then they are homologous inU.

Let U be an open subset ofC and S = fz;; ;Zng a nite subset of U.
Find a cycle which is homologous to 0 in U and which has index 1 about
each point of S.

If n is an integer, let (t) =e?"® and 4(t) =2e?" fort 2 [0;1]. Show
that the cycle n 1 is homologousto 0 inA=fz2 C:0< jzj< 3g.

4.2 Cauchy's Theorems

We will rst prove the general version of Cauchy's formula and then use it to
prove the general version of Cauchy's theorem. This is the neerse of the order
in which we proved the analogous results on convex sets.

A Continuity Lemma

Let f be an analytic function on an open setU. In the proof of the Cauchy
Integral Formula for convex sets (Theorem 2.6.7) a key role \as played by the
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function 8 ‘W f@ 9
< w z) . =
gZw=. w7 T wez.

: fYz) if w=z

For each xed z, this function is clearly a continuous function of w everywhere
on U, and is analytic on U except possibly atw = z. This was enough for our
purposes in the proof of Theorem 2.6.7. We will use the same fiction in the
proof of our more general Cauchy integral theorem, but we ne#to know that
it satis es a stronger continuity condition. We need that it is continuous as a
function of two complex variables on

(4.2.1)

U U=f(z;w):z2U;w2 Ug:

This is equivalent to the condition that g be continuous onU U as a function
of four real variables with values inR? = C. It means simply that

lim o(z;w) = 9(zo; Wo) (4.2.2)
(zw)! (zo:wo)
for all (zo;wo) 2 U U. Here, the limit has the usual de nition, using the

appropriate de nition of the distance between (z; w) and (zg; Wp), which is

_ P — :
i(z;w)  (zoswo)j = jz  Zoj2+ jw  Woj2:

This is the same as the Euclidean distance between these twaomts, considered
as points of R*. It is easy to see that this type of limit satis es all the usual
limit rules regarding sums, products, quotients, etc.

Lemma 4.2.1. If g(z;w) is de ned by (4.2.1), then g is a continuous function
of two complex variables orlJ  U.

Proof. We must prove that (4.2.2) holds at every point (zo;wp) 2 U U. If
Zo 6 wp, then this follows from the continuity of f and the quotient rule for
limits.

In the case wherezg = wp, we haveg(zo;z0) = f%zo). Thus, in order to
prove (4.2.2) we just need to prove

lim a(z;w) = f Yz0) (4.2.3)

(z;w)! (zo520)

Sincef %is continuous onU, given > 0, we may choose > 0 such that
D (z) U and

if%2) f%z)j<  whenever jz zgj<: (4.2.4)

If j(z;w) (20;20)] < , then both z and w are in D (zp), as is any point
on the line segment joining them. If z 6 w, integrating over this line segment
yields z
w
f(w) f(z2)= f9)d;

z
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and so Z.
jo(z;w)  fYz0)j = fF) fA2)d <:

z

If z=w, then jg(z;w) f%z0)j=jf%z) f%z)j< . Hence,g is continuous
at (zo; 2p). This completes the proof. O

Cauchy's Integral Formula

Theorem 4.2.2. (Cauchy's Integral Formula) Let U be any open subset
of C, f a function which is analytic on U, and a 1{cycle in U which is
homologous to0 in U. Then

z
1 f (w)
Ind f = —
nd @f@)= 5+ &

dw; (4.2.5)

for every point z 2 U which does not lie on ( 1).

Proof. Let h be the function de ned by
z

h(z)=  o(z;w) dw;

whereg is the function of the previous lemma. The fact that g is continuous on
U U as a function of two complex variables implies thath is continuous onU.

If zZ (1),then z6 w forall w2 (1) and so the integral de ning h can
be broken apart as

z z z
h(z) = m dw ﬂ dw = m dw 2i Ind (2)f (2):
z w z w z w
Thus, to prove the theorem, we simply need to prove thath is identically zero
in U. In the proof of Theorem 2.6.7, we provedh(z) = 0 using the Cauchy
theorem in a convex set. Here, sinc&) is not convex, and may not be a single
closed path, we must proceed di erently.
We will show that h(z) =0 for all z 2 U by showing that it is analytic on
U and then extending it to an entire function which is bounded and has limit O
at in nity. Then Liouville's theorem will imply that it is id  entically 0.
If is a triangle contained in U, we have
z zZ Z
h(z)dz = g(z; w) dwdz
79z (4.2.6)
= o(z;w) dzdw:
@

That the order of integration can be reversed follows from tre fact that, ulti-
mately, each iterated integral is a sum of iterated Riemann ntegrals, over the
rectanglel | in R?, of functions continuous on the rectangle. The fact that the
order of integration can be reversed in each of these integlais then a standard
theorem from multivariable calculus.
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For each xed z 2 U, g(z;w) is an analytic function of w 2 U, except at
w = z, where it is at least continuous. Thus, by Theorem 2.5.8 the dst integral
in (4.2.6) is 0. Hence, the integral ofh around each triangle inU is 0. It follows
from Morera's theorem that h is analytic in U.

Now let V be the set of all points z in the complement of (1) for which
Ind (z) =0. This is an open set, since it is a union of some of the comptents
of Cn ( 1). Itis also a set which contains the complement ofU, by hypothesis.
SoU[ V=C.Ifz2V\ U, then

z
% %dw =f(2)nd (2)=0:
Sincez is not on ( I), we may break the integral de ning h apart and write
z z z
h(z) = JV(W)ZdW v]:/(z)zdw = %dw 4.2.7)
forz2 U\ V. Fhis means we can extend the de nition of h to all of C by
de ning it to be ;(—Wwdw on V. That is, the original de nition of h on U

and this new de nition of h on V agree on the overlapU \ V. The resulting
function h is analytic on all of C and, hence, is an entire function. On the
unbounded component ofC n ( I), h(z) is given by (4.2.7) and, from this, it is
easy to see that

ZIlilm h(z)=0: (4.2.8)

We conclude that h is a bounded entire function and, hence, is a constant,

by Liouvilles's theorem. By (4.2.8) this constant must be zeo. Thus, h(z) is

identically zero and this immediately implies (4.2.5) forz 2 ( 1). O
z

Example 4.2.3. Find 5

»=2e2t fort2 1 =[0;1]

Solution: The cycle has index 0 at all points outside the annulus bounded
by the two circles 1(I) and »(l1) and index 1 at points inside this annulus. If
we setf (z) = 1=z, then f is analytic in U = Cnf0g and the cycle is a cycle
homologous to 0 inU. Thus, the Cauchy Integral Formula tells us that

z
1

ZZ

dzif = 5 1, where ;= (1=2)&?" and

z
f(2) . .
dz= —=Sdz=2if ()=21
Zz le if (1) i

The Cauchy Integral Theorem
The Cauchy integral theorem follows easily from Theorem 4.2.

Theorem 4.2.4. If f is analytic in the open setU and if is a 1{cycle in U

which is homologous td0 in U, then
z

f(z)dz=0
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Proof. Let zy be any point in U which is not on (1) and de ne

9(2) = F(2)(z  20):

Then g(z) is also analytic in U and g(zp) = 0. Theorem 4.2.2, applied to the
function g, tells us that
z

f(z)dz=

z
Zg(z) dz=21 Ind (20)g(zo) =0

Zg

This completes the proof. O

Example 4.2.5. Find Sin(2) dz if is the cycle of Example 4.1.9.

Solution: By Example 4.1.9, has index O at every integerk and so it is
homologous to 0 inU = CnZ, where Z is the set of integers. The function
sin( z ) vanishes exactly on the set of integers (Exercise 4.2.1) ahso =sin(z )
is analytic in U. It follows from the above theorem that the integral in question
is 0.

Simple Closed Paths

Although we have stated the general Cauchy theorems in term®f integration
over 1{cycles, they also hold if the integration is over an odinary closed path.
After all, a closed path is just a particularly simple 1{cycle. Classically, these
theorems are stated and proved for integrals over a particwdr kind of closed
path { a simple closed path.

A simple closed curve is a closed curve which does not interseitself except
at the endpoints of the parameter interval | =[a;b]. That is,

De nition 4.2.6. A closed curve , de ned on [a; ], is called asimple closed
curveif (s)6 (t)fora s<t Dbunlesss=aandt=h.

The Jordan curve theoremsays that if is a simple closed curve, then the
complement of (I) has two components { one unbounded, and one bounded.
Here we will prove a weak version of the Jordan curve theorem {one that is
su cient for our purposes.

Recall from De nition 2.7.10 that a simple point of a path is a point that
the path passes through just once and at which the left and rifpt derivatives of

are both non-zero.

De nition 4.2.7. A closed path will be called asimple closed pathif each of
its points is a simple point.

Thus, a simple closed path is a simple closed curve which is@tewise smooth
with non-zero left and right derivatives at each point. Our weak version of the
Jordan curve theorem is the following.

Theorem 4.2.8. If is a simple closed path, thenC n (1) has exactly two
components { a bounded component on which Indz) = 1 and an unbounded
component on which Ind (z) =0.
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Figure 4.4: A Simple Closed Path.

Figure 4.5: Some of the Discd in the Proof of Theorem 4.2.8.

Proof. By Theorems 2.7.8 and 2.7.11, we may choose for each point2 (1)
an open discD,, centered at z, such that D, n(D,\ (I)) has exactly two
components { a left componentL, and a right component R, and Ind (z) is
one unit greater onL; than on R, (see Figure 4.5).

It is not di cult to see that two su ciently close points of (1) have discs
with overlapping left components and overlapping right conponents. It follows
that the union of all the left components is a connected openat L, while the
union of all the right components is a connected open seR (see Exercise 4.2.11).
Furthermore, Ind (z)=Ind (w)+1if z2 L andw 2 R. It follows that L and
R are disjoint. The union of all the discs D, is an open setU containing (1)
and, in fact, U is the union of the disjoint sets (1), L, and R.

Now every component of the complement of (1) has a subset of (I) as its
boundary (Exercise 4.2.12). This implies that every such component must have
non-empty intersection with U and, hence, must meet eithei. or R. But since
L and R are connected, a component which meets one of them must, in ¢§
contain it. It follows that there are only two components of the complement
of (I) { one containing L and one containingR. One of these must be the
unbounded component and Ind is zero on it. The other one is a bounded
component and Ind must be plus or minus one on it, depending on whether it
contains L or R. This completes the proof of the theorem. O
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From the proof of the above theorem, it follows that Ind (z) = 1 on the
bounded component ofC n (I) if this component contains L. Intuitively, this
means that the bounded component is on the left as the path israversed in the
positive direction. In this case, we say that the path haspositive orientation.
The other possibility is that Ind (z) = 1 on the bounded component, which
implies that this component contains R { ie. that the bounded component is
on the right as the path is traversed in the positive direction. In this case, we
say that the path has negative orientation.

If is a simple closed path, we will call the bounded component o€ n (1)
the inside of and the unbounded component theoutside of

We may now apply Theorems 4.2.2 and 4.2.4 in the case where theycle
is a single simple closed path to obtain the Cauchy theorem and formula in
their traditional forms.

Theorem 4.2.9. If is a simple closed path and is a function analytic in an
open setU containing both (1) and its inside, then

z
f(w)dw=0 (4.2.9)

and Z
f(2)= % JV(W)Z dw (4.2.10)

for each z on the inside of ().

Proof. We know that Ind (z) = 0 on the outside of and this contains the
complement of U (since U contains (l) and its inside). Thus, the hypothesis
of Theorem 4.2.2 is satis ed, and so we know that (4.2.9) is tune and that

‘ W g

Ind (2)f (z) = % —

for z in the inside of . Then (4.2.10) follows if we just observe that Ind (z) =1
on the inside of . O

Exercise Set 4.2

1. Verify the fact, used in Example 4.2.5, that sin(z ) =0 if and only if z is
an integer. Hint: We know this if z is real, but how do we know there are
no zeroes of siz except those on the real line?

2. Let = 4 2 3, Where 1; 2, and 3 are positively oriented circles
with radii 5, 1, and 1 and centers 0, 2, and 3, respectively. Find
Z
1

@ oz 3

without calculating the integrals around the individual paths ;.
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. Check your answer to the previous problem by calculating
Z
; dz
 @+2)(z 9
for each of the individual paths ;. Hint: the integral around ; may be
calculated by using a partial fractions decomposition of tke integrand.
. If is any simple closed path, with 2, and 3 inside , nd
z
; dz:
(z+2)(z 3)
. For the cycle of Exercise 2, nd
Z
; dz:
z(z+2)(z 3)
by applying the Cauchy Integral Formula for the cycle and th e function
D= 3@ 3
. If 1 and , are positively oriented circles, centered at 0, with radii 1
and 2, respectively, and if = 1, nd the integrals of e?=(z 1=2),
€=(z 3=2),and &=(z 3)around .
. If is a simple closed path with 1 and 1 on its inside andf is an entire
function, show that
f(z2) . _ . :
> 1dz— i(f@Q f( ):
. If is a simple closed path with O on its inside and all other integal
multiples of  on its outside, nd
‘1
sinz
. For positive numbersr < R, set 1(t) = re?™ and ,(t) = Re? for
t2[0;1]and set = » 1. Prove that if f is analytic in an open set
containing the setfz:r j zj Rg, then
z
_ 1w
f(z)= 5T w2 dw (4.2.11)

for every z with r < jzj <R.

For the cycle and function f of the previous problem, what is the integral
(4.2.11) ifjzj<r orjzj>R.



4.3. LAURENT SERIES 133

11. Let be a simple closed path and, for eaclz 2 (I), let D,, L, and R,
be the sets used in the proof of Theorem 4.2.8. Prove that i and w are
two points of (I) such that D\ Dyw\ (I)6 ;,thenL,\ L, 6 ; and
R;\ Ry 6 ;. Show that this implies that the union of all the L, is a
connected set as is the union of all theR,.

12. Prove that if K is a closed subset o€, then each component ofCnK has
its boundary contained in K .

4.3 Laurent Series

In this section, we will show that a function which is analytic on an annulus has a
special kind of power series expansion. We rst make a prelinmary observation
about functions which have limit 0 at in nity.

Recall that a neighborhood of1 is any open set which contains the com-
plement of some closed bounded disc. ff is a function which is analytic in a
neighborhood ofl , then we say that f vanishes at in nity if

z|!'1m f(2)=0:
Lemma 4.3.1. If his a function which is analytic in the exterior of the disc
D (zp) and vanishes atl , then the function

h(l=w+ z5); w60
quy= YR we o
is analytic in D1 (0).

Proof. The number 1=w+ 2, is in CnD,(2o) if and only if 15jwj > r, that is,
if and only if w2 D4~ (0). So the domain ofq is D~ (0).

It follows from the removable singularity theorem (Theorem 3.4.8) that the
function h(1=w+ zp) has a removable singularity atw = 0. Since it has limit O
asw! 0, the value we must give it atw = 0 to make it analytic is 0. O

Analytic Functions on an Annulus
An open annulus centered atz is a set of the form
A=fz2C:r<jz 2zj<Rg; (4.3.1)

where0 r<R 1 . The numbersr and R are the inner and outer radii of
A, respectively.
For the annulus A of (4.3.1), and numberss and S with

r<s<S<R;

consider two paths s and s in A, which traverse the circlesjw zpj = s and
jw  zoj = S once in the positive direction. If we de ne a cycle by

= s S»
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then 8 9
< 0 if jz z2j>S =

Ind (z)=_ 1 if s<jz 2zj<S.
0 if iz zj<s ’

In particular, this means that is homologous to 0 in A. From this and the

general Cauchy theorems, it follows that iff is a function which is analytic in

A, then 8 9
< 0 if jz zj>S =
zi. mdW:_ f(z) if s<jz zj<S.
bw z 0 if  jz zj<s
In other words, z z
1 W, T g (4.3.2)
2 w z 2i ow z
if sand S are on the same side ofz  zpj and
Y4
1 f (w) 1 f (w)
f(z)= 5w Zdw 5T W ZdW (4.3.3)

if s<jz 2z9j<S. This is the basis for the following result.

Theorem 4.3.2. If f is an analytic function on an annulus A of the form
4.3.1, then there exists a unique way of writing as

f(z)=9g(z) h(z) for z2A;

where g is an analytic function on Dr(zo) and h is an analytic function on
CnD¢(zp), which vanishes at in nity.

Proof. We de ne the function g on Dgr(zp) as follows: Ifjz  zpj <R, we choose
Ssuchthatjz 2z)j<S andr<S <R . We choose a closed path s which
traces the circlejw zpj = S, once in the positive direction; and we set

z
_ 1 FW) o
92 = 7 LW 7 dw:
It follows from (4.3.2) that this does not depend on the choi@ of S as long as
jz 2j<S<R.

Similarly, we de ne the function h on CnD, (zo) as follows. Ifjz  zgj>r
we chooses such thatr<s<R ands < jz 2zj; we choose a closed paths
which traces the circlejw  zpj = s once in the positive direction; and we set

z
h(z) = % % dw: (4.3.4)

Again, by (4.3.2), this does not depend on the choice os.
By (4.3.3)

f(2)=9(2) h(2)
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Figure 4.6: The Paths s and s in the Proof of Theorem 4.3.2 .

if z2 A. We emphasize thatz was an arbitrary point of A, and that g and h
do not depend on the choices for the circless and .
It follows from Morera's theorem that g is analytic in the open disc Dg(zp)
and h is analytic in the exterior of the closed discD, (z;) (see Exercise 3.2.16).
Also, for a xed swith r<s<R ,jz zyj>s,and s as above,

jz wj jzjjzojjw zoj=jzj j zoj s if w2 ()
and so

f (w) M
z W jzj j zof s

if w2 (I);

where M = supfjf (w)j : w 2 ¢(I)g. From this bound on the integrand in
(4.3.4), it follows that

Ms
Ih(z) 12} ] Z0) S
and so, sincejzpj and s are xed,
z|!|1m h(z)=0;

as required.
The uniqueness ofy and h follows from Liouville's theorem. In fact, suppose
we also have

f=a hg

with g; analytic on Dr(z), h; analytic on C nD,(z), and h; vanishing at
in nity. Then
g ga=hy h on A

This means that the analytic function g g1 on D (zg) and the analytic function
hy honCnD,(z) agree on the intersection of these two open sets. It follows
that they de ne an entire function on the plane which vanishes at in nity. By
Liouville's theorem, the only such function is the identically O function. Thus,
g= g and h= h;. O
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Example 4.3.3. Find a decomposition like that in the previous theorem if the

function f is
1

(z 1)z 2
and the annulusA isA=fz2 C:1< jzj< 2g.
Solution: This is just the partial fraction decomposition of f. We set

f(z) =

0(z) = 2—12 for jzj< 2

and 1
h(z) = 71 for jzj> 1.

Then g and h are analytic, f = g h on A, and h vanishes at in nity.

Laurent Series Expansion

A function which is analytic on an annulus has a special kind & series expansion
called aLaurent Series expansion.

Theorem 4.3.4. Let f be a function which is analytic on the annulusA of
(4.3.1). Then f has a unique series expansion of the form

R
f(z)= c(z 2zo)" (4.3.5)

n=1

which converges tof at all points of A and converges uniformly on compact
subsets ofA.

Proof. We write f = g h with g and h as in the previous theorem. Sincey is
analytic on Dr(2o) it has a power series expansion

h 3
92)= &z 2"

n=0
which converges orD g (zp) and converges uniformly on compact subsets of this
disc.

By Lemma 4.3.1 the function g(w) = h(1=w+ zp) is, if given the value 0 at

w = 0, an analytic function of w in the disc D, (0), and it vanishes atw = 0.
Therefore, it has a power series expansion

R
gw) = bw"
n=1
which converges uniformly on compact subsets dD,-, (0). If we setc, = b ,

for negative integersn and make the substitution w = (z  zg) ?, then this
becomes
X1
h(z) = t(z zo)™:
n=1
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On combining the series forg and h, using the factthat f = g hin A, we
obtain (4.3.5). The series converges uniformly on compactubsets of A because
the series forg and h both have this property.

The uniqueness of the expansion follows from the uniquenestatements in
Theorem 4.3.2 and Corollary 3.2.4. O

Example 4.3.5. For the function f and annulus A of Example 4.3.3 nd the
Laurent series expansion forf on A.

. _ _ 1 1=2
Solution: We havef = g h, whereg(z) = 5 1 75 has power
series expansion
Xogn
9(z2)= 1=2 on
n=0
in D2(0), and h(z) = R has an expansion
285 S 7 11 1=2 P
X1
h@ =" -

n=1
on CnDy(0). Thus, the function f = g h has Laurent expansion

X1 X 1
f(z)= ( D"+ (

n=1 n=0

2n+1 )Zn

in A = D,(0)\ (CnD1(0)).

Example 4.3.6. The function f = of the previous exercise is

1
(z )z 2
also analytic on the annulus
B=fz2C:0<jz 1<

which is centered at 1. Find its Laurent expansion in this anrulus.

Solution: Again, f = g h, with g(z) = 1 5 is analytic in the disc D1(1),

z
with power series expansion

x
9= ("M@ Yy

n=0

while h(z) = 2—11 is analytic in C nflg with limit O at in nity. Since it is

already a power of ¢ 1) it needs no further expansion. Thus, the Laurent
expansion off in the annulus B is

b3
f@= (z '+ (™ @E Y:
n=0
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Example 4.3.7. Find the Laurent expansion of €2 in the annulus C n f0g.

Solution:  Since f (z) = e'™ is analytic except at 0 and has limit 1 at
in nity, in the decomposition f = g h of Theorem 4.3.2 the functiong is 1
and the function his 1 e'*2. The Laurent expansion is

X0 ,n

injl’

e =

n=1

The coe cients of the Laurent expansion of a function analytic in an annulus
are given by an integral formula similar to the one for the power series expansion
of a function analytic in a disc (Theorem 3.2.5).

Theorem 4.38. If A=fz2 C:r< jz zj<R,f isanalyticin A and
r<s<R , then the Laurent series (4.3.5) forf in A has coe cients given by

z
1 f(w)
Ck = = ——C——dw 4.3.6
2i jw  zgj=s (W ZO)k 1 ( )
Proof. With f given by (4.3.5), we have
z z
1 f(w) x 1

— —— = —dw= Cn (w Zz)" dw: (4.3.7)

2i jw  zoj=s (W ZO)k+l n=1 jw  zoj=s °

A path which traverses the circlejw  zoj = s once in the positive direction is
givenby (t)= zg+sé',forO0 t 2 . Then
qt) = siet and (t) zo= se':
Thus, 7 z,
w zo)" K tdw= ish kg Kt
jw zoj=s 0

Thisis 0if n 6 k and 2i if n = k. Combined with (4.3.7), this proves the
theorem. O

Exercise Set 4.3

1
(z (z 2
are given in two dierent annuli. Find a third annulus in whic h this
function is analytic and nd its Laurent expansion there. Ar e there other
such annuli?

1. In Examples 4.3.5 and 4.3.6, Laurent expansions fdr(z) =

in the annulus

2. Find the Laurent expansion off (z) = - 122
A=fz2C:0<jzj< 1g:

3. Find the Laurent expansion for f (z) = z3e!*? in C nf0g.
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4. Find the Laurent expansion forf (z) = z 3¢ in CnfO0g.

. . log(1+ z) .
5. Find the Laurent expansion for f (z) = w in CnfOg.
6. Find the Laurent expansion for f (z) = ﬁ in the annulus

A=fz2C:0<jz ij< 2g:
7. Find the Laurent expansion for f (z) = sin(1 =2z) in C nf0g.

8. Find the Laurent expansion for f (z) = e?*1 =% in CnfO0g.

9. Prove that if f is analytic in a disc D (zp) except at zo, where it has a
pole of orderk, then, in the annulus fz: 0< jz 2z <r g, the Laurent
expansion forf has only nitely many terms with negative exponent and
the most negative exponent that appears is k.

10. Supposef is analytic in the annulus A = fz 2 C: R < jzjg and satis es
the inequality jf (z)j j zj* in this set. Then prove that the Laurent
expansion off in A has no terms with positive exponent greater thank.

. . . . . 1 .
11. If ¢y is the nth coe cient in the Laurent series expansion of sinz in the
annulusfz:0< jzj< g, showthatc, =0if nisevenorifn< 1.

12. With ¢, as in the previous exercise, ndc 1;c1, and ¢z Hint: use long
division to divide sinz into 1.

. 1 . .
13. For the function sinz of the previous two exercises, how do the Laurent

coe cients change when we compute the Laurent expansion in he annulus
fz: < jzj < 2 ginstead of the annulusfz : 0 < jzj < ¢@? Hint: use
Cauchy's formula to compute the di erence in formula 4.3.6 if the radius
s of the circle of integration is changed from one with O< s <  to one
with <s< 2.

4.4 The Residue Theorem

In this section we return to the study of analytic functions with isolated sin-
gularities, as discussed in Section 3.4. Recall that a funan f has isolated
singularities on an open setU if it is analytic on U except on a discrete subset.

In particular, if a function f is analytic on an open set containing the annulus
D (z0) nfzog, then it has an isolated singularity at z,. Since D, (zp) n fzpg is
an annulus centered atzy, f has a Laurent expansion of the form:

R
f(z)= c(z zo)" (4.4.1)
n=1

The coecient ¢ 1 of (z zo) ! in (4.4.1) plays a special role in complex
analysis.



140 CHAPTER 4. THE GENERAL CAUCHY THEOREMS

De nition 4.4.1.  If f is a function which is analytic on A = D, (zg) nfzog, with
an isolated singularity at zo, then the coe cient of (z z) ! in the Laurent
expansion off on A is called theresidue of f at zg and is denoted by Resf; z ).

The residue off at z; is given by a simple integral formula, which follows
immediately from Theorem 4.3.8

Theorem 4.4.2. Let f be an analytic function with an isolated singularity at
Zp 2 C. Let R>r > 0 be numbers withf analytic on Dr(zo) nfzog. Then
z
Reqf;z¢) = i f (z) dz:
2i iz zoj=r
This leads to the following important application of the general Cauchy
theorem.

Theorem 4.4.3. (Residue Theorem) Let f be a function which is analytic
on an open setU  C except on discrete subseE of U, and let be a closed
path in U nE, which is homologous ta0 in U. Then

(a) there are only nitely many points of E at which Ind is non-zero;

(b) if these points arefz;;z,;  ;zng, then
1 Z X
o f(z)dz= Ind (z;)Redqf;z;): (4.4.2)
j=1

Proof. We rst prove (a). Recall from the proof of Theorem 2.7.5 that if r is
chosen so that (1) D, (0), then the bounded components ofCn (I) are
also contained in D, (0). Also, Ind (z) is non-zero only on certain bounded
components ofCn (I). It follows that the union of (1) and the components of
its complement where Ind (z) is non-zero is a bounded seK . The setK is also
the complement of the union of the components ofcn (1) on which Ind =0,

and so it is closed. Thus,K is compact.

Since is homologous to 0 inU, every point of the complement ofU is a
point where Ind is 0. This implies K U. Since the singularities off form
a discrete subsetE of U, we may choose for each point olU an open disc,
centered at that point and contained in U, which either contains one singularity
(the center of the disc) or no singularities. This collectil of open discs covers
K (since its union isU), and so some nite subcollection also cover& . But this
means there are only nitely many singularities of f in K, and, hence, there are
only nitely many singularities of f at which Ind is nonzero. This completes
the proof of (a).

Let z1; 7; ; Zn be the singularities off at which Ind is nonzero. For each
of these pointsz;, we choose arr; > 0 such that Dy, is contained in the open
setUn (I). We chooser > 0 such thatr < minfry;  ;r,g and the discs

D (zj) are non-overlapping. We then set

m; =Ind (z) (4.4.3)
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Figure 4.7: The Paths and ; in the Proof of Theorem 4.4.3 .

and de ne a 1{cycle by

where j(t) = z + re for t 2 [0;1] (we may assume that also has [01] as
its parameter interval).

Now eachz; is a point where Ind is non-zero, and so is every point in the
open discD, (z;). Hence the closureD; (z;) of this disc is contained inK ~ U.
This means that the complement ofU is contained in the complement ofD, (z).
Thus, Ind | (z) = 0 on the complement of U. Since this is true for everyj and
is also true of , we have that Ind (z) =0 on the complement of U { that is,
is homologous to 0 inU.

Note, f is not analytic in U and so the general Cauchy theorem does not yet
apply. However, we also have that

Ind (z)=m; = mjind ;(z)

while
mjInd ;(z)=0 for k6 j
It follows that is also homologousto 0 in UnE. Now U nE is a set on which
f is analytic, and so, by the general Cauchy integral theorem,
z z X0 z
0= f(z2)dz= f(2)dz m; f (z) dz:
j:l j
Now (4.4.2) follows from this, Theorem 4.4.2, and (4.4.3). This completes the
proof. O

The residue theorem has a vast number of applications. We wlilexplore
many of these in the remainder of this section and the next chpter. The next
three examples give just a taste of how the residue theorem igsed to calculate
integrals.
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Example 4.4.4. Let f be a function of the form

f(z) = —Zg(zio ;

where g is analytic in an open set containingzy. Show that
Resff; zo) = 9(zo0): (4.4.4)

Solution: The function g(z) is analytic in some disc centered atzg and so
it has a power series expansion in this disc with constant tem g(zp). Hence
the Laurent series expansion off (z) about zy has g(zp) as the coe cient of
(z z0) *. By de nition, this means that (4.4.4) holds.

Example 4.4.5. Let be a simple closed path with 1 and 2 inside . Compute
z z+1 dz-
(z Dz 2)
Solution: By the residue theorem, this integral is

2i (Res(f; 1) + Res(f; 2));

wheref (z) = 2+l The function g(z) = z+l is analytic in a disc
Tz nz 2 =72 Y
centered at 1 andf (z) = % Hence, by the previous example,

Resf; 1)=g(1)= 2

. . z+1
By the same reasoning, ifh(z) = ———~, then

(z 1
Resf; 2) = h(2)=3:

We conclude that

_2*l =203 2)=21i
(z 1@z 2) o
Example 4.4.6. If is a simple closed path with 0 and inside and all other

multiples of outside , nd 7
1

sinz

Solution: The integrand f (z) = sinz has isolated singularities inside at

0 and . The function .

9(2) = sinz
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has a removable singularity at 0 and the value of the resultig analytic function
at0is 1. Thus,

Res(f; 0) =1:
Since sing) =  sin(z ), the function

z z

h(z)= —— = -
(2) sinz sin(z )

has a removable singularity atz = . The value at of the resulting analytic
function is 1. Thus,

Resf; )= 1

It follows from the residue theorem that the integral of f around is zero.

Counting Zeroes and Poles

Recall that a meromorphic function on an open setU is a function which is
analytic on U except on a discrete subseE where it has poles.

A simple poleis a pole of order 1. Iff is a meromorphic function in an open
setU, then, as we will show in the proof of the next theorem, the furction f °=f
has a simple pole at each zero and at each pole 6f Furthermore, these simple
poles have a special form which leads directly to an integraformula for the
sum of the number of zeroes minus the number of poles, countinmultiplicity,
surrounded by a closed path inU.

Theorem 4.4.7. If f is a meromorphic function on U and z, 2 U, then
Reqf &f; zg) = k;

where k is the order of the zero off at zp, or minus the order of the pole off
at zp, or 0 if f has no zero or pole atzo.

Proof. We may factor f as

f(2)=(z 20)"9(2);

where g is meromorphic onU and has no zero or pole atzo. The integer k is
positive, negative, or zero, depending on whethef has a zero, a pole, or neither
at zo. Then

fA2)= k(z 20" '9(@)+(z 20)"gA2):;

2 _ _k , d@.
f(z) z 20 9@
If D, (z0) is a disc contained in U, which contains no zero or pole off except

possibly zg, then when we integrate (4.4.5) around the boundary of this dsc
and divide by 21 we get

and so

(4.4.5)

Resf =f; zo) = k;

since g%=g is analytic on an open set containingD, (z9) and, thus, has integral
0. O
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If we combine this with the residue theorem the result is the bllowing the-
orem.

Theorem 4.4.8. Letf be a meromorphic function de ned in a open setJ and
let be a closed path inJ which is homologous td in U. Assume there are no
zeroes or poles of on (l) and the zeroes and poles df at which Ind is not
zero occur at the pointszy; z3; :Zn. Then

Z
X 17 f92)
mjkj=—2i —d

(4.4.6)
o f(2)

where, forj =1; n, the integerk; is the order of the zero off at z; or minus
the order of the pole atz;, and m; = Ind (z).

Corollary 4.4.9. Let U, f, fzg; 1200, fky;  kng, and  be as in Theorem
4.4.8. If we composef with to form a new pathf , then

X
m; kj = Ind; (0) (4.4.7)
j=1

wherem; = Ind (z).

Proof. If the parameter interval of s [a; k], We have

z zZ,
_ 1 1. _ 1 (f )
nde Oz 2% 5 T ™
z z
S S B O (9) I IR S I ¢ I
2i 5, f(C @) 2i f(z)
P
By Theorem 4.4.8, this last integral is equal to jn=1 m; k; . O

If the path is simple, then the previous theorem and corollary are simgar.

Corollary 4.4.10. Let f be a meromorphic function on the open seu. If is
a simple closed path inU, with its inside contained in U, which does not pass
through a zero or pole off , and fz;;  ;zn,g is the set of zeroes and poles df
inside , then

X oo 1%y _
j:1 kj - Z mdz— |ndf (O), (448)

where, fork = 1; ;n, k; is the order of the zero or minus the order of the
pole atz; .

Proof. Since the inside of is contained inU, is homologous to 0 inU. Thus,
Theorem 4.4.8 and the previous corollary apply. Since Ind is 1 on the inside
of ,itis 1 ateachz . Equation 4.4.8 follows. O



4.4. THE RESIDUE THEOREM 145

Example 4.4.11. Supposef is a meromorphic function in a convex open set
U. Suppose that the only zero off in U occurs atz; and has orderk, and the
only pole of f in U occurs atz, and also has orderk. Prove that there is an
analytic logarithm of f de ned in V = U n|[z;;2z,]. That is, prove that there is
an analytic function g on V such that f (z) = e9(®) for everyz 2 V.

Solution: If is any closed path inV, then is homologous to 0 inU, since
U is convex. Sincez; and z, are connected by a line segment in the complement
of V, they lie in the same component of the complement of (1). This implies
Ind (z1) =Ind (z2). Then, by Theorem 4.4.8,

z
17 fqw) d

> (W) w=Ind (z1)k Ind (z2)k =0:

It follows from this that, if z is a xed point and z a variable point of V, and
;2 is a path in V which begins atzy and ends atz, then
z

. fw
h(z) = Z W dw
is independent of which path ; is chosen. Furthermore, we know thath is an
antiderivative of ];c;(—\\llvv)) by Theorem 2.5.6. Thus,h®= f %f. This implies

(fe M°=1f%" fh% "=0;
and, hence, thatf = Cé" for some non-zero constanC. Then

9(z) = h(z) +log(C);

has the required properties, where log is any branch of the ip function.

Exercise Set 4.4

1. Iff(2) = ﬁ nd the residue of f at each of its singularities.
z 1
2. If is a simple closed path with 0 and 3 inside , nd R dz:
z
3. Find Zi
izj=2 Z 1

4. If is a simple closed path with O inside, but no other multiples & 2 i
inside, nd 7
1

= 1dz:

5. If is any simple closed path with Q1, and 2 inside, nd
z
1

2z Dz 2%
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Z

2
6. Find 2 lg
jzj=2 2° 2
z
7. Find tan z dz.
izj=
8. Find logz
jz 5j=4 Sinz
9. Let f be a meromorphic function onC with a zero of order 1 atz = 1 and
a pole of order 1 atz = 1 and no other zeroes or poles. If is a simple
closed patj which does not pass through 1 or 1, what are the possible
values for ffi(_zz)) and what determines which value is achieved?
z

10. Use Theorem 4.4.8 to derive a formula for cotz dz, where is any closed

path which does not pass through an integral multiple of .

. . . +1 .
11. Prove that there is an analytic logarithm for z 1 de ned in the open set

U=Cn[ 1;1].

12. Example 4.4.11 is only one of many possible theorems caroing the
existence of analytic logarithms that can be proved using Tleorem 4.4.8.
Invent and prove another one.

45 Roucle's Theorem and Inverse Functions

Corollary 4.4.10 leads to a proof of Roucte's theorem, whib is a very useful
tool for analyzing the zeroes of an analytic function.

Theorem 4.5.1. (Roucle's Theorem) Let f and g be analytic in an open
setU and let be a simple closed path irJ, with its inside contained in U, and
with parameter interval |. If f has no zero on (l),and

if(@ 9@j i 9@ij on () (4.5.1)
then f and g have the same number of zeroes, counting order, inside.

Proof. If f has no zeroes on (1), then (4.5.1) implies that g also has no zeroes
on (1). If we set h(z) = f(z)=9¢(z), then h is meromorphic in U and has no
zeroes or poles on (1). The inequality (4.5.1) implies that the curve h
satis es

jh (1 1 1

forall t 2 I. It follows from this that O is in the unbounded component of
Cnh (I). Hence,
Ind, (0)=0:
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The path is homologous to 0 inU and so we may apply Corollary 4.4.9. It
tells us that the number of zeroes minus the number of poles oh inside |,
counting order, is 0. However, this is the number of zeroes of minus the
number of zeroes ofg inside , counting order. Hence, these two numbers are
the same. O

Example 4.5.2. How many zeroes, counting order, does the polynomial
475 2+ 72?2 2

have inside the unit circle.
Solution: We apply Roucle's theorem with f (z) =4z° z3+ z> 2 and
g(x) = 4 z5. On the unit circle jzj = 1, we have

if@ o@i=i Z2+2% 2 jzP+jz?+2=4= jo(2)i:

By Roucte's theorem, f and g have the same number of zeroes inside the unit
circle. Sinceg(z) = 4z° has 5 zeroes, counting order, inside this circle, so does
f.

Example 4.5.3. Let ff,,g be a sequence of non-vanishing analytic functions
on a connected open setU. If ff,g converges uniformly tof on each compact
subset ofU, prove that f is either also non-vanishing onU or is identically O.

Solution: Assumef is not identically 0. Let z, be any point of U. We will
prove that f (zo) 6 0.

We may choose a closed disb (zg) on which f has no zeroes except possibly
at zo. This is possible becausé is analytic and not identically zero and, hence,
has a discrete set of zeroes itJ. Sincef is non-vanishing on the boundary of
D¢ (2o), it has a minimum modulus m > 0 on @, (o). Sincef, ! f uniformly
on D, (zo), there is an N such that

n N implies jf(z) fa(2)j<m 82z2D(z0):

Sincem | f(2)j for all z2 @ (z), Rouches theorem implies thatf and f,
have the same number of zeroes iD,(zp) if N N. Sincef, has no zeroesf
has no zeroes irD, (zp). In particular, f (zo) 6 0.

The Inverse Mapping Theorem

An application which demonstrates the utility of Rouche's theorem is the fol-
lowing proof of the inverse function theorem for analytic functions.

A function from a set U to a setV is said to beone to oneif f (z) 6 f (w) for
every pair of distinct points z;w 2 U. Itis said to be onto if f (U) = V {that is,
if every point of V is the image of some point oJ. A function f : U! V isone
to one and onto if and only if it has a well de ned inverse functon f 1. This
is de ned by the condition that f(z) = w for z2 U if and only if f (w) = z.
This is the same as saying that

f 1 f(zy=z foral z2U; and
f f Ywy=w foral w2V:
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Figure 4.8: A Function f and its Inverse Function f 1.

The inverse function for a continuous functionf may or may not be continuous;
if it is, we say that f has a continuous inverse function onU. Similarly, if U
and V are open,f : U ! V is analytic, and f ! is also analytic, then we say
that f has an analytic inverse function onU.

Typically, analytic functions are not one to one and, hence don't have inverse
functions on their full domains. However, they quite often have local analytic
inverse functions in the sense of the following de nition.

De nition 4.5.4. If f is analytic in U and zp 2 U, then we say thef has
a local analytic inverse at zp if there are neighborhoodsV of zg and W of
wo = f(zp) such that f is a one to one map ofV onto W and its inverse
function f 1:W ! V is analytic.

Theorem 4.5.5. (Inverse Mapping Theorem) If f isanalyticonU, zo 2 U,

and f Yzo) 6 0, then f has a local analytic inversef ! at zg. Furthermore, the
1

ivati 1 1 =
derivative of f 1 is (f 1)qw) = X W)
Proof. We setwg = f(z0). If f%z) 6 0, then the function f(z) wp also
has non-vanishing derivative at zo and, hence, it has a zero of order 1 aty.
Furthermore, by Theorem 3.4.2 there is ar > 0 such that, in the disc D, (zop),
this is the only zero off (z) wp.

We choose suchthatO< <r andf%z) 60 forall z2 D (zo). This is
possible becausé ®is continuous and sof 1(Cnf0g) is an open set containing
Zg. We next let be the circle

()= zo+ €' t2]0;1]:

Then f (z) wp has no zero on the compact set (I). This means that the
minimum value of jf (z) wgj in (1) is positive. Then if jw wpj < and
z2 (I), we have

(@ w (@) w)i=jw wj< jfz) woj

By Roucle's theorem, the two functions of z, f (z) wandf (z) wp, have the
same number of zeros, counting order, iD (zp). Since,f (z) wp has one zero
in this disc, so doesf (z) w, and this is true for eachw 2 D (wyp).
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We conclude from the above that, for eachw 2 D (wp), there is exactly one
z2 D (zp) such that f (z) = w. In other words, if we set

W=D (wp) and V=f (W)

Thenf :V I W is one to one and onto, and, hence, has a well de ned inverse
function f 1.

We claim that f ! is continuous onW. By Theorem 2.1.13, to show this,
we only need to show that its inverse function,f , takes open sets to open sets.
However, we just showed that an analytic functionf on an open setU, which
has a non-zero derivative at a pointzg, takes U to a set which contains a neigh-
borhood of f (zg). This result applies equally well to any open set containirg
any point z of V, sincef {z) 6 0 for z2 V. Thus, f takes any open subset of
V to an open subset ofW and this impliesf *:W ! V is continuous.

We next show that the inverse function is analytic and has theindicated
derivative. If w and w; are two points of W, with z=f (w)andz; = f (wy)
the corresponding points ofV, then w = f (z), w; = f (z1), and

im W) ftw) L f@ fz) T 1 1
w! Wi woow; Tz z T f%z)  FAF L(wy))
1
This shows that (f 1)%w,) exists and equals—————. Of course, the fact
that z! z; asw! w; follows from the continuity of f 1. O

The hypothesis that f {z, 6 0 in the above theorem is necessary. In fact, we
have the following theorem, the proof of which is left as an egrcise (Exercise
4.5.9).

Theorem 4.5.6. If f is analytic in U, zo 2 U, and f z0) = 0, then f has no
local analytic inverse atzy. In fact, if f%zg) =0, then f is not one to one in
any neighborhood ofz,.

Example 4.5.7. At which points zg is it true that there is an analytic inverse
function for sin z? What is the derivative of the inverse function at w = sin(z)
for each such pointz?

Solution: By Theorems 4.5.5 and 4.5.6, sin has an analytic inverse exayg
at those points zo for which sin®z 6 0. Since, sin(z) = cos z, the points we are
looking for are those which are not odd multiples of i= 2. The derivative of the
inverse function sin * at w = sin(z) for any such point z is

1 _ 1 _ 1
sindsin *w) cos(sin tw) cosz’

Since cod(z)=1 sin?z=1 w2, cos(z) will be some square root of 1 w2,
Thus, we may write

(sin 1Y%w) = p%
W
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with the understanding that we are using some branch of the sgare root func-
tion. Which branch is being used depends on the two pointsy and wy = sin zg
and the neighborhood on which the inverse function is de ned For example,
r zo = wp = 0, we must use a branch of the square root function for which
1 =1, since cos0 = 1. On the other hand, ifzg = ,, and wy = 0, then we must
use a branch of the square root function for which 1= 1, since cos = 1.

The Open Mapping Theorem

If U is an open subset ofC, then an open mapping fromU to C is a function
f :U! C suchthatf (V) is open for every open subseV  U.

Theorem 4.5.8. (Open Mapping Theorem) A non-constant analytic func-
tion on a connected open setJ is an open mapping ofU to C.

Proof. Let f be a non-constant analytic function de ned on a connected opn
setU. If V is any open subset ofU we need to show thatf (V) is open. We
will do this by showing that for each z; 2 V there is a neighborhood off (zp)
contained in f (V).

Let wo = f(z0) and let k be the order of the zero off (z) wp at zp.
By Exercise 3.4.8, there is a neighborhood/; of zg (which we may assume is
contained in V) and an analytic function g on V; such that, on Vi,

f(z) wo=d"=z) and ¢g%z) 60:

The previous theorem implies that there is a neighborhood/, of zp, with V, 'V
such that that g(V-) is open. In fact, we may assume(V-) is an open discD (0)
centered atg(zo) = 0. Then the image of V, under g* is the open discD «(0),
and so the image of\, under f is f (zg) + D «(0). Since this is a neighborhood
of f (zop) which is contained in f (V), the proof is complete. O

Exercise Set 4.5

1. How many zeroes, counting order, does the polynomialZ z3+ 1 have
in the open unit disc?

2. How many zeroes, counting order, does the polynomia® 4z3+z 1
have in the open unit disc?

3. Prove thatif 0 C  1=e, then the equationz = C¢€* has exactly one
solution in the unit disc.

4. Prove that if h and g are analytic functions de ned in a neighborhood of
the closed unit disc and if h has k zeroes in the open unit disc and no
zeroes on the unit circle, then there is a > 0 such thath+ g also has
k zeroes in the open unit disc for all positive numbers <

5. Prove that if ff,g is a sequence of one to one analytic functions on a
connected open setJ, and if f, ! f uniformly on compact subsets ofU,
then f is either also one to one or is a constant.
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6. Prove that if f is analytic in an open setU and has a zero of ordek at a
point zy in U, then there is a neighborhoodV of z; and a neighborhood
W of 0, such that the equationf (z) = w has exactlyk solutions in V for
eachw 2 W n f0g.

7. At which points in the plane does the functionf (z) =2z%+32%> 12z+6
have a local analytic inverse.

8. Without using any knowledge of log functions, use Theoren.5.5 to decide
at which points zo 2 C it is true that the function f (z) = e* has a local
analytic inverse. Also, use Theorem 4.5.5 to compute the dévative of
this inverse function.

9. Prove Theorem 4.5.6.

10. Prove that if f is an analytic function de ned on an open setU and if f
is one to one onU, then f has an analytic inverse functionf *:W ! U,
where W is the open setf (U).

11. Prove that if f is an entire function with the property that f (B) is
bounded wheneveB is bounded, thenf is onto (that is f (C) = C). Hint:
show that f (C) is both open and closed.

4.6 Homotopy

This section is devoted to developing tools for calculatingthe index of a closed
path (or more generally a cycle) about a point. This is crucid, since both the
hypotheses and conclusions of the Cauchy theorems involvéé¢ index. The tools
we will develop involve ideas from algebraic topology appéd in the plane.

We begin by extending the index function to closed curves whih are not
necessarily piecewise smooth. The key to doing this is to skothat all closed
paths su ciently near a given closed curve have the same indg, and then to
show that every closed curve can be approximated arbitrari closely by closed
paths. The common value of the index of all closed paths near given closed
curve is then de ned to be the index of . The key to the rst part of this
program is the following theorem, which is closely related ® Roucle's theorem
and has a similar proof.

Theorem 4.6.1. Supposez 2 C and ; and » are two closed paths which don't
pass throughz and which satisfy

) a2 ] 2At) 7z
forall t 2 1. Then Ind ,(z) = Ind ,(2).

Proof. By translating ; and 1 by z and using the fact, obvious from the
de nition of Ind, that Ind (z) =Ind ,(0), we may assume thatz = 0. Then
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our hypothesis is that ; and , are two paths which do not pass through 0 and
which satify

) 2§ 200
We de ne a new path by

_ (),
= 2(t)

This path doesn't pass through 0, and it satis es

HORETEE

In other words, (l) lies in the closed unit disc of radius 1 centered at 1 and
does not contain 0. It follows from this that O is in the unbounded component
of Cn (). Hence,

Ind (0)=0:

To complete the proof, we will show that
Ind (O)=Ind ,(0) Ind ,(0): (4.6.1)

In fact,

z Z,
Ind (0) = % % @dt;

1
Sl TR

and so (4.6.1) follows from the calculation

P22 a3 2 3
12 1 2
This completes the proof. O
Index for Closed Curves
Recall that a curve is just a continuous function :1 ! C, wherel is a closed

bounded interval { no di erentiability is assumed. For simp licity in the following
discussion, we will just work with curves for which the parameter interval | is
[0; 1].

There is a notion of distance between two curves parametered onl =[0;1].

De nition 4.6.2. The distance between curves ; and > onl is de ned to be
i1 2 zstl;?j 1(t)y 2D

With this notion of distance, we will show that every curve can be approxi-
mated arbitrarily closely by curves which are piecewise smath, in fact, piecewise
linear. Here, by a linear curve, we mean a curve of the form

(t)y=u+tv
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for xed complex numbers u and v and t ranging over some parameter interval.
Such a curve traces a straight line segment. The linear curvavhich traces the
line segment fromw to z and has parameter interval ;b] is given by

t

t a
(t) = b W 2 (4.6.2)

(see Exercise 4.6.1).

A curve onl is piecewise linear if there is a partition 0 =tp <t; < <t,=
1 of I such that is linear on each subinterval f; 1;tj]. Obviously, piecewise
linear curves are piecewise smooth and, hence, are paths.

Theorem 4.6.3. If :1! Cisacurve,then for each > 0there is a piecewise
linear curve ~ such thatjj~ jj <

Proof. Since is continuous and! is a closed bounded interval, is uniformly
coninuous onl . This means that, given > 0, there isa > 0 such that

if(s) f()j< whenever s;t21;js tj<:
We choose a partition 0 =tg <t < <thn=1of | suchthatt; tj 1<

By (4.6.2) the linear curve ;, with parameter interval [t; 1;t;], which traces
the line segment from (t; 1) to (t; is given by

t.
i(t)= t]'i (t) for t2[t 1]
Note that, for j =1; n,
)= )= ja):

This implies that the linear curves ;, de ned on the subintervals [t; 1;tj], t

together to form a continuous piecewise linear curve ~on | = [0; 1]. Also, for
eachj,
. . tj
b M= ¢ ((t) (t; D+ 2 - l( ® )
i 1 tj
t] t :
et B OB CEEY R J ® i
i i
ot + t t 2 -

LS VT T N R |

if t 2 [tj 1;tj]. Since this is true for everyj and since «t) = ;(t) for t 2
[t; 1;tj], we conclude thatjj ~jj < . This completes the proof. O

The next theorem tells us that, given a closed curve and a point z not on
(1), all closed paths su ciently near have the same index aboutz.
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Theorem 4.6.4. If is a closed curve andz 2 C a point not on (I), then
there is a > O such thatif ; and , are paths withjj jii< forj=1;2,
then
Ind ,(z) = Ind ,(2):
Proof. This is an application of theorem 4.6.1. We choose
1 .. .
= 5;9{1 t) zj;
so that
j @) zj 3 foral t21:
If jj jii < forj=1,;2,then
OGRS forall t21;j =1;2
and so
ji@® zij @ zjj @ @) 2 foral t21;j =1;2
It follows that

ja®) 20 ] ) a®j+i () 2i<2 j oa(t) 7z
forall t 2 1. By Theorem 4.6.1, Ind , (z) = Ind ,(2). O
This leads to the following de nition.

De nition 4.6.5. Let be aclosed curve inC andz 2 C a pointnoton (I).
We de ne Ind (2) in the following way: we choose a as in Theorem 4.6.4.
Then all closed paths within a distance of have the same index aboutz.
By Theorem 4.6.3, there are closed paths within a distance of . We de ne
Ind (z) to be the common value of Ind, (z) for all such paths ;.

With this de nition, Theorem 4.6.4 implies that Ind (2) is a locally constant
function of the closed curve . That is, the following theorem holds.

Theorem 4.6.6. If z2 Cand is a closed curve inC such thatz Z ( 1), then
there isa > 0 such that if ; is any other closed curve inC and jj i <,
then

Ind (z) = Ind ,(2):

Proof. We choose as in Theorem 4.6.4. Then all closed paths within a distance
of have the same index aroundz, and this is the index of around z, by
de nition. If 1 is a closed curve withjj 1jj <, set

1= i
Then all closed paths within a distance ; of ; are within a distance of |,

and so they all have the same index aboutz as does. By de nition, this is
also the index of 1 about z. O
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Homotopy

Let U be an open set inC and let o and ; be two closed curves inU with

parameter interval [0; 1]. The curves are said to behomotopic if it is possible
to continuously deform ( to 3 while remaining in U. This is made precise in
the following de nition.

De nition 4.6.7. Two closed curves ¢ and ; in U are said to behomotopic
in U if there is a continuous function h, de ned on the square [Q1] [0;1] in
R?, with values in U, such that

(@) h(0;t) = o(t) forall t 2 [0;1];
(b) h(L;t)= 4(t) forall t 2 [0;1]; and
(c) h(s;0) = h(s;1) for all s 2 [0;1].

In the above de nition, for each xed s, the function s(t) = h(s;t) de nes
a curve ¢ in U. Parts (a) and (b) say that when s=0 and 1, these curves are
the original curves ¢ and ;. Part (c) says that each of the curves  is closed.

The family of curves f g determined by a homotopy h, as in the above
de nition, is a continuous one parameter family of curves inthe sense that the
following theorem is true.

Theorem 4.6.8. If f sg is the family of curves determined by a homotopy, as
in De nition 4.6.7, then for each sg 2 1 and each > 0, thereisa > 0 such
that

s sl < whenever js sgj < :

Proof. This proof uses the fact that a continuous function on a compat set
such as the squard 1, is uniformly continuous. For the continuous function
h, this means that given > 0 there isa > 0, such that

jh(s;t) h(so;to)j < whenever j(s;t)  (So;to)] < ;

for any pair of points (s;t);(so;to) 2 I |. In particular, in the case where
t = to this says that if js spj < , then

js() sMj<  forall t21;
which implies
” S Sojj <:
and this completes the proof, O

We are now in a position to prove the homotopy theorem for the ndex
function.

Theorem 4.6.9. If o and 1 are two closed curves inU which are homotopic
in U, then
Ind ,(z) = Ind ,(2)

for everyz2 CnU.
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Proof. Let f sg, s 2 | be the family of curves determined by a homotopyh
joining oto 3 in U. Sincez 2 CnU, none of these curves passes through
and so Ind _(z) is de ned for every s 2 |.

If sp 2 1, then Theorem 4.6.6 implies that there is an > 0 such that

Ind ,(z)=Ind , (z) whenever jj s s,jj<:
Then Theorem 4.6.8 implies that there is a > 0 such that
s sli< whenever js soj<:

We conclude that Ind _(z) is constant in the open interval (s ;So+ ). Since
So is an arbitrary point of |, we conclude that the set on which Ind_(z) takes
on any given value is an open set. Since is connected, and the union of these
open sets isl, there can be only one them that is non-empty. Thus, Ind_(z) is
constant on | and, in particular, Ind ,(z) = Ind ,(2). O

If o and ; are homotopic closed paths in an open set, then the above
theorem implies that the cycle = 1 ¢ has index 0 about every point of the
complement of U. Hence, is homologous to 0. The general Cauchy theorem
then says that

z z Z
0= f(2)dz= f(z)dz f(z)dz

1 0

for every function f which is analytic on U. This proves the homotopy version
of Cauchy's theorem.

Theorem 4.6.10. If U is an open subset of2, o and ; are homotopic closed
paths in U, and f is an analytic function on U, then
Z Z
f(z)dz= f (z) dz:

1 0

Example 4.6.11. Prove that the circle of radius 2 centered at 0, with its
standard parameterization, is homotopic inCnf0g to the piecewise linear curve
which traces once in the positive direction around the squae with vertices at
1;i; 1, i (see Figure 4.9).

Solution: Let o(t) =2e2™ |t 2 [0;1], be the circle and

8 9

3 (1 4t)+4t 9 t %15

- (4t D+ 4 X ot 37
O3 @t 3+ )i b ot 3 (4.6.3)

(4t 3)+@Et i % t 1

the square. We de ne a homotopyh between the two by simply letting h(s;t)
be the point

h(s;t)=(1 s) o(t) + s 1(1)
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Figure 4.9: Some Paths ¢ for a Homotopy of a Circle to a Square.

on the line segment joining ¢(t) to 1(t). The resulting point h(s;t) is always
on or outside the boundary of the square and so it is never 0. Fo0 t 1=4,
the formula for h is

h(s;t)=2(1 s)cost+ s(1 4t)+[2(1 s)sint +4st]i

The formula for h if t is in one of the other subintervals of the partition 0 <
1=4< 1=2< 3=4< 1 is also easily calculated using (4.6.3).

Example 4.6.12. Show why the curves ¢ and i of the previous exercise
cannot be homotopic inV = C nf3=2g.

Solution: The point 3=2 is in the complement ofV, and the curve ¢ has
index 1 about 3=2. However, the curve 1 has index 0 about 32, since 32 is
in the unbounded component ofCn ;(1). By Theorem 4.6.9, the two curves
cannot be homotopic inV.

Simply Connected Sets

De nition 4.6.13. A connected open setU is said to be simply connected if
every closed curve inU is homotopic to a point (that is, a constant curve).

Example 4.6.14. Prove that a convex open setU is simply connected.
Solution: Fix a point zo 2 U. If :1 ! U is aclosed curve inU, we de ne
a homotopy between and the constant curve zy as follows:

h(s;t)=(1 s) (t)+ sz:

Note that, for eacht 2 |, h(x;t) is on the line segment joining (t) to z, and,
hence, is inU. Clearly, h is continuous onl |, h(0;t) = (t), h(1;t) = zo,
and h(s;0) = h(s;1), since (0) = (1). This establishes that h is a homotopy
between and the constant curve zo. Since this can be done for every closed
curve in U, the setU is simply connected.
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We have talked about an open set inC possibly having a "hole". What do
we mean by a hole in an open set? We mean a bounded component ©n U.
However, we haven't talked about connected components of neopen sets like
CnU, and we don't want to assume the reader has had a course in topagy
where such things would be discussed. So, instead, we intrade the following
idea: a non-empty closed subseK of a closed setA is said to be separated
from in nity in A if there is a bounded open sel C suchthatK = A\ V.
Then a hole in an open setU is a non-empty closed subseK of C nU which
is separated from in nity in CnU. Intuitively, this means that K is completely
surrounded by U.

The next theorem shows that simply connected open sets are coected open
sets with no holes and that they are exactly the sets on which kthe things we
would like to be true in complex analysis are, in fact, true.

Theorem 4.6.15. Let U be a connected open subset &, then the following
statements are equivalent.

(&) U is simply connected,
(b) every cycle inU is homologous to0;

(c) CnU contains no closed subset which is separated from in nity;
Y4

(d) f(z) dz=0 for every cycle in U and every analytic functionf on U;

(e) every analytic function on U has an antiderivative;

(f) every harmonic function on U has a harmonic conjugate;

(g) every non-vanishing analytic functionf on U has an analytic logarithm;
(h) every non-vanishing analytic function f on U has an analytic square root.

Proof. We can only give an incomplete proof at this point. We will prove that
each of the statements (a) through (h) implies the next stateanent on the list.
However, the proof that (h) implies (a) will have to wait unti | we prove the
Reimann mapping theorem in Chapter 6.

A constantpath (t) cinUhas Yt) 0 and so its index about any point
other than cis 0. In particular, it is homologous to 0 in U. Since each cycle
is equivalent to a sum of closed paths, it follows from Theoren 4.6.9 that (a)
implies (b).

We next prove that (b) implies (c). Suppose (c) fails, that is, suppose there
is a non-empty closed subseK C n U which is separated from in nity in
CnU. Then there is a bounded open seV sych that K = V\ (CnU). We x
apoint zg 2 K. Let > 0 be chosen so that 2 is smaller than the distance
from K to the boundary of V. SinceK is bounded, it is contained in some open
rectangle de ned by inequalities

a<Re(z)<b; c<Im(z)<d:



4.6. HOMOTOPY 159

Leta=syp<s; < <sp,=bandc=ty<ty< <tn, = d be partitions of

[a; b and [c; d] into subintervals of length at most . We are careful to choose

these so that Re go) is not one of the s;'s and Im (zo) is not one of the ti's.
Now each of the rectangles

Rk =fz:sp 1 Re(z) stk 1 Im(z) t

which meetsK also lies inV. Let be the cycle which is the sum of all the
paths @R for which Rk \ K 6 ;. Now if a edge of one of these rectangles
meetsK , then this edge belongs to two of the rectangles whose boundas make
. The edge occurs with opposite orientation in the two paths and, hence, their
contributions will cancel out in any integral around . This means that if f is
a function continuous on (1), then
Z Z
f(z)dz= f(z)dz (4.6.4)

1

where 1 is the cycle which is left after all edges which meeK are thrown out
of . Note that 1(I) is contained in V nK which is contained in U (see Figure
4.10).

Sincez, is in a rectangleR,q whose boundary contributes to , but zp is not
on this boundary, we may calculate the index of around zg. By the Cauchy
integral theorem, the contributions of the paths @R dierent from @R, are
all 0 and so
z z

L=
z zo  2i

1
Ind (z9) = —
(20) 21 @Rq Z 20

Thus, in view of (4.6.4), we have
Ind ,(z0)=1:

Since 1 is a cycle inU, we conclude that (b) fails. This completes the proof
that (b) implies (c).

To show that (c) implies (d), suppose is a closed path inU. If V is a
bounded component ofCn (1), then K = V\ (CnU) is a closed set since
it is the intersection of C nU with the complement of the union of the other
components ofCn (I). Thus, if it is non-empty, then K is a closed subset of
C nU which is separated from in nity in C nU. If (c) holds, then there are no
such subsets. In this casey \ (CnU) = ; for every bounded componentV of
Cn (). Then z2 CnU implies z is in the unbounded component ofCn (1)
and so Ind (z) = 0. The hypotheses of the Cauchy theorem are satis ed and so
(d) holds. Thus, (c) implies (d).

If (d) holds, then we may de ne an antiderivative g for the analytic function
f onU by xing a point zo 2 U and setting

z
a(z) = f (w) dw

z
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Figure 4.10: Creating a Cylce ; Surrounding a HoleK .

where , is any path in U beginning at zgp and ending at z. That this is
independent of the path chosen follows from (d). That it yields an antiderivative
for f follows from Theorem 2.6.1. Thus, (d) implies (e).

That (e) implies (f) follows if we notice that, in the proof of Theorem 3.5.7,
the only use of the hypotheses thaty was convex was to ensure that an analytic
function has an antiderivative.

If f is analytic and non-vanishing onU, then logjf j is a harmonic function
on U. Thus, if (f) is true, then log jf j is the real part of an analytic function g
on U. Then &9 and f are two analytic functions on U with the same modulus
ifj. This meansfe 9 has constant modulus and, hence, is a constara, by
the maximum modulus theorem. If we choose a logarithmb for the non-zero
number a, then a=e® and

f =ed*h:

In other words, g+ bis an analytic logarithm for f . This proves that (f) implies
(9).

If f has an analytic logarithm h, then €72 is an analytic square root forf .
Thus, (g) implies (h).

We have now proved that each of the statements (a) through (g)implies the
next state,emt on the list. To complete the proof we must showthat (h) implies
(a). This is done in Corollary 6.4.6 of Chapter 6. O

Example 4.6.16. Prove that U = CnD3(0) is not simply connected.

Solution:  The point 0 is in the complement of U and (t) = 2e?™ de nes
a curve in U which has index 1 about 0. Thus, is a closed curve inU which
is not homologous to 0. Since (c) of the preceding theorem flsi to hold for U,
we conclude thatU is not simply connected.

Homotopy for Non-Closed Curves

There is a type of homotopy for non-closed curves that have a xed starting
point zo and a xed ending point z;.
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De nition 4.6.17. If o and 1 are curves inU, parameterized onl =[0;1]
and if ¢(0)= 1(0)= zgand o(1)= 1(1)= z3,then ¢ and g are said to be
homotopic curves joining zo to z; in U if there exists a continuous function

h:1 11 U
such that

h(0;t) = o(t); forall t21;
h(1;t)= 1(t); forall t21;
h(s;0) = zp; forall s21I; and
h(s;1)= z;; forall s2I:

As with a homotopy for closed curves, a homotopy of the aboveype deter-
mines a continuous one parameter family of curve$ sg by

s(t) = h(s:1):

In this case, the curves in the family all begin atzy and end at z;. For this
type of homotopy, we have the following results, which follav easily from the
preceding material, and whose proofs are left as exercises.

Theorem 4.6.18. If o and 1 are homotopic paths inU connecting z, to z;,
then 4 Z

f(z)dz= f(z)dz

0 1

for every function f which is analytic in U.

Theorem 4.6.19. Let U be a connected open set and ledy; z, be points ofU.
Then U is simply connected if and only if any two curves inU connecting zo to
z; are homotopic in U.

Exercise Set 4.6

1. Show that the path de ned by (4.6.2) is, as claimed in the text, a linear
curve, with paramenter interval [a; b, which traces the line segment from
w to z.

2. Find jj i if (1) =e?™  and 1(t) = 2cos(2t)+ 3isin(2t), for
t 2 [0;1].

3. If (t)=e?® fort 2 [0;1], describe a piecewise linear path; such that
ii ijj < =8

4. Show that the curves and ; of Exercise 2 are homotopic inC n fOg by
nding an explicit homotopy in C n f0Og between them.

5. Explain why the curves and ; of the previous exercise cannot be ho-
motopic in the set Cnf2ig.
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10.
11.
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. Which of the following open sets inC are simply connected?

(&) Cnfog (b Cn[1 ;0]
(9 D2(0)n[ L,1]  (d) Da(0)n[0;1)
(¢ Cn(fog[f 1g)  (f) D2(0)nD1(0):

. For the set C n f0g, show by example that (b), (c), and (d) of Theorem

4.6.15 all fail.

. Also show by example that (e), (f), and (g) of Theorem 4.6.5 fail for the

set C nf0g.

. Prove Theorem 4.6.18.

Prove Theorem 4.6.19

Prove that if U and V are homeomorphic open subsets of, and if U is
simply connected, then so isvV. Here,U and V are homeomorphic if there
is a one to one continuous functionf of U onto V which has a continuous
inverse function.



