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Chapter 3

Power Series Expansions

In this section we present several striking applications of Cauchy’s Theorems.
The first of these is the existence of local power series expansions for analytic
functions. This leads to a number of other results, including the Fundamental
Theorem of Algebra and detailed information about the zeroes and singularities
of analytic functions.

Before we show that analytic functions have power series expansions we need
to develop a deeper understanding of convergence issues for power series. The
first section of the chapter is devoted to this task.

3.1 Uniform Convergence

We would like to be able to be able to integrate and differentiate power series
term by term. This is shown to be legitimate in the case of real power series
in the typical advanced calculus or foundations of analysis course. The key to
doing this is to show that power series converge uniformly on certain sets. We
will give a brief development of these ideas in the context of complex valued
functions of a complex variable.

Definition 3.1.1. Let {fn} be a sequence of functions defined on a set S ⊂ C.
Then

(a) the sequence {fn} converges pointwise to the function f on S if, for each
z ∈ S, the sequence of numbers {fn(z)} converges to the number f(z) –
that is, for each z ∈ S and each ǫ > 0, there is an N such that

|fn(z) − f(z)| < ǫ for all n ≥ N ;

(b) the sequence {fn} converges uniformly on S if for each ǫ > 0 there exists
an N such that

|fn(z) − f(z)| < ǫ for all n ≥ N and all z ∈ S.
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82 CHAPTER 3. POWER SERIES EXPANSIONS

There is a subtle but crucial difference between statements (a) and (b) in
the above definition: In (b), given ǫ, there must be an N that works for all
z ∈ S. In (a), for each z there must be an N , but N depends on z, in general,
and there may not by an N that works simultaneously for all z ∈ S.

The importance of uniform convergence stems primarily from two facts that
are proved below and are extensively used thereafter: (1) The limit of a uni-
formly convergent sequence of continuous functions is also continuous; and (2)
the integral along a path of the limit of a uniformly convergent sequence of
continuous functions is the limit of their integrals.

Theorem 3.1.2. If E is a subset of C and {fn} is a sequence of continuous
functions on E, which converges uniformly on E to a function f , then f is also
continuous on E.

Proof. Let z0 be a point of E. Given ǫ > 0, we choose N such that

n ≥ N implies |f(z) − fn(z)| <
ǫ

3
for all z ∈ E.

We can do this because {fn} converges uniformly to f on E.
We next choose a δ > 0 such that

|z − z0| < δ and z ∈ E imply |fN (z) − fN (z0)| <
ǫ

3
.

We can do this because fN is continuous on E.
Then |z − z0| < δ and z ∈ E imply

|f(z) − f(z0)| ≤ |f(z) − fN(z)| + |fN(z) − fN(z0)| + |fN (z0) − f(z0)|
<

ǫ

3
+

ǫ

3
+

ǫ

3
= ǫ.

We conclude that limz→z0
f(z) = f(z0), and so f is continuous at z0. Since z0

was a general point of E, f is continuous on E.

Theorem 3.1.3. If γ : I → C is a path and {fn} a sequence of continuous
functions on γ(I) which converges uniformly on γ(I) to f , then

lim
n→∞

∫

γ

fn(z) dz =

∫

γ

f(z) dz. (3.1.1)

Proof. Given ǫ > 0, we choose N such that

|f(z) − fn(z)| < ǫ/ℓ(γ) for all n ≥ N, z ∈ γ(I).

Then Theorem 2.4.9 implies that, for n ≥ N ,
∣

∣

∣

∣

∫

γ

f(z) dz −
∫

γ

fn(z) dz

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

γ

(f(z) − fn(z)) dz

∣

∣

∣

∣

≤ ǫ

ℓ(γ)
ℓ(γ) = ǫ

and this proves (3.1.1).
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Figure 3.1: The Sequence {xn} does not Converge Uniformly on [0, 1].

Example 3.1.4. If fn(z) = |z|n , then prove that the sequence {fn} converges
pointwise on D1(0) but not uniformly. Show that it does converge uniformly on
any disc Dr(0) with r < 1.

Solution: If |z| < 1, then |z|n → 0. If |z| = 1, then |z|n → 1. Thus, the
sequence converges pointwise and the limit function f(z) is 0 if |z| < 1 and 1
if |z| = 1. The convergence is not uniform because the limit function is not
continuous.

The fact that the convergence is not uniform can also be seen directly: No
matter how large n is chosen, we can always find a z with |z| < 1 such that
|fn(z) − f(z)| = |z|n ≥ 1/2. In fact, (1/2)1/n is such a z. Thus, the condition
for uniform convergence fails to hold for ǫ = 1/2.

On the other hand, if z ∈ Dr(0) with r < 1, then |z| ≤ r and |z|n ≤ rn.
Given ǫ > 0, if N is chosen larger than log ǫ/ log r, then n ≥ N implies

|fn(z) − f(z)| = |z|n ≤ rn < ǫ.

Since N was chosen independent of z, the convergence is uniform on Dr(0).

The real analogue of the above example is the sequence {xn} on [0, 1], which
is illustrated in Figure 3.1.

Uniform Convergence of Series

We say that an infinite series
∑∞

k=0 fk(z) of functions, defined on a set E, con-
verges uniformly on E if the sequence of partial sums {sn} converges uniformly
on E, where recall that

sn(z) =

n
∑

k=0

fk(z).
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There is a very useful criterion which insures uniform convergence of such a
sequence. This is the Weierstrass M-test :

Theorem 3.1.5. (Weierstrass M-Test) Let

∞
∑

k=0

fk(z) (3.1.2)

be an infinite series of functions defined on a set E. If there is a convergent
series of positive numbers

∞
∑

k=0

Mk (3.1.3)

such that |fk(z)| ≤ Mk for all k and all z ∈ E, then (3.1.2) converges uniformly
on E.

Proof. The comparison test, comparing (3.1.2) to (3.1.3) shows that the series
(3.1.2) converges for each z ∈ E. Let s(z) be the number it converges to, and
let sn(z) denote the nth partial sum of (3.1.2). Then

|s(z) − sn(z)| ≤
∞
∑

k=n+1

|fk(z)| ≤
∞
∑

k=n+1

Mk. (3.1.4)

Since the series (3.1.3) converges, given ǫ > 0, we can choose N such that
the right side of (3.1.4) is less than ǫ for all n ≥ N . Then (3.1.4) implies that
|s(z)−sn(z)| < ǫ for all n ≥ N and all z ∈ E. Since N was chosen independently
of z, this shows that the convergence is uniform.

Example 3.1.6. Show that the series
∑∞

k=1 zk/k2 converges uniformly on the
closed unit disc D1(0).

Solution: We have |zk/k2| ≤ 1/k2 if |z| ≤ 1. Furthermore, the series
∑∞

k=1 1/k2 converges, because it is a p-series with p = 2. Hence, by the Weier-
strass M -test, the series

∑∞
k=1 zk/k2 converges uniformly on D1(0).

Uniform Convergence of Power Series

In Section 1.2 we stated without proof that a complex power series converges
on a certain open disc and diverges at all points in the complement of the corre-
sponding closed disc. The radius of this disc is called the radius of convergence
of the power series. We are now prepared to prove this result and give a formula
for the radius of convergence.

The theorem that does this uses the notion of lim sup of a sequence. This is
defined as follows.

If S is a non-empty set of real numbers, then an upper bound for S is a
number M such that s ≤ M for every s ∈ S. If there is an upper bound
for S, then S is said to be bounded above. The completeness axiom for the
real number system states that each non-empty set of real numbers S, which is
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bounded above, has a least upper bound L. This means L has two properties:
(1) it is greater than or equal to each element of S, and (2) it is less than every
other number with this property. We will denote the least upper bound of a
non-empty set S which is bounded above by sup(S). If the set is non-empty,
but not bounded above, we set sup(S) = ∞. The notion of inf or greatest lower
bound is defined analogously, but the inequalities are all reversed.

Definition 3.1.7. If {ak} is a sequence of real numbers, then lim sup{ak} is
the limit of the non-increasing sequence {un} defined by

un = sup{ak : k ≥ n}.

The sequence {un} of this definition is non-increasing because as n increases,
the set of numbers {ak : k ≥ n} gets smaller. The sequence {un} may not,
however, be bounded below and so lim sup{ak} may be −∞. Also, the un could
all be +∞, in which case lim sup{ak} = +∞.

Of course, there is an analogous notion, lim inf, which uses inf instead of sup
in the above definition.

The lim sup and lim inf of a sequence {ak} always exist (but may be infinite),
even though lim ak itself may not exist. In fact the sequence has a limit (which
may be infinite) if and only if lim sup ak = lim inf ak. In this case lim ak is this
common value.

Theorem 3.1.8. Given a power series

∞
∑

k=0

ck(z − z0)
k, let

R =
(

lim sup |ck|1/k
)−1

.

Then the series converges absolutely if z ∈ DR(z0) and diverges if z /∈ DR(z0).
Furthermore, it converges uniformly on each closed disc Dr(z0) with r < R.

Proof. Since we can always make a change of variables which replaces z − z0 by
z, we may as well assume that z0 = 0.

By definition, lim sup |ck|1/k is the limit of the non-increasing sequence {un}
where

un = sup{|ck|1/k : k ≥ n}.
If r < R, we choose a number t with r < t < R. Then t−1 > R−1 = limun.
This implies that for large enough n the numbers un are less than t−1. If n is
one such integer, then

|ck|1/k < t−1 and, hence, |ck| < t−k

for all k ≥ n. Now if |z| ≤ r, then this implies that

|ckzk| <
(r

t

)k

for all k ≥ n. (3.1.5)
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Since |r/t| < 1, the geometric series
∑∞

k=n(r/t)k converges. Then the Weier-
strass M-test implies that the series

∑∞
k=n ckzk converges uniformly in the disc

Dr(0). The same thing is true of the original series
∑∞

k=0 ckzk, since the con-
vergence or uniform convergence of a series is unaffected by the first n terms if
n is fixed.

Since the series converges on each closed disk Dr(0), with radius less than
R, it converges at each point z in the open disc DR(0).

It remains to prove that the series diverges at each z with |z| > R. Given
such a z, we have

|z|−1 < limun.

This implies that, for each n, there is an k > n with

|z|−1 < |ck|1/k, so that |ckzk| > 1.

But this means that there is a subsequence of the sequence of terms {ckzk}
consisting of numbers with modulus greater than 1. Since the sequence of terms
does not converge to 0, the series diverges by the term test (Exercise 1.2.9).

The above theorem has the following corollary, the proof of which is left as
an exercise.

Corollary 3.1.9. If f has a power series expansion about z0 which converges
on the disc DR(z0), then f is continuous on this disc.

Example 3.1.10. Prove that if
∑∞

k=0 ckzk is a power series with radius of con-
vergence R, then the power series

∑∞
k=1 kckzk−1 also has radius of convergence

R.
Solution: If we multiply the second series by z, the set on which the series

converges does not change, and so its radius of convergence does not change.
The resulting series is

∑∞
k=0 kckzk. Let R1 be its radius of convergence. By the

previous theorem,

R =
(

lim sup |ck|1/k
)−1

,

and

R1 =
(

lim sup |kck|1/k
)−1

=
(

lim sup k1/k|ck|1/k
)−1

.

The sequence k1/k has limit 1 (Exercise 3.1.11) and so the factor k1/k does not
effect the lim sup (Exercise 3.1.12). Hence, R1 = R.

Theorem 3.1.8 and Theorem 3.1.3 combine to prove that it is legitimate to
integrate a power series term by term.

Theorem 3.1.11. Let f(z) =
∑∞

k=0 ck(z−z0)
k, where the radius of convergence

of this power series is R. Then

∫ z

z0

f(w) dw =

∞
∑

k=0

ck

k + 1
(z − z0)

k+1 (3.1.6)

for all z ∈ DR(z0).
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Proof. If we set sn(z) =
∑n

k=0 ck(z − z0)
k for each positive integer n, then

∫ z

z0

sn(w) dw =

n
∑

k=0

ck

k + 1
(z − z0)

k+1

because the integral is linear and we know how to integrate (z − z0)
k. To finish

the proof of (3.1.6), we just need to take the limit of both sides and use Theorem
3.1.3 to bring the limit inside the integral on the left. Of course, we need to
know that the convergence of {sn} to f is uniform on [z0, z]. This, however,
follows from Theorem 3.1.8, since the interval [z0, z] is inside the closed disc
Dr(z0), where r = |z| < R.

Exercise Set 3.1

1. Show that the sequence {1/(nz)} converges uniformly to 0 on every set of
the form {z : |z| ≥ r} for fixed r > 0, but it does not converge uniformly
on {z : z 6= 0}.

2. Show that the sequence {sin(x/n)} converges uniformly to 0 on any inter-
val of the form [0, k], but it does not converge uniformly on [0,∞).

3. Show that the sequence {arctan(nx)} converges pointwise but not uni-
formly on R.

4. Use the Weierstrass M -test (but not Theorem 3.1.8) to show that the

series

∞
∑

k=1

zk

k!
converges uniformly on DR(0) for each R > 0.

5. Use the Weierstrass M -test to show that the series

∞
∑

k=1

k + z

k3 + 1
converges

uniformly on D1(0).

6. Show that for each r > 0 the series

∞
∑

k=0

1

k2 − z

converges uniformly on the set

Er = {z : |z| ≤ r, z 6= k2 for k = 0, 1, 2 · · · }.

7. Prove that the series
∑∞

k=1 k−z converges uniformly on each set of the
form {z ∈ C : Re (z) > s}, with s > 1. The function it converges to is
called the Riemann Zeta Function.

8. If the series of the previous exercise is differentiated term by term, does
the resulting series still converge uniformly on {z ∈ C : Re (z) > s}, if
s > 1?
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9. For each n find sup{1 + (−1)k + 1/k : k ≥ n}.

10. Find the radius of convergence of the power series
∑∞

k=0(2 + (−1)k)kzk.

11. Prove that lim k1/k = 1.

12. Prove that if {ak} and {bk} are two sequences of non-negative numbers
with lim ak = a and lim sup bk = b, then lim sup akbk = ab.

13. Prove Corollary 3.1.9.

14. Can a power series of the form
∑∞

k=0 ck(z − 1)k converge at z = 3 and
diverge at z = 0? Why?

15. Using the power series expansion
1

1 + w
=

∞
∑

k=0

(−1)kwk, find a power series

expansion for

∫ z

0

1

1 + w
dw about 0. What is the radius of convergence of

this power series? What function does it converge to?

16. If a function E(z) is defined on C by

E(z) =

∫ z

0

e−w2

dw,

find a power series expansion for E(z) about 0. Where does this power
series converge?

3.2 Power Series Expansions

A function of a real variable can be differentiable, even infinitely differentiable
on an interval and still not have a convergent power series expansion in that
interval. For functions of a complex variable, the situation is quite different. We
will prove that every analytic function has convergent power series expansions
about each point of its domain. In fact, we will prove that a function f is
analytic if and only if it has such expansions. First, we show that a function
which has a power series expansion on a disc is analytic on that disc. This
involves showing that we can differentiate power series term by term.

Differentiating Power Series

Suppose f has a power series expansion

f(z) =

∞
∑

n=0

cn(z − z0)
n (3.2.1)
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with radius of convergence R. We let g be the function which we hope turns
out to be the derivative of f – that is, we set

g(z) =

∞
∑

n=1

ncn(z − z0)
n−1.

This series has the same radius of convergence as the series for f (see Example
3.1.10) and so it converges on DR(z0) and converges uniformly on any smaller
closed disc. By Corollary 3.1.9, g is continous on DR(z0), and by Theorem
3.1.11,

∫ z

z0

g(w) dw =

∞
∑

n=1

cnzn = f(z)− f(z0)

on DR(z0). Theorem 2.6.1 tells us this function is an antiderivative for g(z).
Since f(z0) is a constant, this means f ′ = g on DR(z0). This proves,

Theorem 3.2.1. If f is defined by a convergent power series

f(z) =
∞
∑

n=0

cn(z − z0)
n

with radius of convergence R, then f is analytic on DR(z0) and f ′ has a con-
vergent power series expansion

f ′(z) =

∞
∑

n=1

ncn(z − z0)
n−1.

which converges to f ′ on DR(z0).

Example 3.2.2. Find a power series expansion for the principal branch of the
log function about the point z0 = 1.

Solution: We know that the derivative of log(z) is 1/z (Exercise 2.2.14).
We also know that, since

1

z
=

1

1 − (1 − z)
,

the power series expansion of 1/z about z0 = 1 is

1

z
=

∞
∑

n=0

(1 − z)n =

∞
∑

n=0

(−1)n(z − 1)n. (3.2.2)

Since we can differentiate term by term, a series which has this as its derivative
is the series

∞
∑

n=0

(−1)n (z − 1)n+1

n + 1
= −

∞
∑

n=1

(−1)n−1 (z − 1)n

n
. (3.2.3)

The series (3.2.2) and (3.2.3) both have radius of convergence 1. If f(z) denotes
the sum of series (3.2.3), then f ′(z) = 1/z = log′(z). It follows that f and log
differ by a constant. Since they both have the value 0 at z = 1, they are the
same. Therefore, (3.2.3) is the power series expansion of log(z) about 1.
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Using Theorem 3.2.1, the following can be proved in the same way as its real
variable counterpart. The details are left to the exercises.

Corollary 3.2.3. If f has a power series expansion (3.2.1) about z0, with
radius of convergence R, then it has derivatives of all orders on DR(z0). Its kth
derivative is

f (k)(z) =
∞
∑

n=k

n! cn

(n − k)!
(z − z0)

n−k.

In particular, its kth derivative at z0 is given by

f (k)(z0) = k! ck.

This immediately implies:

Corollary 3.2.4. If f has a power series expansion (3.2.1) about z0, with
positive radius of convergence, then it has only one such expansion. In fact, the
coefficients {cn} for such an expansion are uniquely determined by the equations

cn =
f (n)(z0)

n!
.

Power Series Expansions of Analytic Functions

We are now ready to present the most important application of Cauchy’s The-
orems – the proof of the existence of local power series expansions of analytic
functions.

Theorem 3.2.5. Let f be analytic in an open set U and suppose Dr(z0), r > 0,
is an open disc contained in U . Then there is a power series expansion for f

f(z) =

∞
∑

n=0

cn(z − z0)
n,

which converges to f(z) on Dr(z0). Furthermore, the coefficients of this power
series are the numbers

cn =
1

2πi

∫

|w−z0|=s

f(w)

(w − z0)n+1
dw (3.2.4)

where s is any number with 0 < s < r.

Proof. If 0 < t < s < r, |w − z0| = s, and |z − z0| ≤ t, then
∣

∣

∣

∣

z − z0

w − z0

∣

∣

∣

∣

≤ t

s
< 1

and so we have

w − z0

w − z
=

(

1 − z − z0

w − z0

)−1

=

∞
∑

n=0

(

z − z0

w − z0

)n

(3.2.5)
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Figure 3.2: Set Up for the Proof of the Existence of Power Series Expansions.

where the geometric series on the right is dominated by the constant geomet-
ric series

∑∞
n=0(t/s)n. By Theorem 3.1.5, this implies that (3.2.5) converges

uniformly as a function of z ∈ Dt(z0) and also as a function of w ∈ ∂Ds(z0).
If we multiply (3.2.5) by f(w)/(w − z0) and integrate around the circle of

radius s, then since the series converges uniformly in w, we may integrate term
by term. Using Cauchy’s Integral Formula, this yields

f(z) =
1

2πi

∫

|z0−w|=s

f(w)

w − z
dw

=
1

2πi

∞
∑

n=0

(

∫

|w−z0|=s

f(w)

(w − z0)n+1
dw

)

(z − z0)
n.

This gives us a power series expansion of f on Ds(z0) with coefficients given by
(3.2.4).

Now given any z ∈ Dr(z0), we may choose s such that |z−z0| < s < r. With
this choice of s, the above series is defined and converges at z. However, it follows
from Cauchy’s Integral Theorem that the integrals defining the coefficients of
this series do not depend on the choice of s (see Exercise 2.6.9). Thus, we have a
power series expansion for f which converges on Dr(z0), with coefficients given
by (3.2.4). This completes the proof.

Corollary 3.2.6. If f is analytic on an open set U , then f has derivatives of
all orders on U and they are all analytic.

Proof. Given any point z0 ∈ U , there is a disc Dr(z0) centered at z0 which is
contained in U . On this disc, f has a convergent power series expansion. By
Corollary 3.2.3 f has derivatives of all orders on this disc. These derivatives
are analytic because each of them has a complex derivative. Therefore, f has
analytic derivatives of all orders on all of U .

It is important to emphasize that the power series expansion of an analytic
function f about a point z0 converges in the largest open disc, centered at
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Figure 3.3: Shift to an Expansion About a Different Point of U.

z0, that is contained in the domain U of f . In general, it won’t converge at
other points of U . To obtain a power series expansion of f that converges in a
neighborhood of a point z outside this disc, we have to shift to a power series
expansion about a different point of U – a point z1 with the property that the
largest disc centered at z1 and contained in U contains the point z (see Figure
3.3). For example, the power series expansion of log z about z = 1 given in
Example 3.2.2 has radius of convergence 1, and so it does not converge at z = i.
There is a power series expansion of log z about z = i (Exercise 3.2.7), but it is
a different power series than the one about z = 1.

Example 3.2.7. Show that if f is a function which is analytic in an open set
U , z0 ∈ U , and f(z0) = 0, then g(z) = f(z)/(z − z0) can be given a value at z0

which makes it analytic on U .

Solution: By the above theorem f has a power series expansion about z0

which converges in the largest open disc D which is centered at z0 and contained
in U . Since f(z0) = 0, the constant term of this series is 0. Hence, this expansion
has the form

f(z) = c1(z − z0) + c2(z − z0)
2 + · · · + cn(z − z0)

n + · · ·

If we give the function g(z) the value c1 at z = z0, then it agrees on D with the
sum of the power series

c1 + c2(z − z0) + c3(z − z0)
2 + · · · cn(z − z0)

n−1 + · · · .

Since it has a power series expansion on D, g is analytic on D. Also, g is analytic
in U \ {z0} since f is analytic, and z − z0 is analytic and non-vanishing on this
set. A function, defined on the union of two open sets and analytic on each of
them, is clearly also analytic on their union; and so g is analytic on U .
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Cauchy’s Estimates

We now know that a function which is analytic in an open disc Dr(z0) has a
power series expansion about z0 which converges in that disc. We also have
integral formulas (3.2.4) for the coefficients of this power series. However, we
also have the formulas

cn =
f (n)(z0)

n!
(3.2.6)

for these coefficients from Corollary 3.2.4. Combining these yields integral for-
mulas for the derivatives of an analytic function.

Theorem 3.2.8. Let f be analytic in an open set containing the closed disc
DR(z0). Then,

f (n)(z0) =
n!

2πi

∫

|w−z0|=R

f(w)

(w − z0)n+1
dw (3.2.7)

for n = 0, 1, 2, · · · .

Proof. We just need to observe that if DR(z0) ⊂ U , with U open, then there is
an open disc Dr(z0) with DR(z0) ⊂ Dr(z0) ⊂ U (Exercise 3.2.4). We can then
apply Theorem 3.2.5 with s = R to obtain a power series expansion of f with
coeffients given by (3.2.4). Then Corollary 3.2.3 relates these coefficients to the
derivatives of f at z0.

This leads to a very powerful tool. By estimating the size of the integrands
in this formula, we can get estimates on the size of the derivatives of f . These
estimates are called Cauchy’s estimates. The result is:

Theorem 3.2.9. (Cauchy’s Estimates) If f is analytic on an open set con-
taining the closed disc DR(z0), and if |f(z)| ≤ M on the boundary of this disc,
then

|f (n)(z0)| ≤
n!M

Rn
(3.2.8)

for n = 0, 1, 2, · · · .

Proof. We use the previous theorem. Since |w − z0| = R and |f(w)| ≤ M for w
on the path |w− z0| = R, the integrand of (3.2.7) is bounded by M/Rn+1. The
length of the path is the circumference of a circle of radius R and so it is 2πR.
Thus, Theorem 2.4.9 implies that

|f (n)(z0)| ≤
n!

2π

M

Rn+1
2πR =

n!M

Rn
.

for each non-negative integer n.

This theorem will provide the crucial step in the proof of Liouville’s Theorem
in the next section.
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Example 3.2.10. Find upper bounds on the derivatives at 0 of a function f
which is analytic on the unit disc D1(0) and has modulus bounded by one on
this disc. Also find bounds on the moduli of coefficients in the power series
expansion of this function about 0.

Solution: We apply Cauchy’s estimates. If r < 1 then f is analytic in the
open set D1(0), which contains Dr(0). Since |f(z)| ≤ 1 on D1(0) we may choose
M = 1 and R = r in Cauchy’s estimates. We conclude

|f (n)(0)| ≤ n!

rn
.

However, since r was any positive number less than 1, we may pass to the limit
as r → 1 and conclude that

|f (n)(0)| ≤ n!.

By (3.2.6), the corresponding estimate on the power series coefficients is

|cn| ≤ 1.

Morera’s Theorem

This is a very handy tool for showing that a function is analytic.

Theorem 3.2.11. (Morera’s Theorem) Let f be a continuous function de-
fined on an open set U . If the integral of f is 0 around the boundary of every
triangle that is contained in U , then f is analytic in U .

Proof. Theorem 2.6.1 says that a function f , which is continuous on a convex
open set U , and which has the property that its integral around any triangle in
U is 0, has a complex anti-derivative g in U . However, the fact that g′ = f on
U means, in particular, that g is analytic on U . But then f is analytic on U by
Corollary 3.2.6.

The hypothesis that U is convex in the above argument is not necessary, since
every open set is a union of convex open sets (open discs, in fact). Thus, we
can apply the argument of the previous paragraph to each open disc contained
in U and conclude that f is analytic on each of them. In particular, it has a
derivative at each point of U and, hence, is analytic on U .

An example of how Morera’s Theorem is used is provided by the following
theorem.

Theorem 3.2.12. Let {fn} be a sequence of analytic functions on an open set
U and suppose this sequence converges uniformly to f on each compact subset
of U . Then f is analytic on U .

Proof. Since fn → f uniformly on each compact subset of U , f is continuous
on U . The convergence is uniform, in particular, on ∂∆ for every triangle ∆
contained in U . Given such a triangle ∆, Theorem 3.1.3 implies that

∫

∂∆

f(z) dz = lim
n→∞

∫

∂∆

fn(z) dz
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Since each fn is analytic, Theorem 2.5.8 implies

∫

∂∆

fn(z) dz = 0

for each n. We conclude that
∫

∂∆

f(z) dz = 0,

for every triangle ∆ ⊂ U . By Morera’s Theorem, f is analytic on U .

Exercise Set 3.2

1. Use the power series expansion for
1

1 − z
about 0 to find the power series

expansion of
1

(1 − z)2
about 0.

2. Find a power series expansion of
√

1 + z about 0, where the square root
function is defined in terms of the principal branch of the log function.
What is the radius of convergence of this series?

3. Prove Corollary 3.2.3.

4. Prove that if DR(z0) is a closed disc contained in an open set U , then
there is an open disc Dr(z0) such that DR(z0) ⊂ Dr(z0) ⊂ U

5. Show that if f is analytic on an open set U , then, as a function on R2, it is
C∞ – that is, its partial derivatives of all orders exist and are continuous.

6. The function
1

cos z
has a power series expansion about z0 = 0. Without

finding the series, show that its radius of convergence is π/2.

7. Find the power series expansion of the principal branch of the log function
about the point z = i. There are several ways to do this, one of which is
really easy (see Example 3.2.2).

8. Use power series methods to show that the function which is
sin z

z
when

z 6= 0 and 1 when z = 0 is analytic on the whole complex plane.

9. If f is analytic and not identically 0 on a disc Dr(z0), show that there is a
non-negative integer k and a function g, which is also analytic in Dr(z0),
such that f(z) = (z − z0)

kg(z) and g(z0) 6= 0.

10. Prove that if f is analytic on the disc DR(z0) and |f(z)| ≤ M on DR(z0),
then |f ′(z0)| ≤ M/R.

11. Suppose p(z) = a3z
3 + z2z2 + a1z + a0 is a polynomial of degree 3. If

|p(z)| ≤ 1 on the unit circle {z : |z| = 1}, then show that |a3| ≤ 1.
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12. Suppose f is analytic in an open set U . Also, suppose z ∈ U and the
distance from z to the complement of U is d. If |f(w)| ≤ M for all w ∈ U ,
find estimates, similar to Cauchy’s estimates, on the size of |f (n)(z)| in
terms of M and d.

13. Suppose f is analytic on a disc Dr(z0) and unbounded (there is no M such
that |f(z)| ≤ M on Dr(z0)). Then prove that the radius of convergence
of the power series expansion of f about z0 is r.

14. Use Morera’s Theorem to show that if f is continuous on an open set U
and analytic on U \ E, where E is either a point or a line segment, then
f is actually analytic on all of U .

15. Use Cauchy’s estimates to prove that if {fn} is a sequence of analytic
functions on an open set U , converging uniformly to f on each compact

subset of U , then {f (k)
n } converges uniformly to f (k) on each compact

subset of U .

16. Use Morera’s Theorem to prove that if U is an open subset of C, I = [a, b]
is an interval on the real line, and g(z, t) is a continuous function on U × I
which is analytic in z for each t ∈ I, then the function

f(z) =

∫ b

a

g(z, t) dt

is analytic in U .

3.3 Liouville’s Theorem

Liouville’s Theorem is simple to state, very easy to prove (given what we know
at this point), and extremely powerful. It concerns entire functions, where an
entire function is a function which is analytic in the entire complex plane. It
also concerns bounded functions, where a function is bounded on a set E if there
is a positive constant M such that |f(z)| ≤ M for every z ∈ E. If f is bounded
on its domain, we simply say it is bounded. Thus, a bounded entire function is
a function which is analytic and bounded on C.

Theorem 3.3.1. (Liouville’s Theorem) The only bounded entire functions
are the constant functions.

Proof. The reader who did Exercise 3.2.10 of the preceding section has nearly
completed the proof of Liouville’s Theorem. The exercise states a simple conse-
quence of the Cauchy estimates: If a function f is analytic on a disc of radius,
R centered at z0, and if |f(z)| ≤ M for all z in this disc, then

|f ′(z0)| ≤
M

R
. (3.3.1)
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If f is bounded and entire, then f(z) is analytic on the entire plane and
|f(z)| is bounded by some number M on the entire plane. This implies that
(3.3.1) holds for all positive numbers R and all z0 ∈ C. If we take the limit as
R → ∞ in (3.3.1), we conclude that |f ′(z0)| = 0 for all z0 ∈ C. In other words,
the derivative of f is identically zero. This implies f is a constant (see Exercise
2.6.1).

One has to see the consequences of this theorem to appreciate its power. In
the remainder of this section and the exercises we will introduce a number of
these. Others will occur later.

The Fundamental Theorem of Algebra

At the very beginning of the text, we promised that we would prove that every
non-constant polynomial with complex coefficients has a complex root. This is
the Fundamental Theorem of Algebra. Before proving this theorem, it will be
convenient to introduce limits at infinity.

Definition 3.3.2. If f is a function defined on an unbounded set E (so E
contains points of arbitrarily large modulus) and L ∈ C, then we say

lim
z→∞

f(z) = L

if, for every ǫ > 0, there is an R > 0 such that |f(z) − L| < ǫ whenever |z| > R
and z ∈ E.

This concept satisfies the same basic rules as other kinds of limits: limit of
the sum is sum of the limits, limit of the product is product of the limits, limit
of the quotient is quotient of the limits if the denominator does not have limit
zero, etc. These facts, as well as the fact that

lim
z→∞

1

z
= 0

(Exercise 3.3.1), are used in the proof of the Fundamental Theorem of Algebra.
Before proving that theorem, we prove the following simple result.

Theorem 3.3.3. If a function f is defined and continuous on the entire plane
and if limz→∞ f(z) exists, then f is bounded on C.

Proof. If limz→∞ f(z) = L, there exists an R > 0 such that |f(z) − L| < 1
whenever |z| > R. By the triangle inequality, this implies

|f(z)| < |L| + 1 if |z| > R.

Since f is continuous on C and DR(0) is closed and bounded, hence compact,
f is bounded on DR(0). Since f is bounded on DR(0) and on its exterior, it is
bounded on all of C.
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Theorem 3.3.4. (Fundamental Theorem of Algebra) Every non-constant
complex polynomial has a complex root.

Proof. Let p(z) = anzn + an−1z
n−1 + · · ·+ a1z + a0 be a non-constant complex

polynomial of degree n. Then n ≥ 1 and an 6= 0. We will show the assumption
that p has no root leads to a contradiction.

If p has no root, then p(z) 6= 0 for every z ∈ C. This implies that 1/p is an
entire function. We will show that it is also bounded.

If we define a function h(z) by

h(z) =
zn

p(z)
=

1

an + an−1z−1 + · · · + a1zn−1 + a0z−n
,

then
1

p(z)
=

h(z)

zn
(3.3.2)

for z 6= 0. Furthermore
lim

z→∞
h(z) = 1/an

and so

lim
z→∞

1

p(z)
= lim

z→∞

h(z)

zn
= 0

Since the limit of 1/p exists at infinity, the previous theorem implies that 1/p
is bounded on all of C. So Liouville’s Theorem implies that it is a constant. In
fact, the constant must be zero, since 1/p(z) has limit 0 at ∞. This is clearly a
contradiction, since 1/p(z) cannot take on the value 0 on C. We conclude that
p(z) must have a root.

The Fundamental Theorem of Algebra has a number of important conse-
quences. We will discuss only a few of them.

Factoring Polynomials

A polynomial is said to factor completely if it can be written as a product

p(z) = b(z − z1)(z − z2) · · · (z − zn)

of linear factors. Here, n is the degree of p and the numbers z1, z2, · · · , zn are
the roots of p. The roots need not all be distict. If a root occurs k times in this
factorization, it is said to be a root of mutiplicity k. Necessarily, the number of
roots is the degree of the polynomial if each root is counted as many times as
its multiplicity.

Corollary 3.3.5. Each complex polynomial factors completely.

Proof. The proof is by induction on the degree n of the polynomial. Obviously
a polynomial of degree 0 or 1 factors completely. If every polynomial of degee
n factors completely and p is a polynomial of degree n + 1, then we use the
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previous theorem to assert that p has a root – call it zn+1. It follows that p
factors as

P (z) = (z − zn+1)q(z),

where q is a polynomial of degree n. By assumption, q factors as

q(z) = b(z − z1)(z − z2) · · · (z − zn).

Then p factors as

p(z) = b(z − z1)(z − z2) · · · (z − zn)(z − zn+1).

This completes the induction step and finishes the proof of the corollary.

Eigenvalues of Matrices

An eigenvalue for an n×n matrix A is a complex number λ such that the matrix
λI − A is singular (has no inverse). Here, I is the n × n identity matrix.

Corollary 3.3.6. An n × n matrix A has at least one complex eigenvalue.

Proof. The determinant det(zI −A) of λI −A is a polynomial in z of degree n.
This is the characteristic polynomial of A. By Kramer’s Rule, λI−A is singular
for a given λ if and only if det(λI − A) = 0 – that is, if and only if λ is a root
of the charcteristic polynomial. By the Fundamental Theorem of Algebra, the
characteristic polynomial has a root. Thus, A has an eigenvalue.

The above result is the essential ingredient in the proof that every complex
matrix can be put in upper triangular form (Exercise 3.3.14).

Example 3.3.7. Find the eigenvalues of the matrix

(

1 2
−1 3

)

.

Solution: The characteristic polynomial of this matrix is

det

(

λ − 1 −2
1 λ − 3

)

= λ2 − 4λ + 5.

By the Quadratic Formula, the roots of this polynomial are 2 ± 2i. Thus, the
eigenvalues of the above matrix are 2 + 2i and 2 − 2i.

Differential Equations

The Fundamental Theorem of Algebra also has applications to Differential Equa-
tions. A homogeneous constant coefficient differential equation is an equation
of the form

any(n) + an−1y
(n−1) + · · · + a1y

′ + a0y = 0. (3.3.3)
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Example 3.3.8. Prove that each homogeneous constant coefficient differential
equation has a solution of the form y = eλx, where λ is a complex number.
Which numbers λ yield solutions?

Solution: We simply plug y = eλx into the equation (3.3.3) and see if there
are values of λ that yield solutions. Since (eλx)′ = λeλx, the result is

(anλn + an−1λ
n−1 + · · · + a1λ + a0)e

λx = 0

The polynomial in parentheses is called the auxilliary polynomial for (3.3.3).
Clearly eλx is a solution of (3.3.3) if and only if λ is a root of this polynomial.
Since every non-constant polynomial has a root, Equation 3.3.3 has a solution
of the form y = eλx.

If the auxilliary equation has distinct roots λ1, · · · , λn, then the general
solution to Equation 3.3.3 is a linear combination of the solutions eλjx.

If the coefficients of (3.3.3) are real numbers and we are looking only for real
solutions to this differential equation, then we exploit the fact that the non-real
roots of a polynomial with real coefficients occur in conjugate pairs (Exercise
3.3.10). If λ = α + iβ and λ = α − iβ are roots of the auxilliary equation for
(3.3.3), then

eαx cosβx =
eλx + eλx

2
and

eαx sin βx =
eλx − eλx

2i

both give real solutions to (3.3.3), as does any linear combination

Ceαx cosβx + Deαx sin βx = eαx(C cosβx + D sinβx),

where C and D are arbitrary real constants.

Example 3.3.9. Find all solutions to the differential equation y′′−y′ +5y = 0.
Then find all real solutions.

Solution: The auxilliary equation is λ2 − 4λ + 5 = 0 which has solutions
λ = 2 ± 2i. Thus, the general solution to the differential equation is

y = Ae(2+2i)x + Be(2−2i)x,

where A and B are complex constants. The general real solution is

y = e2x(C cos 2x + D sin 2x),

where C and D are real constants.

Characterization of Polynomials

In the proof of Liouville’s Theorem, we only use Cauchy’s estimate on the first
derivative of an analytic function on a disc. Here we present a generalization of
Liouville’s Theorem that uses Cauchy’s estimates on higher derivatives.
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Theorem 3.3.10. An entire function f is a polynomial of degree at most n if
and only if there are positive constants A and B such that

|f(z)| ≤ A + B|z|n (3.3.4)

for all z ∈ C

Proof. We will prove that every polynomial satisfies an inequality of the form
(3.3.4). We leave the converse as an exercise in the application of Cauchy’s
estimates.

Suppose p(z) = anzn + an−1z
n−1 + · · ·+ a1z + a0 is a polynomial of degree

at most n. Then

lim
z→∞

p(z)

zn
= an.

If we apply the definition of limit, using ǫ = 1, we conclude that there is an
R > 0 such that |z| > R implies

∣

∣

∣

∣

p(z)

zn
− an

∣

∣

∣

∣

< 1.

It follows from the triangle inequality that

|p(z)|
|z|n < |an| + 1 if |z| > R.

If we set B = |an| + 1, then

|p(z)| < B|z|n if |z| > R.

This gives a bound on |p| on the complement of the closed disc DR(0). A
closed disc of finite radius is a compact set and so p is bounded on DR(0) – say,
|p(z)| ≤ A on this disc. If we combine this with our bound on the complement
of DR(0), we conclude that

|p(z)| ≤ A + B|z|n

on all of C, as required.

Exercise Set 3.3

1. Prove that lim
z→∞

1

z
= 0.

2. We say limz→∞ f(z) = ∞ if for each K > 0, there is an M > 0 such that
|f(z)| > K whenever |z| > M . Prove that limz→∞ f(z) = ∞ if and only
if limz→∞ 1/f(z) = 0.

3. Show that if f is an entire function and limz→∞ f(z) = ∞, then f must
have a zero somewhere in C. Hint: see the previous exercise.
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4. Prove that if f is an entire function which satisfies |f(z)| ≥ 1 on the entire
plane, then f is constant.

5. Prove that if an entire function has real part which is bounded above, then
the function is constant.

6. Prove that if an entire function f is not constant, then its range f(C) is
dense in C – meaning that the closure of f(C) is C. Hint: if f(C) is not
dense, then there is a point z0 and a disc Dr(z0), centered at z0, such that
f(C) ∩ Dr(z0) = ∅.

7. Show that if f is an entire function and |f(z)| ≤ K|z| for all z ∈ C, where
K is a positive constant, then f(z) = Cz for some constant C.

8. Show that if f is an entire function and |f(z)| ≤ K|ez | for all z ∈ C, where
K is a positive constant, then f(z) = Cez for some constant C.

9. Finish the proof of Theorem 3.3.10 by using Cauchy’s estimates to prove
that the only entire functions f that satisfy an inequality of the form
|f(z)| ≤ A + B|z|n for all z ∈ C are polynomials of degree at most n.

10. Show that if p is a polynomial with real coefficients, then the non-real
roots of p occur in conjugate pairs. That is, show that if w is a root, then
so is w.

11. Find the roots of the polynomial p(z) = z2 − 2z + 2.

12. Find the eigenvalues of the matrix

(

1 1
−1 1

)

.

13. Find all solutions of the differential equation y′′− 2y′ +2y = 0. Then find
all real solutions.

14. Use Corollary 3.3.6 to prove that if A is an n × n matrix, then A is
conjugate to an upper triangular matrix.

15. Use the result of exercise 10 to prove that every polynomial with real
coefficients factors as a product of polynomials of degree at most 2, also
with real coefficients.

16. Are there any non-constant entire functions f that satisfy an inequality
of the form

|f(z)| ≤ A + B log |z| for all z with |z| ≥ 1,

where A and B are positive constants?
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3.4 Zeroes and Singularities

The existence of power series expansions leads to a great deal of information
about the local structure of analytic functions. For example, Exercise 3.2.9
makes an assertion that is important enough to be expanded and restated as a
theorem.

Theorem 3.4.1. If f is a function which is analytic in a open set U , then for
each z0 ∈ U , exactly one of the following statements is true:

1. there is an open disc, centered at z0, on which f is identically 0;

2. there is a non-negative integer k, an open disc Dr(z0), and a function g,
analytic on U , such that

f(z) = (z − z0)
kg(z) for all z ∈ Dr(z0) (3.4.1)

and g(z) 6= 0 for all z ∈ Dr(z0).

Proof. The function f has a power series expansion

f(z) =

∞
∑

n=0

cn(z − z0)
n (3.4.2)

which converges in a disc DR(z0) of positive radius R. Some of the coefficients
cn may be zero. If they are all zero, then f is identically zero on DR(z0) and so
(1) holds in this case.

If the coefficients cn are not all zero, there is a smallest n for which cn 6= 0
– call it k. Then (3.4.2) becomes

f(z) =
∞
∑

n=k

cn(z − z0)
n = (z − z0)

k
∞
∑

n=0

cn+k(z − z0)
n. (3.4.3)

We may then define g by

g(z) =















∞
∑

n=0

cn+k(z − z0)
n if z ∈ DR(z0)

f(z)

(z − z0)k
if z ∈ U \ {z0}















This is a consistent definition, since on DR(z0)\{z0} the functions f(z)/(z−z0)
k

and
∑∞

n=0 cn+k(z − z0)
n are equal.

By the definition of k, g(z0) = ak 6= 0. Since g is continuous, there is an
r > 0 such that |g(z)−g(z0)| < |ak| whenever |z−z0| < r. This implies g(z) 6= 0
if |z − z0| < r. In other words, g(z) 6= 0 for every z ∈ Dr(z0). In this case, (2)
holds.
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Zeroes of Analytic Functions

By a zero of a function, we mean a point in its domain at which it vanishes (has
value 0). The previous theorem leads to an important and somewhat surprising
result about the zeroes of an analytic function f on a connected open set: Unless
f is identically zero, each zero of f has no neighboring zeroes. This is made
precise in Part (b) of the following theorem.

Theorem 3.4.2. Let f be a function which is analytic on a connected open set
U and is not identically zero. Then

(a) for each z0 ∈ U , there is a non-negative integer k, an r > 0, and a function
g, analytic in U , such that

f(z) = (z − z0)
kg(z) for all z ∈ U,

and g(z) has no zeroes on Dr(z0);

(b) each z0 ∈ U is the center of an open disc Dr(z0) ⊂ U in which there are
no zeroes of f except possibly z0 itself;

(c) the set of zeroes of f is at most countable.

Proof. Theorem 3.4.1 shows that, at each point z0 of U , there are two possibil-
ities: (1) there is a disc centered at z0 in which f is identically 0, and (2) there
is a disc centered at z0 in which f has no zeroes except possibly at z0 itself. Let
Vj , j = 1, 2 be the set of points z0 for which the jth possibility is the one which
occurs. Obviously, V1 and V2 are both open sets and V1 ∪ V2 = U . Thus, either
V1 or V2 is empty, since, otherwise, they would separate the connected set U .
If V2 = ∅, then f is identically 0 on U . Since f is not identically 0, we conclude
that V1 = ∅. Since the second of the possibilities in Theorem 3.4.1 is the only
one that occurs in this situation, we conclude that (a) and (b) above both hold
at every z0 ∈ U .

We can modify the disc Dr(z0) in statement (a) of the theorem so that it
has a center with rational coordinates and a rational radius and still has the
property that z0 is the only zero of f that it contains. We simply choose a
point z′0 with rational coordinates, and a positive rational number ρ such that
|z0 − z′0| < ρ < r/2. Then z0 ∈ Dρ(z

′
0) ⊂ Dr(z0) and so Dρ(z

′
0) contains z0 but

no other zeroes of f . Since we may do this for each zero of f in U and since
there are only countably many discs with rational centers and rational radii, we
conclude that f can have only countably many zeroes in U .

Recall that an isolated point of a set E is a point which is contained in an
open disc which contains no other points of E. Thus, if Z(f) denotes the set
of zeroes of an analytic function f on its domain U , then Part (b) of the above
theorem implies that each point of Z(f) is an isolated point of Z(f). Actually
it says something much stronger. It says that every point z0 of U (whether in
Z(f) or not) is the center of a disc containing no points of Z(f) other than z0.
There is a term to describe subsets with this property:
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Definition 3.4.3. Let U be an open subset of C and E a subset of U . We say
that E is a discrete subset of U if every point z0 of U has a neighborhood which
contains no points of E other than possibly z0 itself.

Thus, Part (b) of the above theorem says that the zero set Z(f) of a non-
constant analytic function on a connected open set U is a discrete subset of
U .

It turns out that a subset of an open set U is discrete if and only if no
sequence of distinct points of E converges to a point of U (see Exercise 3.4.1).
Of course, there may be sequences in E which converge to points not in U .

Theorem 3.4.2 has the following easy but important consequence. We leave
the proof as an exercise (Exercise 3.4.2).

Theorem 3.4.4. (Identity Theorem) Suppose f and g are two analytic func-
tions with domain a connected open set U . If f(w) = g(w) at each point w of a
non-discrete subset E of U , then f(z) = g(z) at every point of U .

If the f of Theorem 3.4.2 actually has a zero at z0, then the integer k is
positive. We call it the order of the zero of f at z0.

Example 3.4.5. What is the order of the zero of the function f(z) = cos z − 1
at 0? What is the function g of Part (a) of Theorem 3.4.2 in this case if z0 = 0?

Solution: If we subtract 1 from the power series expansion of cos z about
0, we obtain

cos z − 1 = −z2

2!
+

z4

4!
+ · · · (−1)n z2n

2n!
+ · · ·

= z2

(

− 1

2!
+

z2

4!
+ · · · (−1)n z2n−2

2n!
+ · · ·

)

.

We conclude that the order of the zero of cos z−1 at 0 is 2 and the function g of
Part (a) of Theorem 3.4.2 is the function given by the power series in parenthesis
above. This power series has infinite radius of convergence by the ratio test.

Theorem 3.4.6. If an analytic function g is not zero at a point z0 in its
domain, then in some neighborhood V of z0 there is an analytic function h such
that g(z) = eh(z) in V .

Proof. To find such an h, we simply choose a branch of the log function that
does not have g(z0) on its cut line. Then the set on which this branch of the log
function is analytic is an open set W which contains g(z0). If we set V = g−1(W )
and define h on V by

h(z) = log(g(z)),

then V is a neighborhood of z0 and g(z) = eh(z) on V .

If we combine this result with Theorem 3.4.2, we have:
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Theorem 3.4.7. Let f be an analytic function on an open set U and let z0

be a point of U such that f is not identically zero in a neighborhood of z0.
Then there exist a non-negative integer k, a neighborhood V ⊂ U of z0, and an
analytic function h on V , such that

f(z) = (z − z0)
keh(z)

for all z ∈ V .

Isolated Singularities

If U is an open set, z0 ∈ U , and f is a function which is analytic on U \ {z0},
then f is said to have an isolated singularity at z0. If f can be given a value at
z0 which makes it analytic everywhere on U , then the singularity is said to be
removable.

Theorem 3.4.8. If f has an isolated singularity at z0 and is bounded in some
deleted neighborhood of z0, then z0 is a removable singularity of f .

Proof. Suppose f is analytic and bounded on U \ {z0}. If we define a function
g by g(z) = (z − z0)

2f(z) for z 6= z0 and g(z0) = 0, then g is differentiable at
z0. In fact,

g′(z0) = lim
z→z0

g(z) − g(z0)

z − z0
= lim

z→z0

(z − z0)f(z) = 0.

That this limit is 0 is proved as follows. Let M be a bound on |f(z)| on U \{z0}.
Then |(z − z0)f(z)| ≤ M |z − z0| on U . Since limz→z0

M |z − z0| = 0, it follows
that limz→z0

(z − z0)f(z) = 0 as well.
The function g is differentiable at every point of U \{z0} and, by the above, is

also differentiable at z0. Thus, it is analytic on all of U . Since g(z0) = g′(z0) = 0,
the first two terms of its power series expansion about z0 are 0. It follows that
we may factor (z − z0)

2 out of every term of its power series expansion and
write g(z) = (z − z0)

2h(z) for an analytic function h defined by a power series
in a disc centered at z0. Clearly h and f are the same in this disc, except at z0,
where f is not defined. Thus, setting f(z0) = h(z0) serves to define f at z0 in
such a way that it becomes analytic on all of U .

Example 3.4.9. Show that f(z) =
cos z − 1

z2
has a removable singularity at 0.

Solution This follows immediately from the factorization of cos z − 1 ob-
tained in Example 3.4.5. If f is given the value −1/2 at z = 0 it becomes
analytic on the entire plane.

There are two types of isolated singularities that are not removable. A
function f defined on U \ {z0} of the form

f(z) =
g(z)

(z − z0)k
,
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where g is analytic on U , g(z0) 6= 0, and k is a positive integer, is said to have a
pole of order k at z0. If the order of the pole is 1, then it is called a simple pole.
An isolated singularity which is not a pole and is not a removable singularity is
called an essential singularity.

Example 3.4.10. If U is an open set and z0 ∈ U , then analyze the singularities
of a function of the form f/g, where f and g are analytic on U .

Solution: The singularities of f/g in U are all isolated because the zeroes
of g are isolated. If we factor f and g as in Theorem 3.4.2, then

f(z) = (z − z0)
jp(z) and g(z) = (z − z0)

kh(z),

where j and k are the orders of the zeroes of f and g at z0 and p and h are
analytic in U and non-vanishing in some neighborhood of z0. Thenf(z)/g(z) =
(z − z0)

j−kp(z)/h(z) with p(z)/h(z) analytic and non-vanishing in a neighbor-
hood of z0. The point z0 is a removable singularity for f/g if j ≥ k and,
otherwise, is a pole of order k − j.

Example 3.4.11. Analyze the singularities of the function f(z) =
1

1 − ez
.

Solution: The denominator of this fraction has zeroes at the points {2πki}
for k an integer. Each of these is a zero of order 1 because the derivative of
1 − ez is −ez and this is non-zero for every z and, in particular, is non-zero
at the points {2πki}. It follows from the preceding example that each of these
points is a simple pole for f .

Essential singularities are quite wild. In fact, the big Picard Theorem states
that a function with an essential singularity at z0 takes on every complex number
but one as a value in every open disc centered at z0. We will prove the big Picard
Theorem and its little brother – the little Picard Theorem – in Chapter 7. The
following is a very much weaker statement than the big Picard Theorem, but
it is still enough to show that an analytic function behaves very wildly near an
essential singularity.

Theorem 3.4.12. If f is analytic in U \ {z0} and has an essential singularity
at z0, then for every open disc D, centered at z0 and contained in U , the set
f(D \ {z0}) has closure equal to the entire complex plane.

Proof. Suppose there is a disc D, centered at z0 and contained U and there is
some complex number w which is not in the closure of f(D \ {0}). Then there
is an r > 0 such that f(D \ {z0}) ∩ Dr(w) = ∅. This means |f(z) − w| ≥ r for
every z ∈ D \ {z0}. Then

∣

∣

∣

∣

1

f(z) − w

∣

∣

∣

∣

≤ 1

r
for all z ∈ D \ {z0}.

Thus, 1/(f(z) − w) is analytic and bounded on D \ {z0} and, hence, has a
removable singularity at z0. In other words, there is an analytic function h on
D such that

1

f(z) − w
= h(z)
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on D \ {z0}. If h has no zero at z0, set k = 0, otherwise, let k be the order of
the zero of h at 0. Then

h(z) = (z − z0)
kg(z)

for some analytic function g on D which does not have a zero at z0. Solving for
f , we find

f(z) = w +
1

h(z)
=

w(z − z0)
k + 1/g(z)

(z − z0)k

in some disc containing z0 where g is non-vanishing. Since the numerator is
analytic in this disc, f has a pole of order k at z0 (or a removable singularity
if k = 0). Since neither of these things is true, we conclude that there is no w
which fails to be in the closure of f(D). This completes the proof.

The following theorem gives an easy way to identify whether a given isolated
singularity is removable, a pole, or essential.

Theorem 3.4.13. Let f be an analytic function with an isolated singularity at
z0. Then

(a) f has a removable singularity at z0 if and only if limz→z0
f(z) exists and

is finite;

(b) f has a pole at z0 if and only if limz→z0
f(z) = ∞;

(c) f has an essential singularity at z0 if and only if limz→z0
f(z) does not

exist, even as an infinite limit.

Proof. The function f has a removable singularity at z0 if and only if it can be
given a value w at z0 which makes it analytic in a neighborhood of z0. In this
case, limz→z0

f(z) = w, since f with its new value at z0 must be continuous at
z0.

On the other hand, if f has a finite limit as z → z0, then f is bounded in a
neighborhood of z0 and, by Theorem 3.4.8, the singularity at z0 is removable.
This proves (a).

If f has a pole at z0, then f(z) =
g(z)

(x − z0)k
for some k > 0 and some g

analytic in a neighborhood of z0 with g(z0) 6= 0. Then limz→z0
g(z) = g(z0) 6= 0

and limz→z0
(z − z0)

k = 0. It follows that limz→z0
f(z) = ∞.

On the other hand, if limz→z0
f(z) = ∞ the singularity is not removable

since f does not have a finite limit as z → z0.. It cannot be essential either,
since the previous theorem says that, if it were essential, f would take on values
arbitrarily close to any given complex number in every open disc centered at
z0. Thus, f could not have limit ∞ at z0 if the singularity were essential. This
proves (b).

If limz→z0
f(z) does not exist, even as a finite limit, then by (a) and (b)

f does not have a removable singularity or a pole. Thus, it has an essential
singularity. Conversely, if f has an essential singularity at z0, then it does not
have a removable singularity or a pole. Then, also by (a) and (b), f does not
have a finite limit at z0 nor does it have limit ∞. This proves (c).
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Example 3.4.14. Analyze the singularity of the function f(z) = e1/z at z = 0.
Solution: This is an essential singularity. The function f(z) = e1/z takes

on the value 1 at all points of the form z = (2πn)−1 and the value en at all
points of the form z = n−1. Thus, f(z) approaches 1 as z approaches 0 along
one sequence of points and it approaches ∞ as z approaches 0 along another
sequence of points. Thus, f certainly does not have a limit, finite or infinite, as
z → 0.

Meromorphic Functions

For many reasons, it is important to study functions which are analytic on an
open set U except on a subset of U consisting of points where poles occur.
Necessarily, such a subset is a discrete subset of U .

Definition 3.4.15. Let U be an open set and E a discrete subset of U . If f is
a function which is analytic on U \E and has a removable singularity or a pole
at each point of E, then f is called a meromorphic function on U .

One reason the set of meromorphic functions on U is interesting is that it
is a field, if U is a connected open set. Obviously, we can add and multiply
meromorphic functions and the results are still meromorphic. Just as obviously,
the appropriate commutative, associative and distributive laws hold and there
are zero and identity elements and additive inverses. All of these things are also
true of the class of analytic functions on U . However, in the class of meromorphic
functions we also have the last field axiom satisfied: every non-zero element has
a multiplicative inverse.

Theorem 3.4.16. If U is a connected open set and f is a meromorphic function
on U which is not identically zero, then 1/f is also meromorphic.

Proof. By Theorem 3.4.2 the set Z(f) of zeroes of f is a discrete subset of U .
By definition, the set P (f) of poles of f is a discrete subset of U . It follows
that the set E = Z(f) ∪ P (f) is also a discrete subset of U . The function 1/f
is analytic on U \E and so the only thing we need to establish is that at points
of E it has only removable singularities or poles.

Let z0 be a point of E. Since, E is discrete, there is a disc D, centered at z0

in which z0 is the only point of E. If z0 ∈ E, then f is analytic everwhere in D
except at z0 where is has either a zero or a pole.

If f has a zero of order k at z0, then it factors as (z − z0)
kg(z) where g is

analytic and non-vanishing in D. Obviously then 1/f(z) = (z − z0)
−k/g(z) has

a pole of order k at z0.
If f has a pole of order k at z0, then f factors as f(z) = (z − z0)

−kh(z)
where h is analytic and non-vanishing in D. Then 1/f(z) = (z − z0)

k/h(z) has
a zero of order k at z0 and, hence, a removable singularity at z0.

Exercise Set 3.4

1. Prove that a set E is a discrete subset of an open set U if and only if no
sequence of distinct points of E converges to a point in U .
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2. Prove Theorem 3.4.4.

3. Is there a function, analytic on C, which is 0 on the set of points {1/n}
for n a positive integer and not identically 0? Justify your answer. What
if the function is only required to be analytic on C \ {0}?

4. If f(z) = sin z − z, find the order of the zero of f at 0. Then give the
factorization of f at 0, as in Theorem 3.4.1.

5. If f(z) = cos z − 1 + z2/2 find the order of the zero and the factorization
at 0 as in the previous exercise.

6. Give an example to show that Theorem 3.4.2 no longer holds if we drop
the hypothesis that U is connected.

7. Prove that if f is an analytic function on a connected open set U and if K
is a compact subset of U , then there can be at most finitely many zeroes
of f in K.

8. Show that if f is an analytic function with a zero of order k at z0, then
there is a neighborhood V of z0 and an analytic function g on V such that
f = gk on V and g′(z0) 6= 0.

9. Suppose f and g are analytic functions on an open set U , z0 ∈ U , and
f(z0) = g(z0) = 0. Show that

lim
z→z0

f(z)

g(z)
= lim

z→z0

f ′(z)

g′(z)

and that this limit exists if ∞ is allowed as a possible value.

10. Let f be an analytic function with an isolated singularity at z0. Prove that
limz→z0

f(z) exists (with ∞ allowed as a possible value) if and only if z0

is a pole or a removable singularity of f .

11. Suppose U is a connected open set and z0 ∈ U . Prove that if f is a non-
constant analytic function on U \ {z0} and f takes on a certain value c at
least once in every neighborhood of z0, then f has an essential singularity
at z0.

12. Prove that if f is a function which is analytic in the exterior of the closed
disc Dr(0) and if limz→∞ f(z) = 0, then f has a power series expansion of
the form

f(z) =
∞
∑

n=1

anz−n,

which converges on the set {z ∈ C : |z| > r}. Hint: consider the function
g(z) = f(1/z).

In the next five problems, analyze each singularity z0 of f . Is it removable,
a pole, or essential? If its a pole, what is its order? If it is removable, what
value should you give the function at z0 to make it analytic?

13. f(z) =
1

z − z3
.
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14. f(z) = sin 1/z.

15. f(z) =
ez − 1 − z

z2
.

16. f(z) =
1

ez − 1
− 1

z
.

17. f(z) =
log z

(1 − z)2
, where log is the principal branch of the log function.

3.5 The Maximum Modulus Principal

This is another important application of Cauchy’s Theorems. Before stating
it, we state and prove a technical lemma that will be used in its proof. The
lemma states that if the average value of a continuous function on an interval
is as large, in modulus, as all values of the function on the interval, then the
function must be constant.

Lemma 3.5.1. Let f be a continuous complex valued function defined on an
interval I = [a, b] on the real line. If |f(t)| ≤ M on I and

∣

∣

∣

∣

∣

1

b − a

∫ b

a

f(t) dt

∣

∣

∣

∣

∣

= M, (3.5.1)

then f is a constant of modulus M on I.

Proof. If we choose a complex number u of modulus 1 such that

u

∫ b

a

f(t) dt =

∣

∣

∣

∣

∣

∫ b

a

f(t) dt

∣

∣

∣

∣

∣

,

then (3.5.1) may be written as
∫ b

a

(M − uf(t)) dt = 0. (3.5.2)

Let uf = g + ih, where g and h are real valued continuous functions on I. Note
that |f(t)| ≤ M implies that g(t) ≤ M and, hence, that M −g(t) ≥ 0. Equation
(3.5.2) implies

∫ b

a

(M − g(t)) dt = 0.

However,
∫ x

a
(M − g(t)) dt is a differentiable function of x with non-negative

derivative M − g(x) on I and is, hence, a non-decreasing function. Since it is 0
at a and b, it must be identically zero. This implies that its derivative M −g(x)
is identically 0.

We now have that the real part of uf = g + ih is the constant M . However,
we also have that

M2 ≥ |f(t)|2 = |uf(t)|2 = g2(t) + h2(t) = M2 + h2(t),

and this implies that h(t) ≡ 0 on I. Thus, f is the constant u−1M , which has
modulus M .
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The Maximum Modulus Theorem

Theorem 3.5.2. If f is analytic on a connected open set U and |f | has a local
maximum at z0 ∈ U , then f is constant on U .

Proof. If f has a local maximum at z0 ∈ U , then we may choose an r > 0 such
that Dr(z0) ⊂ U and such that |f(z0)| is a maximum for |f(z)| on Dr(z0). Then
Cauchy’s Integral Theorem tells us that

f(z0) =
1

2πi

∫

|z−z0|=r

f(z)

z − z0
dz

=
1

2π

∫ 2π

0

f(z0 + reit) dt

(3.5.3)

Since |f(z0+reit)| ≤ |f(z0)| for each t, by our choice of r, we have the hypotheses
of the previous lemma satisfied with M = |f(z0)|, [a, b] = [0, 2π], and f(z0+reit)
playing the role of the function f of the lemma. Based on the lemma, we
conclude that f is a constant c on the circle z0 + reit. Since this circle is a
non-discrete subset of U , it follows from the Identity Theorem (Theorem 3.4.4)
that f is the constant c on all of U .

Recall that a subset of the plane is compact if it is both closed and bounded.
Suppose U is an open set which is bounded. Then its closure U is both closed and
bounded and, hence, is compact. Suppose U is connected. If f is a continuous
complex valued function on U , then the continuous real valued function |f(z)|
has a maximum value on U . If f is also analytic on U and non-constant, then
the previous theorem implies that this maximum cannot occur at a point of U .
This means it must occur only on the boundary ∂U . This proves the following
corollary of Theorem 3.5.2.

Corollary 3.5.3. Suppose U is a connected, bounded, open subset of C. If f
is a function which is continuous on U , analytic on U , and non-constant, then
the maximum value of |f(z)| on U is attained on ∂U and nowhere else.

The typical example of a set U of the type described in the above corollary
is an open disc Dr(z0) of finite radius.

Example 3.5.4. Find where the function f(z) = z2 − z attains its maximum
modulus on the closed unit disc.

Solution: By Corollary 3.5.3, the maximum occurs only on the unit circle
{z = eit : t ∈ [0, 2π]}. Thus, we need to find where the maximum modulus of
the function |f(eit)| occurs for t ∈ [0, 2π]. This is equivalent to finding where
the square of the function has a maximum. Thus, we wish to maximize the
function

h(t) = |e2it − eit|2 = |eit − 1|2 = 2 − 2 cos t.

Clearly, the maximum occurs at t = π and only there. Thus, the maximum of
|z2 − z| on the closed unit disc is 2 and it occurs only at z = −1.
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Schwarz’s Lemma

Schwarz’s Lemma is a nice application of the Maximum Modulus Theorem. It
will be quite useful later in the theory of conformal mappings.

Lemma 3.5.5. (Schwarz’s Lemma) Let f be analytic on D1(0), with f(0) = 0
and |f(z)| ≤ 1 for every z ∈ D1(0). Then,

|f(z)| ≤ |z| for all z ∈ D1(0) (3.5.4)

and |f ′(0)| ≤ 1. If |f ′(0)| = 1, then there is a constant c of modulus one such
that f(z) = cz.

Proof. Since f(0) = 0, Theorem 3.4.2 implies that f(z) = zg(z), where g is also
analytic in D1(0). Since, |f(z)| ≤ 1 on D1(0), it follows that

|g(z)| ≤ 1

r
on the circle |z| = r

for each r < 1. The Maximum Modulus Theorem implies that this inequality
also holds inside the disc of radius r. Since this is true of each r < 1, we conclude
that |g(z)| ≤ 1 on all of D1(0) and this implies (3.5.4).

The inequality |f ′(0)| ≤ 1 follows from (3.5.4), since

f ′(0) = lim
z→0

f(z)

z
= lim

z→0
g(z) = g(0).

If |f ′(0)| = 1, then |g(0)| = 1 and this is the maximum value of g on D1(0).
The Maximum Modulus Theorem says this cannot happen unless g is a constant
c. Then f(z) = cz.

We now give a simple application of Schwarz’s Lemma which is a precursor
of its later use in conformal mapping theory. Let U and V be open sets in C.
A bi-analytic map from U to V is an analytic function f : U → V with an
analytic inverse f−1 : V → U . That is, f−1 ◦ f(z) = z for every z ∈ U and
f ◦ f−1(w) = w for every w ∈ V .

Theorem 3.5.6. The only bi-analytic maps from the unit disc to itself that take
0 to 0 are of the form f(z) = cz for a constant c of modulus 1. That is, the only
bi-analytic maps of the unit disc onto itself which fix 0 are the rotations.

Proof. If f : D1(0) → D1(0) is bi-analytic with inverse f−1, then both f and
f−1 satisfy the hypotheses of Schwarz’s Lemma. Thus,

|f ′(0)| ≤ 1 and |(f−1)′(0)| ≤ 1. (3.5.5)

However, it follows from the chain rule, applied to the composition f−1 ◦f(z) =
z, that

(f−1)′(0) =
1

f ′(0)
.

Combining this with (3.5.5), we conclude that |f ′(0)| = 1. By Schwarz’e Lemma,
f(z) = cz for some constant c of modulus 1.
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Harmonic Functions

Theorems about analytic functions, like Cauchy’s Formula and the Maximal
Modulus Theorem, imply things about harmonic functions. This is due to the
fact that, locally at least, each harmonic function is the real part of an analytic
function:

Theorem 3.5.7. Let u be a function which is of class C2 and harmonic on a
convex open set U . Then u has a harmonic conjugate v on U . That is, there is
a harmonic function v on U such that the function f = u + iv is analytic on U .

Proof. Consider the function g = ux− iuy. It is C1, therefore differentiable, and
satisfies the Cauchy-Riemann equations, since

uxx = −uyy and uxy = uyx.

Thus, g is analytic in U . Since U is convex, Theorem 2.5.6 implies that g has an
anti-derivative h in U . This means h is analytic in U and h′ = g. If h = w + iv,
with w and v real, then

ux − iuy = g = h′ = wx + ivx = wx − iwy.

On equating real and imaginary parts in this equation, we conclude that

ux = wx,

uy = wy.

It follows that w = u + c for some real constant c. Thus, f = h − c = u + iv is
an analytic function in U with real part u.

This theorem leads to two important results about harmonic functions: a
maximum principal for harmonic functions and an integral formula.

Theorem 3.5.8. If u is a harmonic function on a connected open set U and u
has a local maximum at some point z0 ∈ U , then u is constant on U .

Proof. Let V be a convex neighborhood of z0 with V ⊂ U . The previous theorem
implies that u has a harmonic conjugate v on V . Then, f = u + iv is analytic
on V , as is the function

g(z) = ef(z).

Since |g(z)| = eu(z), if u has a local maximum at z0, then so does |g(z)|. By the
Maximum Modulus Theorem, this implies that g is constant on V . But if g is
constant on the connected open set V , then f is also constant on V (Exercise
3.5.10). Hence u is constant on V .

The completion of the proof involves showing that if a harmonic function on
a connected open set U is constant on a non-empty open subset of U , then it is
constant on all of U . We leave this as an exercise (Exercise 3.5.12).
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The next theorem shows that a harmonic function u has the mean value
property: the value of u at a point is equal to its mean value over any circle
centered at the point.

Theorem 3.5.9. If u is harmonic on an open set U and Dr(z0) ⊂ U , then

u(z0) =
1

2π

∫ 2π

0

u(z0 + reit) dt. (3.5.6)

Proof. Choose R > r such that DR(z0) ⊂ U . Then Theorem 3.5.7 implies that
u is the real part of an analytic function f on DR(z0). The Cauchy Integral
Formula applied to f and the path γ(t) = z0 + reit yields

f(z) =
1

2π

∫ 2π

0

f(z0 + reit) dt.

Equation (3.5.6) follows from this by equating real parts.

Example 3.5.10. Find a harmonic congugate for the harmonic function x2−y2.
Solution: We recognize x2 − y2 as the real part of the analytic function

z2 = (x + iy)2. The imaginary part of this function is 2xy and so 2xy is a
harmonic conjugate of x2 − y2.

Example 3.5.11. Prove that

u(x, y) =
x

x2 + y2

is harmonic on C \ {0} and find a harmonic conjugate for it.
Solution: We simply observe that u(x, y) is the real part of

x − iy

x2 + y2
=

1

z
.

Therefore, u is harmonic and has

−y

x2 + y2

as a harmonic conjugate.

Exercise Set 3.5

1. Find where the function z2−1 attains its maximum modulus on the closed
unit disc.

2. Find where the function |ez | attains its maximum value on the closed unit
disc.

3. Find where the funtion (z − 1)2 attains its maximum modulus on the
triangle with vertices at 0, 1 + i, 1 − i.



116 CHAPTER 3. POWER SERIES EXPANSIONS

4. Show that if f is a non-constant analytic function on a connected open set
U and if f has no zeroes on U , then there are no points of U where |f(z)|
has a local minimum.

5. Show that if f is a non-constant, continuous function on D1(0), which is
analytic on D1(0) and |f(z)| = 1 for all z on the unit circle, then f has a
zero somewhere in D1(0).

6. Prove that if f is a non-constant entire function, and c > 0 is a constant
such that the closed set K = {z ∈ C : |f(z)| ≤ c} is bounded, then the
open set U = {z ∈ C : |f(z)| < c} contains at least one zero of f .

7. Supppose f is an analytic function on the unit disc D1(0). Prove that if
|f(z)| ≤ 1 on D1(0) and f has a zero of order 2 at 0, then |f(z)| ≤ |z|2 for
all z ∈ D1(0).

8. If f is a harmonic function u on a connected open set U , prove that any
two harmonic conjugates for u must differ by a constant.

9. Prove that if U is a connected open set with compact closure U , and u
is a continuous function on U which is harmonic on U , then u attains its
maximum and minimum values on ∂U . Also, prove that if u attains either
its maximum or its minimum at a point of U , then it is constant.

10. Prove that if f is a continuous function on a connected open set V and if
ef(z) is constant on V , then f is also constant on V .

11. Show that f(z) =
2z − 1

z − 2
is a bi-analytic map from the unit disc onto itself

which takes 0 to 1/2. Hint: show that |f(z)| = 1 on the unit circle and
conclude from this that f maps the unit disc into itself. Then show it has
an inverse function which also maps the unit disc into itself by directly
solving the equation w = f(z) for z as a function of w.

12. Prove that if a harmonic function on a connected open set U is constant
on a non-empty open subset of U , then it is constant on all of U .

13. Find a harmonic conjugate for u(x, y) = ex cos y on C.

14. Find a harmonic conjugate for u(x, y) = 1/2 log(x2+y2) on the complement
of the non-positive real axis in C.

15. Give an example of an open subset U of C and a harmonic function on U
which has no harmonic conjugate on U .


