Chapter 1

The Real Numbers

This course has two goals: (1) to develop the foundations that underlie calculus
and all of post calculus mathematics, and (2) to develop students’ ability to
understand definitions and proofs and to create proofs of their own — that is, to
develop students’ mathematical sophistication.

The typical freshman and sophomore calculus courses are designed to teach
the techniques needed to solve problems using calculus. They are not primarily
concerned with proving that these techniques work or teaching why they work.
The key theorems of calculus are not really proved, although sometimes proofs
are given which rely on other reasonable, but unproved assumptions. Here we
will give rigorous proofs of the main theorems of calculus. To do this requires
a solid understanding of the real number system and its properties. This first
chapter is devoted to developing such an understanding.

Our study of the real number system will follow the historical development of
numbers: We first discuss the natural numbers or counting numbers (the positive
integers), then the integers, followed by the rational numbers. Finally, we discuss
the real number system and the property that sets it apart from the rational
number system — the completeness property. The completeness property is the
missing ingredient in most calculus courses. It is seldom discussed, but without
it, one cannot prove the main theorems of calculus.

The natural numbers can be defined as a set satisfying a very simple list
of axioms — Peano’s axioms. All of the properties of the natural numbers can
be proved using these axioms. Once this is done, the integers, the rational
numbers, and the real numbers can be constructed and their properties proved
rigorously. To actually carry this out would make for an interesting, but rather
tedious course. Fortunately, that is not the purpose of this course. We will not
give a rigorous construction of the real number system beginning with Peano’s
axioms, although we will give a brief outline of how this is done. However, the
main purpose of this chapter is to state the properties that characterize the real
number system and develop some facility at using them in proofs. The rest of
the course will be devoted to using these properties to develop rigorous proofs
of the main theorems of calculus.
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1.1 Sets and Functions

We precede our study of the real numbers with a brief introduction to sets and
functions and their properties. This will give us the opportunity to introduce
the set theory notation and terminology that will be used throughout the text.

Sets

A set is a collection of objects. These objects are called the elements of the set.
If x is an element of the set A, then we will also say that x belongs to A or x is
in A. A shorthand notation for this statement that we will use extensively is

r € A

Two sets A and B are the same set if they have the same elements — that is,
if every element of A is also an element of B and every element of B is also an
element of A. In this case, we write A = B.
One way to define a set is to simply list its elements. For example, the
statement
A=1{1,2,3,4}

defines a set A which has as elements the integers from 1 to 4.

Another way to define a set is to begin with a known set A and define a
new set B to be all elements x € A that satisfy a certain condition Q(z). The
condition Q(x) is a statement about the element x which may be true for some
values of x and false for others. We will denote the set defined by this condition
as follows:

B={zxeA:Q(z)}.

This is mathematical shorthand for the statement “B is the set of all  in A
such that Q(x)”. For example, if A is the set of all students in this class, then
we might define a set B to be the set of all students in this class who are
sophomores. In this case, Q(x) is the statement “z is a sophomore”. The set B
is then defined by

B = {z € A: xis a sophomore}.

Example 1.1.1. Describe the set (0, 3) of all real numbers greater than 0 and
less than 3 using set notation.
Solution: In this case the statement @Q(x) is the statement “0 < x < 3”.
Thus,
0,3)={zeR:0<z <3}

A set B is a subset of a set A if B consists of some of the elements of A —
that is, if each element of B is also an element of A. In this case, we use the
shorthand notation

B C A.

Of course, A is a subset of itself. We say B is a proper subset of A if B C A
and B # A.
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Figure 1.1: Intersection and Union of Two Sets.

For example, the open interval (0,3) of the preceding example is a proper
subset of the set R of real numbers . It is also a proper subset of the half open
interval (0,3] — that is, (0,3) C (0, 3], but the two are not equal because the
second contains 3 and the first does not.

There is one special set that is a subset of every set. This is the empty set
(. It is the set with no elements. Since it has no elements, the statement that
“each of its elements is also an element of A” is true no matter what the set A
is. Thus, by the definition of subset,

hcA

for every set A.
If A and B are sets, then the intersection of A and B, denoted AN B, is the
set of all objects that are elements of A and of B. That is,

ANB={z:z € Aand z € B}.

Similarly, the union of A and B, denoted AU B, is the set of objects which are
elements of A or elements of B (possibly elements of both). That is,

AUB={xz:x € Aorz € B}.

Example 1.1.2. If A is the closed interval [—1, 3] and B is the open interval
(1,5), describe AN B and AU B.
Solution: AN B = (1,3] and AU B =[-1,5).

If A is a (possibly infinite) collection of sets, then the intersection and union
of the sets in A are defined to be

ﬂA:{x:xeAforallAe.A}

and
UAz{x:xeAfor some A € A}.

Note how crucial the distinction between “for all’ and “for some’ is in these
definitions.
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The intersection (A is also often denoted

mA or ﬂAs

AcA seS

if the sets in A are indexed by some index set S. Similar notation is often used
for the union.

Example 1.1.3. If A is the collection of all intervals of the form [s, 2] where
0<s<1,find A and JA.
Solution: A number x is in the set

NA= () [52

s€(0,1)

if and only if
s <z <2 forevery positive s < 1. (1.1.1)

Clearly every x in the interval [1,2] satisfies this condition. We will show that
no points outside this interval satisfy (1.1.1).

Certainly an = > 2 does not satisfy (1.1.1). If x < 1, then s = z/2 4+ 1/2
(the midpoint between x and 1) is a number less than 1 but greater than z, and
so such an z also fails to satisfy (1.1.1). This proves that

(A=[12l.

A number z is in the set

U.A = U [s,2]

s€(0,1)

if and only if
s <z <2 forsome positive s < 1. (1.1.2)

Every such z is in the interval (0,2]. Conversely, we will show that every z in
this interval satisfies (1.1.2). In fact, if = € [1,2], then x satisfies (1.1.2) for
every s < 1. If x € (0,1), then z satisfies 1.1.2 for s = x/2. This proves that

JAa=(02]

If B C A, then the set of all elements of A which are not elements of B is
called the complement of B in A. This is denoted A \ B. Thus,

A\B={r€ A:z ¢ B}.

Here, of course, the notation x ¢ B is shorthand for the statement “z is not an
element of B”.

If all the sets in a given discussion are understood to be subsets of a given
universal set X, then we may use the notation B¢ for X'\ B and call it simply the
complement of B. This will often be the case in this course, with the universal
set being the set R of real numbers or, in later chapters, real n dimensional
space R™ for some n.
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Example 1.1.4. If A is the interval [—2,2] and B is the interval [0, 1], describe
A\ B and the complement B¢ of B in R.
Solution: We have

A\B=[-2,00u(l,2]={zeR:-2<zx<0orl<uz<2}

while
B¢ =(—00,0)U(l,0)={ze€R:x<0o0rl <z}

Theorem 1.1.5. If A and B are subsets of a set X and A° and B¢ are their
complements in X. then

(a) (AU B)¢ = A°N B°; and
(b) (AN B)¢ = A°U B“.

Proof. We prove (a) first. To show that two sets are equal, we must show that
they have the same elements. An element of X belongs to (AU B)¢ if and only
if it is not in A U B. This is true if and only if it is not in A and it is not in B.
By definition this is true if and only if x € A°N B¢. Thus, (AU B)¢ and A°N B¢
have the same elements and, hence, are the same set.

If we apply part (a) with A and B replaced by A¢ and B¢ and use the fact
that (A°)¢ = A and (B¢)° = B, the result is

(A°UB)°=ANB.
Part (b) then follows if we take the complement of both sides of this identity. O

A statement analogous to Theorem 1.1.5 is true for unions and intersections
of collections of sets (Exercise 1.1.7).

Two sets A and B are said to be disjoint if AN B = (). That is, they are
disjoint if they have no elements in common. A collection A of sets is called a
pairwise disjoint collection if AN B = () for each pair A, B of distinct sets in A.

Functions

A function f from a set A to a set B is a rule which assigns to each element
x € A exactly one element f(x) € B. The element f(z) is called the image of x
under f or the value of f at z. We will write

f:A— B

to indicate that f is a function from A to B. The set A is called the domain of
f. If E is any subset of A then we write

f(E) ={f(z):xcE}

and call f(E) the image of E under f.
We don’t assume that every element of B is the image of some element of
A. The set of elements of B which are images of elements of A is f(A) and is



6 CHAPTER 1. THE REAL NUMBERS

called the range of f. If every element of B is the image of some element of A
(so that the range of f is B), then we say that f is onto.
A function f: A — B is is said to be one-to-one if, whenever z,y € A and
x #y, then f(x) # f(y) — that is, if f takes distinct points to distinct points.
Ifg: A— Band f: B — C are functions, then there is a function
fog: A— C, called the composition of f and g, defined by

fog(x) = flg(x)).

Since g(x) € B and the domain of f is B, this definition makes sense.
If f: A— B is a function and E C B, then the inverse image of E under f
is the set
fUE)={ze€ A: f(z) € E}.

That is, f~1(E) is the set of all elements of A whose images under f belong to
E.

Inverse image behaves very well with respect to the set theory operations,
as the following theorem shows.

Theorem 1.1.6. If f : A — B is a function and E and F are subsets of B,
then

(a) fTHEUF)
(b) f~HENF)
(c) fFHENF) = f~HE)\ fH(F) if FC E.

Proof. We will prove (a) and leave the other two parts to the exercises.

To prove (a), we will show that f~1(EUF) and f~}(E)U f~1(F) have the
same elements. If x € f~1(EUF), then f(z) € EUF. This means that f(z) is
in Eorin F. If it is in E, then x € f~1(E). If it is in F, then z € f~1(F). In
either case, € f~1(E)Uf~(F). This proves that every element of f~1(EUF)
is an element of f~1(E)U f~1(F).

On the other hand, if z € f~1(E) U f~1(F), then x € f~!(E), in which
case f(z) € E, or x € f~Y(F), in which case f(z) € F. In either case, f(z) €
E U F, which implies # € f~!(E U F). This proves that every element of
f"YUE)Uf~L(F) is also an element of f~!(EUF). Combined with the previous
paragraph, this proves that the two sets are equal. O

HE)UfH(EF);

= f-
=N E) N fTHEF); and

Image does not behave as well as inverse image with respect the set opera-
tions. The best we can say is the following:

Theorem 1.1.7. If f : A — B is a function and E and F are subsets of A,
then

(a) F(EUF) = f(E)Uf(F);
(b) f(ENF) C f(E)Nf(F);
(c) F(E)\F(F)C f(E\F)if FCE.
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Proof. We will prove (c) and leave the others to the exercises.

To prove (c), we must show that each element of f(E)\ f(F) is also an
element of f(E\ F). If y € f(E)\ f(F), then y = f(z) for some z € E and y
is not the image of any element of F. In particular, z ¢ F. This means that
x€ E\Fandsoye f(E\F). This completes the proof. O

The above theorem cannot be improved. That is, it is not in general true
that f(ENF) = f(E)Nf(F) or that f(E)\ f(F) = f(E\F)if F C E. The first
of these facts is shown in the next example. The second is left to the exercises.

Example 1.1.8. Give an example of a function f : A — B for which there are
subsets E, F C A with f(ENF) # f(E)N f(F).
Solution: Let A and B both be R and let f: A — B be defined by
f(z) =22
If £E=(0,00) and F = (—00,0), then ENF =, and so f(E N F) is also the

empty set. However, f(E) = f(F) = (0,00), and so f(E) N f(F) = (0,00) as
well. Clearly f(ENF) and f(E)N f(F) are not the same in this case.

Exercise Set 1.1

1. If a,b € R and a < b, give a description in set theory notation for each of
the intervals (a, b), [a, b], [a,b), and (a,b] (see Example 1.1.1).

2. If A, B, and C are sets, prove that

AN(BUC)=(ANB)U(ANC).

3. If A and B are two sets, then prove that A is the union of a disjoint pair
of sets, one of which is contained in B and one of which is disjoint from
B.

4. What is the intersection of all the open intervals containing the closed
interval [0, 1].

5. What is the union of all of the closed intervals contained in the open
interval (0,1)?

6. What is [J{(n,n + 1) : n is an integer}.

7. If A is a collection of subsets of a set X, formulate and prove a theorem
like Theorem 1.1.5 for the intersection and union of A.

8. Which of the following functions f : R — R are one to one and which ones
are onto. Justify your answer.

(a) f(x)=a2%
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(b) f(z) =%
(¢) flz)=e".
9. Prove Part (b) of Theorem 1.1.6.

(
10. Prove Part (c) of Theorem 1.1.6.
11. Prove Part (
(

a) of Theorem 1.1.7.

)
12. Prove Part (b) of Theorem 1.1.7.

13. Give an example of a function f : A — B and subsets F C E of A for
which f(E)\ f(F) # f(E\ F).

14. Prove that equality holds in Parts (b) and (c¢) of Theorem 1.1.7 if the
function f is one-to-one.

15. Prove that if f: A — B is a function which is one-to-one and onto, then
f has an inverse function — that is, there is a function g : B — A such
that g(f(z)) =« for all z € A and f(g(y)) =y for all y € B.

1.2 The Natural Numbers

The natural numbers are the numbers we use for counting, and so, naturally,
they are also called the counting numbers. They are the positive integers
1,2,3,---.

The requirements for a system of numbers we can use for counting are very
simple. There should be a first number (the number 1), and for each number
there must always be a next number (a successor). After all, we don’t want to
run out of numbers when counting a large set of objects. This line of thought
leads to Peano’s axioms which characterize the system of natural numbers N:

N1. there is an element 1 € N;

N2. for each n € N there is a successor element n + 1 € N;

N3. 1 is not the successor of any element of N;

N4. if two elements of N have the same successor, then they are equal,;

N5. if a subset A of N contains 1 and is closed under succession (meaning
n+ 1€ A whenever n € A), then A =N.

Everything we need to know about the natural numbers can be deduced
from these axioms. That is, using only these axioms, one can define addition
and multiplication of natural numbers and prove that they satisfy the usual
arithmetic properties. One can also define the order relation on the natural
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numbers and prove that it has the appropriate properties. To do all of this is
not difficult, but it is tedious and time consuming. We won’t do this here, but
we will assume that it can be done. In some of the examples at the end of this
section and some of the exercises, we will explain a few of the steps that would
be involved in such an undertaking.

Our main focus in this section will be on understanding how to use mathe-
matical induction, a powerful technique that is a direct consequence of Axiom
N5.

Induction

Axiom N5 above is often called the induction axiom, since it is the basis for
mathematical induction. Mathematical induction is used in making definitions
that involve a sequence of objects to be defined and in proving propositions that
involve a sequence of statements to be proved. Here, by a sequence we mean a
function whose domain is the natural numbers. Thus, a sequence of statements
is an assignement of a statement to each n € N. For example, “n(n+1) is even”
is a sequence of statements, one for each n € N.

The following theorem states the mathematical induction principle as it ap-
plies to proving propositions.

Theorem 1.2.1. Suppose {P,,} is a sequence of statements, one for eachn € N.
These statements are all true provided

1. Py is true (the base case is true); and

2. whenever P, is true for some n € N, then P,y1 is also true (the induction
step can be carried out).

Proof. Let A be the subset of N consisting of those n for which P, is true. Then
hypothesis (1) of the theorem implies that 1 € A, while hypothesis (2) implies
that n +1 € A whenever n € A. By Axiom N5, A = N, and so P, is true for
every n. [l

Example 1.2.2. Prove by induction that every number of the form 5" — 2™,

with n € N is divisible by 3.

Solution: The proposition P, is that 5™ — 2™ is divisible by 3.

Base case: Since 5 — 2 = 3, P is true;

Induction step: We need to show that P, is true whenever P, is true. We
do this by rewriting the expression 57! — 27+ a5

57l 52" 4 5.2 2"l = 5(5" — 2™) 4 (5 — 2)2™.

If P, is true then the first term on the right is divisible by 3. The second term
on the right is also divisible by 3, since 5 —2 = 3. This implies that 57+! — 27 +!
is divisible by 3 and, hence, that P, y; is true. This completes the induction
step.

By induction (that is, by Theorem 1.2.1), P, is true for all n.
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A natural number n is a prime if it is not 1 and if its only factors are 1 and
n.

Example 1.2.3. Prove that each natural number n > 1 is a product of primes.
Solution: Here we understand that a prime number itself is a product of
primes — a product with only one factor. Note that if k& and m are two numbers
which are products of primes, then their product km is also a product of primes.
Let the proposition P, be that every m € N, with 1 < m < n, is a product
of primes.

Base case: P; is true because there isno m € N with 1 <m < 1.

Induction step: suppose n is a natural number for which P, is true. Then
each m with 1 < m < n is a product of primes . Now n + 1 > 1 and so it is
either a prime, or it factors as a product km with k£ and m not equal to 1 or
n+ 1. In the first case, P,4+1 is true. In the second case, both k¥ <nand m <n
and so both k and m are products of primes, since P, is true. This implies that
n 4+ 1 = km is also a product of primes and, in turn, this implies that P, is
true.

By induction, P, is true for all n € N and this means that every natural
number n > 1 is a product of primes.

Inductive Definitions

Inductive definitions are used to define sequences. The sequence {x,} to be
defined is a sequence of elements of some set X, which may or may not be a set
of numbers. We wish to define the sequence in such a way that x; is a specified
element of X and, for each n € N, x,,11 is a certain function of z,,. That is, we
are given an element z € X and a sequence of functions f, : X — X and we
wish to construct a sequence {z,} such that

x1 =2 and Z,i1 = fn(zy,) for alln € N. (1.2.1)

This equation, defining z,1 in terms of z,, is called a recursion relation. Se-
quences defined in this way occur very often in mathematics. Newton’s method
from calculus and Euler’s method for numerically solving differential equations
are two important examples.

Theorem 1.2.4. Given a set X, an element x € X, and a sequence {f,} of
functions from X to X, there is a unique sequence {x,} in X which satisfies
(1.2.1).

Proof. Let A be the subset of N consisting of all numbers n such that there is
a unique partial sequence {Z, }m<n, such that

x1=x and Zpy1 = f(z,) for allm < n. (1.2.2)

The number 1 belongs to A because we can and must choose z1 = x. We
next show that if a number n belongs to A, then so does its successor n + 1.
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If n € A, we have a unique partial sequence {z,}m<n, satisfying (1.2.2).
We want to define a partial sequence {2y, }m<nt+1 which satisfies (1.2.2) with n
replaced by n+ 1. We can do this, but in only one way. We must choose x,, for
m < n as before, because that choice was unique. Then we are forced by the
recursion relation to choose z,+1 = fn(x,). Thus, not only can such a partial
sequence be chosen, it is unique. This proves that n+1 € A. We conclude from
the induction axiom that A = N. This means that partial sequences satisfying
(1.2.2) are uniquely defined for each n. These partial sequences then fit together
to define one complete sequence satisfying (1.2.1). O

Example 1.2.5. Define a sequence {x,,} of real numbers by setting 1 = 1 and
using the recursion relation

Tpi1l = Vi, + 1. (1.2.3)

Show that this is an increasing sequence of positive numbers less than 2.

Solution: The function f(z) = v/ + 1 may be regarded as a function from
the set of positive real numbers into itself. We can apply the previous theorem,
with each of the functions f,, equal to f, to conclude that a sequence {z,} is
uniquely defined by setting 21 = 1 and imposing the recursion relation (1.2.3).

Let P, be the proposition that z, < x,11 < 2. We will prove that P, is
true for all n by induction.

Base Case: Pj is the statement 1 < 29 < 2. Since z1 = 1 and x5 = \/5,
this is true.

Induction Step: Suppose P, is true for some n. Then x,, < z,4+1 < 2. If we
add one and take the square root, this becomes

\/xn+1<\/xn+1—|—1<\/§.

Using the recursion relation (1.2.3), this yields
Tpt1 < Tpgo < \/§

Since /3 < 2, P11 is true. This completes the induction step.
We conclude that P, is true for all n € N.

Binomial Formula

The proof of the binomial formula is an excellent example of the use of induction.

We will use the notation
ny___n
k) kl(n — k)

This is the number of ways of choosing k objects from a set of n objects.

Theorem 1.2.6. If x and y are real numbers and n € N, then

(z+y)" = kzn:_o <Z> akyn k.
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Proof. We prove this by induction on n.
Base Case: Since ((1)> and <1> are both 1, the binomial formula is true

when n = 1.
Induction Step: If we assume the formula is true for a certain n, then mul-
tiplying both sides of this formula by x + y yields

(:c—i—y)"*l::zczn:(?;) knk+yz<) kyn—Fk
_,;)(k) k+1nk+z() By n—h+1,

If we change variables in the first sum on the second line of (1.2.4) by replacing
k by k — 1, then our expression for (z + y)" ™! becomes

In+l+i<kﬁl> k n k+1+Z( ) k n k+1+yn+1
k=1

n S n n n n
x+1+z{<k—1>+<k>} kerl k+y+1.
k=1

If we use the identity (to be proved in Exercise 1.4.9)

(20)+ ()= ()

then the right side of equation (1.2.5) becomes

n n+1
n+1 n+ 1 k, n+l1—k n+1l __ n+ 1 k n+l—k
"+ Z )Ty +y = Z L |TY :

k=1 k=0

(1.2.4)

(1.2.5)

Thus, the binomial formula is true for n + 1 if it is true for n. This completes
the induction step and the proof of the theorem. O

Using Peano’s Axioms to Develop Properties of N

In this subsection, we will demonstrate some of the steps involved in developing
the arithmetic and order properties of N using only Peano’s axioms. It is not a
complete development, but just a taste of what is involved. We begin with the
definition of addition.

Definition 1.2.7. We fix m € N and define a sequence {m+n}nen by induction
on n. The first element of this sequence is defined to be the successor, m + 1,
to m. If m 4+ n has been defined for some n, then we define m + (n + 1) by the
recursion relation

m+(n+1)=(m+n)+1; (1.2.6)
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that is, m + (n + 1) is defined to be the successor of m + n. By Theorem 1.2.4
(which was proved using only the Peano axioms), there is a unique sequence
{m + n}nen defined by these conditions.

Example 1.2.8. Using the above definition and Peano’s axioms, prove the
associative law for addition in N. That is, prove

m+(n+k)=(m+n)+k foral k,nmeN.

Solution: We fix m and n and, for each k € N, let Py be the proposition
m+ (n+k) = (m+n)+k. We prove that Py is true for all £ € N by induction
on k.

The base case P; is just the recursion relation (1.2.6) used in the definition
of addition. Thus, it is true by definition.

For the induction step, we assume Py is true for some k — that is, we assume

m+n+k)=(m+n)+k.

We then take the successor of both sides of this equation to obtain
(m+n+k)+1=(m+n)+k)+1.

If we use (1.2.6) on both sides of this equation, the result is
m+((n+k)+1)=m+n)+ (k+1).

Using (1.2.6) again, this time on the left side of the equation, leads to
m+n+(k+1)=m+n)+ (k+1).

Since this is proposition Py1, the induction is complete.

Example 1.2.9. Using Definition 1.2.7 and Peano’s axioms, prove that 1+n =
n + 1 for every n € N.

Solution: Let P, be the statement 1 +n = n + 1. We prove by induction
that P, is true for every n. It is trivially true in the base case n = 1, since P;
just says14+1=1+1.

For the induction step, we assume that P, is true for some n — that is we
assume 1 +n =n+ 1. If we add 1 to both sides of this equation (i.e. take the
successor of both sides), we have

14+4n)+1=(n+1)+1.
By Definition 1.2.7, the left side of this equation is equal to 14 (n 4 1). Thus,
1+(n+1)=(mn+1)+1.

Thus, P,41 is true if P, is true and the induction is complete.
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A similar induction, this time on m, with n fixed can be used to prove the
commutative law of addition — that is, m +n = n + m for all n,m € N. The
base case for this induction is the statement proved above. The associative law
proved in Example 1.2.8 is needed in the proof of the induction step. We leave
the details to the exercises.

We leave the definition of multiplication in N to the exercises. Its definition
and the fact that it also satisfies the associative and commutative laws follows
a pattern similar to the one above for addition.

The order relation in N can be defined as follows:

Definition 1.2.10. If n,m € N, we will say the n is less than m, denoted
n < m, if there is a k € N such that m = n + k. We say n is less than or equal
to m and write n <m if n <m or n =m.

Some of the properties of this order relation are worked out in the exercises.

Exercise Set 1.2
1. Using induction, prove that n? + 3n + 3 is odd for every n € N;

2. Using induction, prove that 7" — 2™ is divisible by 5 for every n € N.

n(n+1)

n
3. Using induction, prove that Z k= 5

k=1

for every n € N.

4. Using induction, prove that Z(Qk — 1) = n? for every n € N.
k=1

5. Let a sequence {x,} of numbers be defined recursively by

T, +1
5

x1 =0 and x,41 =

Prove by induction that z,, < x,41 for all n € N. Would this conclusion
change if we set 7 = 27

6. Let a sequence {x,} of numbers be defined recursively by

1

I = 1 and Tn+1 = 1—|——x
n

Prove by induction that x, s is between z,, and z, 41 for each n € N.

7. Mathematical induction also works for a sequence Py, Px11, - of propo-
sitions, indexed by the integers n > k for some k£ € N. The statement is:
If Py is true and P,41 true whenever P, is true and n > k, then P, is
true for all n > k. Prove this.

8. Use induction in the form stated in the preceding exercise to prove that
n? < 2" for all n > 5.
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(620)+ ()= (")

which was used in the proof of Theorem 1.2.6.

. Prove the identity

Write out the binomial formula in the case n = 4.

Prove the commutative law for addition, n +m = m + n, holds in N. Use
induction on m and Examples 1.2.9 and 1.2.8.

Use Peano’s axioms and the results we have proved using these axioms to
prove that if n,m € N, then m + n # n. Hint: use induction on n.

Use the preceding exercise to prove that if n,m € N, n < m, and m <n
then n = m.

Prove that the order relation on N has the transitive property: If £ < n
and n < m, then k < m.

Use the preceding exercise and Peano’s axioms to prove that if n € N,
then for each element m € N either m < n or n < m. Hint: use induction
on n.

Show how to define the product mn of two natural numbers using only
Peano’s axioms. You may use the results of any Examples in this section
which were done using only Peano’s axioms.

Prove the well ordering principal for the natural numbers: each non-empty
subset S of N contains a smallest element. Hint: apply the induction axiom
to the set

T={neN:n<mforalmeS}

Use the result of Exercise 1.2.17 to prove the division algorithm: If n and
m are natural numbers with m < n, and if m does not divide n, then
there are natural numbers ¢ and r such that n = gm +r and r < m. Hint:
consider the set S of all natural numbers s such that (s + 1)m > n.

1.3 Integers and Rational Numbers

The need for larger number systems than the natural numbers became apparent
early in mathematical history. We need the number 0 in order to describe
the number of elements in the empty set. The negative numbers are needed
to describe deficits. Also, the operation of subtraction leads to non-positive
integers unless n — m is to be defined only for m < n.

Beginning with the system of natural numbers N and its properties derivable
from Peano’s axioms, the system of integers Z can easily be constructed. One
simply adjoins to N a new element called 0 and, for each n € N a new element
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called —n. Of course, one then has to define addition and multiplication and an
order relation “<” for this new set Z in a way that is consistent with the existing
definitions of these things for N. When addition and multiplication are defined,
we want them to have the properties that 0+n = n, and n+ (—n) = 0. It turns
out that these requirements and the commutative, associative and distributive
laws (described below) are enough to uniquely determine how addition and
multiplication are defined in Z.

When all of this has been carried out, the new set of numbers Z can be shown
to be a commutative ring, meaning that it satisfies the axioms listed below.

The Commutative Ring of Integers

A binary operation on a set A is rule which assigns to each ordered pair (a,b)
of elements of A a third element of A.

Definition 1.3.1. A commutative ring is set R with two binary operations,
addition ((a,b) — a + b) and multiplication ((a,b) — ab), that satisfy the
following axioms:

A1l. (Commutative Law of Addition) x +y =y + « for all z,y € R;
A2. (Associative Law of Addition) z+ (y+2) = (r+y) + =z for all z,y, 2 € R;

A3. (Additive Identity) there is an element 0 € R such that 0 + z = x for all
T € R;

A4. (Additive Inverses) for each z € R, there is an element —z such that
x+ (—z) =0

M1. (Commutative Law of Multiplication) zy = yz for all 2,y € R;
M2. (Associative Law of Multiplication) xz(yz) = (xy)z for all z,y, z € R;

M3. (Multiplicative Identity) there is an element 1 € R such that 1 # 0 and
lx =z for all x € R;

D. (Distributive Law) z(y + z) = zy + zz for all ,y,z € R.

A large number of familiar properties of numbers can be proved using these
axioms, and this means that these properties hold in any commutative ring. We
will prove some of these in the examples and exercises.

Example 1.3.2. If F' is a commutative ring and x,y, z € F, prove that
(a) &+ z =y + z implies z = y;
(b) z-0=0;
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Solution: Suppose £+ z = y+ 2. On adding —z to both sides, this becomes
(x+2)+(=2) = (Y+2)+(-2)
Applying the associative law of addition (A2) yields
x4+ (z4+(=2)=y+ (z+ (—2)).

But (z+ (—2)) =0by A4 and z + 0 = = by A3 and Al. Similarly, y + 0 = y.
We conclude that = y. This proves (a).
By A3,0+0=0. By D and A3,

z-0+2-0=2-0=042-0.

Using (a) above, we conclude that x - 0 = 0.

To prove (c), we first note that, by definition, —xy is the additive inverse of
xy (it follows from (a) that there is only one of these). We will show that (—x)y
is also an additive inverse for zy. By D, (b), and A1,

2y + (—x)y=(r+ (—z)y=0-y=0.
This proves that (—z)y is an additive inverse for xy and, hence, must be —xy.

Subtraction in a commutative ring is defined in terms of addition and the
additive inverse by setting

v—y=x+(-y)

The system of integers satisfies all the laws of Definition 1.3.1, and so it is a
commutative ring. In fact, it is a commutative ring with an order relation, since
the order relation on N can be used to define a compatible order relation on Z.
However, Z is still inadequate as a number system. This is due to our need to
talk about fractional parts of things. This defect is fixed by passing from the
integers to the rational numbers.

The Field of Rational Numbers

A field is a commutative ring in which division is possible as long as the divisor
is not 0. That is,

Definition 1.3.3. A field is a commutative ring satisfying the additional axiom:

M4. (Multiplicative Inverses) for each non-zero element = there is an element
71 such that 71z = 1.

In a field, an element y can be divided by any non-zero element x. The result
is 271y, which can also be written as £.

The rational number system Q is a field that is constructed directly from
the integers. The construction begins by considering all symbols of the form -,

with n,m € Z and m # 0. We identify two such symbols = and % whenever
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ng = mp. The resulting object is called a fraction. Thus, % and % represent the

same fraction because 4 -3 = 6 - 2. The set Q is then the set of all fractions.
Addition and multiplication in Q are defined in the familiar way:

=TT g 22T

+£7 nqg +mp
q mq m o q mq

n
m

A fraction of the form 7 is identified with the integer n. This makes the set
of integers Z a subset of Q.

The above construction yields a system that satisfies A1 through A4, M1
through M4 and D. It is therefore a field. We call it the field of rational numbers
and denote it by Q. We won’t prove here that Q satisfies all of the field axioms,
but a few of them will be verified in the examples and exercises of this section.
We will also use the examples and exercises to show how the field axioms can
be used to prove other standard facts about arithmetic in fields such as Q.

Example 1.3.4. Assuming that Z satisfies the axioms of a commutative ring ,
verify that Q satisfies A3 and M3.
Solution: The additive identity in Z is the integer 0, which is identified

with the fraction % If we add this to another fraction ;-, the result is

0O-m+1-n n

n
+_
m 1-m m

=l o

Thus, 0 = % is an additive identity for Q and axiom A3 is satisfied.

The multiplicative identity in Z is the integer 1 which is identified with the
fraction % If we multiply this by another fraction -, the result is

_1'”_

n
1-m m

= =

3=

Thus, 1 = % is a multiplicative identity for Q and axiom M3 is satisfied.

Example 1.3.5. Verify that Q satisfies M4.

Solution: We know that the elements of Q of the form % represent the

zero element of Q. Thus, each non-zero element is represented by a fraction -

in which n # 0. Then 7* is also a fraction, and

1

n
m nm 1

s|3

Thus, 7 is a multiplicative inverse for >. This proves that M4 is satisfied in

Q.

The Ordered Field of Rational Numbers

Using the order relation on the integers, it is easy to define an order relation on
Q. If r is an element of @, then we declare r > 0 if r can be represented in the
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form Z for integers n > 0 and m > 0. The order relation is then defined by
declaring
<" fandonlyit =~ —Z>o.
m m q
With the order relation defined this way, Q becomes an ordered field. That is,

it satisfies the axioms in the following definition.

ESH RS

Definition 1.3.6. A field F is called an ordered field if it has an order relation
“<” such that the following are satisfied for all z,y,z € F:

O1. either z <y or y < x;

02. ifr <yand y <z, then z = y:
03. ifx <yand y < z, then = < z.
O4. if x <y, thenx+ 2z < y+ z;
O5. if x <y and 0 < z, then 2z < yz.

Remark 1.3.7. Given an order relation “<”, we don’t distinguish between the
statements “x < y and “y > z” — they mean the same thing. Also, If z < y and
x # y, then we write x < y or, equivalently, y > x.

Example 1.3.8. Prove that if F' is an ordered field, then
(a) if z,y € F and < y, then —y < —ux;
(b) if z € F, then 22 > 0;
(c) 0<1.

Solution: If <y, then 0 =z — 2 <y — 2 by O4. Using O4 again, along
with A1 through A4 yields —y < (y — ) —y = —x. This completes the proof
of (a).

By O1,if x € F, then 0 < z or x < 0. If 0 < z, then we multiply this
inequality by = and use O4 to conclude that 0 < 22. On the other hand,
suppose © < 0. Then, by Part (a), 0 < —z. As above, we conclude that
0 < (—x)2. Since (—x)? = 22 (Exercise 1.3.5), the proof of Part (b) is complete.

Since 12 = 1, Part (b) implies that 0 < 1. By M3, 1 # 0 and so 0 < 1.

Defects of the Rational Field

The rational number system is very satisfying in many ways and is highly useful.
However, there are real world mathematic problems that appear to have real
world numerical solutions, but these solutions cannot be rational numbers. For
example, the Pythagorean Theorem tells us that if the legs of a right triangle
have length a and b, then the length ¢ of the hypotenuse satisfies the equation

2 =a®+ b2
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However, there are many examples of rational and even integer choices for a and
b, such that this equation has no rational solution for ¢. The simplest example
is a = b = 1. The Pythagorean Theorem says that a right triangle with legs
of length 1 has a hypotenuse of length c satisfying ¢ = 2. However, there is
no rational number whose square is 2. We will prove this using the following
theorem:

Theorem 1.3.9. If k is an integer and the equation 2> = k has a rational
solution, then that solution is actually an integer.

Proof. Suppose r is a rational number such that 2 = k. Let r = - be r

expressed as a fraction in which n and m have no common factors. Then,
2
n
(—) =k andso n?=m?k
m

This equation implies that m divides n?. However, if m # 1, then m can be

expressed as a product of primes, and each of these primes must also divide n?.
However, if a prime number divides n?, it must also divide n (Exercise 1.3.14).
Thus, each prime factor of m divides n. Since n and m have no common
factors, this is impossible. We conclude that m = 1 and, hence, that r = n is
an integer. o

Now it is easy to see that 2 is not the square of a rational number. If it
were, that number would have to be an integer, by the above theorem. The
only possibilities are —1,0, 1 since all other integers have squares that are too
large. Of course, none of the numbers —1,0, 1 has square equal to 2.

Other geometric objects also lead to the conclusion that the system of ratio-
nal numbers is not sufficient for the measurement of objects that occur in the
natural world. The area 7 of a circle of radius 1 is not a rational number, for
example. In fact, the rational number system is riddled with holes where there
ought to be numbers. This problem is fixed by the introduction of the system
of real numbers which is the topic of the next section.

Exercise Set 1.3

1. Given that N has an operation of addition which is commutative and
associative, how would you define such an addition operation in Z?

2. Referring to the previous exercise, answer the same question for the oper-
ation of multiplication.

3. Prove that if Z satisfies the axioms for a commutative ring, then Q satisfies
A1l and M1.

4. Prove that if Z satisfies the axioms for a commutative ring, then Q satisfies
A2 and M2.

In the next three exercises you are to prove the given statement assuming
x,y, 2z are elements of a field. You may use the results of examples and
theorems from this section.
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5. (=z)(-y) = zy.
6. xz = yz implies © = y, provided z # 0.
7. zy = 0 implies x = 0 or y = 0.

In the next three exercises you are to prove the given statement assuming
x,y, z are elements of an ordered field. Again, you may use the results of
examples and theorems from this section.

8. >0 and y > 0 imply xy > 0.
9. 2 > 0 implies 7! > 0.
10. 0 < < y implies y~! <z~ 1.
11. Prove that the equation 22 = 5 has no rational solution.

12. Generalize Theorem 1.3.9 by proving that every rational solution of a
polynomial equation

"+ ap 12" 4+ aix+ag =0,
with integer coefficients ay, is an integer solution.

13. Prove that if m and n are positive integers with no common factors other
than 1 (i. e. m and n are relatively prime), then there are integers a and
b such that 1 = am + bn. Hint: let S be the set of all positive integers
of the form am + bn, where a and b are integers. This set has a smallest
element by Exercise 1.2.17. Use the division algorithm (Exercise 1.2.18)
to show that this smallest element divides both m and n.

14. Use the result of the preceding exercise to prove that if a prime p divides
the product nm of two positive integers, then it divides n or it divides m.

1.4 The Real Numbers

As pointed out in the previous section, the set of rational numbers is riddled
with “holes” where there ought to be numbers. Here we will try to make this
statement more precise and then indicate how these holes can be “filled” result-
ing in the system of real numbers. In addition to the ordered field axioms, the
real number system satisfies a new axiom C — the completeness axiom. Later
in the section we will state it and explore its consequences.

The construction of the real numbers that we outline below is motivated by
the idea that a “hole” in the rational numbers is a location along the rational
number line where there should be a number but there is no rational number.
What do we mean by a “location” along the rational number line? Well if this
has meaning, then it should make sense to talk about the rational numbers that
are to the left of this location and those that are to the right of this location.
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Figure 1.2: A Dedekind Cut in the Rationals.

This should lead to a separation of the rational numbers into two sets — one
to the left and one to the right of the given location. In fact, we can define a
location on the rational line to be such a separation. This leads to the notion
of a Dedekind cut.

Dedekind Cuts

If r is a rational number, consider the infinite interval L,. consisting of all rational
numbers to the left of r. That is,

L ={zxeQ:z<r} (14.1)

This set is a non-empty, proper subset of Q. It has no largest element, since,
for each x < r, there are rational numbers larger than = that are also less than
r (for example, (z 4+ r)/2 is one such number). It also has the property that if
x € L,, then so is any rational number less than x. A set with these properties
is called a Dedekind cut. That is,

Definition 1.4.1. A proper subset L of Q is called a Dedekind cut, or simply
a cut in the rationals, if it satisfies the following conditions:

(a) L #0;
(b) L has no largest element;
(c) if z € L then so is every y with y < .

The reason for calling such a set L a “cut” is that, if R is the complement of
L, then each number in L is to the left of each number in R. Thus, the rational
line is separated or cut into left and right halves. Since each half determines
the other, we choose to focus on just the left half in this discussion.

Each rational number r determines a cut — the set L, of (1.4.1). In this case,
r is called the cut number for the Dedekind cut. Are there Dedekiind cuts that
are not determined in this way? cuts that have no rational cut number?

Example 1.4.2. Describe a Dedekind cut that is not of the form L, for a
rational number r.

Solution: We are guided by the idea that there ought to be a number whose
square is 2, but there is no such rational number. If there were a number V2
with square 2, then the set of rational numbers less than v/2 could be described
as

L={reQ:r>0andr* <2}U{recQ:r <0}



1.4. THE REAL NUMBERS 23

We claim this a Dedekind cut not of the form L, for any r € Q.

Certainly L is a non-empty, proper subset of Q. It has no largest element
because if ;- is any positive element of L, then we can always choose a larger
rational number which is still has square less than 2 as follows: % > = for

every k € N and
kn+1 2(n)2+ 1 2n+ 1
km T \m Em \"m  km)/’

By choosing k large enough, we can make the second term on the right less than
2 — (2)? and this will imply that (2£1)2 < 2. Thus, L has no largest element.

If v € L and y < z, then either y is negative, in which case it is in L, or
0 <y < . In the latter case, y?> < 22 < 2, and so y € L in this case as well.
Thus L is a Dedekind cut.

We next show that there is no rational number r such that L = L,. If
there is such a number r, then r is a positive rational number not in L and so
r? > 2. However, there are numbers in L arbitrarily close to 7 and each of them
has square less than 2. It follows that r? < 2. This means r? = 2, which is
impossible for a rational number r.

Thus, although it might seem that every Dedekind cut ought to correspond
to a cut number, the above example shows that this is not the case. In fact,
there are a lot more cuts than there are rational cut numbers. However, we can
fix this by enlarging the number system so that there is a cut number for every
Dedekind cut. The way this is usually done is to define the new number system
to actually be the set of all Dedekind cuts of the rationals. Below, we attempt
to describe this idea in a way that is somewhat visually intuitive.

We will think of a Dedekind cut L as specifying a certain location (the
location between L and its complement R) along the rational number line. We
will think of the real number system R as being the set of all such locations.
Then each real number z corresponds to a Dedekind cut L., which is to be
thought of as the set of all rational numbers to the left of the location z. We next
need to define an order relation and operations of addition and multiplication
in R.

The order relation on R is simple: We say z <y if L, C L,. An element
x € R is, then, non-negative if Ly C L,. With this definition of order on R we
can assert that

L,={reQ:r<uz}

for all z € R (not just for z € Q).
Addition of real numbers is defined as follows: If x,y € R, then we set

Lo+ Ly={r+s:r€Lys€ Ly}

It is easily verified that this is also a Dedekind cut (Exercise 1.4.10) and, hence,
it corresponds to an element of R. We define « + y to be this element.
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The product of two non-negative numbers x and y is defined as follows: we
set
K={rs:r€Lyr>0,se€L,,s>0}U{teQ:t<0}.

This is a Dedekind cut (Exercise 1.4.11), and we define zy to be the corre-
sponding element of R. For pairs of numbers where one or both is negative, the
definition of product is more complicated due to the fact that multiplication by
a negative number reverses order.

Of course Q C R, since each rational number was already the cut number of a
Dedekind cut. It is easily checked that the definitions of addition, multiplication
and order given above agree with the usual ones in the case that the numbers
are rational.

The numbers in R that are not in QQ are called irrational numbers. It turns
out that there are many more irrational numbers than there are rational num-
bers. To make sense of this statement requires a discussion of finite sets and
infinite sets, and how some infinite sets are larger than others. We present such
a discussion in the appendix.

The Completeness Axiom

This is the property of the real number system that distinguishes it from the
rational number system. Without it, most of the theorems of calculus would
not be true.

A subset A of an ordered field F' is said to be bounded above if there is an
element m € F such that x < m for every x € A. The element m is called
an upper bound for A. If, among all upper bounds for A, there is one which is
smallest (less than all the others), then we say that A has a least upper bound.

Definition 1.4.3. An ordered field F' is said to be complete if it satisfies:

C. each non-empty subset of F' which is bounded above has a least upper
bound.

If one defines the real number system R in terms of Dedekind cuts of the
rationals and defines addition, multiplication, and order as above, then one can
prove that the resulting system is an ordered field. To carry out all the details
of this proof is a long and tedious process and it will not be done here. However,
it is quite easy to prove that R, as defined in this way, satisfies the completeness
axiom C.

Theorem 1.4.4. IfR is defined using Dedekind cuts of Q, as above, then every
bounded subset of R has a least upper bound.

Proof. Let A be a bounded subset of R and let m be any upper bound for A.
For each x € A, let L, be the corresponding cut in Q. Then z < m for allx € A
means that L, C L,, for all x € A. We set

L= ULm.

T€A
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Then L is a proper subset of Q because L C L,,. If r € L and s < r, then
r € L, for some x € A and this implies s € L, and, hence, s € L. If L had a
largest element ¢, then ¢ would belong to L, for some x, and it would have to
be a largest element for L, — a contradiction. Thus, L has no largest element.
We have now proved that L satisfies (a), (b), and (c) of Definition 1.4.1 and,
hence, that L is a Dedekind cut.

If y is the real number corresponding to L, that is if L = L,, then, for all
x €A, Ly C Ly, and this means « < y. Thus, y is an upper bound for A. Also,
Ly C L,, means that y < m. Since m was an arbitrary upper bound for A, this
implies that y is the least upper bound for A. This completes the proof. O

This completes our outline of the construction of the real number system
beginning with Peano’s axioms for the natural numbers. The final result is the
following theorem, which we will state without further proof. It will be the
starting point for our development of calculus.

Theorem 1.4.5. The real number system R is a complete ordered field.

Example 1.4.6. Find all upper bounds and the least upper bound for the
following sets:

A=(-1,2)={zeR: -1 <z <2};
B=(0,3]={zeR:0<z <3}

Solution: The set of all upper bounds for the set A is {x € R : z > 2}.
The smallest element of this set (the least upper bound of A) is 2. Note that 2
is not actually in the set A.

The set of all upper bounds for B is the set {x € R : x > 3}. The smallest
element of this set is 3 and so it is the least upper bound of B. Note that, in
this case, the least upper bound is an element of the set B.

If the least upper bound of a set A does belong to A, then it is called the
mazimum of A. Note that a set which is bounded above always has a least
upper bound, by Axiom C. However, the preceding example shows that it need
not have a maximum.

The Archimedean Property

An ordered field always contains a copy of the natural numbers and, hence, the
integers (Exercise 1.4.5). Thus, the following definition makes sense.

Definition 1.4.7. An ordered field is said to have the Archimedean property
if, for every x € R, there is a natural number n such that x < n. An ordered
field with the Archimedean property is called an Archimedean ordered field.

Theorem 1.4.8. The field of real numbers has the Archimedean property.
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Proof. We use the completeness property. Suppose there is an = such that n < z
for all n € N. Then N is a bounded subset of R. By the completeness property,
there is a least upper bound b for N. Then b is an upper bound for N, but b — 1
is not. This implies there is an n € N such that b —1 < n. Then b < n + 1,
which contradicts the statement that b is an upper bound for N. Thus, the
assumption that N is bounded above by some x € R has led to a contradiction.
We conclude that every x in R is less than some natural number. This completes
the proof. O

The Archimedean property can be stated in any one of several equivalent
ways. One of these is: for every real number x > 0, there is an n € N such that
1/n < x (Example 1.4.9). Another is: given real numbers x and y with = > 0,
there is an n € N such that nz > y (Exercise 1.4.6).

Example 1.4.9. Prove that, in an Archimedean field, for each z > 0 there is
an n € N such that 1/n < .

Solution The Archimedean property tells us that there is a natural number
n > 1/xz. Since n and z are positive, this inequaltiy is preserved when we
multiply it by = and divide it by n. This yields 1/n < z, as required.

Another consequence of the Archimedean property is that there is a rational
number between each distinct pair of real numbers (Exercise 1.4.7).

Exercise Set 1.4

1. For each of the following sets, describe the set of all upper bounds for the
set :

(a) the set of odd integers;
(b) {1-1/n:n €N}

(c) {reQ:r® <8}

(d) {sinz:z e R}.

2. For each of the sets in (a), (b), (¢) of the preceding exercise, find the least
upper bound of the set, if it exists.

3. Prove that if a subset A of R is bounded above, then the set of all upper
bounds for A is a set of the form [z, 00). What is z?

4. Show that the set A = {z : 22 < 1 — z} is bounded above, and then find
its least upper bound.

5. If F is an ordered field, prove that there is a sequence of elements {ny }ren,
all different, such that n; = 1 (the identity element of F'), and ngy1 =
ni + 1 for each £ € N. Argue that the terms of this sequence form a
subset of F' which is a copy of the natural numbers, by showing that the
correspondence k — ny is a one-to-one function from N onto this subset.
By definition it takes the successor k + 1 of an element &k € N to the
successor ny + 1 of its image ny.
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10.

11.

12.

. Let F be an ordered field, We consider N to be a subset of F' as described

in the preceding exercise. Prove that F' is Archimedean if and only if, for
each pair z,y € F with > 0, there exists a natural number n such that
nr >y.

Prove that if z < y are two real numbers, then there is a rational number
r with x < r < y. Hint: use the result of Example 1.4.9.

. Prove that if x is irrational and r is a non-zero rational number, then z+r

and rx are also irrational.

. We know that /2 is irrational. Use this fact and the previous exercise

to prove that if r < s are rational numbers, then there is an irrational
number z with r <z < s.

The following exercises concern Dedekind cuts of the rationals and should
be done using only properties of the rational number system and the def-
inition of Dedekind cut.

Show that if L, and L, are Dedekind cuts defining real numbers = and y,
then

Ly+L,={r+s:r€Lyandse L,}

is also a Dedekind cut (this is the Dedekind cut determining the sum
x+Yy).

If L, and L, are Dedekind cuts determining positive real numbers x and
y, and if we set

K={rs:0<reLlyand0<seL,}U{teQ:t<0},

then K is also a Dedekind cut (this is the Dedekind cut determining the
product zy).

If L is the Dedekind cut of Example 1.4.2 and L determines the real
number z (so that L = L), prove that L,2 = Lo. Thus, the real number
corresponding to L has square 2.

1.5 Sup and Inf

The concept of least upper bound, which appears in the completeness axiom,
will be extremely important in this course. It will be examined in detail in
this section. We first note that there is a companion concept for sets that are
bounded below.
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Greatest Lower Bound

We say a set A is bounded below if there is a number m such that m < x for
every x € A. The number m is called a lower bound for A. A greatest lower
bound for A is a lower bound that is larger than any other lower bound.

Theorem 1.5.1. Every non-empty subset of R that is bounded below has a
greatest lower bound.

Proof. Suppose A is a non-empty subset of R which is bounded below . We must
show that there is a lower bound for A which is greater than any other lower
bound for A. If m is any lower bound for A, then Example 1.3.8 (a) implies
that, —m is an upper bound for —4 = {—a : a € A}. Since R is a complete
ordered field, there is a least upper bound r for —A. Then

—a<rforallae A and r<-m.
Applying Example 1.3.8 (a) yields that
—r<aforallae A and m < —r.

Thus, —r is a lower bound for A and, since m was an arbitrary lower bound,
the inequality m < —r implies that —r is the greatest lower bound. O

The Extended Real Numbers

For many reasons, it is convenient to extend the real number system by adjoining
two new points co and —oo. The resulting set is called the extended real number
system. We declare that oo is greater than and —oo less than every other
extended real number. This makes the extended real number system an ordered
set. We also define x + co to be oo if x is any extended real number other than
—o00. Similarly, £ — co = z + (—00) is defined to be —oo if z is any extended
real number other than co. Of course, there is no reasonable way to make sense
of 0o — 0.

The introduction of the extended real number system is just a convenient
notational convention. For example, it allows us to make the following definition.

Sup and Inf

Definition 1.5.2. Let A be an arbitrary non-empy subset of R. We define the
supremum of A, denoted sup A, to be the smallest extended real number M
such that a < M for every a € A .

The infimum of A, denoted inf A, is the largest extended real number m
such that m < aforallae A .

Note that, if A is bounded above, then sup A is the least upper bound of A.
If A is not bounded above, then the only extended real number M with a < M
for all a € A is 0o, and so sup A = oo in this case. Similarly, inf A is the greatest
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lower bound of A if A is bounded below and is —oo if A is not bounded below.
Thus, sup A and inf A exist as extended real numbers for any non-empty set
A, but they might not be finite. Also note that, even when they are finite real
numbers, they may not actually belong to A, as Example 1.4.6 shows.

Example 1.5.3. Find the sup and inf of the following sets:

A=(-11]={zeR: 1<z <1}
B=(-00,5)={ze€R:z <5}
n2
C—{n+1.neN} (1.5.1)
1

D_{n:neN} (1.5.2)

Solution: Clearly, inf A = —1 and supA = 1. These are finite, sup A
belongs to A, but inf A does not.
Also, inf B = —oo and sup B = 5. In this case, the inf is not finite. The sup

is finite but does not belong to B.
2

Since i
n—+1

> g, the set C' is unbounded, and so sup C' = co. Also, we have

n+1<n?2+n?=2n2 and so

1 n?
— <
2 7" n+1

for all n € N. Thus, 1/2 is a lower bound for C. It is the greatest lower bound,
2

n+1:§whenn=1.

since it actually belongs to C, due to the fact that

Thus, inf C' = 1/2.

Certainly 0 is a lower bound for the set D. It follows from the Archimedean
property (see Example 1.4.9) that there is no x € F with > 0 which is a
lower bound for this set, and so 0 is the greatest lower bound. Thus, inf D = 0.
Clearly, sup D = 1.

If A is a set of numbers and sup A actually belongs to A, then it is called
the mazimum of A and denoted max A. Similarly, if inf A belongs to A, then it
is called the minimum of A and is denoted min A.

The following theorem is really just a restatement of the definition of sup,
but it may give some helpful insight. It says that sup A is the dividing point
between the numbers which are upper bounds for A (if there are any) and the
numbers which are not upper bounds for A. A similar theorem holds for inf.
Its formulation and proof are left to the exercises.

Theorem 1.5.4. Let A be a non-empty subset of R and x an element of R.
Then

(a) sup A < x if and only if a < x for every a € A;
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(b) © <supA if and only if x < a for some a € A.

Proof. (a) By definition a < z for every a € A if and only if z is an upper bound
for A.

If z is an upper bound for A, then A is bounded above. This implies its sup
is its least upper bound, which is necessarily less than or equal to x.

Conversely, if sup A < x, then sup A is finite and is the least upper bound
for A. Since sup A < x, x is also an upper bound for A. Thus, sup A < z if and
only if a < x for every a € A.

(b) If 2 < sup A, then x is not an upper bound for A, which means that
x < a for some a € A. Conversely, if z < a for some a € A, then x < sup A4,

since a < sup A. Thus, & < sup A if and only if z < a for some a € A. O
in —1

Example 1.5.5. If A = 6n T3 :n € N, find the set of all upper bounds for

n
A.
Solution: Long division yields

n—-1 2 1 < 2
6n+3 3 2n+1- 3

Thus, 2/3 is an upper bound for A. If z < 2/3, then ¢ = 2/3 — x is positive,
and the Archimedean Property implies we can choose n large enough that

Then
2 I 4dn-—1

T3 T omE1 6nt3

for such an n, which means that z is not an upper bound for A.

We conclude that 2/3 is the least upper bound for A — that is sup A = 2/3.
By the previous theorem, the set of all upper bounds for A is the interval
(2/3,00).

2
Example 1.5.6. If A = { n
n+1

bounds for A.
Solution: Long division yields

'n € N}, find sup A and the set of all upper

n2

n+1

1
=n—-14+——>n-—1.
n—+1

Then the Archmedean Property implies that there are no upper bounds for A,
since, for every x € R, there is an n € N for which n — 1 is larger than x. Thus,
the set of upper bounds for A is the empty set and sup A = co.
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Properties of Sup and Inf

The next theorem uses the following notation concerning subsets A and B of R:

—A={-a:a€A};
A+B={a+b:ac Abe B}
A-B={a-b:a€cAbe B}.

Theorem 1.5.7. Let A and B be non-empty subsets of R. Then
(a) inf A <supA;
(b) sup(—A) = —inf A and inf(—A) = —sup A;
(c) sup(A + B) =sup A +sup B and inf(A + B) = inf A+ inf B;
(d) sup(A — B) = sup A — inf B;
(e) if AC B, then sup A < sup B and inf B < inf A.

Proof. We will prove (a), (b), and (c) and leave (d) and (e) to the exercises.

(a) If A is non-empty, then there is an element a € A. Since inf A is a lower
bound and sup A an upper bound for A, we have inf A < a < sup A.

(b) A number z is a lower bound for the set A (z < a for all a € A) if and
only if —z is an upper bound for the set —A (—a < —z for all @ € A). Thus, if
L is the set of all lower bounds for A, then —L is the set of all upper bounds for
—A. Furthermore, the largest member of L and the smallest member of —L are
negatives of each other. That is, —inf A = sup(—A). This is the first equality
in (b) If we apply this result with —A replacing A, we have — inf(—A) = sup A.
If we multiply this by —1, we get the second equality in (b).

(c) Since a < sup A and b < sup B for all a € A, b € B, we have

a+b<supA+supB forall a€ A, be B.

It follows that
sup(A + B) < sup A + sup B.

Let x be any number less than sup A + sup B. We claim that there are
elements a € A and b € B such that

x<a+b. (1.5.3)

Once proved, this will imply that no number less than sup A+sup B is an upper
bound for A 4+ B. Thus, proving this claim will establish that sup(4 + B) =
sup A + sup B.

There are two cases to consider: sup B finite and sup B = co. If sup B is
finite, then & — sup B < sup A, and Theorem 1.5.4 implies there is an a € A
with £ —sup B < a. Then x — a < sup B. Applying Theorem 1.5.4 again, we
conclude there is an b € B with # — a < b. This implies (1.5.3), and proves our
claim in the case where sup B is finite.
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Now suppose sup B = co. Let a be any element of A. Then z —a < sup B =
oo and so, as above, we conclude from Theorem 1.5.4 that there is a b € B
satisfying @ — @ < b. This implies (1.5.3), which establishes our claim in this
case and completes the proof. O

Sup and Inf for Functions

If f is a real valued function defined on some set X and if A is a subset of X,
then

f(A) ={f(z) :x € A}

is a set of real numbers, and so we can take its sup and inf.

Definition 1.5.8. If f: X — R is a function and A C X, then we set

sup f = sup{f(z) : x € A} and ir}xff =inf{f(z) :x € A}.
A

Thus, sup4 f is the supremum of the set of values that f assumes on A and
inf 4 f is the infimum of this set. They themselves may or may not be values
that f assumes on A. If sup, f is a value that f assumes on A, then it is called
the mazimum of f on A. Similarly, if inf 4 f is a value assumed by f somewhere
on A, then it is called the minimum of f on A.

Example 1.5.9. Find sup; f and inf; f if
(a) f(z) =sinz and I = [-7/2,7/2);
(b) f(z) =1/z and I = (0, c0).

Solution: (a) The function sinx takes on all values in the interval [—1,1)
on I, but does not take on the value 1. Thus, inf; f = —1 and sup; f = 1. In
this case, inf; f is a value assumed by f on I, but sup; f is not.

(b) the function 1/z takes on all values in the open interval (0,00). Thus,
inf; f = 0 and sup, f = oo in this case. Neither one of these extended real
numbers is a value taken on by f on I.

The following theorem concerning sup and inf for functions follows easily
from Theorem 1.5.7. We leave the details to the exercises.

Theorem 1.5.10. Let f and g be functions defined on a set containing A as a
subset, and let ¢ € R be a positive constant. Then

(a) sup,cf = csup, f and inf4 cf = cinfy f;

(b) sup(—f) = —infa f;

(c) sups(f +g) <supy f +supy g and infs f +infa g <infa(f +g);
(d) sup{f(z) — f(y) : z,y € A} <sup, f —infa f.
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Exercise Set 1.5

1.

© N o

10.
11.
12.
13.

For each of the following sets, find the set of all extended real numbers x
that are greater than or equal to every element of the set. Then find the
sup of the set. Does the set have a maximum?

(a) (—10,10);

(b) {n?:neN}

(c) {2:—:—11}'

. Find the sup and inf of the following sets. Tell whether each set has a

maximum or a minimum.

(@) (18]
o {52

(c) {n/m:n,m € Z, n* < 5m?};

. Prove that if sup A < oo, then for each n € N there is an element a,, € A

such that sup A — 1/n < a,, < sup A.

Prove that if sup A = oo, then for each n € N there is an element a,, € A
such that a,, > n.

Formulate and prove the analog of Theorem 1.5.4 for inf.

Prove part (d) of Theorem 1.5.7.

Prove (e) of Theorem 1.5.7.

if A and B are two non-empty sets of real numbers, then prove that

sup(A U B) = max{sup A,sup B} and inf(AU B) = min{inf A, inf B}.

. Find sup; f and inf; f for the following functions f and sets I. Which of

these is actually the maximum or the minimum of the function f on I.

(a)
(b)

(©)

fx) = =[=11];
I
i
Prove (a) of Theorem 1.5.10
(
(
(

x) = =(1,2);
a:)—2:17—x I1=10,1).

Prove (b) of Theorem 1.5.10
Prove (c) of Theorem 1.5.10
Prove (d) of Theorem 1.5.10



