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Chapter 11

Vector Calculus

Previous chapters have dealt with integration over intervals on the line and over
Jordan domains in Rd. In this chapter, we study integration over curves and
surfaces in Rd. Here, the surfaces involved could be ordinary two dimensional
surfaces in R3, but they might be p-surfaces in Rd for any p ≤ d. In this study,
the objects to be integrated are no longer functions, but closely related objects
called differential forms. Differential forms, like surfaces, have a dimension.
Thus, there is a notion of a p-form for each non-negative integer p. When a
differential form is integrated over a surface, the dimensions must match. Thus,
we integrate p-forms over p-surfaces.

The culmination of this study is a series of very powerful theorems – Green’s
Theorem, Gauss’s Theorem, Stokes’s Theorem – which are really all special cases
of one very general theorem, which is also usually called Stokes’s Theorem.

11.1 1-Forms and Path Integrals

We begin with the one dimensional case: curves and integration of 1-forms over
curves.

Smooth Curves

Recall from Section 9.4 that a curve in Rd is a continuous function γ : I → Rd

which has an interval I on the line as its domain. The interval I is called the
parameter interval for the curve. We will be focusing on curves which have a
derivative γ′ on the interior of I. The derivative is defined in the usual way:

γ′(t) = lim
s→t

γ(s) − γ(t)

s− t
.

Note that if the curve γ(t) is expressed in terms of its coordinate functions,
γ(t) = (γ1(t), γ2(t), · · · , γd(t)), then γ′(t) = (γ′1(t), γ

′
2(t), · · · , γ′d(t)).
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Figure 11.1: A Smooth Curve in R2

Definition 11.1.1. A smooth curve γ is a curve with a bounded, continuous
derivative γ′ on the interior of its parameter interval I.

The trace of a curve γ with parameter interval I is its image γ(I) in Rd. A
curve is said to lie in the subset E of Re if its trace is contained in E.

Example 11.1.2. Find a smooth curve which traces a straight line from u to
v in Rd. What is the derivative of this curve?

Solution: The curve γ, defined by γ(t) = u + t(v − u), t ∈ [0, 1], begins at
u = γ(0), moves in the direction of the vector v − u as t increases, and ends at
v = γ(1). The derivative of γ is the constant vector γ′(t) = v − u.

Piecewise Smooth Curves – Paths

We will also need to consider curves which are only piecewise smooth – that
is curves which have a bounded, continuous derivative except at finitely many
points of the parameter interval I. The precise definition is as follows:

Definition 11.1.3. Let γ : I → Rd be a curve. We will say that γ is piecewise
smooth if there is a partition a = t0 < t1 < t2 < · · · < tn of I such that , for
each j, the restriction of γ to the subinterval [tj−1, tj] is a smooth curve. A
piecewise smooth curve will also be called a path.

If γ is a path as described above, then γ′ exists and is continuous and
bounded on I \ {t1, · · · , tn}.

One may think of a path as finitely many smooth curves which join together
to form a single curve which is smooth everywhere except at points where two of
the original curves join. At such points the curve may abruptly change direction.

Example 11.1.4. Find a path that traces once around the square with vertices
(0, 0), (1, 0), (1, 1), (0, 1) in the counterclockwise direction. Find γ′(t) on the
subintervals where γ is smooth.

Solution: We choose [0, 1] as the parameter interval and define a path γ as
follows:

γ(t) =















(4t, 0) 0 ≤ t ≤ 1/4
(1, 4t− 1) 1/4 ≤ t ≤ 1/2
(3 − 4t, 1) 1/2 ≤ t ≤ 3/4
(0, 4 − 4t) 3/4 ≤ t ≤ 1














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Figure 11.2: A Path in R2

This is continuous on [0, 1] and smooth on each subinterval in the partition
0 < 1/4 < 1/2 < 3/4 < 1. It traces each side of the square in succession, moving
in the counterclockwise direction. On the first interval, γ′ is the constant vector
(4, 0), on the second it is (0, 4), on the third it is (−4, 0), and on the fourth it
is (0,−4).

Closed Paths

The preceding example is an example of a closed path – that is, a path γ which
begins and ends at the same point. This means that γ(a) = γ(b), where [a, b] is
the parameter interval. The following is another example of a closed path:

Example 11.1.5. Find a path which traces once around the circle of radius r
in R2, centered at u0.

Solution: The circle of radius r centered at u0 consists of all points in R2

of the form u0 + rv where ||v|| = 1. A parameterized curve which traverses this
set once in the counter-clockwise direction is given by γ(t) = u0+(r cos t, r sin t)
for 0 ≤ t ≤ 2π.

Length of a Path

Definition 11.1.6. The length of a path γ : [a, b] → Rd is the number ℓ(γ)
defined by

ℓ(γ) =

∫ b

a

||γ′(t)|| dt.

Note that the integral in this definition exists because γ′(t) is bounded and
is continuous except at finitely many points. It follows that ||γ′(t)|| has these
same properties and is, therefore, integrable.

Example 11.1.7. Find the length of the path in R2 given by γ(t) = (2t3, 3t2)
for t ∈ [0, 1].

Solution: Since γ′(t) = (6t2, 6t) and ||γ′(t)|| =
√

36t4 + 36t2 = 6t
√
t2 + 1,

we conclude

ℓ(γ) = 6

∫ 1

0

t
√

t2 + 1 dt = 3

∫ 2

1

√
u du = 3u3/2

∣

∣

2

1
= 3(2

√
2 − 1)
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where we have made the substitution u = t2 + 1, du = 2t dt.

Differential 1-Forms

Recall from Chapter 9 that if F is a differentiable function from an open subset of
Rp to Rq, then its differential dF (x) at a point x is a linear transformation from
Rp to Rq and, as such, may be represented by a q×pmatrix (the matrix of partial
derivatives of the coordinate functions). In particular, an R-valued function f
on an open subset of Rd has differential df(x) at a point x in its domain which
is a linear function from Rd to R – represented by a 1× d matrix (such a thing
is just a d-vector, but we wish to think of it as a linear transformation from Rd

to R). A notation for df that was introduced in Section 9.4 is

df =
∂f

∂x1
dx1 +

∂f

∂x2
dx2 + · · · + ∂f

∂xd
dxd.

Here, dxj may be thought of as the differential of the jth coordinate function
xj . When represented as a 1 × d matrix, dxj is 1 in the jth entry and 0 in all
other entries. This determines the linear transformation which sends a vector
of dimension d to its jth component. Similarly, df may be represented as the

1 × d matrix which is
∂f

∂xj
in the jth entry for each j.

A differential 1-form φ on a set E in Rd is just a continuous function which
assigns to each point x of E a linear function φ(x) : Rd → R. Since the dxj

form a basis for the vector space of such functions, each differential form φ may
be written in the form

φ = φ1dx1 + φ2dx2 + · · · + φddxd,

where the functions φj are continuous R-valued functions on E. For example, if
E is a subset of R2, then a 1-form on E is an expression of the form fdx+ gdy,
where f and g are continuous functions on U .

Note that the gradient df of a differentiable function is a special kind of
differential 1-form – one in which the functions φj are the partial derivatives
∂f

∂xj
of f .

Integration Along a Path

Let γ : [a, b] → Rd be a path. Since γ is a function from a subset of R to a
subset of Rd, its differential dγ is a function which assigns to a point t ∈ [a, b]
a linear function from R to Rd – that is, a d× 1 matrix. In fact this matrix is
just the vector γ′(t) regarded as a column vector. In this chapter, we will write

dγ(t) = γ′(t) dt

where dt is to be thought of as the differential of the identity function (the
function that sends t to itself) and γ′(t) is to be thought of as a d × 1 matrix.
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This formalism may seem unnecessarily complicated, but it is very useful in
the coming discussions of transformation laws for paths, differential forms, and
integrals under changes of variables.

If φ is a differential 1-form defined on a set containing the trace of γ, then
φ(γ(t)) acts on dγ(t) through matrix multiplication to produce a real number
φ(t)dγ(t). The resulting real valued function is a bounded function on [a, b]
which is continuous except at finitely many points. We may integrate this
function.

The resulting integral has a very important property – it is independent
of the parameterization of the path. We will prove this in the next section.
An integral of this type is called a line integral or path integral. The formal
definition is as follows:

Definition 11.1.8. If φ = φ1dx1 + φ2dx2 + · · ·+ φddxd is a continuous 1-form
defined on a set A in Rd and γ = (γ1, γ2, · · · , γd) is a smooth curve in A with
parameter interval [a, b], then the integral of φ over γ is defined to be

∫

γ

φ =

∫ b

a

φ(γ(t))dγ(t) =

∫ b

a

φ(γ(t))γ′(t) dt =

∫ b

a

d
∑

j=1

φj(γ(t))γ
′
j(t) dt.

A useful device for remembering and applying this definition is suggested by
the use of differentials in the change of variable formalism for the Riemann inte-
gral: The jth coordinate xj of a point on the curve γ and its formal differential
dxj are given by

xj = γj(t),

dxj = γ′j(t) dt.
(11.1.1)

The formula for the integral given in Definition 11.1.8 is

∫

γ

(φ1(x) dx1 + · · · + φd(x) dxd) =

∫ b

a

(φ1(γ(t))γ
′
1(t) + · · ·φd(γ(t))γ

′
d(t)) dt.

We may think of the right side of this equation as being obtained from the left
side by making the substitutions (11.1.1).

Example 11.1.9. Find

∫

γ

(y dx+ xdy) and

∫

λ

(y dx+ xdy), if

γ(t) = (1 + 2t, 1 + 3t) for 0 ≤ t ≤ 1

λ(t) = (1 + 2t2, 1 + 3t2) for 0 ≤ t ≤ 1.

Solution: On the curve γ, we have x = 1 + 2t, dx = 2 dt, y = 1 + 3t, and
dy = 3 dt. Thus,

∫

γ

(y dx + xdy) =

∫ 1

0

((1 + 3t)2 + (1 + 2t)3) dt =

∫ 1

0

(5 + 12t) dt = 11.
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On the curve λ, we have x = 1 + 2t2, dx = 4t dt, y = 1 + 3t2, and dy = 6t dt.
Thus,

∫

λ

(y dx+ xdy) =

∫ 2

1

((1 + 3t2)4t+ (1 + 2t2))6t) dt

∫ 2

1

(24t3 + 10t) dt = 11.

Thus, the two integrals yield the same result. Note that γ and λ are just different
parameterizations of the straight line joining (1, 1) to (3, 4).

The Fundamental Theorem of Calculus

A simple consequence of the Fundamental Theorem of Calculus in the context
of differential forms and paths is the following.

Theorem 11.1.10. Let γ be a path in Rd with parameter interval [a, b] and let
f be a differentiable function on a set containing γ(I). Then

∫

γ

df = f(γ(b)) − f(γ(a)).

Proof. First assume the path γ is a smooth curve. If γ = (γ1, · · · , γd), then

∫

γ

df =

∫ b

a

df(γ(t))dγ(t) =

∫ b

a

d(f ◦ γ)(t)

=

∫ b

a

(f ◦ γ)′(t) dt = f(γ(b)) − f(γ(a)),

by the chain rule and the Fundamental Theorem of Calculus.
The proof in the case where γ is not smooth is left to the exercises (Exercise

11.1.9).

Simple Paths and Smooth Simple Paths

A path γ with parameter interval I is said to be simple if it satisfies the following
two conditions:

1. if s and t are distinct points of I which are not both endpoints of I, then
γ(s) 6= γ(t);

2. γ′ not only exists, but is non-vanishing at all but finitely many points of
the interior of I.

The first condition says that γ is one-to-one, except that we allow the endpoints
of I to be sent to the same point in the case of a closed path. The second
condition says that γ : I → Rd has a well defined tangent line at all but finitely
many interior points of I. Intuitively, a simple path is one which does not cross
itself or retrace portions of itself and has a tangent line at all but finitely many
points. A simple closed path is a closed path which is simple – for example, a
circle traversed once.
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A smooth simple curve γ is a simple curve which is smooth and which has
γ′(t) 6= 0 at each interior point of I. This means that the tangent vector T (t) =
γ′(t)/||γ′(t)|| is defined at each such point. Note that, since a smooth curve
may not be simple (it may cross itself), there may be more than one tangent
vector at a given point of the trace γ(I) of I; however, these will correspond to
different parameter values. A smooth simple curve has a well defined tangent
vector at each point of γ(I) except possibly at γ(a) or γ(b).

Exercise Set 11.1

1. Find a smooth curve in R2 which traces the straight line from (1, 2) to
(3, 0).

2. Graph the spiral curve in R2 defined by γ(t) = (t cos t, t sin t), 0 ≤ t ≤ 4π,
and then find its length.

3. Find the length of the curve γ(t) = (t, t3/2), 0 ≤ t ≤ 1.

4. If φ is the 1-form φ(x, y) = xdx + y dy and γ is the curve γ(t) = (t2, t3),
0 ≤ t ≤ 1, then find

∫

γ
φ.

5. If φ is the 1-form φ(x, y) = xy dx − x2 dy and γ is the curve γ(t) =
(cos t, sin t), 0 ≤ t ≤ π/2, then find

∫

γ φ.

6. In R3 let φ be the 1-form φ(x, y, z) = x2 dx + y2 dy + dz. Find
∫

γ
φ if

γ(t) = (cos(2πt), sin(2πt), t− t2), 0 ≤ t ≤ 1.

7. In R3, let φ be the 1-form φ = sin z dx + cos z dy + y2 dz and le γ be the
smooth curve γ(t) = (cos t, sin t, t), 0 ≤ t ≤ 2π. Describe γ(I) and find
∫

γ φ.

8. If γ : [0, 1] → Rd is a path, set −γ(t) = γ(1− t) – that is, −γ is γ traversed
backwards. Show that

∫

−γ

φ = −
∫

γ

φ

for any 1-form φ defined on the trace of γ.

9. Theorem 11.1.10 was proved in the case where γ is smooth. Use this to
prove that the theorem also holds in the case where γ is not smooth – that
is, the case where it is made up of several smooth curves joined together.

10. Prove that if γ is a closed path and f is a smooth function defined on an
open set containing the trace of γ, then

∫

γ df = 0.
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11.2 Change of Variables

There are some arbitrary choices made in our descriptions of paths and 1-forms
in the previous section. A path γ comes with a choice of parameterization.
Does the integral along this path depend on the choice of parameterization or
is it only the trace γ(I) that is important and we are free to parameterize it
any way we wish? Also, the descriptions of paths and 1-forms in Rd involve
a choice of a coordinate system for Rd. If this is changed, the expression for
a path will change in accordance with this change of coordinates, How should
the expression for a 1-form change in order that the integral remains the same?
These are crucial questions. Their resolution is the key ingredient in the proofs
of the main theorems of this chapter.

Parameter Independence

The equality of the integrals in the Example 11.1.9 is not an accident. The
integral of a 1-form over a path is essentially independent of how the path is
parameterized. The precise statement of this independence is the next theorem.
First a definition:

Definition 11.2.1. Suppose γ and λ are smooth curves in Rd with parameter
intervals [a, b] and [c, d], respectively. Let α be a continuous function from [c, d]
onto [a, b] which is smooth with non-vanishing derivative on (c, d). If λ = γ ◦α,
then we will say that α determines a smooth parameter change from γ to λ. If,
in addition, α′ > 0 on (c, d), then we will say that α is orientation preserving.
On the other hand, if α′ < 0 on (c, d) we will say that α is orientation reversing.

Note that since α′(t) 6= 0 for all t ∈ (c, d), then α′ is either everywhere
positive or everywhere negative on (c, d) by the Intermediate Value Theorem
(Theorem 3.2.3) applied to α′. This, in turn, implies that α is either increasing
on [c, d] or decreasing on [c, d] (recall that such a function is said to be strictly
monotone on [c, d]).

Intuitively, a smooth parameter change replaces γ with a new path λ which
traverses the same trace, moving consistently in either the same direction or the
reverse direction of the original path γ.

Theorem 11.2.2. Suppose γ and λ are smooth curves in Rd with parameter
intervals [a, b] and [c, d], respectively, and suppose α determines a smooth pa-
rameter change from γ to λ. Then

∫

λ

φ = ±
∫

γ

φ

for each 1-form φ = φ1dx1 + · · ·+φdxd defined on a set containing the common
trace of γ and λ. The factor of ±1 that appears on the right in this equaility
will be positive if α is orientation preserving and negative if it is orientation
reversing.
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Proof. This is a simple application of the chain rule and the change of variable
formula for integrals on the line. Suppose first that α is orientation preserving.
By the chain rule, we have dλ(t) = dγ(α(t))dα(t) = γ′(α(t))α′(t) dt, and so

∫

λ

φ =

∫ d

c

φ(λ(t))dλ(t) =

∫ d

c

φ(γ(α(t)))γ′(α(t))α′(t)dt

=

∫ b

a

φ(γ(s))γ′(s)ds =

∫

γ

φ,

where we have made the substitution s = α(t), ds = dα(t) = α′(t) dt.

If α is orientation reversing, then a and b will be reversed in the third integral
above and to undo this reversal introduces a factor of −1.

Definition 11.2.3. If γ and λ are two paths which have the same trace and if

∫

γ

φ =

∫

λ

φ

for every 1-form φ defined on the common trace of γ and λ, then we will say
that γ and λ are equivalent paths.

Theorem 11.2.2 says that if there is an orientation preserving smooth pa-
rameter change from γ to λ, then the paths γ and λ are equivalent.

Remark 11.2.4. If γ and λ are two path and if there is a smooth parameter
change α from γ to λ, then α has an inverse function α−1 : [a, b] → [c, d] and it
is a smooth parameter change from λ to γ (see Exercise 11.2.6).

Example 11.2.5. In Example 11.1.9 the two curves γ and λ are shown to be
equivalent. Is there a smooth orientation preserving parameter change from γ
to λ? Is there a smooth orientation preserving parameter change from λ to γ?

Solution: The function α(t) = t2 is increasing and has the property that
λ = γ◦α. Also, it has positive, continuous derivative on (0, 1) and so it is smooth
parameter change. Note that α′ is bounded on (0, 1) in this case. The smooth
parameter change going the other direction (from λ to γ) is α−1(s) =

√
s.

This function does not have a bounded derivative on (0, 1) but that is not a
requirement for a smooth parameter change.

Example 11.2.6. Consider the paths in R2 given by γ(t) = (cos t, sin t) and
λ(t) = (cos t,− sin t) for 0 ≤ t ≤ 2π. Is there a smooth parameter change from
γ to λ? Are γ and λ equivalent?

Solution: These paths each traverse the circle of radius 1 centered at (0, 0)
in R2 once, but in opposite directions. The function α(t) = 2π − t is a smooth
parameter change from γ to λ, since cos(2π−t) = cos t and sin(2π−t) = − sin t.
However, α is orientation reversing, and so Theorem 11.2.2 tells us that γ and
λ are not equivalent. We can confirm this by direct calculation if we choose the
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1-form φ(x, y) = −ydx+ xdy. On γ we have x = cos t, dx = − sin t dt, y = sin t,
dy = cos t dt. Thus,

∫

γ

φ =

∫ 2π

0

(sin2 t+ cos2 t) dt =

∫ 2π

0

1 dt = 2π,

On λ, x and dx are the same, but y = − sin t, dy = − cos t dt. Thus,

∫

λ

φ =

∫ 2π

0

(− sin2 t− cos2 t) dt =

∫ 2π

0

(−1) dt = −2π.

Theorem 11.2.2 leads to a strategy which, for many paths γ and λ with
the same trace, yields a proof that they are equivalent paths. Suppose that the
parameter intervals for the two paths can each be partitioned into n subintervals
in such a way that for j = 1, · · · , n, γ on its jth subinterval and λ on its jth
subinterval are related by a smooth orientation preserving parameter change αj ,
as in Theorem 11.2.2. If this can be done, then it clearly follows that

∫

γ φ =
∫

λ φ
for any 1-form φ which is defined on a set containing the common trace of γ
and λ. Hence, the two paths are equivalent in this situation.

The question of parameter independence is particularly simple for smooth,
simple curves.

Theorem 11.2.7. If γ and λ are two smooth, simple non-closed curves in Rd

which begin at the same point, end at the same point, and have the same trace,
then there is an orientation preserving smooth parameter change from γ to λ.
Hence, γ and λ are equivalent in this case.

Proof. Let the parameter intervals for γ and λ be [a, b] and [c, d]. For each
t ∈ [c, d] there is an s ∈ [a, b] such that λ(t) = γ(s). This is because both
γ and λ have the same trace. Furthermore, since γ is one-to-one, there is
only one such s for each t. We denote this s by α(t). This defines a function
α : [c, d] → [a, b] such that λ(t) = γ(α(t)). We will show that α has a continuous
positive derivative on (c, d). This follows from the Implicit Function Theorem,
as we shall show below.

We set F (s, t) = λ(t)−γ(s). Then F is a smooth function from [a, b]×[c, d] to
Rd. If t0 is a point of (c, d) we wish to show that α′(t) exists in a neighborhood
of t0 and is continuous at t0.

Let s0 = α(t0). Since γ′(s) 6= 0 for each s, it follows that
∂fj

∂s
(s0) 6= 0

for at least one of the coordinate functions fj of F . By the Implicit Function
Theorem, there is a smooth function β defined in a neighborhood of t0 such that
β(t0) = s0 and fj(s, t) = 0 for (s, t) in a neighborhood of (s0, t0) if and only if
s = β(t). Since we have F (α(t), t) = 0 for all t ∈ [c, d] by the choice of α, we
also have fj(α(t), t) = 0. It follows that β(t) = α(t) in some neighborhood of
t0. Thus, α is smooth in a neighborhood of t0.

The fact that α′(t) is non-vanishing follows from the chain rule. Since λ(t) =
γ(α(t)), the chain rule implies that

λ′(t) = γ′(α(t))α′(t).
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Here, α′(t) is a scalar multiplying the vector γ′(α(dt)). If there were a point t
where α′(t) = 0, then we would have λ′(t) = 0 also, and this not possible, since
λ′ is non-vanishing. Thus, α is a smooth parameter change from γ to λ

Since α′ is non-vanishing on (a, b), it is either strictly positive or strictly
negative by the Intermediate Value Theorem. Hence, α is either increasing or
decreasing on [c, d]. It must be increasing, since it takes c to a and d to b. Thus,
α is orientation preserving.

What if we do not assume the two curves in the preceding theorem are non-
closed? What if they are closed? Does the theorem still hold? If not, is there
a way to modify the theorem so that it does hold in this case. These questions
are dealt with in the exercises.

Arc Length Parameterization

Suppose γ is a smooth curve with parameter interval [a, b]. We define a change
of variables from t to a new variable s by setting

s(t) =

∫ t

a

||γ′(u)|| du

for each t ∈ [a, b]. That is, s(t) is the length of that part of the curve γ for which
the parameter u lies in the interval [a, t]. Furthermore, by the Fundamental
Theorem of Calculus,

ds = ||γ′(t)||dt.
Since ||γ′(t)|| is a positive continuous function of t and is the derivative of s,
it follows that s, as a function of t, is a continuous, increasing function from
[a, b] to [0, ℓ(γ)] which is smooth on (a, b). Hence, its inverse function defines
t as a continuous, increasing function of s for s ∈ [0, ℓ(γ)] with image [a, b].
Furthermore, it is smooth on (0, ℓ). This defines a smooth parameter change
from γ to the curve λ(s) = γ(t(s)).

The length of a curve remains the same after a smooth parameter change
(Exercise 11.2.7). Thus, given s ∈ [0, ℓ(γ)], the length of that part of λ for which
the parameter lies between 0 and s is the same as the length of that part of γ
for which the parameter lies between a and t. This is exactly

∫ t

0

||γ′u)|| du = s. (11.2.1)

That is, s is the length of that part of λ for which the parameter lies in [0, s] .
A smooth curve or a path with this property is said to be parameterized by arc
length.

Since each path is made up of a number of smooth curves joined together,
we have proved:

Theorem 11.2.8. Each path in Rd may be reparameterized so as to be a path
parameterized by arc length.
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Equation 11.2.1, when applied to the curve λ parameterized by arc length,
yields

s =

∫ s

0

||λ′(t)|| dt.

where λs denotes λ restricted to [0, s]. On differentiating and using the Fun-
damental Theorem of Calculus, we conclude that that ||λ′(s)|| = 1 for each s.
That is, λ′(s) is a unit vector. This unit vector is often denoted by T and is
called the unit tangent vector to γ. A simple calculation shows that, in terms
of γ, T = γ′/||γ′||.

Classical Form for Path Integrals

Let φ = f1 dx1+· · ·+fp dxp be a 1-form on a subset A of Rp and γ a simple path
in A with trace C. If F = (f1, · · · , fp) is the vector valued function determined
by the components of φ, then the path integral of φ over γ is classically written
as

∫

γ

φdγ =

∫

C

F · T ds, (11.2.2)

where T = γ′(t)/||γ′(t)|| is the unit tangent vector to γ and ds = ||γ′(t)|| dt is
the differential of arc length along γ, as above. Here the integral on the right is
just another way of denoting

∫ b

a

F (γ(t)) · T (γ(t))||γ′(t)|| dt =

∫ b

a

F (t) · γ′(t) dt.

Integrals of this type arise in may contexts in Physics. For example, If F
is a force field acting on an object, then the above path integral represents the
work done by the force field as the object moves along the path γ.

The classical notation represents the integral of a 1-form along a path as
the integral of an ordinary function F · T with respect to arc length along the
path. Such an integral can be defined for any continuous function along the
path. That is, if f is a continuous real valued function, defined on the trace C
of γ, then we may define

∫

C

f ds =

∫ b

a

f(γ(t))||γ′(t)|| dt.

On the other hand, this integral may also be interpreted as the integral of a
1-form φ along γ. That is, if we interpret the vector function fT as a 1-form φ
defined on the trace of γ, we may write

∫

C
f ds as

∫

γ
φ since

∫

γ

φ =

∫ b

a

f(γ(t))T (γ(t)) · γ′(t) dt =

∫ b

a

f(γ(t))||γ′(t)|| dt =

∫

C

f ds.

Each of the above two interpretations of the integral along a path has its
place, but, as we shall see, the differential form point of view has the advantage
that it fits into a quite simple and very general formalism that encompasses
integration along curves, surfaces, and higher dimensional surfaces in any di-
mension. Thus, it is the point of view we will focus on here.
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Change of Variables for 1-Forms

A smooth parameter change is one kind of change of variables. It is a change in
the independent variable of a path. It is equally important to understand how
to deal with a change of variables in the dependent variable space. By this, we
mean a smooth one-to-one function from one open set in Rd to another which
has a non-singular differential.

More generally, let U be an open subset of Rp and H : U → Rq any smooth
function. The function H could be a smooth change of variables or possibly
a function which parameterizes a piece of a p-surface in Rq. It is important
to understand how functions, paths, and differential forms are transformed by
H . Such an understanding will allow us to solve problems concerning functions,
paths, and forms on complicated sets by reducing the problem to an analogous
problem on a simpler set such as a square or a cube. We have already done this
type of thing. This is exactly what is involved when we parameterize a path
in order to express the integral of a 1-form over the path as an integral of a
function over an interval I on the line.

With U ⊂ Rp and H : U → Rq as above, if γ : I → U is a path in U , then
H ◦ γ : I → Rq is a path in Rq. On the other hand, if f is a function defined
on a set containing H(U), then f ◦H is a function defined on U . We will often
call this function H∗(f). Note that, while γ → H ◦ γ takes paths in Rp to
paths in Rq, the operation f → H∗(f) goes the other way – that is, it takes
functions on a subset of Rq to functions on a subset of Rp. Note that there is the
following relationship between the two operations: If we evaluate the function
H∗(f) along the curve γ, the result is the real valued function H∗(f) ◦ γ on I.
On the other hand

H∗(f) ◦ γ = (f ◦H) ◦ γ = f ◦ (H ◦ γ),

which is the result of evaluating f along the curve H ◦ γ.
How do 1-forms transform under a function H , as above? This is best

understood by seeing how a 1-form of the form df should transform.
Let f be a smooth function defined on U and let df be its differential (consid-

ered as a vector valued function on U . Under H , f transforms to H∗(f) = f ◦H .
The differential of this function, by the chain rule, is the vector-matrix product
(df ◦H)dH . This suggests that we should regard (df ◦H)dH as the appropriate
transform of df under the function H . This, in turn, suggests that the function
H should transform every differential 1-form on U in the same manner. That
is H should take a differential 1-form φ to (φ ◦H)dH , where φ ◦H is a vector
valued function and dH a matrix valued function on V , and (φ ◦H)dH is the
vector-matrix product of φ ◦H with dH . This leads to the following definition.

Definition 11.2.9. If U is an open subset of Rp and H : U → Rq a smooth
function, then for each function (0-form) f onH(U) and each 1-form φ onH(U),
we define a function H∗(f) and 1-form H∗(φ) on U by

H∗(f) = f ◦H and H∗(φ) = (φ ◦H)dH
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Example 11.2.10. Let H : U → R3 be a smooth function, as above, with U
an open subset of R2. If we regard the coordinates (x, y, z) of points in the
image of H to be functions on U of the variables (u, v) through the equation
(x, y, z) = H(u, v) and if φ(x, y, z) = f(x, y, z) dx+ g(x, y, z) dy+ h(x, y, z) dz is
a 1-form on H(U), then write out H∗(φ) in the (u, v) coordinates.

Solution: In vector notation, the new 1-form is

H∗(φ) = (φ ◦H)dH =
(

f ◦H, g ◦H, h ◦H
)













∂x

∂u

∂x

∂v
∂y

∂u

∂y

∂v
∂z

∂u

∂z

∂v













,

=

(

f ◦H ∂x

∂u
+ g ◦H ∂y

∂u
+ h ◦H ∂z

∂u
, f ◦H ∂x

∂v
+ g ◦H ∂y

∂v
+ h ◦H ∂z

∂v

)

,

where all functions are evaluated at (u, v). If we write this in terms of the basis
vectors du and dv, it becomes

(

f ◦H ∂x

∂u
+ g ◦H ∂y

∂u
+ h ◦H ∂z

∂u

)

du

+

(

f ◦H ∂x

∂v
+ g ◦H ∂y

∂v
+ h ◦H ∂z

∂v

)

dv.

Remark 11.2.11. An easy way to remember how a 1-form φ = fdx+gdy+hdz
in R3 transforms under a function H : U → R3 with U ⊂ R2 is to think of
making the replacements

(x, y, z) = H(u, v)

for (x, y, z) in f(x, y, z), g(x, y, z) and h(x, y, z) and the replacements

dx =
∂x

∂u
du +

∂x

∂v
dv

dy =
∂y

∂u
du +

∂y

∂v
dv

dz =
∂z

∂u
du +

∂z

∂v
dv

This leads to the same expression for the transformed 1-form as is obtained in
the preceding example. The same formalism works for transforming 1-forms
on Rq to 1-forms on Rp under any smooth function H from an open subset of
Rp to Rq. Note that, when p = q = 1, this formalism is just the procedure
for replacing f(x) dx by the appropriate expression when doing a substitution
x = H(u) in an integral on the line.

Example 11.2.12. Consider the function H(r, θ) = (r cos θ, r sin θ) for r > 0
and −π < θ < π. This is the change of variables x = r cos θ, y = r sin θ between
rectangular and polar coordinates. For the 1-form φ(x, y) = xdx + y dy, what
is H∗(φ)?
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Solution: We make the replacements

x = r cos θ, y = r sin θ,

dx = cos θ dr − r sin θ dθ,

dy = sin θ dr + r cos θ dθ.

Then φ(x, y) = xdx + y dy is transformed to

H∗(φ) = r cos2 θ dr − r2 sin θ cos θ dθ + r sin2 θ dr + r2 sin θ cos θ dθ

= r(cos2 θ + sin2 θ) dr = r dr

Change of Variables in Path Integrals

The transformation law for 1-forms under a smooth transformation is the correct
one if we want path integrals to be preserved.

Theorem 11.2.13. If U is an open subset of Rp, H : U → Rq is a smooth
transformation, φ is a 1-form on H(U), and γ : I → U is a path in U , then

∫

γ

H∗(φ) =

∫

H◦γ

φ.

Proof. Ultimately, this reduces to the chain rule and the definition of the integral
of a 1-form over a path. That is, if I = [a, b],

∫

γ

H∗(φ) =

∫

γ

φ ◦H dH =

∫ b

a

φ(H(γ(t))dH(γ(t))γ′(t) dt

=

∫ b

a

φ(H(γ(t))(H ◦ γ)′(t) dt =

∫

H◦γ

φ.

Example 11.2.14. Find
∫

λ(xdx + ydy) for the path λ(t) = (cos t, sin t) with
−π ≤ t ≤ π, by first changing to polar coordinates (as in Example 11.2.12) and
then integrating the resulting 1-form over the path given by

(r, θ) = γ(t) = (1, t) for − π ≤ t ≤ π.

Solution: By Example 11.2.12, the form xdx+y dy transforms to r dr under
the transform H to polar coordinates. Also, λ = H ◦ γ. Hence, by the previous
theorem.

∫

λ

(xdx+ y dy) =

∫

γ

r dr = 0,

since r = 1 and dr = 0 on γ.
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Exercise Set 11.2

1. Are the curves γ(t) = (t3, t2), 0 ≤ t ≤ 1 and λ(t) = (sin3 t, 1 − cos2 t),
0 ≤ t ≤ π/2, equivalent curves? Justify your answer.

2. Are the curves γ(t) = (cos t, sin t), 0 ≤ t ≤ 2π, and λ(t) = (cos t, sin t),
0 ≤ t ≤ 4π, equivalent curves? Justify your answer.

3. Are the curves γ(s) = (s,
√

1 − s2), −1 ≤ s ≤ 1, and λ(t) = (cos t, sin t),
0 ≤ t ≤ π, equivalent curves? Does the answer change if the parameter
interval for λ is changed to −π ≤ t ≤ 0? Justify your answer.

4. If γ is a path with parameter interval [a, b], show how to define a smooth
parameter change from γ to an equivalent path λ which has [0, 1] as param-
eter interval. Hint: you simply need to find a smooth increasing function
α : [0, 1] → [a, b] and then set λ = γ ◦ α. There are many such functions,
but there is one which is particularly simple.

5. Give an example to show that the conclusion of Theorem 11.2.7 does not
hold if we do not assume the paths are non-closed. Tell how to restate the
theorem so that it does hold for closed curves as well as non-closed curves.

6. Prove that if γ and λ are smooth paths, α : [c, d] → [a, b] is a smooth
parameter change from γ to λ, then α has a smooth inverse function
α−1 : [a, b] → [c, d] which is a smooth parameter change from λ to γ.
Furthermore, α is orientation preserving if and only if α−1 is orientation
preserving.

7. Show that a smooth parameter change does not change the length of a
smooth curve.

8. If γ(t) = (cos 2πt, sin 2πt) for 0 ≤ t ≤ 1, describe a curve equivalent to γ
which is parameterized by arc length.

9. Express the differential form y dx−xdy in polar coordinates (see Example
11.2.12).

10. Calculate
∫

λ(y dx − xdy), where λ(t) = (cos t, sin t) for −π ≤ t ≤ π, by
first expressing this integral in polar coordinates, as in Example 11.2.14.

11. Give a different solution to the problem in Example 11.2.12 by noticing
that xdx + y dy is df for the function f(x, y) = (x2 + y2)/2. What does
f transform into under the change to polar coordinates? How does this
lead immediately to the solution in Example 11.2.14.

12. What does the differential form xdx+y dy+z dz on R3 transform to under
the change to spherical coordinates?

13. What does the differential form y dx − xdy + dz transform to under the
change of coordinates x = u+ 2v, y = 3u− v, z = u+ v + w.
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14. If H : (−π, π) × (−π, π) → R3 is defined by

H(u, v) = (cosu cos v, sinu cos v, sin v),

what does the differential form xdx+ y dy + z dz transform to under H?

11.3 Differential Forms of Higher Order

The statements and proofs of our main integration theorems (Green’s Theorem,
Gauss’s Theorem, and Stokes’ Theorem all involve the algebra of differential
forms. We have already seen how differential 1-forms enter into the definition of
path integrals. Second order differential forms are involved in the definitions of
surface integrals and third order forms are related to integrals over solid regions
in R3. In this section we introduce higher order differential forms, the operations
we shall perform on them, and the transformation rules that govern them.

2-Forms

If coordinate functions x1, · · ·xd are chosen for Rd, then we begin by construct-
ing a vector space over R, that has certain symbols dxi ∧ dxj as basis elements.
Here, we declare that

dxj ∧ dxi = −dxi ∧ dxj , and dxi ∧ dxi = 0, (11.3.1)

for all i and j. Our basis vectors will then be the expressions dxi∧dxj for which
i < j. Whenever a symbol xj ∧ xi with j > i occurs in a calculation, we simply
replace it by −dxi ∧ dxj . Of course, if dxi ∧ dxi occurs, it is replaced by 0.

Given a subset E of Rd, a differential 2-form is a continuous function on
E with values in the vector space described above. Thus, a differential 2-form,
when written out in terms of the basis described above yields an expression of
the form

φ(x) =

d
∑

i<j

fij(x)dxi ∧ dxj ,

where each fij is a continuous function on E.
We may construct 2-forms from 1-forms in two ways.
First, there is a product operation, called exterior or wedge product, which

assigns to each pair φ, ψ of 1-forms a 2-form φ ∧ ψ. If φ =
∑d

i=1 fi dxi and

ψ =
∑d

i=1 gi dxi, then

φ ∧ ψ =

d
∑

i,j=1

figj dxi ∧ dxj =
∑

i<j

(figj − fjgi) dxi ∧ dxj .

Here, in going from the first to the second sum, we have used the relations
(11.3.1) to express the sum in terms of the basis vectors dxi ∧ dxj for i < j.
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Second, we may take the differential of a 1-form: if φ =
∑d

j=1 fj dxj is a

1-form defined on an open set U ⊂ Rd, then we define a 2-form dφ, called the
differential of φ, by

dφ =
d

∑

j=1

dfj ∧ dxj =
d

∑

i,j=1

∂fj

∂xi
dxi ∧ dxj

=
∑

i<j

(

∂fj

∂xi
− ∂fi

∂xj

)

dxi ∧ dxj .

Note that we previously defined the differential of a function f (a 0-form)
to be a certain 1-form df . Now we have defined the differential of a 1-form to
be a certain 2-form. In general, the differential of a p-form will be a p+1-form.

The following theorem follows directly from the definitions. The proof is left
to the exercises.

Theorem 11.3.1. Let φ, θ and ψ be differentiable 1-forms and f a differentiable
function defined on an open set U . Then

(a) φ ∧ ψ = −ψ ∧ φ;

(b) φ ∧ (θ + ψ) = φ ∧ θ + φ ∧ ψ;

(c) f(φ ∧ ψ) = (fφ) ∧ ψ = φ ∧ (fψ);

(d) d(φ + ψ) = dφ+ dφ;

(e) d(fφ) = df ∧ φ+ fdφ.

On R2, 2-forms are particularly simple. If x and y are the coordinate func-
tions, then dx∧dy is the only basis vector for 2-forms and so all 2-forms can be
expressed as f dx ∧ dy for some continuous function f .

Example 11.3.2. Given 1-forms φ = f dx+ g dy, and ψ = h dx+ k dy find

(a) φ ∧ ψ; and (b) dφ.

Solution:

(a) φ ∧ ψ = fh dx ∧ dx+ fk dx ∧ dy + gh dy ∧ dx + gk dy ∧ dy
= (fk − gh)dx ∧ dy;

(b) dφ = df ∧ dx+ dg ∧ dy

=

(

∂f

∂x
dx +

∂f

∂y
dy

)

∧ dx+

(

∂g

∂x
dx+

∂g

∂y
dy

)

∧ dy

=

(

∂g

∂x
− ∂f

∂y

)

dx ∧ dy.
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On R3, the basis vectors dx ∧ dy, dy ∧ dz, and dx ∧ dz are independent and
generate a 3-dimensional vector space. Thus, a typical differential 2-form on an
open subset U of R3 has the form

f1 dy ∧ dz + f2 dx ∧ dz + f3 dx ∧ dy

where f1, f2, and f3 are continuous functions on U .
In some contexts, a function F = (f1, f2, f3) from U ⊂ R3 to R3 is called a

vector field on U . Thus, a 2-form φ = f1 dy ∧ dz + f2 dx ∧ dz + f3 dx ∧ dy in
R3 determines a vector field F = (f1, f2, f3). We will call this the component
vector field of φ. Of course, a 1-form g1 dx+ g2 dy+ g3 dz in R3 also determines
a component vector field G = (g1, g2, g3).

Example 11.3.3. If φ = f1dx + f2dy + f3dz and ψ = g1dx + g2dy + g3dz are
1-forms on U ⊂ R3, then find

(a) φ ∧ ψ; and (b) dφ.

Solution: Using (11.3.1) and collecting terms involving dx ∧ dy, dy ∧ dz,
and dx ∧ dz we obtain:

φ ∧ ψ = (f2g3 − f3g2) dy ∧ dz + (f3g1 − f1g3) dz ∧ dx+ (f1g2 − f2g1) dx ∧ dy,

and

dφ = df1 ∧ dx+ df2 ∧ dy + df3 ∧ dz

=

(

∂f3
∂y

− ∂f2
∂z

)

dy ∧ dz +

(

∂f1
∂z

− ∂f3
∂x

)

dz ∧ dx+

(

∂f2
∂x

− ∂f1
∂y

)

dx ∧ dy.

Remark 11.3.4. Note that, if F is the component vector field of the 1-form φ
and G is the component vector field of the 1-form ψ, then the formulas of the
preceding example say that

1. the component vector field of φ ∧ ψ is F ×G, and

2. the component vector field of dφ is curlF ,

in terms of the classical cross product “×” and “curl” operations.

3-Forms

A differential 3-form on an open subset U of Rd is a sum of expressions of the
form

f dxi ∧ dxj ∧ dxk,

where f is a continuous function on U . As in (11.3.1), interchanging any two
adjacent terms dxi, dxj , dxk in this expression changes the sign of the expres-
sion. If two of i, j, k are equal, then the expression is understood to be equal
to 0. It follows from this that every 3-form on U may be expressed as a sum of
forms as above with i < j < k.
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In the obvious way, the wedge product of three 1-forms is a 3-form and the
wedge product of a 1-form with a 2-form is a 3-form. We define the exterior
differential dφ of a 2-form

φ =
∑

i<j

fijdxi ∧ dxj

to be the 3-form

dφ =
∑

i<j

dfij ∧ dxi ∧ dxj =
∑

i<j

∑

k

∂fij

∂xk
dxk ∧ dxi ∧ dxj

Example 11.3.5. If φ = f1 dy ∧ dz + f2 dz ∧ dx+ f3 dx ∧ dy is a 2-form on an
open subset of R3, find dφ.

Solution: By definition,

dφ = df1 ∧ dy ∧ dz + df2 ∧ dz ∧ dx+ df3 ∧ dx ∧ dy.

Since df1 =
∂f1
∂x

dx+
∂f1
∂y

dy+
∂f1
∂z

dz and since dy∧dy∧dz = 0 and dz∧dy∧dz =

0, the only non-zero term in df1∧dy∧dz will be the term involving dx∧dy∧dz.
Similar statements hold for df2 ∧ dx ∧ dz and df3 ∧ dx ∧ dy. It follows that

dφ =
∂f1
∂x

dx ∧ dy ∧ dz +
∂f2
∂y

dy ∧ dz ∧ dx+
∂f3
∂z

dz ∧ dx ∧ dy

=

(

∂f1
∂x

+
∂f2
∂y

+
∂f3
∂z

)

dx ∧ dy ∧ dz = divF dx ∧ dy ∧ dz,

if F is the component vector field of φ. Here, div is the classical divergence
operation on vector fields in R3.

Theorem 11.3.6. Let f be a function which is C2 on an open set U ⊂ Rp and
φ a 1-form with coefficients which are C2 on U . Then

(a) d(df) = 0; and

(b) d(dφ) = 0.

Proof. We will prove part (a) and leave part (b) for the exercises.
We have

df =

p
∑

j=1

∂f

∂xj
dxj

and

d(df) =

p
∑

j=1

p
∑

k=1

∂2f

∂xk∂xj
dxk ∧ dxj . (11.3.2)

Now for each pair of indices (j, k) that occurs in this sum, the opposite pair
(k, j) also occurs. Furthermore

∂2f

∂xj∂xk
=

∂2f

∂xk∂xj
, and dxj ∧ dxk = −dxk ∧ dxj
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by Theorem 9.1.6 (since f is C2) and by Theorem 11.3.1 (a). It follows that
the jkth term and the kjth term in (11.3.2) cancel each other and the sum is 0.
This proves part (a) of the theorem.

Although we won’t do it here, one can, of course, define differential forms of
any non-negative degree p and define the differential of such a form. What the
above theorem says for 1-forms and 2-forms is true for any C2 p-form φ – that is
d2φ = d(dφ) = 0. A differential form φ is said to be closed if dφ = 0 and exact
if φ = dψ for some form ψ. Thus, exact C2 forms are always closed. How about
the converse? It turns out the converse is not true in general, but it is true if
the domain U of the form satisfies certain topological conditions. In particular,
it is true if U is convex. We explicitly state this here for one forms. The proof
is left to the exercises.

Theorem 11.3.7. If U is a convex set and φ is a closed 1-form on U (dφ = 0),
then φ is exact (φ = df) for some C2 f on U .

Remark 11.3.8. We may summarize the relationship between the exterior
differential operation d and its classical counterparts for vector functions on R3

as follows: If f is a function, φ a 1-form with component vector field F and ω
a 2-form with component vector field G, all defined on an open subset of R3,
then

1. the component vector field of df is grad f

2. the component vector field of dφ is curlF , and

3. the component vector field of dω is divG.

Transformation Laws for 2-Forms and 3-Forms

If H : U → Rm is a function defined on an open subset U of Rd, then we would
like 2-forms and 3-forms to transform under H in a way which is consistent
with our earlier rules for transforming functions and 1-forms, and in a way that
preserves wedge products. This leads to,

Definition 11.3.9. With H as above, if φ =
∑

i<j fijdxi ∧ dxj is a 2-form and
ω =

∑

i<j<k fijkdxi ∧ dxj ∧ dk is a 3-form defined on a set containing H(U),
then we define H∗(φ) and H∗(ω) as follows:

H∗(φ) =
∑

i<j

H∗(fij)H
∗(dxi) ∧H∗(dxj),

H∗(ω) =
∑

i<j<k

H∗(fijk)H∗(dxi) ∧H∗(dxj) ∧H∗(dxk).

Of course, we may define p-forms on U for any non-negative integer p, not
just for p = 0, 1, 2, 3. The appropriate transformation law for such a p-form
under H : U → Rm is the obvious extension of the laws already described, as
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above, for p ≤ 3. Note that if p is greater than the dimension of the underlying
space, then 0 is the only p-form.

In the following theorem, parts (a) and (b) follows immediately from the
definitions and part (c) has a simple proof which is left to the exercises.

Theorem 11.3.10. Let φ and ψ be two differential forms on an open set V in
Rq and let f be a function on V . If U is an open subset of Rp and H : U → B
a smooth function, then

(a) H∗(fφ) = H∗(f)H∗(φ);

(b) H∗(φ ∧ ψ) = H∗(φ) ∧H∗(ψ); and

(c) H∗(dφ) = dH∗(φ).

Example 11.3.11. If U is an open subset of R2, H : U → R2 is a smooth
transformation, and φ(x, y) = f(x, y) dx∧ dy is a 2-form defined on H(U), then
find an explicit expression for H∗(φ).

Solution: As in Remark 11.2.11, we may think of H as a change of variables

x = h1(u, v), y = h2(u, v)

and simply replace x and y by h1(u, v) and h2(u, v) in f(x, y) and in dx and dy.
This leads to

dx =
∂h1

∂u
du+

∂h1

∂v
dv, dy =

∂h2

∂u
du+

∂h2

∂v
dv, and

dx ∧ dy =

(

∂h1

∂u

∂h2

∂v
− ∂h1

∂v

∂h2

∂u

)

du ∧ dv

= det(dH) du ∧ dv.
More precisely , dx ∧ dy, when expressed in the u, v coordinates, becomes

H∗(dx ∧ dy) = det(dH) du ∧ dv.

Since H ∗ (f) = f ◦H , we conclude that

H∗(φ) = H∗(f)H∗(dx ∧ dy) = f ◦H det(dH)du ∧ dv.

Example 11.3.12. If U is an open subset of R2, H : U → R3 is a smooth
transformation, and

φ(x, y, z) = f1(x, y, z) dy ∧ dz + f2(x, y, z) dz ∧ dx+ f3(x, y, z) dx ∧ dy

is a 2-form defined on H(U), then find an explicit expression for H∗(φ).
Solution: If H(u, v) = (h1(u, v), h2(u, v), h3(u, v), then we may think of H

as defining a change of variables

x = h1(u, v), y = h2(u, v), z = h3(u, v).
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Then

dx =
∂h1

∂u
du+

∂h1

∂v
dv, dy =

∂h2

∂u
du+

∂h2

∂v
dv, dz =

∂h3

∂u
du+

∂h3

∂v
dv.

If we set

∂(hi, hj)

∂(u, v)
= det







∂hi

∂u

∂hj

∂u
∂hi

∂v

∂hj

∂v






,

we then conclude that

H∗(φ) =

[

(f1 ◦H)
∂(h2, h3)

∂(u, v)
+ (f2 ◦H)

∂(h3, h1)

∂(u, v)
+ (f3 ◦H)

∂(h1, h2)

∂(u, v)

]

du ∧ dv.

This can also be written as

H∗(φ) = (F ◦H) ·
[

∂H

∂u
× ∂H

∂v

]

du ∧ dv, (11.3.3)

if F denotes the vector function F = (f1, f2, f3), and
∂H

∂u
and

∂H

∂v
denote the

vector functions obtained by taking the partial derivatives of the component
functions of H .

Example 11.3.13. If φ = xdy ∧ dz + y dz ∧ dx + z dx ∧ dy and H : R2 → R3

is the transformation H(u, v) = (u, v, u2 + v2), then find H∗(φ).
Solution: We express the transformation H as a change of variables

x = u, y = v, z = u2 + v2.

Then dx = du, dy = dv, and dz = 2udu+ 2vdv. Thus

dy ∧ dz = −2u du∧ dv, dz ∧ dx = −2v du ∧ dv, dx ∧ dy = du ∧ dv.
Thus, H∗(φ) = (u, v, u2 + v2) · (−2u,−2v, 1)du∧ dv = −(u2 + v2) du ∧ dv.

Finally, there is a composition law for transformations of forms:

Theorem 11.3.14. if H1 : U → V and H2 : V → W are smooth functions
between open sets, and if φ is any differential form defined on W , then

(H2 ◦H1)
∗(φ) = H∗

1 ◦H∗
2 (φ).

Proof. It follows from the previous theorem that it is enough to check this in
the case when φ is a function f or the differential of a function (such as the
differential dxj of one of the coordinate functions xj). In the case of a function
f , we have

(H2 ◦H1)
∗(f) = f ◦ (H2 ◦H1) = (f ◦H2) ◦H1 = H∗

1 (f ◦H2)

= H∗
1 (H∗

2 (f)) = H∗
1 ◦H∗

2 (f).

In the case when φ is the differential df of a function, we have

(H2 ◦H1)
∗(df) = d(f ◦ (H2 ◦H1)) = d((f ◦H2) ◦H1))

= H∗
1 (d(f ◦H2)) = H∗

1 (H∗
2 (df)) = (H∗

1 ◦H∗
2 )(df).

This completes the proof.
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Exercise Set 11.3

1. If φ = x2 dx+ xy dy and ψ = y dx+ x3 dy, then find dφ and φ ∧ ψ.

2. φ = cos z dx + sin z dy + xy dz and ψ = z dx + xdy + y dz, then find dφ
and φ ∧ ψ.

3. If φ = yz dx+ xz dy+ xy dz and ω = z dx∧ dy+ xdy ∧ dz+ dx∧ dz, then
find dφ and φ ∧ ω.

4. Prove Theorem 11.3.1 parts (a), (b), and (c).

5. Prove Theorem 11.3.1 parts (d) and (e).

6. Prove Part (b) of Theorem 11.3.6.

7. Prove Theorem 11.3.7. Hint: fix a point a ∈ U and then define f(x) to be
the integral of φ along the line [a, x]; show φ = df by using the condition
dφ = 0 and integration by parts.

8. Show that 11.3.7 does not hold if we don’t put some restriction on the
domain U . In fact show that if

φ =
−y

x2 + y2
dx+

x

x2 + y2
dy on U = {(x, y) ∈ R

2 : 1/2 < ||(x, y)|| < 2},

then φ is closed but not exact on U . Hint: Use the result of Exercise
11.1.10.

9. Prove Theorem 11.3.10. Part (a) in the case where φ is a 2-form or a
3-form in R3.

10. Prove Theorem 11.3.10. Part (b) in the case where φ is a 1-form and ψ is
a 2-form in R3.

11. Prove Theorem 11.3.10. Part (c) in the case where φ is a 2-form in R3.

12. Prove that the vector
∂H

∂u
× ∂H

∂v
that appears in (11.3.3) is perpendicular

to the surface H(U) at each point H(u, v) of this surface.

11.4 Green’s Theorem

Green’s Theorem relates certain double integrals over a region in the plane
to path integrals over the boundary of the region. It has a wide variety of
applications and it generalizes nicely to higher dimensions. In this section, we
prove Green’s Theorem for fairly general regions. We begin with the case where
the region is a rectangle.
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Green’s Theorem on a Rectangle

In its simplest form, Green’s Theorem follows from two applications of the
Fundamental Theorem of Calculus – one in the x-direction and one in the y-
direction.

Theorem 11.4.1. Let φ = f dx + g dy be a 1-form on the rectangle R =
[a, b]× [c, d] and suppose dφ exists and is continuous and bounded on the interior
of R. Then

∫

R

(

∂g

∂x
(x, y) − ∂f

∂y
(x, y)

)

dV (x, y) =

∫

∂R

φ,

where ∂R is a path which traces the boundary of R once in the counter-clockwise
direction.

Proof. We begin by breaking up the double integral on the left and expressing
each of the resulting terms as an iterated integral using Fubini’s Theorem:

∫

R

(

∂g

∂x
(x, y) − ∂f

∂y
(x, y)

)

dV (x, y)

=

∫ d

c

∫ b

a

∂g

∂x
(x, y) dxdy −

∫ b

a

∫ d

c

∂f

∂y
(x, y) dydx.

The hypotheses on φ ensure that the Fundamental Theorem of Calculus applies
to the inner integral in each of the latter iterated integrals. This yields

∫ d

c

(g(b, y) − g(a, y)) dy −
∫ b

a

(f(x, d) − f(x, c)) dx

=

∫ d

c

g(b, y) dy +

∫ a

b

f(x, d) dx+

∫ c

d

g(a, y) dy +

∫ b

a

f(x, c) dx.

=

∫

∂R

φ,

where ∂R is the path obtained by joining together the four straight line paths
along the edges of R in such a way that the resulting path traverses the boundary
of R once in the counter-clockwise direction.

In the following example, we use Green’s Theorem to avoid parameterizing
four different sides of a rectangle R in order to compute a line integral around
∂R.

Example 11.4.2. Find
∫

∂R
(y2 dx+ y lnxdy) if R = [1, 2] × [0, 1]

Solution: By Theorem 11.4.1
∫

∂R

(y2 dx+ y lnxdy) =

∫

R

(y/x− 2y) dV (x, y).

By Fubini’s Theorem, the latter integral is equal to the iterated integral
∫ 1

0

∫ 2

1

(y/x− 2y) dxdy =

∫ 1

0

(y ln 2 − 2y) dy =
ln 2

2
− 1.
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Integration of 2-Forms in the Plane

It will be helpful to interpret the integral of a function over a region in the plane
as an integral of a certain 2-form.

If A is a compact Jordan region in the plane, every 2-form on A is of the
form f dx∧ dy where f is a continuous function on A. We define the integral of
such a 2-form over A to be

∫

A

f(x, y) dx ∧ dy =

∫

A

f(x, y)dV (x, y). (11.4.1)

That is, it is the ordinary Riemann integral in two variables of the function f
over the set A. The advantages of using the 2-form notation in the integral will
become apparent below.

In Example 11.3.2 we showed that if φ = f dx+g dy is a differentiable 1-form,
then

dφ =

(

∂g

∂x
− ∂f

∂y

)

dx ∧ dy.

This, together with the above 2-form notation for integrals in R2 allows us to
rewrite the right side of the equality in Theorem 11.4.1 as

∫

R
dφ. Then Green’s

Theorem on a rectangle becomes

Theorem 11.4.3. If φ is a 1-form defined on a bounded rectangle R and if dφ
is continuous and bounded on the interior of A, then

∫

R

dφ =

∫

∂R

φ.

Proof. By (11.4.1) and the previous theorem, we have
∫

R

dφ =

∫
(

∂g

∂x
− ∂f

∂y

)

dx ∧ dy =

∫

R

(

∂g

∂x
− ∂f

∂y

)

dV =

∫

∂R

φ

Change of Variables for Integrals of 2-forms

Using the 2-form notation for integrals in R2 also turns the change of variables
formula for such integrals into a natural formula involving the transformation
law for 2-forms, as discussed in the previous section.

Theorem 11.4.4. Let H = (h1, h2) be a continuous transformation from the
open Jordan region U in R2 to another Jordan region in R2 and suppose H is
one-to-one and smooth with non-singular differential on U . If φ is a 2-form on
H(U) with φ bounded on H(U) and H∗(φ) bounded on U , then

∫

H(U)

φ =

∫

U

H∗(φ)

provided det(dH) > 0 everywhere on U . If det(dH) < 0 on U , equality holds if
the right side of the equation is replaced by its negative.
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Proof. Let φ(x, y) = f(x, y)dx ∧ dy. By Example 11.3.11,

H∗(φ) = f ◦H det(dH) du ∧ dv. (11.4.2)

Recall that the differential dH of the transformation H is the linear transfor-
mation with matrix







∂h1

∂u

∂h1

∂v
∂h2

∂u

∂h2

∂v






.

The hypotheses of the theorem ensure that the change of variables formula (The-
orem 10.5.14 )applies. If the determinant det(dH) is everywhere non-negative
on U , then it implies

∫

H(U)

f(x, y) dx ∧ dy =

∫

U

f ◦H(u, v)| det(dH)(u, v)| du ∧ dv,

=

∫

U

f ◦H(u, v) det(dH)(u, v) du ∧ dv,=
∫

U

H∗(φ).

(11.4.3)

That is,
∫

H(U)

φ =

∫

U

H∗(φ).

If det(dH) is everywhere non-positive, then | det(dH)| = − det(dH) and the
right side of the above equation is replaced by its negative.

2-Cells

In order to extend Green’s Theorem to a much larger class of integrals, we need
to change our point of view regarding integrals of 2-forms. We have discussed
in previous sections the integration of 1-forms over paths. A path is not a set,
but rather a function from an interval into Rd, although we sometimes ignore
the distinction between the path and the set which is its trace in Rd. There is a
similar and highly useful formulation for integration of 2-forms. We define the
integral of a 2-form over an object which is not a set, but rather a 2-dimensional
analogue of a smooth path. A 2-cell, as defined below, is such an object.

In what follows, I2 will denote the square [0, 1] × [0, 1] in R2. The bound-
ary path ∂I2 is the path consisting of the straight line paths along the edges
of I2 joined together so as to traverse the topological boundary of I2 in the
counterclockwise direction.

We will say the function E : I2 → Rd is smooth on I2 if each of its first
order partial derivatives exists and is continuous on I2. It is clear what this
means on the interior of I2. On each edge and corner of I2 one or both of the
partial derivatives must be interpreted as a one-sided derivative. Thus, at each
point of I2 we require that the appropriate one or two sided derivative exists
and we require that the resulting functions on I2 are continuous. With this
understanding, we make the following definition.
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Figure 11.3: Simple, Positively Oriented Cells in R2

Definition 11.4.5. A 2-cell in Rd is a smooth function E from I2 into Rd.

We will say that a 2-cell E is simple if, on the interior of I2, E is one to
one and det(dE) is non-vanishing. If, in addition, det(dE) > 0 on the interior
of I2, we will say that E is positively oriented. We will say that E is negatively
oriented if det(dE) < 0 on the interior of I2.

In this section we will only be concerned with 2-cells in R2. In the next
section, 2-cells in higher dimensional spaces will become important.

Note also that the conditions on a cell E ensure that the restriction of E to
each of the four edges of ∂I2 is a smooth curve and, hence, that ∂E = E ◦ ∂I2

is piecewise smooth – that is, it is a path.

The image E(I2) of a 2-cell E is called the trace of E. As was the case
with curves and paths, a 2-cell consists of not only the set E(I2), but also a
parameterization E of that set, with the parameters being the coordinates of
points in I2.

In general, a path may cross itself, retrace portions of itself, or even be
constant over portions of its parameter interval. However, a simple path can
do none of these things. A simple path is one-to-one and has non-vanishing
derivative on the interior of its parameter interval. Similarly, a simple 2-cell is
one-to-one with non-singular differential on the interior of I2.

Note that if E is a 2-cell, then ∂E is a path, not a set, and so it is not
the same thing as the topological boundary of E(I2) even though we use the
same notation to denote it. Which is meant should be obvious from the context.
Sometimes the trace of ∂E is the same as the topological boundary of the trace
of E, but not always (see Figure 11.3).
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Orientation for Paths

A path which traverses the boundary of a set such as a square or circle in the
counterclockwise direction has a property which can be generalized in a useful
way.

An ordered basis in R2 is a linearly independent ordered pair {u, v} of vectors
in R2. An ordered basis is said to be positively oriented if the angle θ between
the two vectors, measured from u to v satisfies 0 < θ < π – that is, if sin θ > 0.
Think of this as meaning that v points to the left of u. This happens if and only
if the determinant of the matrix with u as first column and v as second column
is positive (Exercise 11.4.8).

At each smooth point of ∂I2 (at points which are not corners), the tangent
vector T to the path is defined. Furthermore, if v is any vector for which (T, v)
is a positively oriented ordered basis, then tv belongs to I2 for all sufficiently
small positive t. In other words, the set I2 lies on the left as we traverse ∂I2.
It turns out that this property is preserved by a positively oriented 2-cell, due
to the fact that dE takes a positively oriented basis to a positively oriented
basis. That is, at each smooth point a of the path ∂E, if the tangent vector T
to the path at a and a vector v form a positively oriented pair (T, v), then each
sufficiently small positive multiple of v lies in E(I2) (we won’t prove this here).
Intuitively, this means that as we traverse ∂E, the set E(I2) lies on the left (see
Figure 11.3). If the cell is negatively oriented, the set E(I2) lies on the right
as we traverse the path ∂E – that is, the orientation of the boundary path is
reversed by E.

Example 11.4.6. Give an example of a simple, positively oriented 2-cell which
has as its trace the unit disc D = {(x, y) : x2 + y2 ≤ 1}.

Solution: There are many ways to do this. One way is to use the polar
coordinate parameterization:

E(r, t) = (r cos(2πt), r sin(2πt)) for (r, t) ∈ I2.

This is illustrated in Figure 11.3 B. We have

dE =

(

cos(2πt) −2πr sin(2πt)
sin(2πt) 2πr cos(2πt)

)

and this has determinant 2πr, which is positive on the interior of I2. This
parameterization is clearly one-to-one on the interior of I2. Hence, E is a
simple, positively oriented 2-cell.

Note that part of the trace of the boundary ∂E of this cell does not actually
lie on the boundary of the trace of E, but in its interior, and this part of the
trace of ∂E is traversed twice – once in each direction. Also, over part of its
parameter interval, ∂E is constant (the part corresponding to the side x = 0 of
∂I2). Our definition of a simple cell does not rule out this kind of behavior.
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Integration Over a Cell

Just as we defined the integral of a 1-form over a path in Section 11.1, we may
now define the integral of a 2-form over a 2-cell.

Definition 11.4.7. If E is a 2-cell in R2 and ω = f dx∧ dy is a 2-form defined
on the trace of E, then we define the integral of ω over E to be

∫

E

ω =

∫

I2

E∗(ω).

Note that the integral on the right in this definition exists. To see this, let
ω = f dx ∧ dy and E(u, v) = (e1(u, v), e2(u, v)), then

E∗(ω) = f ◦ E
(

∂e1
∂u

∂e2
∂v

− ∂e1
∂v

∂e2
∂u

)

du ∧ dv.

By the definition of a 2-cell, the function multiplying du∧ dv in this expression
is continuous on I2.

Integration Over a Simple Cell

The image of the interior of I2 under a simple cell E is an open subset of the
trace of E by Exercise 9.6.8. It follows that the boundary of the trace of E
is contained in the trace of ∂E. A path has zero area (Exercise 11.4.7). This
implies that the trace of ∂E has zero area and, hence, that the trace of E and
the image under E of the interior of I2 are Jordan regions which differ by a set
of area 0. Furthermore, a simple cell, restricted to the interior of I2, satisfies
the conditions of the change of variables formula given in Theorem 11.4.4. This
leads to:

Theorem 11.4.8. If E is a simple, positively oriented 2-cell with trace A =
E(I2), and if ω = f dx ∧ dy is a 2-form defined on A, then

∫

E

ω =

∫

A

ω =

∫

A

f dV (x, y).

Proof. This follows immediately from Theorem 11.4.4.

Thus, in this case – the case of greatest interest– the integral of the form ω
over the cell E is just the integral of a function f over a Jordan region A.

Change of Parameter

Just as with integrals of 1-forms, there is a sense in which the integral of a
2-form over a 2-cell is independent of the parameterization of the 2-cell. If E
and F are 2-cells, then we will say that F is related to E by a smooth change
of parameter if if there is a smooth one-to-one function H from the interior of
I2 to itself, with non-singular differential, such thatF = E ◦H on the interior
of I2. The smooth change of parameter H is said to be positively oriented if
det(dH) > 0 on the interior of I2 and negatively oriented if det(dH) < 0.
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Theorem 11.4.9. If E : and F are 2-cells which are related by a smooth change
of parameter H in the above sense, then

∫

F

ω =

∫

E

ω.

if H is positively oriented and ω is any 2-form defined on E(I2). This equation
holds with the right side replaced by its negative if H is negatively oriented.

Proof. We have
∫

F

ω =

∫

I2

(E ◦H)∗(ω) =

∫

I2

H∗(E∗(ω)) =

∫

I2

E∗(ω) =

∫

E

ω,

by Theorem 11.3.14 and Theorem 11.4.4.

Green’s Theorem on a Cell

We can now extend Green’s Theorem to integrals over a two cell.

Theorem 11.4.10. Green’s Theorem If E is a 2-cell in R2 and φ is a smooth
1-form on a neighborhood of the trace of E, then

∫

∂E

φ =

∫

E

dφ.

Proof. We have
∫

∂E

φ =

∫

∂I2

E∗(φ) =

∫

I2

dE∗(φ) =

∫

I2

E∗(dφ) =

∫

E

dφ,

by Green’s Theorem on a rectangle and Theorem 11.3.10(c).

Remark 11.4.11. The cell E in the above version of Green’s Theorem is not
required to be positively oriented or even simple. Thus, the path ∂E may not
be positively oriented and the integral of φ = f dx ∧ dy over E may not be the
usual 2-dimensional integral of f over the trace of E (it will be its negative if
E is negatively oriented). On the other hand, if E is simple, then the integral
on the right is the usual 2-dimensional Riemann integral of f over the trace of
E by Theorem 11.4.8.

Remark 11.4.12. In actually computing one side or the other of the equality in
Green’s Theorem, it may be convenient to switch to a different parameterization.
For example, if E is simple and orientation preserving, then the integral over E
may be replaced by the integral over an equivalent cell F , or by the Riemann
integral over the trace A of E, or by an integral over another set which is related
to the trace of E through a smooth change of variables as in Theorem 11.4.4.
Similarly, we may replace ∂E by an equivalent path γ. The new path γ and the
new way of parameterizing A may not be related to each other in the same way
that E and ∂E are related.
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Figure 11.4: The Annulus as a Cell

Example 11.4.13. Let A be the compact set bounded by the ellipse described
parametrically by γ(t) = (a cos t, b sin t), 0 ≤ t ≤ 2π. Use Green’s Theorem to
find the area of A.

Solution: The 2-form dx ∧ dy is dφ, where φ = xdy. Along γ, x = a cos t,
and dy = b cos t dt. Thus, by Green’s Theorem, the area we seek is

∫

A

dx ∧ dy =

∫

γ

xdy =

∫ 2π

0

ab cos2 t dt = πab.

Note that the set A is the trace of a 2-cell (Exercise 11.4.3), but we do not need
to explicitly find the cell E : I2 → A that expresses it as such. If we did find such
an E, it is unlikely that the path γ that we used here would be exactly equal
to ∂E. However, γ and ∂E will necessarily be equivalent paths, provided E is
chosen so that ∂E is a path which traverses ∂A once in the positive direction.

Often the topological boundary of the trace of a cell E is not ∂E and, in
fact, it may not even be the trace of a single path. It could be the union of the
traces of several paths. Properly interpreted, Green’s Theorem still applies, but
the integral over the boundary is the sum of integrals over these several paths.
The annulus in the following example illustrates this fact, among other things.

Example 11.4.14. For the annulus

A = {(x, y) : 1 ≤ x2 + y2 ≤ 4},

show that the integral over ∂A of the 1-form

φ = − y

x2 + y2
dx+

x

x2 + y2
dy

is 0 by using Green’s Theorem. Then directly calculate the integral of φ over the
circle x2 + y2 = 4. Why doesn’t Green’s Theorem also imply that this integral
is 0?
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Solution: Figure 11.4A illustrates how to express the annulus as the trace
of a cell (finding an explicit parameterization that does this is Exercise 11.4.5).
The boundary path of this cell has two overlapping horizontal sections that are
oriented in opposite directions. The integrals along these sections will cancel
each other, leaving only the integrals around the two circles which comprise the
topological boundary of A. One of these is traversed counterclockwise and the
other clockwise (Figure 11.4B). To calculate the resulting integral of φ along ∂A
, we note that

dφ =
y2 − x2

(x2 + y2)2
dy ∧ dx+

y2 − x2

(x2 + y2)2
dx ∧ dy = 0.

Thus, by Green’s Theorem,
∫

∂A

φ =

∫

A

dφ = 0.

On the other hand, a direct calculation of the integral of φ over the outer circle
x2 + y2 = 4 can be done using the parameterization γ(t) = (2 cos t, 2 sin t) of
this curve on [0, 2π]. The result is

∫

γ

(

− y

x2 + y2
dx+

x

x2 + y2
dy

)

=

∫ 2π

0

(

sin2 t+ cos2 t
)

dt = 2π.

If Green’s Theorem applied, the integral would be 0, since dφ = 0. The reason
Green’s Theorem does not apply in this case is that the circle x2 + y2 = 4 is
not the boundary of a set on which φ is a smooth 1-form. The form φ has a
singularity at (0, 0). On the other hand, the point (0, 0) is not in the annulus A
and so it does not cause a problem in applying Green’s Theorem to A and ∂A.

Classical Version of Green’s Theorem

If φ = P dx +Qdy is a differential 2-form and γ = (γ1, γ2) : I → R2 a path in
the domain of φ, then

∫

γ

φ =

∫

I

φ ◦ γ(t) · γ′(t) dt =

∫

I

[P (γ(t))γ′1(t) +Q(γ(t))γ′2(t)] dt.

Classical notation for this integral is as follows: The differential form φ has
component vector field F = (P,Q). The tangent vector to the curve γ is T =
γ′/||γ′||. We write

∫

γ

φ =

∫

γ

F · Tds,

where ds = ||γ′(t)||dt is the differential of length along the path γ.
By Remark 11.3.8, if φ is a 1-form in R3 with component vector field F ,

then dφ = curlF . The same statement hold in R2 if the curl of a vector field
(P,Q) is understood to be ∂Q/∂x− ∂P/∂y.

With this notation, the classical version of Green’s Theorem is.
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Theorem 11.4.15. Let A be a closed Jordan region in R2 with topological
boundary which is the image of a path ∂A, positively oriented with respect to A.
If F is a smooth vector field on A, T is the vector function which is the tangent
vector to ∂A at each point of ∂A, and ds is the differential of arc length along
∂A, then

∫

∂A

F · Tds =

∫∫

A

curlF dV.

In this section, we have essentially proved this version of the theorem in
the case where A is the trace of a simple, positively oriented cell. Our proof
also yields a proof of the above theorem in the case where A can be cut up
into finitely many pieces which are traces of simple oriented cells (see Exercise
11.4.13).

Example 11.4.16. If F (x, y) = (cos(ln |x|) + y, xy2), find
∫

C F · Tds if C =
{(x, y) ∈ R2 : x2 + y2 = 1}.

Solution: Green’s Theorem tells us that the above integral is the same as

∫

B1(0,0)

(

∂

∂x
xy2 − ∂

∂y
(cos(lnx) + y)

)

dV (x, y) =

∫

B1(0,0)

(y2 − 1) dV (x, y).

We calculate the latter integral using polar coordinates. The result is

∫ 2π

0

∫ 1

0

(r3 sin2 θ − r) drdθ = −3π/4.

Exercise Set 11.4

1. If R is a rectangle of width a and height b, then use Green’s Theorem to
find

∫

∂R
xdy.

2. Use Green’s Theorem to find
∫

∂I2(y
2xdx + x2y dy).

3. Show that x = a cos(πt), y = b((2s−1) sin(πt), (s, t) ∈ I2 gives an explicit
parameterization as a simple, orientation preserving 2-cell E for the ellipse
A of Example 11.4.13. Show that ∂E traverses ∂A once in the positive
direction. Explain why this path yields the same integral for a 1-form on
A as does the path γ of the example.

4. Using the parameterizationE given in the preceding exercise, calculate the
area of the ellipse of Example 11.4.13 by directly calculating

∫

E dx ∧ dy.

5. Find an explicit parameterization for the 2-cell in Figure 11.4A that has
the annulus of Example 11.4.14 as its trace.

6. Use Green’s Theorem to find
∫

∂A(y3 dx− x3 dy) if A is the annulus of the
previous exercise.

7. Prove that the image of a path in R2 is a set of area zero (see Exercises
10.2.6 and 10.2.8).
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8. Verify the claim, made in the discussion of orientation for paths, that an
ordered pair {v, w} of vectors in R2 forms a positively oriented basis if
and only if the matrix with v as first column and w as second column has
positive determinant.

9. Prove that a 2 × 2 matrix takes a positively oriented basis to a positively
oriented basis if and only if it has positive determinant.

10. Use Green’s Theorem to calculate
∫

∂D(xy dx+ (x+ ln(2 + y)) dy), where
D is the unit disc.

11. If E is a simple positively oriented cell in R2, with trace A, find a formula
which expresses the area of A as an integral around ∂E. Is there more
than one way to do this?

12. Use the result of the previous exercise to find the area of the region in R2

enclosed by the path x = cos t, y = sin 2t, −π/2 ≤ t ≤ π/2.

13. Suppose A and ∂A satisfy the hypotheses of Theorem 11.4.15. Suppose
that A may be written as the union of finitely many sets, of the form
Bj = Im(Ej) where each Ej is a simple positively oriented cell and any
two of the sets Bj intersect only at common boundary points. Explain
why it is reasonable to think that the sum of the integrals of a 1-form φ
along the paths ∂Ej is equal to the integral of φ along ∂A.

14. Let U be an open set in R2 and let a and b be points of U . We say that
two paths γ0 and γ1 both of which begin at a and end at b, are homotopic
in U if there is a cell E : I2 → U such that E(s, 0) = a, E(s, 1) = b,
E(0, t) = γ0(t), and E(1, t) = γ1(t) for all s, t ∈ [0, 1]. Show that if φ is a
1-form with dφ = 0 on U , then

∫

γ0

φ =

∫

γ1

φ,

whenever γ0 and γ1 are homotopic paths joining a to b. Conclude that if
any two paths joining the same two points of U are homotopic and dφ = 0,
then

∫

γ
φ depends only on the endpoints of γ and not on the path joining

these endpoints.

15. Show that if U is a convex open subset of R2 and a and b are points of
U , then any two smooth paths joining a to b are homotopic in U (see the
previous exercise).

11.5 Surface Integrals and Stokes’s Theorem

This section is devoted to to the study of integration on 2-dimensional surfaces
in Rd and to generalizations of Green’s Theorem to this context.
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We begin with a discussion of integration over parameterized surfaces. We
discuss the concepts of surface area and orientation for parameterized surfaces
and prove that these notions are essentially independent of the choice of param-
eterization. We then specialize to the case where the parameterized surface is
a 2-cell in Rd and prove Stokes’s Theorem. This is a generalization of Green’s
Theorem to the case where the 2-cell has its trace in Rd for d ≥ 3.

In the next section we will generalize Green’s Theorem to the case of a 3-cell
in R3 (Gauss’s Theorem) or, more generally, a 3-cell in Rd for d ≥ 3.

These results do not require many new ideas. Most of what we need has
already been encountered in our study of Green’s Theorem in the previous
section.

Not every geometric object that we might wish to integrate over can be
expressed as the trace of a cell. To exploit the full power of these theorems, we
will need to consider objects which are constructed by piecing together cells –
much as we dealt with piecewise smooth paths in previous sections. This will
be done in the final section of this chapter.

Integration Over a Parameterized Surface

A smoothly parameterized surface is the 2-dimensional analogue of a smooth
path.

Definition 11.5.1. A parameterized 2-surface in Rd is a continuous function
H : U → Rd from an open set U ⊂ R2 into Rd. It is a smoothly parameterized
surface if H is one-to-one and smooth, with a differential dH which has rank 2
at each point of U . The image of a smoothly parameterized 2-surface is called
its trace.

The definition given here differs slightly from Definition 9.4.7 in that, here,
a specific parameter function H is part of the definition.

The integral of a 2-form over a smoothly parameterized surface follows the
pattern of the definitions of integration of 1-forms over paths and of 2-forms
over 2-cells in R2.

Definition 11.5.2. If U is a Jordan region, H : U → Rd (d ≥ 2) is a smoothly
parameterized surface, in Rd, and ω is a 2-form defined on A = H(U) with
H∗(ω) bounded on U , then we define the integral of ω over H to be

∫

H

ω =

∫

U

H∗(ω).

The condition that H∗(ω) be bounded in the above definition is needed to
ensure that the integral on the right exists (the continuity of ω and smoothness
of H ensure that H∗(ω) is continuous). Note that, if F is the component vector
field of ω, then H∗(ω) is a 2-form on U which is the inner product of F ◦H with
a vector consisting of determinants of 2 × 2 submatrices of dH (see Example
11.3.12). It follows that the condition that H∗(ω) be bounded in the above
definition will be satisfied if dH and ω are both bounded.
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Remark 11.5.3. Often the parameter function H will actually be defined and
continuous on a compact Jordan region A with U as its interior and the 2-form
ω will be continuous on H(A). This guarantees that ω is bounded on H(U). If
dH extends to be continuous on the compact set A then we are also guaranteed
that dH will be bounded. Note that, in this case, it does not matter whether
or not the integral on the right above is taken over U = A◦ or over A, since ∂A
has area 0 (A is a Jordan region).

Example 11.5.4. If ∆ = {(x, y) : x > 0, y > 0, x+ y < 1} and the parameter-
ized surface H : ∆ → R3 is defined by H(x, y) = (x, y, x − 2y + 5), then find
∫

H ω if ω = −y dy ∧ dz + xdz ∧ dx,
Solution: In this example, the parameterization H actually expresses the

surface as the graph of a function defined on the triangle ∆. That is, H expresses
the variables (x, y, z) in terms of (x, y) by x = x, y = y, z = x− 2y + 5. Under
H∗, the differentials dx and dy remain unchanged, while H∗(dz) = dx − 2dy.
Thus,

H∗(ω) = −y dy ∧ (dx − 2dy) + x (dx − 2dy) ∧ dx = (2x+ y) dx ∧ dy.

Thus,

∫

H

ω =

∫

U

(2x+ y) dx ∧ dy =

∫ 1

0

∫ 1−y

0

(2x+ y)dxdy = 1/2

Parameter Independence

Definition 11.5.5. Let H : U → Rd and J : V → Rd be smoothly parame-
terized surfaces. If P : V → U is a smooth one-to-one function with det(dP )
either strictly positive or strictly negative on V , then we will say that P is a
smooth parameter change from H to J provided H = J ◦ P . If det(dP ) > 0 we
will say that P is positively oriented, while if det dP < 0 we will say that P is
negatively oriented.

Note that if there is a smooth parameter change from H to J , then H(U) =
J(V ). That is, H and J have the same trace.

The theorem on independence of parameterization (Theorem 11.4.9) holds
in this more general context. The proof is the same.

Theorem 11.5.6. Let H : U → Rd and J : V → Rd be smoothly parameterized
surfaces. If there is a smooth parameter change from H to J , then

∫

H

ω = ±
∫

J

ω.

if ω is any bounded 2-form on H(U) = J(V ). The sign in this identity is positive
if P is positively oriented and it is negative if P is negatively oriented.

This theorem often allows us to simplify an integration problem by choosing
a more convenient parameterization than the one given.
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Example 11.5.7. Find a smooth parameter change which expresses the integral
in Example 11.5.4 as an integral over a square rather than a triangle. Then do
the integration.

Solution: We set P (u, v) = (u, (1 − u)v). Then P is a one-to-one function
from the interior of the square I2 onto the open triangle ∆ and its differential
is

dP =

(

1 0
−v 1 − u

)

which has determinant 1 − u. This is positive on the interior of I2 and so it
determines a positively oriented smooth parameter change. Since H(x, y) =
(x, y, x− 2y + 5), the new parameterized surface J = H ◦ P is

J(u, v) = (u, (1 − u)v, u− 2(1 − u)v + 5) = (u, v − uv, u− 2v + 2uv + 3).

That is, the surface obtained by setting x = u, y = v−uv, z = u−2v+2uv+3.
Then dx = du, dy = −vdu+(1−u)dv, and dz = (1+2v)du+2(u− 1)dv. Since
ω = −y dy ∧ dz + xdx ∧ dz, this implies

J∗(ω) = −(v − uv)(−v du + (1 − u) dv) ∧ ((1 + 2v) du+ 2(u− 1) dv)

− u du ∧ ((1 + 2v) du+ 2(u− 1) dv

= ((v − 2)u2 + 2(1 − v)u+ v) du ∧ dv

The integral of ω over J is then

∫

J

ω =

∫

I2

J∗(ω) =

∫ 1

0

∫ 1

0

((v − 2)u2 + 2(1 − v)u + v) du dv = 1/2

This is not a case where changing the parameterization simplifies the integration.

Orientation

A smoothly parameterized surface E comes equipped with a natural orientation.
What do we mean by this? It will turn out to be important.

We begin by discussing the concept of orientation for R2. The ordered pair
of vectors (1, 0), (0, 1) is an ordered basis for this vector space. If we choose
another ordered pair of basis vectors (a, b), (c, d), then

(

a
b

)

=

(

a c
b d

) (

1
0

)

and
(

c
d

)

=

(

a c
b d

) (

0
1

)

.

Thus, the matrix

A =

(

a c
b d

)

transforms the ordered basis (1, 0), (0, 1) to a new ordered basis (a, b), (c, d).
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Now the matrix A must be non-singular since (a, b) and (c, d) are linearly
independent. This means that detA 6= 0. However, detA may be positive or it
may be negative. This means that the possible ordered bases for R2 fall into two
classes – those for which detA is positive and those for which detA is negative.
A pair of ordered bases that fall into the same class are said to have the same
orientation while a pair which fall into different classes are said to have opposite
orientation. If we fix an ordered basis, then any other ordered basis is said to
have positive orientation or negative orientation (relative to the fixed ordered
basis) depending on whether or not it has the same or the opposite orientation
of that of the original basis.

Example 11.5.8. For the following ordered pairs of basis vectors, tell which
have the positive orientation and which have negative orientation with respect
to the standard ordered basis (1, 0), (0, 1):

1. (0, 1), (1, 0);

2. (0,−1), (1, 0);

3. (1, 1), (−1, 1).

Solution: We have

det

(

0 1
1 0

)

= −1, det

(

0 −1
1 0

)

= 1, det

(

1 1
−1 1

)

= 2.

Thus, the first pair has negative orientation while the second and third pairs
have the positive orientation with respect to the standard pair.

Of course specifying a coordinate system for the plane as well as a choice of
ordering of the coordinate axes is the same as specifying an ordered basis. Thus,
an orientation of the plane is determined by a choice of an ordered coordinate
system.

Specifying an orientation on the plane is also equivalent to specifying a
positive direction of rotation about a point. A non-zero rotation of magnitude
less than π/2 is positive if and only if it moves the positive x-axis toward the
positive y-axis.

Surfaces and Orientation

A smooth p-surface S in Rq is a subset of Rq which is locally a smoothly param-
eterized p-surface. This means that at each point s ∈ S there is a neighborhood
U of s in Rq such that S ∩ U has a smooth parameterization.

Our main concern in this section is with 2-surfaces. They will be referred to
simply as surfaces.

A smoothly parameterized 2-surface has a natural orientation. That is, if
H : U → Rp is the map which parameterizes the surface S and a ∈ U, b = H(a),
then the linear transformation dH : R2 → Rp maps R2 onto a 2-dimensional
linear subspace L of Rp and it maps the standard basis (1, 0), (0, 1) onto an
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Figure 11.5: A Möbius Band

ordered basis for L. Note that b + L is the tangent space of S at the point b.
This ordered basis defines an orientation on L. This is what we mean by the
orientation of the surface S at the point b = H(a). Because H is smooth, the
space L and the ordered pair of basis vectors vary in a continuous fashion as
the point b moves about the surface S.

Suppose H1 : Rp → Rq is another smoothly parameterized surface, with
image S1 which is equal to S in some neighborhood U of b. Then U ∩S = U ∩S1

are surfaces with two different parameterizations. These parameterizations may
determine the same orientation for the surface at b or opposite orientations.
That is, the notion of orientation of a surface at a point depends on the choice of
parameterization for the surface in a neighborhood of this point. This discussion
leads to the following definition.

Definition 11.5.9. An orientation of a smooth surface S at at point b ∈ S
is the orientation class of a pair of basis vectors for the vector space L, where
b + L is the tangent space of S at b. An orientation for S itself is a choice of
orientation for S at each of its points b in such a way that ordered basis vectors
defining this orientation may be chosen in a continuously varying fashion as b
moves over S. An orientable surface is one which may be given an orientation.

Surfaces in 3-Space

If H is a smoothly parameterized 2-surface S in R3 with parameter set U and
trace S, then the images under dH of the basis vectors (1, 0) and (0, 1) are the
first and second rows of the matrix dH . They may also be described as the vec-
tors ∂H/∂u and ∂H/∂v. They constitute an ordered pair of basis vectors for the
vector space L such that H(u, v)+L is tangent space of S at H(u, v). As (u, v)
range over U , they determine an orientation of S. The cross product of these
vectors ∂H/∂u× ∂H/∂v is often called the normal vector to the parameterized
surface and denoted NH . This is a vector orthogonal to the vectors ∂H/∂u and
∂H/∂v and it varies continuously with the point (u, v) ∈ U . The cross product
of any ordered basis of vectors in L will have the same or opposite direction as
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NH depending on whether or not the ordered basis determines the same ori-
entation as (∂H/∂u, ∂H/∂v) . In other words, the direction of NH at a point
on the surface determines the orientation of the ordered pair (∂H/∂u, ∂H/∂v)
and, hence, the orientation of S at that point. The following theorem follows
from this observation.

Theorem 11.5.10. An orientation on a surface S in R3 is determined by a
continuous function which assigns to each point of S a vector orthogonal to the
tangent space of S at that point. There exists such a function if and only if the
surface is orientable.

Most of the common surfaces we deal with in R3 are orientable. This includes
spheres, cylinders, tori, and any smoothly parameterized surface. However, not
all surfaces in R3 are orientable, as the next example shows.

Example 11.5.11. Find a surface in R3 which is not orientable.
Solution: Such a surface is the Möbius band, illustrated in Figure 11.5. Note

that an attempt to continuously assign a normal vector to the points of this
surface, beginning at the left and proceeding in the counterclockwise direction,
results in the vectors pointing in the opposite of the original direction once we
return to the starting point.

A physical example of a Möbius band may be constructed by taking a long,
thin rectangular strip of paper, twisting one end through 180 degrees and then
glueing it to the opposite end.

Surface Integrals in 3-Space

Let H be a smoothly parameterized 2-surface in R3 with trace S. The unit
normal to the surface A is defined to be N = NH/||NH ||. This appears to
depend on the parameterization H and not just one its trace S and, in fact, by
definition, it is a function on the parameter set U of H . However, at a given
point of S, there are only two vectors which are orthogonal to the tangent plane
of S and they point in opposite directions. Thus, if two parameterizations of S
give it the same orientation, then they must determine the same normal vector
at each point (this also follows from Exercise 11.5.7). In other words, for a
smooth oriented surface, there is a a uniquely defined unit normal vector at
each point of the surface. For this reason, we consider the unit normal vector
to be a function of points (x, y, z) on the surface S, rather than a function of
points (u, v) in the parameter set U . Given a parameterizationH of the surface,
we recover NH as

NH(u, v) = ||NH(x, y)||N(H(u, v)) or NH = ||NH ||N ◦H.

Surface Area

Just as we defined the arc length s of a path and the integral over a path with
respect to the differential ds of arc length, we may define the area of a param-
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eterized surface and the integral of a function with respect to the differential of
surface area.

Definition 11.5.12. If H : U → R3 is a smoothly parameterized surface, then
we define the surface area of the trace S of H to be

σ(A) =

∫

U

||NH(u, v)|| du ∧ dv.

If f is a continuous function defined on S, then we define its integral with
respect to surface area on S to be

∫

S

f dσ =

∫

H

f dσ =

∫

U

(f ◦H)(u, v)||NH(u, v)|| du ∧ dv,

This is independent of the parameterization in the sense that if G is another
smoothly parameterized surface which is related to H by a smooth parameter
change P , then the integrals in the above definition are unchanged if we replace
H by G = H ◦ P . This is due to the change of variables theorem (Theorem
11.4.4) and the fact that NH◦P = det(dP )NH ◦P (Exercise 11.5.7). This shows,
in particular, that the surface area of the trace S of H is independent of the
parameterization.

Let (x, y, z) = H(u, v), (u, v) ∈ U be a smooth parameterization of a 2-
surface S in R3, as above, and let φ = f1dy ∧ dz + f2dz ∧ dx + f3dx ∧ dy be a
2-form defined on a neighborhood of the trace of H . By Example 11.3.12, if we
let F = (f1, f2, f3) be the component vector field of φ, then

H∗(φ) = (F ◦H) ·
[

∂H

∂u
× ∂H

∂v

]

du ∧ dv = (F ◦H) ·NH du ∧ dv, (11.5.1)

If we use the notation, dσ = ||NH ||du ∧ dv, this allows us to express the
integral of the 2-form φ over a smoothly parameterized surface H in its classical
form as an integral with respect to surface area over the trace S of H .

∫

H

φ =

∫

S

F ·N dσ. (11.5.2)

This has physical interpretations in certain situations. For example, if F is
the velocity field of a fluid moving in R3, then the integral represents the flux
or rate of flow of the fluid across the surface S.

Integration over a 2-Cell in Rd

In the previous section, we defined 2-cells in Rd (Definition 11.4.5).
We may think of a simple 2-cell in Rd as smoothly parameterized 2-surface

in Rd along with a path ∂E which runs around the edge of this surface. The
boundary, ∂E, of a 2-cell E is, as before, the path which is the composition of E
with the path ∂I2 in R2. In general, this will not be the same as the topological
boundary of E(I2). In particular, in dimensions higher than 2, the trace E(I2)
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has no interior and is, therefore, its own topological boundary, whereas ∂E is
just a path in Rd which runs around the edge of E(I2).

Considered as a smoothly parameterized 2-surface defined on the interior of
I2, a 2-cell E satisfies the conditions of Definition 11.5.2. Similarly, a 2-form
φ defined on a set containing the trace E(I2) is continuous, hence bounded,
on E(I2) and so it also satisfies the conditions of Definition 11.5.2. Hence, the
integral

∫

E

ω =

∫

I2

E∗(ω).

exists. It is this surface integral over a 2-cell E that we use in formulating
Stokes’s Theorem.

Stokes’ Theorem

Stokes’ Theorem for two dimensional surfaces is much like Green’s Theorem.
The difference is that two dimensional surfaces lying in Rd for d ≥ 3 replace
regions in R2. The result is still stated in terms of 2-cells, but now they are
2-cells in dimension higher than 2. We will be primarily concerned with 2-cells
in R3.

Theorem 11.5.13. Stokes’ Theorem Let E : I2 → Rd be a 2-cell and φ a
smooth 1-form defined on an open set in R3 containing E(I2). Then

∫

∂E

φ =

∫

E

dφ.

The proof is identical to the proof of Green’s Theorem (Theorem 11.4.10).

Remark 11.5.14. As with Green’s Theorem, although Stoke’s Theorem is
stated in terms of a cell E and its boundary ∂E, in practice the integrals over E
and ∂E may be computed using convenient parameterizations which may have
little to do with each other.

Example 11.5.15. Use Stokes’ Theorem to calculate the integral of the 2-form
(x+ y) dz around the boundary of the surface

z = x2 − y2 − 2x+ 2y, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1,

where the boundary path is traversed in the counterclockwise direction when
seen from above the surface (positive z axis points up).

Solution: We parameterize the surface by setting x = u, y = v, z = u2 −
v2−2u+2v. That is, we represent the surface as the trace of the 2-cell E(u, v) =
(u, v, u2 − v2 − 2u + 2v), (u, v) ∈ I2. Traversing ∂I2 in the counterclockwise
direction causes E(u, v) to traverse the boundary of our surface in the required
direction. Since d((x+ y) dz) = dy∧dz− dz∧dx, Stokes’ Theorem implies that

∫

∂E

(x+ y) dz =

∫

E

(dy ∧ dz − dz ∧ dx).
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We have dx = du, dy = dv and dz = (2u− 2) du − (2v − 2) dv for the parame-
terization determined by E. Thus,

∫

∂E

(x+ y) dz =

∫

I2

(4 − 2u− 2v) du ∧ dv

=

∫ 1

0

∫ 1

0

(4 − 2u− 2v)dudv = 2

Example 11.5.16. Let ω = xdy∧dz−y dz∧dx−2ydx∧dy. Find the integral of
the 2-form ω over the torus T described as follows: For each point on the circle
A = {(x, y, 0) ∈ R3 : x2 + y2 = 4}, let Cx,y be a circle in R3, of radius 1, which
is centered at (x, y, 0) and lies in the plane through the origin perpendicular to
the circle A. Then T is the union of all the circles Cx,y (see Figure 11.6). Note
that T is a smooth 2-dimensional surface.

Solution: We may parameterize T as follows:

x = (2 + cos 2πt) cos 2πs;

y = (2 + cos 2πt) sin 2πs;

z = sin 2πt,

with 0 ≤ s ≤ 1 and 0 ≤ t ≤ 1. In other words, T is the trace of the 2-cell
E : I2 → R3 given by

E(s, t) = ((2 + cos 2πt) cos 2πs, (2 + cos 2πt) sin 2πs, sin 2πt).

Now the 2-form ω is dφ where φ is the 1-form φ = y2 dx + xy dz. Thus, by
Stokes’ Theorem

∫

E

ω =

∫

E

dφ =

∫

∂E

φ. (11.5.3)

However, ∂E is made up of four parameterized circles. Two of them are

γ1(t) = ((2 + cos 2πt), 0, sin 2πt), and γ2(s) = (3 cos 2πs, 3 sin 2πs, 0).

and the other two are γ3(t) = γ1(1 − t) and γ4(s) = γ2(1 − s) – that is, γ3

and γ4 are just γ1 and γ2 traversed in the reverse direction. It follows that
the contributions of the integrals over these paths cancel and, hence, that the
integrals in (11.5.3) are all 0.

Classical Form of Stokes’s Theorem

If φ = f1 dx + f2 dy + f3 dz is a 1-form and F is the component vector field
F = (f1, f2, f3), then by Remark 11.3.4, dφ has curl(F ) as its component vector
field. Using this and (11.5.2) yields the classical form of Stokes’s Theorem.

Theorem 11.5.17. Let E be a simple 2-cell in R3 with trace S and let φ =
f1 dx + f2 dy + f3 dz a 1-form defined on the trace of E. With N the normal
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Figure 11.6: The Torus of Example 11.6

vector for E as defined above, T the tangent vector to the path ∂E, and F the
vector field F = (f1, f2, f3), we have

∫

∂E

F · T ds =

∫

S

curl(F ) ·Ndσ

Proof. The integral on the left is just the path integral
∫

∂E φ interpreted as
in Theorem 11.4.15. By Stokes’s Theorem, Remark 11.3.4, and (11.5.2) this is
equal to

∫

E

dφ =

∫

S

curl(F ) ·N dσ.

Exercise Set 11.5

1. For the part of the surface x+ y + z = 1 that lies in the first octant, find
a smooth parameterization H for which the normal vector points up, and
then compute the integral of the 2-form ω = x2 dy ∧ dz over H .

2. For the surface z = 1 − x2 − y2, z > 0, find a smooth parameterization
H , with normal vector pointing up, and then compute the integral of the
2-form ω = xdy ∧ dz + y dz ∧ dx+ z dx ∧ dy over this surface.

3. For the smoothly parameterized surface in R3 defined by

H(u, v) = (5u, cos 2πv, sin 2πv), (u, v) ∈ I2,

describe the trace ofH and then compute the integral overH of the 2-form
ω = y dy ∧ dz − xdz ∧ dx+ 2 dx ∧ dy.

4. Find the integral over the sphere x2 + y2 + z2 = 1 of the 2-form dy ∧ dz−
2dz ∧ dx.
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5. If H is a parameterized 2-surface in R3, with (x, y, z) = H(u, v), and
if NH = (g1, g2, g3) is its normal vector field, show that H∗(dy ∧ dz) =
g1 du ∧ dv, H∗(dz ∧ dx) = g2 du ∧ dv, and H∗(dx ∧ dy) = g3 du ∧ dv.

6. Find the normal NH and unit normal N for the parameterized torus of
Example 11.5.16.

7. Show that if H : U → R3 is a smoothly parameterized 2-surface and
P : V → U is a smooth parameter change, then the normal vectors of H
and H ◦ P are related by NH◦P = det(dP )NH ◦ P .

8. Let H be a parameterized surface in R3 with trace S and let N =
(η1, η2, η3) be the unit normal vector field on S. Show that the area of S
is

∫

H η, where η = η1dy ∧ dz + η2dz ∧ dx+ η3dx ∧ dy. Hint: use (11.5.2).

9. Use Stokes’s Theorem to compute the integral of the 2-form

ω = y dy ∧ dz + z dz ∧ dx+ dx ∧ dy

over the hemisphere x2 + y2 + z2 = 1, z > 0, oriented so that the normal
vector points up. Hint: ω = dφ for a certain 1-form φ.

10. If F (x, y, z) = (xy, yz, xz) and S is that part of the plane x + y + z = 1
which lies in the first octant, oriented such that the normal vectorN points
up, use the classical form of Stokes’s Theorem to compute

∫

A
curl(F ) ·

N dσ.

11. If φ = z dx+ 3xdy − y dz, use Stokes’s Theorem to compute the integral
of the 1-form φ over the ellipse which is the intersection of the cylinder
x2 + y2 = 9 with the plane z = x. Hint: the ellipse is the boundary of
the surface consisting of that part of the plane z = x which lies inside the
cylinder.

12. Show why the integral of dφ over the sphere

S = {(x, y, z) : x2 + y2 + z2 = 1}

is 0 for every smooth 1-form φ on S.

11.6 Gauss’s Theorem

In this section, we generalize Green’s Theorem to the case of a 3-cell in R3. The
result is Gauss’s Theorem. It relates the integral of a 3-form φ over a 3-cell
with the integral of dφ over the boundary of the 3-cell. We begin with a brief
discussion of integrals of 3-forms in R3.
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The Integral of a 3-Form

A 3-form in R3 has the form φ = f dx ∧ dy ∧ dz for some continuous function
f . As with 2-forms in R2, we define the integral of such a thing over a Jordan
region U to be

∫

U

φ =

∫

U

fdV. (11.6.1)

Just as it did with integrals of 2-forms, the change of variables theorem leads
to change of variables theorem for integration of 3-forms. The proof is the same
as the proof of the 2-dimensional version in Theorem 11.4.4.

Theorem 11.6.1. Let H be a smooth transformation from the open Jordan
region U in R3 to another Jordan region in R3 and suppose H is one-to-one
with non-singular differential on U . If φ is a bounded 3-form on H(U) and
H∗(φ) is bounded on U , then

∫

H(U)

φ =

∫

U

H∗(φ)

provided det(dH) > 0 everywhere on U . If det(dH) < 0 on U , equality holds if
the right side of the equation is replaced by its negative.

A transformation H which satisfies the above conditions will be called a
smooth parameter change.

Example 11.6.2. Find the integral of the 3-form z(x2 + y2) dx ∧ dy ∧ dz over
the truncated cone C = {(x, y, z) : x2 + y2 < z2, 1 < z < 2.

Solution: We could do this problem as an ordinary triple integral in rect-
angular coordinates. However, we choose to parameterize C using something
like cylindrical coordinates (conical coordinates, actually). That is, we let R be
the rectangle defined by 0 < r < 1, 0 < θ < 2π, and 1 < z < 2 and define
H : R→ C by

H(r, θ, z) = (rz cos θ, rz sin θ, z).

That is, we make the change of variables

x = rz cos θ, y = rz sin θ, z = z.

Then

dx = z cos θ dr − rz sin θdθ + r cos θ dz

dy = z sin θ dr + rz cos θdθ + r sin θ dz

dz = dz,

so that dx ∧ dy ∧ dz = rz2 dr ∧ dθ ∧ dz, while z(x2 + y2) = r2z. Thus,

H∗(φ) = r3z3 dr ∧ dθ ∧ dz.

and
∫

H

φ =

∫

R

H∗(φ) =

∫ 2

1

∫ 2π

0

∫ 1

0

r3z3 dr dθ dz =
15π

8
.
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The Boundary of a Cube

Our next task is to prove Gauss’s Theorem on the standard cube I3 in R3. In
order to formulate the theorem we need to fix an orientation on the boundary
of the cube.

The boundary of a cube is not a smooth surface. It consists of six squares,
which are smooth surfaces, joined together along their sides. We choose to
orient each of these in such a way that a corresponding normal vector points
away from the cube. That is, an ordered pair of vectors in one of the sides has
the correct orientation if the cross product of these vectors points to the exterior
of the cube.

One way to parameterize the six faces is as follows: We let (s, t) be the
coordinates of a point on the standard square I2. Then

F 10(s, t) = (0, s, t) and F 11(s, t) = (1, s, t)

parameterize the two faces perpendicular to the x-axis, while

F 20(s, t) = (s, 0, t) and F 21(s, t) = (s, 1, t)

F 30(s, t) = (s, t, 0) and F 31(s, t) = (s, t, 1)

parameterize the faces perpendicular to the y and z axes, respectively. Unfor-
tunately, three of these have the wrong orientation. For example, F 10 and F 11

each send the standard basis in R2 to a pair of vectors in R3 with cross product
pointing in the positive x direction. Hence, they don’t both point to the exterior
of the cube. In fact, for F 10 this cross product vector points to the interior of
the cube. In general, the orientation of F iσ is correct if i + σ is even and is
incorrect if i+ σ is odd. Thus, an integral over a face with i+ σ odd will have
the wrong sign. We can fix this by multiplying the integral by −1. This idea
leads to an interpretation of the boundary of the cube I3 as a formal sum

∂I3 =
∑

iσ

(−1)i+σF iσ (11.6.2)

where i runs from 1 to 3 and σ from 0 to 1. We then define the integral of a
2-form φ over ∂I3 to be

∫

∂I3

φ =
∑

iσ

(−1)i+σ

∫

F iσ

φ (11.6.3)

We would get the same result if we just reversed the orientation of each face
F iσ with i + σ odd and then took the sum of the integrals over the resulting
parameterized surfaces. There is an advantage to writing the integral as in
(11.6.3) which will become apparent in the next section.

With these conventions established, we may state and prove Gauss’s Theo-
rem for the standard cube in R3.
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Gauss’s Theorem on a Cube

The proof of Gauss’s Theorem on a cube is not materially different from the
proof of Green’s Theorem on a square.

Theorem 11.6.3. Suppose φ is a smooth 2-form defined on I3. Then

∫

∂I3

φ =

∫

I3

dφ

Proof. We first show that the theorem holds for φ of the form φ = f dy ∧ dz.
With ∂I3 represented as in (11.6.2), we have

∫

∂I3

φ =
∑

iσ

(−1)i+σ

∫

Fiσ

φ =
∑

iσ

(−1)i+σ

∫

Fiσ

f dy ∧ dz.

The integral on the right in this equation will vanish if either y or z is constant
on the face Fiσ. Thus, only the integrals of f dy∧dz over the faces F10 and F11

may be non-zero. This implies

∫

∂I3

φ =

∫ 1

0

∫ 1

0

f(1, s, t)dsdt−
∫ 1

0

∫ 1

0

f(0, s, t)dsdt

=

∫ 1

0

∫ 1

0

∫ 1

0

∂f

∂x
(x, s, t)dxdsdt =

∫

I3

dφ,

by the Fundamental Theorem of Calculus applied to the integral in the x direc-
tion.

If φ has the form g dy ∧ dz or h dx ∧ dz, the proof is the same with the
variables and the value of i interchanged. Since every smooth 2-form is a sum
of forms for which the theorem is true and since the integrals involved are linear
functions of the forms in the integrand, the theorem is true in general.

Gauss’s Theorem for a 3-Cell

Definition 11.6.4. A 3-cell in R3 is a smooth function E : I3 → R3. A 3-cell
is simple if it is one-to-one with non-singular differential on the interior of I3.
A simple cell E is positively oriented if det(dE) > 0 on the interior of E.

As in the definition of 2-cell, the meaning of smooth requires some comment,
since I2 is not an open set. Along each face or edge of I2 some of the partial
derivatives of the coordinate functions of E must be interpreted as one-sided
derivatives, while at interior points of I2 these are the usual 2-sided derivatives.
The resulting functions on I2 are then required to be continuous.

The faces of E are the functions Eiσ = E ◦ F iσ, where F iσ is the iσ face
of I3 as defined at the beginning of this section. Thus, E10(s, t) = E(0, s, t),
E11(s, t) = E(1, s, t), E20(s, t) = E(s, 0, t), etc. It follows from the above
definition that each face is a 2-cell.
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The boundary of a 3-cell E is defined to be

∂E =
∑

iσ

(−1)i+σEiσ,

where, as in (11.6.3), this means that the integral of a 2-form φ over ∂E is
defined to be

∫

∂E

φ =
∑

iσ

(−1)i+σ

∫

Eiσ

φ.

The following is Gauss’s Theorem for a 3-cell.

Theorem 11.6.5. If E is a smooth 3-cell in R3 and φ a smooth 2-form on the
trace of E, then

∫

∂E

φ =

∫

E

dφ.

Proof. This is just like the proof of Green’s Theorem for a 2-cell. We have

∫

∂E

φ =

∫

∂I3

E∗(φ) =

∫

I3

dE∗(φ)

=

∫

I3

E∗(dφ) =

∫

E

dφ,

by Theorem 11.6.3 and Theorem 11.3.10(c).

Example 11.6.6. Find the integral of the 2-form

φ = (x2 + y) dy ∧ dz + (2xz − y) dx ∧ dz + (xy2 + z) dx ∧ dy

over the boundary of the solid A defined by the inequalities 0 ≤ z ≤ 1−x2−y2.

Solution: We use Gauss’s Theorem, which tells us that the integral we seek
is equal to

∫

A dφ. We will parameterize A using cylindrical coordinates

x = r cos t, y = r sin t, z = z with 0 ≤ z ≤ 1− r2, 0 ≤ r ≤ 1, 0 ≤ t ≤ 2π.

Since dφ = (2x+ 2) dx ∧ dy ∧ dz = 2r(r cos t+ 1)dr ∧ dt ∧ dz, we have

∫

A

dφ =

∫ 1

0

∫ 1−r2

0

∫ 2π

0

2(r2 cos t+ r)dt dz dr =

∫ 1

0

∫ 1−r2

0

4πr dz dr = π.

Example 11.6.7. For 0 ≤ b ≤ 1, let B be that part of the solid sphere of
radius one, centered at the origin, that lies between the planes z = −b and
z = b. Compute the volume of B in two ways – first, as an integral over B and,
second, as a surface integral over ∂B.

Solution: The volume we seek is
∫

B dx∧dy∧dz. We parameterize B using
cylindrical coordinates. Then x = r cos θ, y = r sin θ and z = z with 0 ≤ r ≤ 1,
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Figure 11.7: Horizontal Slice of a Sphere

0 ≤ θ ≤ 2π, and −b ≤ z ≤ b. We know dx ∧ dy ∧ dz = r dr ∧ dθ ∧ dz and
r =

√
1 − z2 at points on the surface of the sphere. Thus,

∫

B

dx ∧ dy ∧ dz =

∫ b

−b

∫ 2π

0

∫

√
1−z2

0

r dr dθ dz

=

∫ b

−b

π(1 − z2) dz = 2π(b − b3/3).

This is the result of the calculation of the volume integral.

To compute the volume of B as a surface integral we use Gauss’s Theorem.
Since d(z dx∧ dy) = dz ∧ dx∧ dx = dx∧ dy ∧ dz, Gauss’s Theorem tells us that

∫

B

dx ∧ dy ∧ dz =

∫

∂B

z dx ∧ dy =

∫

∂B

zr dr ∧ dθ

where the latter integral results from switching to cylindrical coordinates.

The surface ∂B is made up of three parts: a section S of of the sphere defined
by the conditions r =

√
1 − z2, −b ≤ z ≤ b, and top and bottom horizontal discs

D+ and D− defined by z = ±b, 0 ≤ r ≤
√

1 − b2.

The horizontal discs each have radius
√

1 − b2 and so the contribution of the
top disc D+ to the integral

∫

∂B zr dr ∧ dθ is b(1 − b2)π. The bottom disc D−

appears, at first glance, to yield the negative of this since everything appears to
be the same except that z = b on D+ and z = −b on D−. However, this is not
correct. As part of ∂B, the bottom disc D− has negative orientation relative
to the standard x, y coordinates in the plane while D+ has positive orientation.
The negative orientation of D− reverses the direction of integration with respect
to θ and, hence, reverses the sign of the integral. This leads to a result which
is identical to that computed for D+. Thus, the combined contribution of D−

and D+ to
∫

∂B zr dr ∧ dθ is 2πb(1 − b2).

To compute the contribution of the spherical section S, we use the z and θ
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coordinates to parameterize S. Then r =
√

1 − z2 on S

∫

∂S

zr dr ∧ dθ =

∫ 2π

0

∫ b

−b

z
√

1 − z2 dz dθ = 4b3π/3.

Adding the various contributions gives us

∫

B

dx ∧ dy ∧ dz =

∫

∂B

zr dr ∧ dθ = 4/3 b3π + 2b(1 − b2)π = 2π(b − b3/3).

Fortunately, this is the same answer as before.

Classical Form of Gauss’s Theorem

If φ = f1 dy ∧ dz + f2 dz ∧ dx + f3 dx ∧ dy is a 2-form in R3 and we let F =
(f1, f2, f3) be its component vector field, then

dφ = divF dx ∧ dy ∧ dz,

where divF = ∂f1/∂x+∂f2/∂y+∂f3/∂z. If we combine this with (11.5.2) and
Theorem 11.6.5, the result is the classical form of Gauss’s Theorem:

Theorem 11.6.8. If E is a 3-cell in R3 with trace A. Suppose ∂E has trace
equal to the topological boundary ∂A of A, and F is a smooth vector function
defined on the trace A of E, then

∫

∂A

F ·N dσ =

∫

A

divF dV.

In a fluid flow problem, where F is the velocity field of the flow, this has
the following interpretation. The left side represents the flux or rate of flow of
fluid out of the region A, while the right side is the integral over A of a function
divF which represents, at each point of A, the tendency of the fluid to move
away from (diverge from) the point.

The Integral over a 3-Surface in Rd

A smoothly parameterized 3-surface in Rd is a smooth function H : U → Rd

such that U is an open subset of R3 and dH is non-singular on U . The trace of
H is its image in Rd.

Just as an ordered basis for a 2-dimensional vector space determines an
orientation for the vector space, an ordered basis for a vector space of dimension
3 or higher also determines an orientation for the vector space. Two ordered
bases determine the same orientation if and only if the determinant of the matrix
which transforms the first basis to the second is positive.

As before, H determines an orientation on its trace S = H(I3). That is,
dH(a) sends the standard basis in R3 to an ordered basis for the linear subspace
of Rd whose translate by b = H(a) is the tangent space to S at b. A 3-surface
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in Rd is a subset which, in a neighborhood of each of its points, may be given
a smooth parameterization – that is, its intersection with this neighborhood is
the trace of a smoothly parameterized 3 surface. A 3-surface is orientable if
there is a smooth function which assigns an ordered basis, above, to each point
of the surface.

We define the integral of a 3-form over a smoothly parameterized 3-surface
in Rd in the same way we defined the integral of a 2-form over a smoothly
parameterized 2-surface.

Definition 11.6.9. If U is an open Jordan region, H : U → Rd is a smoothly
parameterized 3-surface, and φ is a 3-form on H(U) such that H∗(φ) is bounded
on U , we set

∫

H

φ =

∫

U

H∗(φ).

This defines the integral on the left.

As before, this integral, though defined through the parameterization H
is actually independent of parameterization in the sense that the integral is
unchanged if H is replaced by J = H ◦ P , where P : V → U is any positively
oriented smooth parameter change, provided V and J also satisfy the conditions
of the above definition. The integral does depend on the orientation of H and
if this is reversed, then the integral changes sign. Here, a smooth parameter
change P : V → U between open Jordan regions in R3 is a smooth one-to-one
map with non-singular differential dP > 0. It is positively oriented if det dP > 0.

Stokes’s Theorem for 3-Cells in Rd

The definition of a 3-cell in Rd is the same as that of a 3-cell in R3 except that
the trace of the cell lies in Rd rather than R3. Since, on the interior of I3, a
3-cell is a smoothly parameterized surface, we may integrate a 3-form over it.
With no extra work, we have Stokes’s Theorem for a 3-cell in Rd, for any d ≥ 3.
Its proof is the same as the proof of Gauss’s Theorem.

Theorem 11.6.10. If E : I3 → Rd is a 3-cell in Rd, and φ is a 3-form defined
on the trace of E, then

∫

∂E

φ =

∫

E

dφ.

In the next section, we will state the general form of Stokes’s Theorem, which
involves integrals over p-cells in Rq for any q ≥ p.

Exercise Set 11.6

1. Suppose E is a positively oriented simple 3-cell in R3 with trace A. Show
that the volume of A is

V (A) =

∫

∂E

1

3
(xdy ∧ dz + y dz ∧ dx+ z dx ∧ dy).
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2. Let C be the solid defined by

C = {(x, y, z) ∈ R
3 : x2 + y2 ≤ z ≤ 1}.

Use Gauss’s Theorem to find the integral over the boundary of C of the
2-form

φ = (x+ y sin5 z) dy∧dz+(y− cos zx) dz∧dx+(3z2 +ln(1+xy)) dx∧dy.

3. Show how to construct a 3-cell with trace equal to

A = {(x, y, z) ∈ R
3 : a2 ≤ x2 + y2 + z2 ≤ b2}.

4. For a 3-cell E as in the previous exercise, and a 2-form φ on A, show that
∫

E

dφ =

∫

Cb

φ−
∫

Ca

φ

where Ca and Cb are the spheres of radius a and b, respectively, oriented
so that the normal vectors point to the exterior of the sphere. If dφ = 0,
what do you conclude.

5. Show how to extend the result of the previous exercise to more general
situations where one surface is the boundary of a solid A and the second
surface is the boundary of a second solid B which is contained in the
interior of A.

6. Let F be a C1 vector field on an open set U ⊂ R3. If a ∈ U , use Gausses
Theorem to prove that

divF (a) = lim
r→0

1

V (Br(a))

∫

∂Br(a)

F ·N dσ.

7. Let U be an open set in R3 such that U is the trace of a 3-cell E and let
F = (f1, f2, f3) a vector field on the trace U . There is a 1-form φ with F
as component vector field and a 2-form φ∗ with F as component vector
field. That is,

φ = f1 dx+ f2 dy+ f3 dz and φ∗ = f1 dy ∧ dz+ f2 dz ∧ dx+ f3 dx∧ dy.

Show that

(a) φ ∧ φ∗ = F · F dx ∧ dy ∧ dz = ||F ||2 dx ∧ dy ∧ dz;
(b) if φ = dg for some continuous function g on U which is C2 on U , then

dφ∗ = ∆g, where ∆ = ∂2/∂x2 + ∂2/∂y2 + ∂2/∂z2 is the Laplacian;

(c) If g is harmonic (i. e. if ∆g = 0 on U), then
∫

U ||F ||2dV =
∫

∂E gφ
∗.

(d) if g is harmonic and g = 0 on the trace of ∂E, then g is identically 0
on U .
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8. Let r : R3\{0} → R be the function r(x, y, z) =
√

x2 + y2 + z2. Using the
notation of the previous exercise, compute dr, show that d(1/r) = −dr/r2
and (d(1/r))∗ = dr∗/r2. Show that d(dr∗/r2) = 0 and, hence, that 1/r is
harmonic on R3\{0}.

9. The gravitational force field due to a mass at the origin is a constant
k times the component vector field of the 2-form dr∗/r2 of the previous
exercise. Show that if S is a solid sphere in R3, centered at the origin,
then the flux across ∂S due to this field is

∫

∂S

k
dr∗

r2
= −4kπ.

Hint: for the surface ∂S, show that N is the component vector field of dr∗

restricted to ∂S. Then use the classical expression for a surface integral
(11.5.2).

10. Use Gauss’s Theorem to show that the integral in the previous exercise
does not change if the sphere S is replaced by any reasonable solid A with
0 in its interior. What reasonable assumptions on A will make this true?

11.7 Chains and Cycles

Much of what we have done with Green’s, Stokes’s and Gauss’s Theorems in
the previous section involves involves integration over cells. However, in some
cases, we have worked with integrals over objects which are sums of cells in a
certain sense. In particular, an integral over the boundary of a cell is not an
integral over a cell, but a sum of integrals over the several cells which form the
boundary. In the previous section we came to think of the boundary of a 3-cell
as a formal linear combination (11.6.2) of 2-cells corresponding to the faces of
I3. This suggests that, for any natural number k, we think of the boundary of a
k-cell as a formal linear combination of the cells which consist of restrictions of
the cell to the various faces of Ik. This will require a theory of integration, not
just over cells, but over formal linear combinations of cells. Expanding on this
idea leads to some very powerful and far reaching concepts in mathematics. In
this section, we will give a brief introduction to this formalism and then use it
to restate Green’s, Stokes’s and Gauss’s Theorem in their modern form.

We begin with an introduction to this idea in the context of paths. Here the
objects we wish to introduce are 1-chains and 1-cycles.

1-Chains

A path γ in Rd is piecewise smooth, which means that it may be thought of
as several smooth paths γ1, · · · , γn joined together end to end to form a single
path. The integral of a function over γ is then the sum of the integrals over the
paths γj . we may reparameterize each of these paths so as to have parameter
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interval I = [0, 1] without effecting the integral (Exercise 11.1.4). The formal
sum of the paths γj is then a 1-chain in the sense of the following definition.

Definition 11.7.1. A 1-chain in Rd is a formal finite linear combination, with
integral coefficients,

Γ =

p
∑

j=1

mjγj , (11.7.1)

of smooth paths in Rd.

Note that (11.7.1) is not a linear combination of the γj as functions on [0, 1]
– that is, the multiplication by integers and the sums are not pointwise sums of
Rd valued functions. It is purely a formal expression and cannot be simplified
or manipulated until we impose some rules for manipulating such expressions.
We do this below.

We agree that if the individual terms mjγj in a chain are rearranged, so
that they appear in a different order, then the chain does not change. We agree
that the chain does not change if we drop summands mjγj with mj = 0, and
we agree that two summands mjγj and mkγk with γj = γk may be combined
to yield (mj +mk)γj . The empty chain – that is the chain with no summands
is denoted by 0. We add two chains in the obvious way: the sum of two formal
linear combinations of paths is another formal linear combination of paths. The
operation of addition, so defined, is clearly associative and commutative.

The set of 1-chains, as defined above, forms a commutative group – that is,
it has an operation (+) which is associative and commutative, there is a zero
element (the linear combination with no summands) and each element has an
additive inverse (just replace each coefficient mj by −mj).

Definition 11.7.2. The expression (11.7.1) for a chain Γ is said to be in reduced
form if the γj are distinct paths and all the mj are non-zero. Note that each
chain may be expressed in reduced form. We define the trace of a chain Γ to be

Γ(I) =

p
⋃

j=1

γj(I),

where (11.7.1) is an expression of the chain in reduced form.

1-Cycles

A 0-chain in Rd is a formal linear combination, with integral coefficients, of
singleton subsets of Rd – that is, a formal sum of the form

p
∑

j=1

mj{xj}.

with each xj in Rd.
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Here, the sum is not a sum of vectors in Rd. It is a purely formal sum
and can only be manipulated using the rules we set down: Again, terms may be
rearranged in the sum without changing the 0-chain. Terms with 0 as coefficient
are dropped, and terms with the same {xj} may be combined by adding their
coefficients. The empty chain is denoted by 0. Addition is defined as before and
the result is another commutative group. We must be careful here: the addition
operation, defined this way, has nothing to do with the operation of addition in
the vector space Rd. The following example illustrates this fact.

Example 11.7.3. For the 0-chains C1 and C2 in R1 defined by C1 = {2} +
3{3.5} − 2{0} and C2 = {4.9} + 4{0} − 3{3.5}, find C1 + C2 and simplify it as
much as possible.

Solution: We have

C1 + C2 = {2} + 2{3.5} − 2{0}+ {4.9} + 4{0} − 2{3.5}
= {2} + (2{3.5} − 2{3.5}) + (−2{0}+ 4{0}) + {4.9}
= {2} + (2 − 2){3.5}+ (−2 + 4){0} + {4.9}
= {2} + 0{3.5}+ 2{0}+ {4.9} = {2} + 2{0} + {4.9}.

Note this does not further simplify to {2 + 2 · 0 + 4.9} = {6.9}. In the group of
0-chains in R1 it is not true that 2{0} = {0} or that {2} + {4.9} = {6.9}.

Note that if 1-chains are replaced by 0-chains in Definition 11.7.2 we have a
notion of reduced form for 0-chains. Each 0-chain can be put in reduced form.
Once it is expressed in reduced form, the trace of a 0-chain is just the union
of the points of Rd that appear in this expression. Note that in the previous
example, the last expression in the series of equalities is an expression for C1+C2

in reduced form.

Definition 11.7.4. We define a map ∂ from 1-chains in Rd to 0–chains in Rd

by

∂(

p
∑

j=1

mjγj) =

p
∑

j=1

(mj{γj(1)} −mj{γj(0)}).

A 1-chain Γ in U is called a 1-cycle if ∂Γ = 0.

The map ∂ from 1-chains to 0–chains is a group homomorphism. This means
that, for any two 1-chains Γ and Λ. ∂(Γ + Λ) = ∂Γ + ∂Λ.

A smooth path with parameter interval [0, 1] is, itself, a 1-chain (a 1-chain
where there is only one summand and its coefficient is 1). Also, as mentioned
earlier, a path γ which is not smooth can also be used to produce a 1-chain Γ
by breaking the path up into smooth pieces and reparameterizing the pieces so
that they have [0, 1] as parameter interval. If this is done, then it turns out that
γ is a closed path if and only if ∂Γ = 0 (Exercise 11.7.13).

Example 11.7.5. Consider the rectangle R in R2 with vertices the points (0, 0),
(2, 0), (2, 1), and (0, 1) (Figure 11.8). Represent its boundary as a cycle.
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Figure 11.8: Boundary of a Rectangle as a Cycle

Solution: We set γ1(t) = (2t, 0), γ2(t) = (2, t), γ3(t) = (2 − 2t, 1), and
γ4(t) = (0, 1 − t). Then set Γ = γ1 + γ2 + γ3 + γ4. Note that Γ(I) = ∂R and

∂Γ = γ1(1) − γ1(0) + γ2(1) − γ2(0) + γ3(1) − γ3(0) + γ3(1) − γ3(0)

= {(2, 0)} − {(0, 0)} + {(2, 1)} − {(2, 0)} + {(0, 1)} − {(2, 1)}
+ {(0, 0)} − {(0, 1)} = 0.

and so Γ is a cycle.
Note, we could also represent the boundary of R as a single path which joins

together the smooth paths γ1, γ2, γ3, and γ4. As we shall see below, for the
purposes of integration, the two ways of representing the boundary of R are
equivalent.

The boundary of a reasonably nice bounded subset of the plane may be
represented as the union of a number of smooth curves. The rectangle in Figure
11.8 is one such set. When this is true, we would like to represent the boundary
by a certain cycle. In Figure 11.8 this was the cycle of the previous example.
The next example describes another such situation.

Example 11.7.6. In Figure 11.9 , the region S in the plane consists of points
inside the large circle but outside the union of the two smaller circles. Represent
∂S by a cycle.

Solution: Smooth curves which trace each of the three circles are:

γ1(t) = (4 cos(2πt), 4 sin(2πt)),

γ2(t) = (2 + cos(2πt), sin(2πt)),

γ3(t) = (−2 + cos(2πt), sin(2πt)).

Each circle is traced once in the counterclockwise direction by the corresponding
curve. We represent the boundary ∂S of S by the cycle Γ = γ1 − γ2 − γ3.

Why do we choose to multiply γ1 and γ2 by −1 in the sum defining Γ? It is
due to the following: while the circle γ1 has positive orientation relative to S,
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Figure 11.9: Boundary of S as the cycle γ1 − γ2 − γ3

the circles γ2 and γ3 have negative orientation relative to S and multiplying by
−1 compensates for this. For the meaning of this statement see the discussion
on orientation of paths in Section 11.4.

p-Chains and p-Cycles

For any non-negative integer p, we will define a p-chain in Rd to be a formal
linear combination of p-cells in Rd. First we need to define what we mean by a
p-cell in Rd. We have defined 2-cells and 3-cells in previous sections. A 1-cell
in Rd will be a smooth path in Rd parameterized on I = [0, 1]. A 0-cell is just
a singleton set {x} in Rd.

Definition 11.7.7. We define d-cells just as we defined 2-cells and 3-cells. A d-
cell in Rp is a smooth function E : Id → Rp. A d-cell is simple if it is one-to-one
with non-singular differential on the interior of Id.

As before, in defining for such a function to be smooth on the compact set
Id, on the boundary some partial derivatives must be interpreted as one-sided
derivatives .

Definition 11.7.8. A p-chain C in Rd is a formal linear combination

C =
n

∑

J=1

mjEj (11.7.2)

of p-cells with integer coefficients.

As we did with 1-chains, we agree that if the individual terms mjEj in a
chain are rearranged, so that they appear in a different order, then the chain
does not change. We agree that the chain does not change if we drop summands
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mjEj with mj = 0, and we agree that two summands mjEj and mkEk with
Ej = Ek may be combined to yield (mj +mk)Ej . The empty chain – that is
the chain with no summands is denoted by 0. We add two chains in the obvious
way: the sum of two formal linear combinations of p-cells is another formal
linear combination of p-cells. The operation of addition, so defined, is clearly
associative and commutative.

As before, the set of p-chains in Rd, as defined above, forms a commutative
group.

The expression (11.7.2) for a chain C is said to be in reduced form if the Ej

are distinct paths and all the mj are non-zero. Note that each chain may be
expressed in reduced form. We define the trace of a chain C to be the union of
the traces of the Ej in an expression of the chain in reduced form.

Boundaries

If E : Ip → Rd is a continuous function, then for j = 1, · · · , p we consider the
2p functions of p− 1 variables defined by

Ej0 = E(x1, · · · , xj−1, 0, xj , · · · , xp) and

Ej1 = E(x1, · · · , xj−1, 1, xj , · · · , xp)

Each of these is a continuous function from Ip−1 to Rd. We will call these the
p− 1 dimensional faces of E.

Definition 11.7.9. If E is a p-cell, then its boundary, ∂E, is the p − 1-chain
defined by

∂E =
∑

i,σ

(−1)i+σEiσ

Where i ranges over 1, · · · , p and σ ranges over 0, 1.
If C =

∑

j Ej is a p-chain, then we define its boundary ∂C to be the p − 1
chain

∑

j ∂Ej . We say that C is a p-cycle if ∂C = 0.

Recall that the above definition of ∂E, is the way we defined the boundary
of a 3-cell in the previous section. It is, not quite the same, but is equivalent to
the way we defined the boundary of a 2-cell in section 11.4.

Theorem 11.7.10. If C is a p-chain, then ∂2C = 0.

Proof. It is enough to prove this in the case where C is a single cell E. Then

∂2E = ∂(∂E) =
∑

iσ

∑

jτ

(−1)i+j+σ+τ (Eiσ)jτ .

Note that, if i ≤ j, then (Eiσ)jτ = (Ej+1σ)iτ . Since these two terms appear
with opposite signs in the above sum, they cancel each other out. But every
term in the above sum is of one of these two types. Hence, the sum is 0.
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The previous theorem tells us that the boundary of a chain is always a cycle.
In particular, the boundary of a p-cell is a p− 1-cycle.

Example 11.7.11. Express the solid square of Example 11.7.5 and Figure 11.8
as the trace of a 2-cell E and calculate ∂E.

Solution: We set E(s, t) = (2s, t) for (s, t) ∈ I2. This has the rectangle of
Figure 11.8 as trace. By Definition 11.7.9,

∂E = E20 + E11 − E21 − E10

where, in terms of the paths γj of Example 11.7.5,

E20(s) = E(s, 0) = (2s, 0) = γ1(s)

E11(s) = E(1, s) = (1, s) = γ2(s)

E21(s) = E(s, 1) = (2s, 1) = γ3(1 − s)

E10(s) = E(0, s) = (0, s) = γ4(1 − s).

Note that E21 and E10(s) are γ3 and γ4 with orientation reversed. This is why
they each occur with a factor of (−1) in the cycle ∂E. This compensates for
the orientation reversal when we do integration over ∂E and ensures that, for
the purposes of integration, the cycle ∂E and the cycle Γ = γ1 + γ2 + γ3 + γ4

are equivalent.

Integration Over Chains and Cycles

Chains exist so that we may integrate over them. The definition of the integral
of a p-form over a p-chain follows.

Definition 11.7.12. Let

C =

p
∑

j=1

mjEj

be a p-chain in Rd, expressed in reduced form. If φ is a p-form defined on the
trace of C, then we set

∫

C

φ =

p
∑

j=1

mj

∫

Ej

φ. (11.7.3)

It is a consequence of this definition that if C1 and C2 are two p-chains and
φ is a p-form defined and continuous on a set containing both the trace of C1

and the trace of C2, then

∫

C1+C2

φ =

∫

C1

φ+

∫

C2

φ (11.7.4)

The proof of this fact is left to the exercises (Exercise 11.7 .12).
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Definition 11.7.13. Suppose C1 and C2 are cycles in Rd. We will say that C1

and C2 are equivalent if they have the same trace and
∫

C1

φ =

∫

C2

φ

for every p-form φ on the trace of C1.

In general, a p-cell E is equivalent to any p-cell F for which there is a is a
positively oriented smooth parameter change P such that F = E ◦ P . If P is
negatively oriented, then the chain (−1)E is equivalent to F . In the case of a
1-cell γ (a smooth path) this is illustrated by the fact that (−1)γ is equivalent
to −γ, the path γ traversed in the reverse direction (see Exercise 11.1.8).

Example 11.7.14. Show that if γ1 and γ2 are two paths with parameter in-
terval I = [0, 1], and if γ1(1) = γ2(0) (so that γ2 starts where γ1 ends), then
the chain Γ = γ1 + γ2 is equivalent to the chain consisting of the single path γ
which is γ1 and γ2 spliced together, that is

γ(t) =

{

γ1(2t) if 0 ≤ t ≤ 1/2

γ2(2t− 1) if 1/2 ≤ t ≤ 1
.

Solution: Note that γ(I) = γ1(I) ∪ γ2(I) = Γ(I). On [0, 1/2] γ is obtained
from γ1 by a smooth parameter change t → 2t, while on [1/2, 1] γ is obtained
from γ2 by the smooth parameter change t → 2t − 1. Thus, for any 1-form on
the trace of γ,

∫

γ

φ =

∫ 1

0

φ(γ(t))γ′(t) dt =

∫ 1/2

0

φ(γ(t))γ′(t) dt+

∫ 1

1/2

φ(γ(t))γ′(t) dt

=

∫

γ1

φ+

∫

γ2

φ =

∫

Γ

φ

and, hence, γ and Γ are equivalent chains.

The General Stokes Theorem

Theorem 11.7.15. If φ is a smooth p− 1-form defined on Ip, then
∫

∂Ip

φ =

∫

Ip

dφ.

We won’t go through the proof here. It is very much like the proof of the
p = 3 version of the theorem, which was proved earlier (Theorem 11.6.3). It is
a simple application of the Fundamental Theorem of Calculus.

This leads us to the general version of Stokes’s Theorem.

Theorem 11.7.16. Let C be a p-chain in Rq and φ a smooth p−1-form defined
on the trace of C. Then

∫

∂C

φ =

∫

C

dφ (11.7.5)
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Proof. If C is a single cell E, then this follows, as with earlier versions, from
the previous theorem and the identities

∫

∂E

φ =

∫

∂Ip

E∗(φ) and

∫

E

dφ =

∫

Ip

dE∗(φ).

The proof for general chains now follows from the fact that both sides of (11.7.5)
are linear in C. That is, if C is a certain linear combination of cells Ej , then
the integrals in the formula are the corresponding linear combinations of the
integrals with C replaced by Ej .

If C is a single cell, then the above theorem is Green’s Theorem when p = 2
and q = 2, the dimension 2 Stokes’s Theorem when p = 2 and q > 2, Gauss’s
Theorem when p = 3 and q = 3, and the dimension 3 Stokes’s Theorem when
p = 3 and q > 3. In the case where p = 1, q = 1 it is the Fundamental Theorem
of Calculus, and when p = 1, q > 1 it is the Fundamental Theorem of Calculus
for path integrals.

The following are simple corollaries of the general Stokes Theorem. The
proofs are left to the exercises.

Corollary 11.7.17. If C is a p-cycle and φ is a smooth p−1 form on the trace
of C, then

∫

C

dφ = 0.

Corollary 11.7.18. If C is a p-chain and φ is a smooth closed p-form on the
trace of C, then

∫

∂C

φ = 0.

Exercise Set 11.7

1. If E1, E2, and E3 are three distinct p-cells in Rd, express the sum of the
chains 2E1 + E2 − 3E3 and −5E1 − E2 + E3 in reduced form.

2. Express the sum of the 0-chains C1 = 2{−3} − 4{1} + {2} and C2 =
3{1} − {2} in reduced form.

3. For t ∈ [0, 1] let γ1(t) = (2t − 1, 0), γ2(t) = (1 − t, t), γ3(t) = (t − 1, t).
Which of the following 1-chains in R2 is a cycle?

(a) γ1 + γ2 + γ3;

(b) γ1 + γ2 − γ3;

(c) γ1 + 2γ2 − 3γ3.

4. Let E(r, θ) = (r cos 2πθ, r sin 2πθ) for (r, θ) ∈ I2. Show that E is a simple
cell and explicitly describe the cycle ∂E.

5. Let ∆ be the triangle in R2 with vertices at (0, 0), (1, 0), and (0, 2). Ex-
press this triangle as the trace of a 2-cell E and find the cycle ∂E.
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6. Find the integral of the 1-form 2xy3 dx+ 3x2y2 dy over the 1-cycle of the
previous exercise.

7. For t ∈ [0, 1], let γ1(t) = (2t− 1, 0), γ2(t) = (cos(πt), sin(πt)), and define
a 1-chain Γ in R2 by Γ = γ1 +γ2. For the 1-form φ(x, y) = 3x2 dx+2y dy,
find

∫

Γ
φ.

8. Find
∫

Γ
ψ if Γ is the 1-chain of the previous exercise and ψ = xdy.

9. Define 2-cells in R2 as follows. For (s, t) ∈ I2,

E(s, t) = ((1 + s) cosπt, (1 + s) sinπt)

F (s, t) = ((1 + s) cosπt,−(1 + s) sinπt).

If C is the 2-chain E − F , then find ∂C and
∫

∂C(ex2

dx+ sin(y2)) dy.

10. In R2 define a smooth path γr(t) = (r cos(2πt), r sin(2πt)) for each r > 0.
If φ is a 1-form on R2 \ {0} such that dφ = 0, then show that

∫

γr
φ is

independent of r. Hint: for 0 < s < r, consider the cycle Γ = γr − γs. Is
this ∂E for some 2-cell E?

11. Let φ be a smooth 2-form on R3 \ {0} which satisfies dφ = 0. Show that
∫

∂E
φ is the same number for all simple 3-cells E such that 0 is in the

image of the interior of I3 under E, but not in the image of ∂I2 under E.
On the other hand, if 0 is not in the trace of E at all, then this integral
is 0. Hint: for the first part, show that for any such E, the integral over
the boundary of E is the same as the integral over any sufficiently small
hollow sphere centered at 0.

12. Prove (11.7.4).

13. Suppose γ is a path and Γ = γ1 + · · ·+γn is the 1-chain made by breaking
γ up into smooth paths and reparameterizing each of them so that it has
parameter interval [0, 1]. Show that Γ is a cycle if and only if γ is a closed
path.

14. Prove that if Γ is a 1-cycle, then Γ is equivalent to a 1-cycle with all of its
summands closed paths. Hint: use repeated application of the following
idea: if one path begins where another one ends, then the two can be
joined together to form a single path which is equivalent to the sum of the
two individual paths.

15. Let φ be a smooth 2-form on R3/Z, where Z is the set of integers on the
x-axis. Let γ be a positively oriented parameterization of the sphere of
radius n + 1/2 centered at the origin, and for j = −n, · · ·n let γj be a
positively oriented parameterization of the sphere of radius 1/3 centered
at j. Then let Γ be the cycle Γ =

∑n
j=−n γj . If dφ = 0 show that

∫

γ

φ =

∫

Γ

φ.


