QUIZZES AND EXAMS FOR MATH 1310

ENGINEERING CALCULUS I

NICOLA TARASCA

Week 1 Quiz

Problem. Let
flz) = V4-—2=,
h(zx) = v4—uzx.
a) (2 points.) Find the domain of f(x).
b) (2 points.) Find the domain of h(x).

¢) (4 points.) Find the inverse function of f(x).

d) (2 points.) Find a function g such that f o g = h.

Week 2 Quiz

Problem 1. (6 points.) Sketch the graph of the following function

e’ fo<z<l1
fx):=<% |z if1<x<3 .
cos(%x) ifx>3

Then find each of the following, or state that does not exist:

liril_f(x):... 1iI{l+f(l'):... hir%f(x):
lirglif(x):... 1ir51+f(x):... h_%f(x):
lirglif(a:):... lir%f(x):... glcllgf(x):

Date: Fall 2015.
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Problem 2. (/ points.) Evaluate the following limit
t2

lim ————.
=02 — /4 4 t2
Week 3 Quiz

Problem 1. i) (4 points.) Compute the following limits
. x . x
lim , lim )
z—(Z)+ cos(z) z—(3)~ cos(x)

cogkac) :

ii) (2 points.) Find the vertical asymptotes to the graph of the function y =

Problem 2. (4 points.) Compute the following limit using the squeeze theorem

: x 1
glclg(l) (e® —1)cos (P) :
Super Quiz 1

Problem 1. (3 points.) Find the horizontal and vertical asymptotes of

1—2%+ 3z

Y= —sr—12°

Problem 2. (5 points.) Find the following limit

lim (t — M) )

t—o00

Problem 3. i) (5 points.) Find the derivative of

f(z) =3z —1.

i) (2 points.) Find the tangent line to y = 3z — 1 at (2,2).

Problem 4. (5 points.) Find the following limit

) 1. (1
lim e=sin | — | .
r—0~ A
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Week 5 Quiz

S

Problem 1. (6 points.) Find the tangent line to y = ¥ at (4,

U

).
Problem 2. (/ points.) Compute the following limit

1 — 2015z — (1 — x)201°
im :
x—0 172

Midterm 1

Problem 1. Sketch the graph of the following function

277 f0<x <2
flx):=¢ |z] f2<x<4 .
— ifx >4

—T

i) (2 points.) Find the vertical and horizontal asymptotes to the graph of f.

Solution. Since

1
li = li =
e o) = e= =0
the z-axis is a horizontal asymptote. The function f(x) has only jump discontinuities
on the interval [0,4) and is continuous on (4,00), hence there is at most one vertical
asymptote, namely x = 4. Since

lim f(z)= lim = = —00
r—4t f( ) r—4t 4—z ’
the line x = 4 is indeed a vertical asymptote. O

ii) (12 points.) Find each of the following, or state that it does not exist:

lim f(z)=... lim f(x)=... lim f(z) = ... fl4)=....

T4~ z—4t z—4
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Solution.
lm fr) = dm () =2 lm f(z) = DNE  [(2) = |
hr?, fz)=2 1iI§1+ f(z)=3 glglilil)) f(z) =DNE f(3)=3
lm f()=3  lm f()=—co  lmf(@)=DNE  f4)=4

if any.

Solution. Note that

lim

z—o0 sin(2z) " limy o sin(2x)

The limit in the denominator on the right-hand side does not exist, hence the limit on
the left-hand side does not exist. The same holds for the limit for x — —oo. Hence there
are no horizontal asymptotes. We have a vertical asymptote when

k-
sin(2x) =0 < 2x=k-w forkeZ < x:Tﬂ for k € Z.

ii) (5 points.) Find the domain of the following function

2 —1

z-In(x)’

fx) =

Solution. The domain of vz% — 1 is (—oo, —1] U [1,00). The domain of In(x) is (0, 00).
Moreover, we require the denominator to be non-zero, that is,  # 0 and x # 1. The
intersection of all such sets is (1, o). O

Problem 3. i) (4 points.) Compute the following limit

. </(9m — 3)(3 — 62)

T—00 A4+x)2x+1) "
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Solution. We have

. i,/(933 ~3)(3—6) _ i/hm (92 — 3)(3 — 62)

z=oo \[ (44 2)(22 4+ 1) z—oo (44 x)(2x + 1)
5 .. —bHdx?
= lim
r—00 212

= Y2T=-3

0
ii) (4 points.) Compute the following limit
lim (V422 + 3z — 2x).
T—00
Solution. We have
Véaz? 4 3x + 2z
lim (V42? + 32 —2x) = lim | (V422 + 3z — 2z) -
93—><><>( ) 200 << ) VAx? 4 3z + 2z
’ 4% + 3 — 4a?
= lim
w00 \/4x? 4 3x + 2x
) 3z
= lim
w—00 \/4x? 4 3z + 2x
I 3 3 3
= lim = =-.
e Jipglyo Vit2 A
U

Problem 4. i) (5 points.) Compute the following limit

lim (M . sin (i)) )
x—0 X ZL’Z

Solution. Note that sin (m%) is a bounded function, while

lim 1 — cos(3z)  3lim 1 — cos(3z)

x—0 € x—0 33} - 3 ' 0 - 0

It follows that the product of the two functions has limit 0 (since “bounded - 0 = 07).
Alternatively, one can use the squeeze theorem. O
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ii) (5 points.) Compute the following limit
lim sir'1(3:v) : cos.2(22w)‘
z=0  sin(2x) - esin@?)

Solution. We have
lim sir‘1(3:17) : cos?(ia:) — (tm S%n(&r) lim co§2(22x)
@0 sin(2z) - esin@®) =0  sin(2x) 20  esin(z?)
— (tim s?n(Sx) .1
=0 sin(2x)

— (w3 sin(3z) 1 ‘ 2z _ §
20 3z 2sin(22) 2

O

Problem 5. (9 points.) Find the equations of the two lines passing through (0, 13) and
tangent to y = 9 — 22

Solution. On one hand, the slope of the tangent line to y = 9 — x? at the point (z,y(z))
is 4 = —2x. On the other hand, the slope of the line passing through the points (z, y(z))

and (0,13) is v@-13 " where y(z) = 9 — 2%, Equating the two slopes, we have

z—0
oy (9 — 2?) —13.
z—0
Multiplying by z, we have
—22? = —2% — 4.
We deduce 22 = 4, hence = 2, or x = —2. It follows that one of the two desired

tangent lines passes through the point (2,y(2)) = (2,5), and the other through the point
(—2,y(—2)) = (—2,5). The tangent line passing through the point (2,5) is y = —4z + 13,
and the tangent line passing through the point (—2,5) is y = 4z + 13. O

Problem 6. i) (5 points.) Find the points where the curve

1‘3

y:§+x2—3x

has an horizontal tangent line.

Solution. First we compute

y =2 + 2z — 3.
Then we solve

2422 —-3=0.

The two solutions are x = —3 or x = 1. O
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ii) (5 points.) Find the derivative of

f(.CL’) _ GCOS( ¥3z) )

Solution. We have
f/ _ (ecos(%)y _ ecos(%) . (COS(\B/%))/
= (V3 (—sin(V3z)) - (V3z)
- ) 1
= eeos(V3n) (—sin(v/3z)) - <§(3x)_ ) - (3x)
) 3

Wl

Wi

(3z)~

= = (—sin(V3w)) - (%

Week 9 Quiz

3
Say in each case if the
~ 1.57.)

Problem 1. (5 points.) Find the linearization of the function f(z) = cos(z) at a =
and use it to give an approximate value for cos(1.5) and cos(1.6

approximation is an overestimate, or an underestimate. (Note: 7

Problem 2. (5 points.) Find the critical numbers of the following function

flz) = 23(4 —2).

Find the global maximum and minimum values of f(x) on the interval [—1,8].
Super Quiz 2

Problem 1. (9 points.) i) Find the critical points of the following function
f(z) = 182* + 8z°* — 32*.

ii) Use the first derivative test to decide which critical points give a local maximum value
and which give a local minimum value.
iii) Use the second derivative test to solve the previous problem.

Problem 2. (5 points.) Find the linearization of the function f(z) = sin(z) at a = ,
and use it to give an approximate value for sin(3.1) and sin(3.2). Say in each case if the
approximation is an overestimate, or an underestimate.
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Problem 3. (6 points.) Find the following limit

.3 —3cos(2z) — 62% + 22*
lim I .
z—0 T

Week 11 Quiz

Problem 1. (5 points.) Find the following limit

L
Tim (sinz)

Problem 2. (5 points.) Find the most general antiderivative of the following function

VT — xt + 2P sin(z)
b '

fx) =

Midterm 2

Problem 1. i) (5 points.) Evaluate the following limit

z

. T cos(z)
Jim (an (5))

Solution. One has

x ln(tan(i)
. x Cos(f) . z z . Z) 1
lim <tan <_>> _ lim ecos(Q)IH(tan(2)) = lim e(cos(é))
T 2 T T
1
2tan(%)c052(%) )
sin(%) cos (%)
— 11m e 2(:052(%) — llm etan(%)sin(%)cos?(%)
T T—T
cos(%)
= lim e™*® =¢’ =1,

T—T

ii) (5 points.) Find the horizontal asymptotes to the graph of the following function
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Solution. One computes

2 22 cos 2)
2 z ln(cos(%)) 7(7)
i (COS (_>) = lim @ ((3) = lim e— " = lime =

T—00 x T—00 T—00 T—00
,msm(%> o 12 .2.3‘“(2%)
2 “
— lime () = lime () Po=e 2
Tr—00 T—r 00
Moreover, the function f(x) is even, hence lim, , o f(z) = lim, o f(z) = e2. We
deduce that there is only one horizontal asymptote, namely y = e~2. ([l

Problem 2. i) (6 points.) Given

gy = 2o D)@ +3) (@ +4)
f( )_ J}?’(I—l)4 !

find the critical points of the function f(x). Decide which critical points give a local
maximum value, and which give a local minimum value.

Solution. Note that the factors (z*+3) and (z — 1)* are always non-negative, and hence
do not affect the study of the sign of f'(x). The critical values of f(x) are —4,0,1,2. By
the first derivative test, + = —4 and x = 2 give a local maximum, x = 0 gives a local
minimum, while z = 1 does not give a local extreme. U

ii) (6 points.) Given
3(2,.2
;o T2(32° —5)
find the intervals of concavity and the inflection points of the function f(z).

Solution. Note that

¥ 28

/ = —_——— —
One computes
f'(z) = a* —2* = 2%(x — 1) (z + 1).
From the study of the sign of f”(z), the function f(z) is concave upward on the intervals
x < —1 and x > 1, and is concave downward on the interval —1 < z < 1. It follows that

the inflection points are at x = —1 and z = 1. O

Problem 3. i) (5 points.) Find the local and absolute extreme values of the following
function

f(z) = 22* — 2*
on the interval [—2,2]. Decide which local extreme values are a local minimum or a local
maximum.
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Solution. Note that the function f(x) is even, so the graph of f(z) is symmetric with
respect to the y-axis. One computes

fl(z) = 4r — 42® = 4z(1 — 2)(1 + 2).

Hence, local or absolute values may occur at = € {—2,—1,0, 1,2}, that is, at the critical
points, or at the endpoints. Since f(0) =0, f(1) = f(—1) =1, and f(—-2) = f(2) = =8,
one has that the absolute maximum is at z = 1 and x = —1, and the absolute minimum
is at x = 2 and = —2. From the first derivative test, one deduces that z = 0 gives a
local minimum. 0

ii) (5 points.) Given
f'(x) = sec(x)(sec(x) + €” cos(x))
and f(§) =1, find f(z).

Solution. One computes

/f / sec’(x) + €*)dx = tan(x) + e* + C.

Since
1:f<%):1+e§+0,

we deduce C' = —ei. Hence, we have f(z) = tan(z) + e* — €. O

Problem 4. i) (6 points.) Find the general antiderivative of the following function

f@) = 2 2) (\m%)

Solution. We have

/(2—x)<ﬁ+%>dw = ?(Qﬁ—kﬁx x—%)dm
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Solution. We have

/7\/_ Vo3 x3dx = 7/x6dx—/3xdx—/ld:n
Jx T
3I

= 6z — —In|z| + C.

In(3)

Problem 5. i) (5 points.) Evaluate the following integral

’ |x|dz.

Njw

Hint: sketch the graph of the function f(z) = |x].

Solution. We have

7

3 -1 0 1 2 3 3.5
/ |x|de = / (—2)d:c+/ (—1)da:+/ O'dx—i—/ 1-d:c+/ 2~da:+/ 3-dx
_% —-1.5 -1 0 1 2 3

— (—2é>+(—1)+0+1+2+<3é) :g.

ii) (5 points.) Evaluate the following integral

/4 | sin(z)|dz.

jus
6

Solution. We have

5w 0 57

/_4 Isin(z)|dz = /_
™ 5T

= cos(0) — cos (_6> + (= cos(m) — (—cos(0))) + cos (Z) — cos(m)
— -y <—@+1> g Y3EV2
5 :

oy

2 2
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Problem 6. (6 points.) Given

|| — 1, forxz<1
flz): =% " —e, forl<az<2 |
—%2, for x > 2

/_31 f(z)dx.

Hint: sketch the graph of the function f(x).

evaluate the following integral

Solution. We have

/jf(m)dx - /_i(—x—l)d:l:—l—/ol(a:—1)d:c/12(ex—e)dx—|—/: <—%) dz

3:2 0 .Z'2 1 . ) 1 3
= |-——2x| 4 |=—-z| +["—e-x]]+ |-
2 1 2 0 T,
1 1 1 7
= 5—1+§—1+€2—2€—6:—6+€2—2€.
[

ii) (2 bonus points.) Evaluate the following limit by first recognizing the sum as a Riemann
sum for a function defined on [0, 1]

1 1
lim — —_—.
n%wn; /1_(%)2

Solution. We have

1 1 1 1
lim — _— = ———dx = arcsin(1) — arcsin(0) =
3 | = 1) (0)

n—oo N < — X

= - )

e

Week 15 Quiz

Problem. Compute the following integrals

() / e (1 + t)dt,

g 8 — 5w
(27,)/ T x)dm.
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Final Exam

Problem 1. (9 points.) Consider the following function

) Find the domain of f(z).

) Find the interval(s) on the real line where f(x) is increasing and decreasing.

) Find the x-value(s), if any, where f(z) has zero slope.

) Find the point(s) of inflection, if any, for f(z) and regions of the real line where
the function is concave up and down.

(5) Based on the results from above, sketch the graph of f(x), and correctly rep-

resent increasing and decreasing regions, and concavity. Are there any vertical

asymptotes to the graph of f(z)?

Solution. The domain of f(x) is the interval (0, 00). One has
1z 3-—2a?
! = - — — =
One finds that f’(x) is positive on the interval (0,+/3), and negative on the interval
(v/3,00). It follows that f(z) is increasing on (0,v/3) and decreasing on (v/3,00). More-
over, f(z) has zero slope at x = /3. One has

1 1 3+ 222
" L i

@) = x2 3 32
Since f”(x) is always negative, one deduces that f(z) is concave down on its domain.
There are no inflection points. Finally, there is a global maximum at = = v/3, and there

is a vertical asymptote at x = 0. U

Problem 2. i) (4 points.) Suppose the following function
f(t) = tsin(t?)
represents the velocity of an object for ¢ in the range [O, \/g}
(1) Write down the correct expression for the distance traveled starting from time

t:Ototimet:\/?

(2) Compute the exact value of the expression from (1).

Solution. The distance is

/0 ’ tsin(t*)dt = = [— cos(tQ)}O\/% = % (1 - ?) :

N —
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ii) (5 points.) Find the horizontal asymptotes to the graph of the following function

~[32%(1 = 3x)(1 + 3x)
fle) = \/ (22— 1)(4 —322)

Solution. To compute the horizontal asymptotes, one has to compute the limit of f(x)
as x — £oo. We have

, —27x4 ,
= R
Hence, there is one horizontal asymptote, namely y = 3. U

Problem 3. (15 points.) Find the derivative of the following functions
fla) = Vasin(cos(1—2%),
cos(zx) ey
g(z) = /0 T 5y
h(z) = (In(3z))™.

Solution. One has

fl(x) = %xi sin(cos(1 — 2?)) + ¥/ cos(cos(1 — 2?)) - (—sin(1 — 2?))(—2z).

L(z ::/ dy.
(z) T2

We can rewrite g(z) as g(x) = L(cos(x)). We deduce

To compute ¢'(z), let

x

Note that L'(z) = 5.

ecos(;t)

N /cos(z) + 2

Finally, to compute hA/(z), we use the method of logarithmic differentiation. We have

In(h(x)) = sin(z) - In(In(3z)).

g'(x) = L'(cos(x)) - cos'(x) - (—sin(z)).

Differentiating, we have
1 1

M -h'(x) = cos(x) - In(In(3x)) + sin(z) -

Finally, solving for h'(z), we have

1
In(3z) 3_xg.

B (z) = h(x) - (cos(x) -In(In(3z)) + ;112((;1)) :
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Problem 4. i) (4 points.) Evaluate the following limit

. In(3z+1) -3z
lim .
=0 e T —142x

Solution. Applying I’'Hopital twice, one has

1 1) — S —3 — BT
i ROT D =30 Ee % TG

z—=0 e T —14x z—=0 —e T+ 1 =0 e 7T

ii) (8 points.) Evaluate the following integral
2?2 —1
/ et N
34 a? +x
Solution. By the method of partial fractions decomposition, one has

-1 2 1
/ v dx—/—dx / v —————dr=—In|z|+In(z* +x + 1) +

42+ >+ 1z +1

Problem 5. i) (5 points.) Evaluate the following integral

1

/ “(1 — ) sin(nt)dt.

Solution. Integrating by parts twice, one has

t 2
/ (1= ) sin(rtyat = —BT g _gey 2 / cos(rt)tdt
0 T
_ cos(mt) 9 2
= (1—1¢%) — = sin(rt)t — = cos(mt) + C
Hence, the definite integral is
1 1
2 t 2 2 21 1
/02(1 — ) sin(rt)dt = [—C"Zﬂ(l — 1) = = sin(mt)t - Fcos(ﬂt)}o - -5+

C.

15
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Solution. We have
o T 1 b
_ =1 — 2 _ = | 2 _ —
/2 e = Jim g [2 Ve 1]2 Jim (Vb v3).

The limit is oo, hence the integral diverges. 0

Problem 6. i) (5 points.) Find the volume of the solid obtained by rotating about the
x-axis the region bounded by the curves x = 2, y = z, and v = x + 2.

Solution. The volume is
2 2 372
T x 107
2—a)dr =7 |5+ 20— | = —.
7T/0($+ x%)dx 7T|:2+£L‘ 3}0 3
O

ii) (5 bonus points.). Evaluate the following limit by first recognizing the sum as a Riemann
sum for a function defined on [0, 1]
T 1
I
e 1+ (7)
Describe a solid of revolution whose volume is equal to the above limit.

Solution. One has

T — 1 | 2
lim — ——— = 7T/ ———dxr = 7larctan(z)]y = —.
"_woniz11+(%)2 o 1+ 2 07 4
A possible solid of revolution with volume equal to the above limit is the solid obtained
by revolving about the x-axis the region bounded by the curves y = 0, x = 0, z = 1,

y? = H% A simpler solution is the cylinder of height 1 and radius of the base equal to

V2. O



