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Introduction

(Scoote et al., 2003)

(Berridge, 2006)

Biological Background

� Ca2+ mediates the excitation contraction coupling process
through the calcium induced calcium release
(CICR) mechanism.

� CICR exhibits positive feedback and high-gain yet whole cel l
release is controlled in a graded response.

� Local control allows for graded response: whole cell releas e
results from statistical recruitment of calcium sparks.

Consequences of Local Control

� Ca2+ release is stochastic and can be spatially inhomogeneous.

� Deterministic compartmentalized common pool models do not exhibit graded response and
instead only show all-or-none responses.

Motivation

� Phenomenological modi�cations to common pool models are no t mechanistic and should
not be used to study pathological situations where spontane ous releases occur.

� Detailed stochastic models are too complex and computation ally intensive.

� A new approach is required to build a simpli�ed but realistic model that captures the
stochastic and spatial aspect of the process.

Mathematical Model: Ca 2+ Release Unit
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� Volume of the diadic space is small and the time-scale for cds to equilibrate with cmyo

� ds = vds
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� Quasi-equilibrium approximation of cds
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RyR channels activity
Ca2+ -dependent activation induces channel opening
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Deterministic N ! 1 Limit: Fast-Slow System
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Let x be the fraction of open channels.

dx
dt = � (c(x))(1 � x) � �x

dc jsr

dt = � jsr

v jsr

�
� NgR x cjsr + gtr (cnsr � cjsr )

�

� dx
dt equation has two stable equilibria: a low rest
state and a high releasing state.

� Full dynamics: CRU Ca2+ release forms an excitable system
with a fast x(t) variable and slow cjsr (t).

� Spontaneous spark generation from stable resting equilibr ium
is not possible.

� Spark termination only occurs after a critical cjsr value is reached.

Reduction to a Two-State Stochastic CRU

The number of open channels can be described as a birth-deathprocess,
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� Steady state distribution is bimodal.
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� Quasi-equilibrium approximation for channel dynamics.

� Switching time is computed by solving mean exit time problem s: when Sj is the initial state.

� j (Tj +1 � Tj ) + � i (Tj � 1 � Tj ) = � 1

Spark generation time
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Mathematical Model: RyR-Calsequestrin Interaction

(Dulhunty et al., 2007)

Physiological functions of CSQ

� Ca2+ buffer inside the jSR
High SR: most CSQ are binding Ca2+

� Luminal sensor of RyR channels
High SR: minimal CSQ-RyR interaction increases RyR activity

Markov model for RyR-CSQ interaction
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� C1 ! C2: activation by cytosolic Ca 2+

� SU � SB : CSQ binding (B) and unbinding (U)

� C2 ! O is slower when CSQ is bound (a < 1)

� Sensitivity to Ca 2+ activation is modulated by cjsr by
free CSQ level (q)

� High SR means low level of free CSQ
� Channel is likely to be in an unbound state U
� FasterC2 ! O transition

Assume calcium and CSQ binding is fast
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Under high SR Ca2+

� higher open rate � (c; q)

� lower threshold

CSQ Effect on Calcium Release

Experimental observation (Kubalova et al., 2004)

� Three levels of [CSQ] are expressed: normal, high, and low.

� When CSQ level increases, the amplitude and period of calcium release increase.

� However velocity of propagation appears to be constant.

Simulation Result: CSQ as a buffer
Junctional SR [Ca2+ ]
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Release from 10 CRUs
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� Assume that free SR Ca2+ level at rest is the same in all cases.

� Higher CSQ level means more Ca2+ is pooled inside the SR so more Ca2+ is released during
a single spark.

� It will also take longer to re�ll the SR when CSQ level is high t hus the inter-wave interval is
longer.

Simulation Result: CSQ as a luminal sensor
Bifurcation Diagram ( a < 1)
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Whole Cell Spark Rate (a < 1)
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� With a = 1 , no luminal sensing

� Spontaneous spark rate remains the same in all cases but moreCa2+ is released when
CSQ is high. Thus, propagation velocity should be higher whe n CSQ expression is
highest.

� When a < 1, higher CSQ level reduces RyR activity

� Release terminates at a highercjsr value but spark rate is lower so it is possible that
propagation velocity remains constant.

Stochastic Fire-Diffuse-Fire Model of Ca 2+ Release

(Keener, 2006)
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Consider a line of release sitesyj separated from one another with distance L
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Treat each release site as a two-state CRU so the release timet j and site yj is a random variable
with cumulative distribution function Pj (t) that follows
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