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Let (R, m) be a d-dim. Noetherian local ring.
Assume that R is an image of a RLR.

Vanishing Conjecture

Let M and N be finitely generated R-modules
such that pdpM < oo, pdp/N < oo and

KR(M QR N) < 0.
If dim M + dim N < dim R, then

XR<M, N) = 0.
(XR(M, N) = =i>(—1)"€p(Tor{*(M, N))

Roberts, Gillet-Soulé (1985)
If R is a complete intertsection, then the con-

jecture 1s true.

Recall the proot

Go(R) := the Grothendieck group of f. g. R-
modules.

A«(R) = &% yA;(R) is the Chow group of
Spec(R), where

Ai(R) == Bgin R/P:iZ[SpeC(R/P)]/ ~rat -
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Singular Rieman-Roch theorem (Baum-Fulton-
MacPherson)
We have an Q-isomorphism:

Go(R)q & A«(R)q

TR(R) = g+ qq—1 + -+ + qp 18 sometimes
called the todd class of R. (q; € Az’<R)Q>

Remark

(1) 44 = >dim R/ P=d L Rp(RP)[SPec(R/P)| #
0.
(2) R : a complete intersection = ¢; = 0
forv < d
(3) R : Cohen-Macaulay — 71p(wg) =
94 — dd—1 T 4d—2 — "~
(4) R : Gorenstein = ¢4_; = 0 for each
odd 7

|

(5) R: normal = q4_1 = —C(gm

(@d—1 € Ag—1(R) = CI(R) 5 cl(wpr))




C"™(R) := the category of bounded finite R-
free complex F. s. t. £p(H;(F.)) < oo for any
1

If F. € C"(R), then we have
XF. + Go(R) — Z
o Z<_1>Z€R<Hi(F' R )).
1

Localized Chern character ch(F'.)
ch(F'.) makes the following diagram commu-

tative
Go(R)q & A«R)q
XF. | | ch(F.)
Q —



Assume that M, N satisfy the assumption of
the vanishing conjecture. Let G. (resp. H.)
be finite R-free resolutions of M (resp. ).
— G.@H. € C"(R), xg.gH.(R) = xr(M, N).

Roberts ch(G. ® H.)(qy) = 0 if dim M +
dim N < dim R. (R may not be a c. i..)

XG.oH.(1) = Ch(G ® H.) (7r(R))

— ch(G. @ H.) (¢g) + ZO ch(G. ® H.) (¢;)

Therefore, xp(M,N) = 0 if R is a complete
intersection.

Question 1
Let F. € C"(R) and a € A;(R) for i < d.
When ch(F.) (a) = 07

Remark Let F. € C"(R) and d > k > 0.
T. F. A E.

(1) xp.(M)
(2) c (F>(
(3) Ai(R) =

=0 VM with dim M < k.
) =0 Vi<k Vae AjR).
0 Vi<k.
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R:aRLR = xp(M)=0 VF.ec C"(R),
VM with dim M < d.

d>dmM =0 = g (M) =0 VF. €
C"(R).

Dutta-Hochster-MacLaughlin (1985)

JdR of d = 3, dF. € C"(R), da € Ay(R)
such that ch(F.) (a) # 0.

Miller-Singh (2000)
dR of d = 5, dF. € C"(R), da € As(R)
such that ch(F.) (a) #£ 0.

Foxby, Roberts
[fdimR/P >2 VP e Min(R), then
ch(F.)(a) =0 VF. e C"(R), Va € Ai(R).




Example Let A be a standard graded ring over

C. Assume that Proj(A) is a curve of g > 0.
Set R = A(Al)'

Then d = 2 and dim A1 (R)qQ = oo.

But, ch(F.) (a) =0 VF. € C"(R), Va €
Ai(R).

Definition

(1) a € Gp(R) is numerically equivalent to 0
Ay vp(a)=0 VF. € C™R).
NGy(R) :={a € Go(R) | o ~pum 0}.

Go(R) = Go(R)/NGo(R).
(2) a € Ax(R) is numerically equivalent to 0

A hW(F)(a)=0 VF.eC™(R).
NA«(R) ={a € A«(R) | a ~pum 0}.
A(R) == Au(R)/NA.(R).



Remark (1) Easy to see

TR(NGy(R)q) = NA«(R)q.

(2) NA«(R) = &L NA;(R),
where NA;(R) = NA«(R) N A;(R). (Not
easy. Use Adams operation due to Gillet-Soulé.)
Go(R)q % A«(R)q
3
Go(R)q % A«(R)q = @ Ai(R)q
K (2004) Let R be an excellent local ring such
that
0 RDQ
or
[0 R is essentially of finite type / Z, a field
or a complete DVR.

Then, Go(R) and A«(R) are finitely gener-

ated free abelian group (of the same rank).




Outline of the proof

Reduce to the case where R is a domain.

Let m : Z — SpecR be a projective gener-
ically finite morphism such that Z is regular
and 71 (m),.q = UyE) is a normal crossing
divisor of Z.

Prove that the kernel of the composite map

Ax(Z)q — ®CH (Ey)Q — ®¢CHpum(Er)Q
is contained in the kernel of the surjection
Ax(Z)q = A«(R)q — A«(R)q.

Then A«(R) )q s the subquotient of the finite
dim. Q-vect. space ®yCHy,,(Ey)q-



Example Let A be a standard graded ring over

C such that X := Proj(A) is smooth/C. Set
R = A<A1> and d = dim R.

(1) rankAy_1(R) < p(X) — 1, where p(X) is
the Picard number of X.

(If CH' (X )Q — CHyyn(X) Q. then we have
Ax(R)q — A«(R)q and rankA;_((R) =
p(X) — 1 by Roberts-Srinivas 2003.)

(2) It is conjectured that CHj, (X)q —
CHpy (X) @ (the standard conjecture). (It is
known to be true when dim X < 3 or X is an

abelian variety.)

If CHhom( )Q — CHnum( )Qa then
A(R) =0

for ¢+ < d/2.
(It is true for d < 4.)
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Question 2 For any R and i < d/2, A;(R) =
07

(It is equivalent to yp (M) = 0 VF. €
C"™(R) and VM with dim M < d/2.)

The next question immediately follows from
Question 2.

Question 3 Let M and N be finitely gener-
ated R-modules such that pdp N < oo and
(p(M ®p N) < 0.

If 2-dim M +dim N < dim R and dim M =#
0, then xp(M,N) = 07
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Proposition Let R be a Noetherian local do-

main, and 7 : Z — Spec(R) be a proper sur-
jective map such that Z is a regular scheme.

Then A;(R) = 0if i < dim Z —dim 7 !(m),

Example Set R = kjz;; [t =1,...,m; i =
L,...,n|/I5(z;;) and m < n.

Let m : Z — Spec(R) be the blow-up of
Spec(R) along (z11, 221, ..., Tm1).

Thendim Z = dim R = n+m—1, 7 1(m) =
P~1 Therefore, A;(R) =0 if i < dim Z —
dim7~Y(m) = n. In this case, it is known
that

Z n<i<n+m-—1)
0 (otherwise)

Ai(R) — Ai(R) =
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