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Riemann-Roch Thoerem
states

the commutativity of
ch(F) : the Chern characters

and
f: X — Y :a(proper) morphism

If Y = {pt.}, then

one obtainghe Riemann-Roch Formula.
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Basic Setting

X = Proj R, nonsingular, dim X =d
R : a Noetherian graded regular ring (finite over
k= k)

f.g. graded coherent sheave
modules /R on X
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Basic Setting

X = Proj R, nonsingular, dim X =d
R : a Noetherian graded regular ring (finite over
k= k)

{ f.g. graded} . { coherentsheaves}

modules /IR onX
M, — M
= I
N, — N

Vn >> 0
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The Hilbert Polynomial

of M or M

M = &M,

Pi7(n) = Pyu(n) = dimy M,

Vn >> 0.

An Application of the Riemann-Roch Formula in the Blow-upadfionsingular Scheme — p.4/20



The Chern Classes of\/
Ci = cz-(]\Af): thei-th Chern class o/

¢ AX) — A (X)
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An Example
If X =P¢, then

Zd+1
= ZP)oZPl o Z[PY]

AL (X)

/\/

Ox = R=klxg,..., x4

14 2th
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Whitney Sum Formula

O—>]/\\4/1—>]/\\4/2—>]/\\4/3%O
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Whitney Sum Formula

(h) - Cy, (h)

Thus, for anyM: a f.g. graded module ovet
0—Ft;— - —Fy—M—0

C(h) =T, (Cx(h)Y

M i
:1—|—Clh—|—62h2—|—"°—|-cdhd

~—

Ch(M) — T—|—Clh—|— %(C% — 2C2)h2 + ...
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The Riemann-Roch Formula
for Sheaves oveP = E, k = k

X(E,M(n)) = [e"ch(M)td(})
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The Riemann-Roch Formula
for Sheaves oveP = E, k = k

X(E,M(n)) = [e"ch td(QV)
| H
P (n) the coeff. ofh? in
Vn >> 0 o Ch(]\Af) (1];h>d+1

P:(t) =  the coeff. ofh" in
" ch(M) (L)

1—e—h
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Riemann-Roch formula over
Pt x e

/' P2\
1 d1
Py Py

F(m,n) =F @ p;0O(m) ® psO(n)
~» a multigraded module
VYm,n > 0,
Pr(m,n) = the coefficient oft™ "1y in
pMT+ny Ch(]:) ( T )m+1 ( y )n—|—1

l—e— 7 l—e Y

— due to Serre’s vanishing theorem and Ktnneth formula.
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A Variation

Pz — Pl“Oj k[$07-°° 73361] N A[$07”' 7$d] :Pflél

klxo,...,xq] ~ A: aregularlocal ring.

Spec A
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Main Question

A: aregular local ring
M af.g. module over
The Hilbert-Samuel poly. o/

HSy (i) = 6(M/m'M)Vi>> 0
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M af.g. module over
The Hilbert-Samuel poly. o/

HSy (i) = 6(M/m'M)Vi>> 0

Question (Srinivas)Does there exist a Riemann-Roch
type of formula which expressd$S,,(t)?

Ky(Spec A) = A, (Spec A) = Z
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Main Question

A: aregular local ring
M af.g. module over
The Hilbert-Samuel poly. o/

HSy (i) = 6(M/m'M)Vi>> 0

Question (Srinivas)Does there exist a Riemann-Roch
type of formula which expressd$S,,(t)?

HSy (i) = 6(M/m'M) = if(m”M/m”“M)

Par(any(n) = Z(m”M/m”HM)
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/‘\/

[R(M)} Ko(Proj Ajmt]) 2% A.(Proj Almt])

Spec A «—— Proj Almt]
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{7?(\]\?)} Ko(Proj Ajmt]) —=  A,(Proj Almt))
| :
Thm. Ko(E) — A(E)
— leading to Hilbert
{gT(M)} — poly. of gr(M) )
Spec A «— Proj Almit]

1
E = P{ = Proj(gr(A))
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/\_/

{R(M)} Ko(Proj Ajmt]) —=  A,(Proj Almt))

r| m
Thm. Ko(E) - A, (E)
— leading to Hilbert
{gT(M)} — poly. of gr(M) )
Spec A «— Proj Almt| — P
1

E = P! = Proj(gr(A))
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Ko(P%) — A, (P9)

g*l >N

Ko(Proj A[mt]) -~  A.(Proj Ajmt])

Ko(E) LN AL(E)

leading to Hilbert
poly. of gr(M)

—

)
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Theorem 1 (C.—Miller) Let R = A[mt|.

f*o Ko(ProjR) —  Ko(E)

— N— — N—

R(M)]  — |gr(M)].
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Theorem 2 (C.—Miller) Let R = A[mt|.

f*o Ko(ProjR) —  Ko(E)

— N— — N—

R(M)]  — |gr(M)].

Define

— N—

FRMM)]) = 3 (—1)[Tor, (R(M), R/mR)]
FE = Proj(R/mR)
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Proof of Theorem 1
By the definition off*,

ARG = S (=1)[Tor; (M, R/mR)]
9 [Toty (Rp(M), R/mR))
= |R(M)®r R/mR]

/\/

= lgr(M)]
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Proof of Theorem 1
By the definition off*,

ARG = S (=1)[Tor; (M, R/mR)]
9 [Toty (Rp(M), R/mR))
= |R(M)®r R/mR]

— N—

= lgr(M)]

— N—

Note: Tor;' is not necessarily zero bifor’* = 0.
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The Claim

Proof. dim A =d+ 1, m = (ao, ..., aq).

R .= Almt] = Alto, ..., tq]/T (1= — ).
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Tor?!

TOIJE(R(M), R/mR)(ti) (O ‘R(M) () ai) = (O : mR(tz.))

(0 :rar M) (t:)

1211
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Tor?!

TOIJE(R(M), R/mR)(ti) (O ‘R(M) () ai) = (O : mR(ti))

(0 ) m)(ti)

1211

—

— N—

~——

T0r1 — (O R(M) m>
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Tor?!

TOIJE(R(M), R/mR)(ti) (O ‘R(M) () ai) = (O : mR(ti))

(0 ) m)(ti)

1211

—

— N—

~——

T0r1 — (O R(M) m)

(0:m) CR(M)=em"M

(0:m), C m"M asA-modules.
(0:m), = Homs(A/m m"M)=0Vn >> 0 since

depth M > 0.
— R
Thus, Tor; = 0.
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Ko(Proj Ajmt]) —5

Ko(E) %
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AL(E)
leading to Hilbert
poly. of gr(M)



[R(M)} Ko(Proj Almt]) =5 A, (Proj A[mt])

Thm.

— N—

[QT(M )} —

= an[PR] + ap 1 [Py + - + an[Py] + ao[PR).
n = dim Supp(gr(M)).
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[R(M)} Ko(Proj Almt]) =5 A, (Proj A[mt])

Thm.

= an[PR] + ap 1 [Py + - + an[Py] + ao[PR).

Py (t) = en("") = eama (177) + -
= b, t" 4+ b, 1 t"+ -+ byt + by
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[R(M)} Ko(Proj Almt]) =5 A, (Proj A[mt])

Thm.

= an[PR] + ap 1 [Py + - + an[Py] + ao[PR).

Py (t) = en("") = eama (177) + -
= b, t" 4+ b, 1 t"+ -+ byt + by

y

bg—ﬁ

An Application of the Riemann-Roch Formula in the Blow-upedflonsingular Scheme — p.18/20



Ko(P%) —% A, (P9)

v |
R(M)|  Ko(Proj Almt]) =5 A.(Proj Afmt])
|

/'\_/

{gr(M )}
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/'\_/
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)

/'\_/
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R(M)|  Ko(Proj Almt]) =5 A.(Proj Afmt])
|

— N— 7 — N—

g ([Mlto, ... ta])
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g Ko(P%) — Ky(ProjAlmt])

——— {? —_ N—

M) — [R(M)]

Take M = A/(x) wherez is a nonzerodivisor im.
Then,R(M) # 0 and|R(M)] #£ 0 in Ky(Proj A[mt]).
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——— {? —_ N—

M) — [R(M)]

Take M = A/(x) wherez is a nonzerodivisor im.

Then,R(M) # 0 and|[R(M)] # 0 in Ky(Proj A[mt)).
But,

Mt| = Altg, ..., tq|/(x) and
Alto, -, tal/(z)] =0

in Ko(P%) sincedeg z = 0. So

g*(M[tQ, - ,td]) — 0
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