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Riemann-Roch Thoerem
states

the commutativity of
ch(F) : the Chern characters

and
f : X −→ Y : a (proper) morphism

If Y = {pt.}, then

one obtainsthe Riemann-Roch Formula.
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Basic Setting
X = Proj R, nonsingular, dim X =d
R : a Noetherian graded regular ring (finite over
k = k̄)

{
f.g. graded

modules /R

} {
coherent sheaves

onX

}
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Basic Setting
X = Proj R, nonsingular, dim X =d
R : a Noetherian graded regular ring (finite over
k = k̄)

{
f.g. graded

modules /R

}
←→

{
coherent sheaves

onX

}

Mn −→ M̃

↓∼= ||

Nn −→ Ñ

∀n >> 0
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The Hilbert Polynomial

of M or M̃

M = ⊕Mn

P
M̃

(n) = PM(n) = dimk Mn

∀n >> 0.
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The Chern Classes of̃M

ci := ci(M̃): thei-th Chern class of̃M

ci : A∗(X) −→ A∗(X)
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The Chern Classes of̃M

ci := ci(M̃): thei-th Chern class of̃M

ci : A∗(X) −→ A∗(X)

||

⊕d
j=0Aj(X)

Aj(X) Aj−i(X)
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The Chern Classes of̃M

ci := ci(M̃): thei-th Chern class of̃M

ci : A∗(X) −→ A∗(X)

||

⊕d
j=0Aj(X)

Aj(X) −→ Aj−i(X)

C
M̃

(h) := 1 + c1h + c2h
2 + · · ·+ cdh

d
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An Example
If X = Pd

k, then

A∗(X) = Zd+1

= Z[Pd
k]⊕ Z[Pd−1

k ]⊕ · · · ⊕ Z[P0
k]

OX = R̃ = ˜k[x0, . . . , xd]

COX
(h) = C

R̃
(h) = 1

COX(`)
(h) = C

R̃(`)
(h) = 1 + `h

An Application of the Riemann-Roch Formula in the Blow-up ofa Nonsingular Scheme – p.6/20



Whitney Sum Formula

0 −→ M̃1 −→ M̃2 −→ M̃3 −→ 0

⇒ C
M̃2

(h) = C
M̃1

(h) · C
M̃3

(h)
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Whitney Sum Formula

0 −→ M̃1 −→ M̃2 −→ M̃3 −→ 0

⇒ C
M̃2

(h) = C
M̃1

(h) · C
M̃3

(h)

Thus, for anyM : a f.g. graded module overR

0→ Fd → · · · → F0 →M → 0

C
M̃

(h) = Πd
i=0(CF̃i

(h))(−1)i

= 1 + c1h + c2h
2 + · · ·+ cdh

d

ch(M̃) = r + c1h + 1
2!(c

2
1 − 2c2)h

2 + · · ·
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The Riemann-Roch Formula
for Sheaves overPd

k = E, k = k̄

χ(E, M̃(n)) =
∫

enh ch(M̃) td(Ω∨X)
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The Riemann-Roch Formula
for Sheaves overPd

k = E, k = k̄

χ(E, M̃(n)) =
∫

enh ch(M̃) td(Ω∨X)

|| ||

P
M̃

(n)

∀n >> 0

the coeff. ofhd in

enh ch(M̃)
(

h
1−e−h

)d+1
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The Riemann-Roch Formula
for Sheaves overPd

k = E, k = k̄

χ(E, M̃(n)) =
∫

enh ch(M̃) td(Ω∨X)

|| ||

P
M̃

(n)

∀n >> 0

the coeff. ofhd in

enh ch(M̃)
(

h
1−e−h

)d+1

P
M̃

(t) = the coeff. ofht in

eth ch(M̃)
(

h
1−e−h

)d+1

An Application of the Riemann-Roch Formula in the Blow-up ofa Nonsingular Scheme – p.8/20



Riemann-Roch formula over
Pd1

k × Pd2
k

↙p1 p2↘

Pd1
k Pd1

k

F(m,n) = F ⊗ p∗1O(m)⊗ p∗2O(n)

 a multigraded module

∀m,n� 0,

PF(m,n) = the coefficient ofxm+1yn+1 in

emx+ny ch(F)
(

x
1−e−x

)m+1 (
y

1−e−y

)n+1

– due to Serre’s vanishing theorem and Künneth formula.
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A Variation

Pd
k = Proj k[x0, · · · , xd] A[x0, · · · , xd] = Pd

A

k[x0, . . . , xd]  A: a regular local ring.

SpecA
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Main Question
A: a regular local ring
M : a f.g. module overA
The Hilbert-Samuel poly. ofM

HSM(i) = `(M/miM)∀i� 0

An Application of the Riemann-Roch Formula in the Blow-up ofa Nonsingular Scheme – p.11/20



Main Question
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M : a f.g. module overA
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HSM(i) = `(M/miM)∀i� 0

Question (Srinivas):Does there exist a Riemann-Roch
type of formula which expressesHSM(t)?
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Main Question
A: a regular local ring
M : a f.g. module overA
The Hilbert-Samuel poly. ofM

HSM(i) = `(M/miM)∀i� 0

Question (Srinivas):Does there exist a Riemann-Roch
type of formula which expressesHSM(t)?

K0(Spec A) ∼= A∗(Spec A) ∼= Z
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Main Question
A: a regular local ring
M : a f.g. module overA
The Hilbert-Samuel poly. ofM

HSM(i) = `(M/miM)∀i� 0

Question (Srinivas):Does there exist a Riemann-Roch
type of formula which expressesHSM(t)?

HSM(i) = `(M/miM) =
i∑

n=0

`(mnM/mn+1M)

Pgr(M)(n) = `(mnM/mn+1M)

wheregr(M) = ⊕n≥0m
nM/mn+1M.
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Idea R(M) = ⊕n≥0m
nM

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])

Spec A ←− Proj A[mt]
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Idea R(M) = ⊕n≥0m
nM

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩yThm. K0(E)

τE−→ A∗(E)
[
g̃r(M)

]
−→ (

leading to Hilbert
poly. of gr(M)

)

Spec A ←− Proj A[mt]
f ↑

E = Pd
k = Proj(gr(A))
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nM
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y
y∩yThm. K0(E)

τE−→ A∗(E)
[
g̃r(M)

]
−→ (

leading to Hilbert
poly. of gr(M)

)

SpecA ←− Proj A[mt] ↪→ Pd
A

f ↑

E = Pd
k = Proj(gr(A))
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K0(P
d
A)

τZ−→ A∗(P
d
A)

g∗

y
y> ∩

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩∣∣∣Thm. K0(E)

τE−→ A∗(E)y
[
g̃r(M)

]
−→ (

leading to Hilbert
poly. of gr(M)

)
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Theorem 1 (C.–Miller) Let R = A[mt].

f ∗ : K0(Proj R) −→ K0(E)

[R̃(M)] −→
[
g̃r(M)

]
.
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Theorem 2 (C.–Miller) Let R = A[mt].

f ∗ : K0(Proj R) −→ K0(E)

[R̃(M)] −→
[
g̃r(M)

]
.

Define

f ∗([R̃(M)]) =
∑

(−1)i[T̃or
R

i (R(M), R/mR)]

E = Proj(R/mR)
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Proof of Theorem 1
By the definition off ∗,

f ∗([R̃(M)]) =
∑

(−1)i[T̃or
R

i (M,R/mR)]

claim
= [T̃or

R

0 (Rm(M), R/mR)]

= [ ˜R(M)⊗R R/mR]

= [g̃r(M)]
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Proof of Theorem 1
By the definition off ∗,

f ∗([R̃(M)]) =
∑

(−1)i[T̃or
R

i (M,R/mR)]

claim
= [T̃or

R

0 (Rm(M), R/mR)]

= [ ˜R(M)⊗R R/mR]

= [g̃r(M)]

Note:TorR
i is not necessarily zero but̃TorR

i = 0.
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The Claim

Proof. dim A = d + 1, m = (a0, . . . , ad).

R := A[mt] = A[t0, . . . , td]/I (I = I2(
a0, . . . , ad

t0, . . . , td
)).

Locally in an open coverR(ti),

m(ti) = (ai)R(ti).

=⇒ 0 −→ R(ti)
ai−→ R(ti) −→ R(ti)/mR(ti) −→ 0.

=⇒ TorR
i = 0 for i ≥ 2
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Tor
R
1

TorR
1 (R(M), R/mR)(ti)

∼= (0 :R(M)(ti)
ai) ∼= (0 : mR(ti))

∼= (0 :R(M) m)(ti)
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Tor
R
1

TorR
1 (R(M), R/mR)(ti)

∼= (0 :R(M)(ti)
ai) ∼= (0 : mR(ti))

∼= (0 :R(M) m)(ti)

=⇒

T̃or1

R
= ˜(0 :R(M) m)
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Tor
R
1

TorR
1 (R(M), R/mR)(ti)

∼= (0 :R(M)(ti)
ai) ∼= (0 : mR(ti))

∼= (0 :R(M) m)(ti)

=⇒

T̃or1

R
= ˜(0 :R(M) m)

(0 : m) ⊂ R(M) = ⊕m
nM

(0 : m)n ⊂ m
nM asA-modules.

(0 : m)n = HomA(A/m,mnM) = 0 ∀n >> 0 since
depth M > 0.

Thus, T̃or1

R
= 0.
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[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩

yThm. K0(E)
τE−→ A∗(E)

[
g̃r(M)

]
−→ (

leading to Hilbert

poly. of gr(M)
)
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[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩

yThm. K0(E)
τE−→ A∗(E)

[
g̃r(M)

]
−→ τE([g̃r(M)])

τE([g̃r(M)]) = an[Pn
k ] + an−1[P

n−1
k ] + · · ·+ a1[P

1
k] + a0[P

0
k].

n = dim Supp(gr(M)).
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[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩

yThm. K0(E)
τE−→ A∗(E)

[
g̃r(M)

]
−→ τE([g̃r(M)])

τE([g̃r(M)]) = an[Pn
k ] + an−1[P

n−1
k ] + · · ·+ a1[P

1
k] + a0[P

0
k].

Pgr(M)(t) = en

(
t+n

n

)
− en−1

(
t+n−1
n−1

)
+ · · ·

= bnt
n + bn−1t

n−1 + · · · + b1t + b0
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[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])∣∣∣ f ∗

y
y∩

yThm. K0(E)
τE−→ A∗(E)

[
g̃r(M)

]
−→ τE([g̃r(M)])

τE([g̃r(M)]) = an[Pn
k ] + an−1[P

n−1
k ] + · · ·+ a1[P

1
k] + a0[P

0
k].

Pgr(M)(t) = en

(
t+n

n

)
− en−1

(
t+n−1
n−1

)
+ · · ·

= bnt
n + bn−1t

n−1 + · · · + b1t + b0

b` =
a`

`!

An Application of the Riemann-Roch Formula in the Blow-up ofa Nonsingular Scheme – p.18/20



K0(P
d
A)

τZ−→ A∗(P
d
A)

g∗

y
y> ∩

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])

↓ f ∗

y
y∩

[
g̃r(M)

]
K0(E)

τE−→ A∗(E)
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∗ K0(P
d
A)

τZ−→ A∗(P
d
A)

↓ g∗

y∼=
y> ∩

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])

↓ f ∗

y
y∩

[
g̃r(M)

]
K0(E)

τE−→ A∗(E)
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∗ K0(P
d
A)

τZ−→ A∗(P
d
A)

↓ g∗

y∼=
y> ∩

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])

↓ f ∗

y
y∩

[
g̃r(M)

]
K0(E)

τE−→ A∗(E)

g∗( ˜[A[t0, . . . , td]) = [Ã[mt]] = [R̃(A)]

An Application of the Riemann-Roch Formula in the Blow-up ofa Nonsingular Scheme – p.19/20



∗ K0(P
d
A)

τZ−→ A∗(P
d
A)

↓ g∗

y∼=
y> ∩

[
R̃(M)

]
K0(Proj A[mt])

τX−→ A∗(Proj A[mt])

↓ f ∗

y
y∩

[
g̃r(M)

]
K0(E)

τE−→ A∗(E)

g∗( ˜[A[t0, . . . , td]) = [Ã[mt]] = [R̃(A)]

g∗( ˜[M [t0, . . . , td])
?
= [R̃(M)]
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g∗ : K0(P
d
A) −→ K0(Proj A[mt])

[M̃ [t]]
?
−→ [R̃(M)]

TakeM = A/(x) wherex is a nonzerodivisor inA.

Then,R(M) 6= 0 and[R̃(M)] 6= 0 in K0(Proj A[mt]).
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g∗ : K0(P
d
A) −→ K0(Proj A[mt])

[M̃ [t]]
?
−→ [R̃(M)]

TakeM = A/(x) wherex is a nonzerodivisor inA.

Then,R(M) 6= 0 and[R̃(M)] 6= 0 in K0(Proj A[mt]).
But,

M [t] ∼= A[t0, . . . , td]/(x) and

[A[t0, . . . , td]/(x)] = 0

in K0(P
d
A) sincedeg x = 0. So

g∗(M [t0, . . . , td]) = 0
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