
On the n-dimensional Clough-T o c her In terp olan t

T. Sorokina

1)

Abstract. W e sho w that the n -dimensional Clough-T o c her in terp olan t con-

structed in [6] is not smo oth for n � 4 unless additional conditions are imp osed.
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x 1. In tro duction

W e shall remind the reader the main results of [6]. The authors construct a C

1

piecewise cubic in terp olan t to data de�ned on a tessellation in I R

n

of n -simplices.

The giv en data are:

(a) P osition and gradien t at ev ery v ertex;

(b) ( n � 1) directional deriv ativ es at the mid-edge p oin ts of the tessellation. The

directions b eing suc h that, together with the direction determined b y the as-

so ciated edge, they pro vide a basis for I R

n

.

The generalized Clough-T o c her splitting algorithm of a n -simplex P

n

is in tro-

duced b y induction. F or P

2

it is a standard biv ariate Clough-T o c her split of a

triangle in to three subtriangles coning o� an arbitrary in terior p oin t. T o obtain

the split a m -simplex, �rst eac h of its b oundary ( m � 1)-dimensional faces is split

according to the lo w er-dimensional sc heme. Then ev ery split p oin t on the b oundary

of P

m

is connected to an arbitrary in terior p oin t in P

m

. The main result is giv en

in Theorem 3.3 of [6]:

Result 1.1. If P

n

is split according to the inductiv e buildup describ ed ab o v e,

then there can b e de�ned a cubic p olynomial o v er eac h subsimplex to obtain, o v er

P

n

, a unique C

1

in terp olan t, Q , to the giv en data.

The goal of our pap er is to sho w that the in terp olan t Q fails to b e smo oth for

n � 4. W e shall use is the follo wing theorem from [2]:

Theorem 1.2. A piecewise con tin uous p olynomial o v er a tessellation of I R

n

in to

simplices is C

1

at a v ertex v of the tessellation if and only if the con trol p oin ts of

the domain p oin ts in the disk of radius one around v lie in a (h yp er)plane in I R

n +1

.

The pap er is organized as follo ws. In the remainder of the in tro duction, w e

pro vide basic de�nitions. In Section 2 w e construct an in terp olan t Q o v er the
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generalized Clough-T o c her split of a single four-dimensional simplex as describ ed

in [6], and sho w that it fails to b e smo oth. In Section 3 w e state ho w to "�x" the

construction of [6] in order to enforce C

1

smo othness. The pro of of the new result

is rather length y and tec hnical, and will b e presen ted in a di�eren t pap er, see [4].

In the remainder of this section w e review basic Bernstein-B � ezier tec hniques.

F or a detailed exp osition see [2] and [3].

De�nition 1.3. Let v

1

; : : : ; v

m

b e m p oin ts in I R

n

. The linear com bination

�

0

v

0

+ : : : + �

m

v

m

; where �

0

+ : : : + �

m

= 1

is called an a�ne com bination of v

1

; : : : ; v

m

.

De�nition 1.4. A set of p oin ts in I R

n

is called a�nely indep enden t if none of the

p oin ts can b e written as an a�ne com bination of the others.

Let V := f v

0

; : : : ; v

m

g � I R

n

b e a�nely indep enden t, and denote the con v ex

h ull of V b y [ V ] or, equiv alen tly , b y [ v

0

; : : : ; v

m

]. Then P

m

:= [ v

0

; : : : ; v

m

] is an

m -(dimensional) simplex, whose set of v ertices is giv en b y V .

De�nition 1.5. Let v

0

; : : : ; v

n

, b e n + 1 a�nely indep enden t p oin ts in I R

n

, and

let u b e an arbitrary p oin t in I R

n

. The n um b ers b

0

; : : : ; b

n

, satisfying

�

1 1 : : : 1

v

0

v

1

: : : v

n

�

�

0

B

B

B

@

b

0

�

�

�

b

n

1

C

C

C

A

=

�

1

u

�

(1 : 1)

are called the barycen tric co ordinates of u relativ e to the simplex [ v

0

; : : : ; v

n

] .

The Bernstein-B � ezier (BB) form of the cubic p olynomial g relativ e to the sim-

plex P

n

:= [ v

0

; : : : ; v

n

] is giv en b y

g =

X

i

0

+ ::: + i

n

=3

c

i

0

;::: ;i

n

B

i

0

;::: ;i

n

; i

j

� 0 ; j = 0 ; : : : ; n;

(1 : 2)

where

B

i

0

;::: ;i

n

=

3!

i

0

! : : : i

n

!

b

i

0

0

: : : b

i

n

n

; i

0

+ : : : + i

n

= 3 ;

are the cubic Bernstein p olynomials asso ciated with P

n

. Here, f b

i

g

n

i =0

are the

barycen tric co ordinates relativ e to P

n

. As usual, w e asso ciate the BB-co e�cients

c

i

0

;::: ;i

n

of p with the domain p oints �

i

0

;::: ;i

n

:= ( i

0

v

0

+ � � � + i

n

v

n

) = 3 in P

n

. The

domain p oin t for a cubic p olynomial can b e lo cated either at a v ertex of P

n

, or on

an edge of P

n

, or at the cen troid of a triangular face of P

n

. The co e�cien t c

i

0

;::: ;i

n

asso ciated with the domain p oin t �

i

0

;::: ;i

n

will b e also referred to as its o rdinate , and

the ordered pair in I R

n +1

C

i

0

;::: ;i

n

:= ( �

i

0

;::: ;i

n

; c

i

0

;::: ;i

n

) ; i

0

+ � � � + i

n

= 3 ; (1 : 3)
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will b e called a control p oint .

Supp ose v is a v ertex of a tessellation 4 of I R

n

in to simplices. Then the sets

of domain p oin ts

R

1

( v ) :=

�

(2 v + u ) = 3 ; for all edges [ v ; u ] 2 4

	

; and D

1

( v ) := v [ R

1

( v ) ;

will b e referred to as the ring and disk of radius one a round the vertex v in 4 .

Supp ose e := [ v ; u ] is an edge of 4 . Then the set of domain p oin ts

R

1

( e ) := R

1

( v ) [ R

1

( u ) [

�

( v + u + w ) = 3 ; for all faces [ v ; u; w ] 2 4

	

;

will b e referred to as the ring of radius one a round the edge e in 4 .

It is easy to deriv e conditions for a smo oth join b et w een t w o cubic p olyno-

mials g and ~g de�ned resp ectiv ely on t w o simplices P

n

and

e

P

n

with a common

face F . T o describ e these in more detail, supp ose that P

n

:= [ v

0

; : : : v

n

] and

e

P

n

:=

[ v

n +1

; v

2

; : : : ; v

n

] are t w o adjoining simplices sharing the face F := [ v

2

; : : : ; v

n

].

Supp ose

g =

X

i

0

+ ::: + i

n

=3

c

i

0

;::: ;i

n

B

i

0

;::: ;i

n

; ~g =

X

i

0

+ ::: + i

n

=3

~c

i

0

;::: ;i

n

e

B

i

0

;::: ;i

n

;

where f

e

B

i

0

;::: ;i

n

; i

0

+ : : : + i

n

= 3 g are the cubic Bernstein p olynomials asso ciated

with

e

P

n

. It is w ell kno wn that g and ~g join smo othly across the face F if and only

if for all admissible i

1

; : : : ; i

n

c

0 ;i

1

;::: ;i

n

= ~c

0 ;i

1

;::: ;i

n

; i

1

+ : : : + i

n

= 3 ; and

c

1 ;i

1

;::: ;i

n

= ~c

1 ;i

1

;::: ;i

n

~

b

i

0

( v

0

) +

n

X

j =0

~c

i

0

;::: ;i

j � 1

;i

j

+1 ;i

j +1

;::: ;i

n

~

b

i

j

( v

0

) ; i

1

+ : : : + i

n

= 2 ;

where f

~

b

i

j

( v

0

) g

n

j =0

are the barycen tric co ordinates of v

0

relativ e to

e

P

n

.

x 2. A coun terexample

Let S := [ v

0

; v

1

; v

2

; v

3

; v

4

] b e a simplex in I R

4

. By v

ij k

w e denote the split p oin t in

the in terior of the triangular face [ v

i

; v

j

; v

k

] of S . F or all admissible ( ij k ) 6= (012),

w e de�ne v

ij k

:= ( v

i

+ v

j

+ v

k

) = 3. Let v

012

= ( v

0

+ v

1

) = 4 + v

2

= 2. Similarly ,

let v

ij k l

b e the split p oin t in the in terior of the tetrahedral face [ v

i

; v

j

; v

k

; v

l

] of

S . F or all admissible ( ij k l ), w e de�ne v

ik j l

:= ( v

i

+ v

j

+ v

k

+ v

l

) = 4. Finally , b y

v

01234

:= ( v

0

+ v

1

+ v

2

+ v

3

+ v

4

) = 5 w e denote the split p oin t in the in terior of S ,

th us, in tro ducing the generalized Clough-T o c her split 4 ( S ) as describ ed in [6]. T o

summarize the construction, w e note that the split p oin ts for all t w o- and three-

dimensional faces, except [ v

0

; v

1

; v

2

], are c hosen to b e the cen troids.

Throughout the pap er, the notation h �;  i shall b e reserv ed for the v ector from

the p oin t � to the p oin t  as opp osed to the line segmen t [ �;  ]. In order to de�ne

the in terp olan t, w e set the follo wing data:
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a. F or eac h v ertex v

i

of S , the v alue and the gradien t at v

i

are set to b e zeros.

b1. F or eac h edge [ v

i

; v

j

] of S , except [ v

0

; v

1

], the three required directional deriv a-

tiv es of order one at the mid-edge p oin ts are set to zero as w ell.

b2. The follo wing directional deriv ativ es of order one are set at the midp oin t m

of [ v

0

; v

1

]:

D

h m;v

01234

i

f ( m ) = 0 ; D

h m;v

0123

i

f ( m ) = 0 ; D

h m;v

0124

i

f ( m ) = 3 :

Our goal is to sho w that the Clough-T o c her in terp olan t de�ned o v er 4 ( S ) b y

the data in a, b1 and b2, is not C

1

at the p oin t v

012

.

Belo w are six domain p oin ts in the disk of radius one around v

012

along with

their resp ectiv e BB-co e�cien ts (the computation of eac h co e�cien t follo ws later on

in this section). The p oin ts are lo cated on true one-dimensional edges emanating

from v

012

.

p

0

:= 2 = 3 v

012

+ 1 = 3 v

0

; c

p

0

= 1 ; p

1

:= 2 = 3 v

012

+ 1 = 3 v

1

; c

p

1

= 1 ;

p

2

:= 2 = 3 v

012

+ 1 = 3 v

2

; c

p

2

= 0 ; p

3

:= 2 = 3 v

012

+ 1 = 3 v

0123

; c

p

3

= 0 ;

p

4

:= 2 = 3 v

012

+ 1 = 3 v

0124

; c

p

4

= 1 = 4 ; p := 2 = 3 v

012

+ 1 = 3 v

01234

; c

p

= 0 :

(2 : 1)

The six con trol p oin ts f ( p; c

p

) ; ( p

i

; c

p

i

) g are not 4-coplanar in I R

5

since

p = � 1 = 5( p

0

+ p

1

+ p

2

) + 4 = 5( p

3

+ p

4

) ;

c

p

= 0 6= � 1 = 5( c

p

0

+ c

p

1

+ c

p

2

) + 4 = 5( c

p

3

+ c

p

4

) = � 1 = 5 :

Theorem 1.2 sho ws that the in terp olan t is not C

1

at v

012

.

In the remainder of this section w e sho w ho w to compute the BB-co e�cien ts

asso ciated with the six domain p oin ts of (2.1). Since it is rather di�cult to visu-

alize four-dimensional geometry , w e shall place ev ery domain p oin t of in terest in

a suitable t w o- or three-dimensional ob ject. This is p ossible b ecause all domain

p oin ts for a cubic spline lie in t w o-dimensional simplices { triangular faces.

All domain p oin ts for a cubic spline o v er 4 ( S ) are lo cated either on one-

dimensional edges or at the cen troids of the triangular faces. The data in a. sho ws

that the BB-co e�cien ts asso ciated with all the domain p oin ts in the disks of radius

one around the v ertices of S v anish. Moreo v er, the data in b1. implies that the

domain p oin ts lo cated at the cen troids of all triangular faces, except those sharing

b oth v

0

and v

1

, ha v e co e�cien ts equal to zero. In T able 1, w e summarize informa-

tion ab out the BB-co e�cien ts asso ciated with the domain p oin ts w

J

lo cated at the

cen troids of the triangular faces [ v

0

; v

1

; v

J

] ha ving b oth v

0

and v

1

as v ertices. J is

a m ulti-index in its standard notation, m is the mid-p oin t of [ v

0

; v

1

].

The v alues for the deriv ativ es in the last three ro ws are giv en b y b2. The

deriv ativ e in the �rst ro w is computed as follo ws:

h m; v

012

i = � 5 = 2 h m; v

01234

i + 2 h m; v

0123

i + 2 h m; v

0124

i ;

D

h m;v

012

i

f ( m ) = � 5 = 2 D

h m;v i

f ( m ) + 2 D

h m;v

0123

i

f ( m ) + 2 D

h m;v

0124

i

f ( m ) = 6 :

(2 : 2)
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face [ v

0

; v

1

; v

J

] w

J

=: ( v

0

+ v

1

+ v

J

) = 3 D

h m;v

J

i

f ( m ) c ( w

J

)

[ v

0

; v

1

; v

012

] (5 v

0

+ 5 v

1

+ 2 v

2

) = 12 6 4

[ v

0

; v

1

; v

0123

] (5 v

0

+ 5 v

1

+ v

2

+ v

3

) = 12 0 0

[ v

0

; v

1

; v

0124

] (5 v

0

+ 5 v

1

+ v

2

+ v

4

) = 12 3 2

[ v

0

; v

1

; v

01234

] (6 v

0

+ 6 v

1

+ v

2

+ v

3

+ v

4

) = 15 0 0

T ab. 1. Domain p oin ts w

J

at the cen troids of the faces [ v

0

; v

1

; v

J

], and their

BB-co e�cien ts c ( w

J

). The midp oin t of [ v

0

; v

1

] is denoted b y m .

The barycen tric co ordinates of m relativ e to the triangle [ v

0

; v

1

; v

J

] are (1 = 2 ; 1 = 2 ; 0).

F or all J , the barycen tric co ordinates of the v ector h m; u i relativ e to the triangle

[ v

0

; v

1

; v

J

] are ( � 1 = 2 ; � 1 = 2 ; 1), see Fig. 1 (left). Hence, the co e�cien t c ( w

J

) =: c

111

in eac h ro w can b e computed from the form ula, see [3]:

D

h m;u i

f ( m ) =

3!

2!

�

�

�

1

2

( c

300

+ c

210

) + c

201

�

1

4

+

�

�

1

2

( c

210

+ c

120

) + c

111

�

1

2

+

�

�

1

2

( c

120

+ c

030

) + c

021

�

1

4

�

;

(2 : 3)

where c

ij k

is the BB-co e�cien t asso ciated with the domain p oin t �

ij k

relativ e to

the triangle [ v

0

; v

1

; v

J

]. All the co e�cien ts in (2.3), except c

111

, v anish since their

resp ectiv e domain p oin ts are lo cated in disks of radius one around either v

0

or v

1

.

In Fig. 1 (left) the domain p oin ts, whose co e�cien ts v anish, are mark ed with blac k

dots. Th us, form ula (2.3) yields c

111

= c ( w

J

) = 2 D

h m;v

J

i

f ( m ) = 3.

The �rst three domain p oin ts { p

0

; p

1

; p

2

{ lie on the b oundary triangular face

T := [ v

0

; v

1

; v

2

] of S . This face is split according to the biv ariate Clough-T o c her

sc heme, see Fig. 1 (righ t), The data in a. and b1. implies that the co e�cien ts

asso ciated with the domain p oin ts sho wn as blac k dots in Fig. 1 (righ t) v anish,

including the co e�cien t asso ciated with p

2

. F rom the �rst ro w of T able 1 w e kno w

that c ( w

012

) = 4. Using the C

1

smo othness conditions across the edges [ v

0

; v

012

],

[ v

0

; v

012

], w e conclude that c

p

0

= c

p

1

= c ( w

012

) = 4 = 1 :

The b oundary triangular face T is shared b y t w o b oundary tetrahedral faces

F := [ v

0

; v

1

; v

2

; v

3

] and G := [ v

0

; v

1

; v

2

; v

4

] of S . The domain p oin t p

3

is lo cated in

in F , while p

4

is in G . Both F and G are split according to the three-dimensional

W orsey-F arin sc heme with v

0123

and v

0124

b eing the split p oin ts strictly in terior to

F and G , resp ectiv ely .

W e shall start b y placing p

3

in the triangle T := [ t

0

; t

1

; t

2

], where

t

0

:= 2 = 3 v

0

+ 1 = 3 v

0123

; t

1

:= 2 = 3 v

1

+ 1 = 3 v

0123

; t

2

:= 2 = 3 v

2

+ 1 = 3 v

0123

:

T is similar to T and split in the same w a y , see Fig. 2 (left). The domain p oin ts

in T can b e asso ciated with a quadratic spline o v er the Clough-T o c her split. The

domain p oin ts on the edges of T are lo cated in the ring of radius one around the
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v0 v1

vJ

wJ p0 p1

p 2

v0 v1

v2

v012

w 012

Fig. 1. Left: domain p oin ts in the triangle [ v

0

; v

1

; v

J

], compare with T able 1.

Righ t: domain p oin ts in T =: [ v

0

; v

1

; v

2

]. The BB-co e�cien ts asso ciated with

the p oin ts sho wn as blac k dots v anish.

t 0 t 1

t 2

p 3

w 0123

q 0 q 1

q 2

p 4

w 0124

Fig. 2. Left: domain p oin ts in T =: [ t

0

; t

1

; t

2

]. Righ t: domain p oin ts in

Q =: [ q

0

; q

1

; q

2

]. The BB-co e�cien ts asso ciated with the p oin ts sho wn as blac k

dots v anish.

edges of T . Th us, the data in a., and b1. immediately implies that the co e�cien ts

asso ciated with all the domain p oin ts on the edges, except w

0123

, are zeros. The

lo cation of w

0123

can b e written as

w

0123

:= ( t

0

+ t

1

) = 2 = ( v

0

+ v

1

+ v

0123

) = 3 2 [ v

0

; v

1

; v

0123

] :

F rom T able 1 w e kno w that c ( w

0123

) = 0. Applying C

1

conditions within T , w e

conclude that c

p

3

= 0.

Next w e consider p

4

b y placing it the triangle Q := [ q

0

; q

1

; q

2

], where

q

0

:= 2 = 3 v

0

+ 1 = 3 v

0124

; q

1

:= 2 = 3 v

1

+ 1 = 3 v

0124

; q

2

:= 2 = 3 v

2

+ 1 = 3 v

0124

:

Q is similar to T and split in the same w a y , see Fig. 2 (righ t). The domain p oin ts in

Q can b e also asso ciated with a quadratic spline o v er the Clough-T o c her split. The
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domain p oin ts on the edges of Q are lo cated in the ring of radius one around the

edges of T . Th us, the data in a., and b1. immediately implies that the co e�cien ts

asso ciated with all the domain p oin ts on the edges, except w

0124

, are zeros. The

lo cation of w

0124

can b e written as

w

0124

:= ( q

0

+ q

1

) = 2 = ( v

0

+ v

1

+ v

0124

) = 3 2 [ v

0

; v

1

; v

0124

] :

F rom T able 1 w e kno w that c ( w

0124

) = 2. Applying C

1

conditions within Q , w e

conclude that c

p

4

= c ( w

0124

) = 8 = 1 = 4 :

Finally , w e consider the domain p oin t p . It is neither in F nor in G . Ho w-

ev er, w e can place p in the tetrahedron [ v

0

; v

1

; v

2

; v

01234

] that is split in to three

subtetrahedra coning o� v

012

in 4 ( S ). Moreo v er, w e shall place p in the triangle

R := [ r

0

; r

1

; r

2

]

r

0

:= 2 = 3 v

0

+ 1 = 3 v

01234

; r

1

:= 2 = 3 v

1

+ 1 = 3 v

01234

; r

2

:= 2 = 3 v

2

+ 1 = 3 v

01234

;

see Fig. 2 (left) again with r

i

in place of t

i

, i = 0 ; 1 ; 2 and p in place of p

3

. The

exact same argumen t as the one for the triangle T and the p oin t p

3

applies, and

w e conclude that c

p

= 0.

x 3. Conclusion

The coun terexample of Section 2 suggests that some geometric constrain ts m ust b e

imp osed in order for the m ultiv ariate Clough-T o c her in terp olan t to b e smo oth. T o

in tro duce the constrain ts w e need additional notation.

De�nition 3.1. Let V := f v

0

; : : : ; v

n

g b e the set of v ertices of a simplex P

n

in

I R

n

. A k -dimensional face F

I

:= [ v

i

0

; : : : ; v

i

k

] is the con v ex h ull of k + 1 distinct

v ertices f v

i

j

g

k

j =0

� V , where I := ( i

0

; : : : ; i

k

) is the standard m ulti-index notation.

Our next de�nition describ es rather sev ere geometric constrain ts similar to those

for the m ultiv ariate P o w ell-Sabin in terp olan t of [5]. As usual, p oin ts in I R

n

are

m -coplanar if they lie in a m -dimensional plane, m � n .

De�nition 3.2. The generalized Clough-T o c her split 4 of a simplex P

n

in I R

n

is

constrained if for eac h 2 � k � n � 2 , the in terior p oin t c hosen for an k -dimensional

face F is ( n � k ) -coplanar with the in terior p oin ts c hosen for all j -dimensional faces,

j = k + 1 ; : : : ; n , con taining F as a face.

No w w e are ready to state the main result using the terminology of Result 1.1.

Theorem 3.3. If the generalized split 4 of P

n

is constrained, then there can b e

de�ned a cubic p olynomial o v er eac h subsimplex to obtain, o v er P

n

, a unique C

1

in terp olan t, Q , to the data in (a), (b) of Section 1.

The pro of of this theorem is the sub ject of another pap er, see [4].
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Remark 3.4. The construction of [6] yields a smo oth in terp olan t for n = 3 b ecause

only in this case the condition of Theorem 1.2 is automatically satis�ed. Indeed,

consider the generalized Clough-T o c her split of a tetrahedron S := [ v

0

; v

1

; v

2

; v

3

]

in I R

3

. Let v

012

b e the split p oin t on the triangular face T := [ v

0

; v

1

; v

2

] . There are

�v e domain p oin ts in D

1

( v

012

) :

D

1

( v

012

) = f v

012

; (2 v

012

+ v

0

) = 3 ; (2 v

012

+ v

1

) = 3 ; (2 v

012

+ v

2

) = 3 ; (2 v

012

+ v ) = 3 g ; (3 : 1)

where v is the split p oin t in the in terior of S . The �rst four p oin ts of (3.1) lie in the

t w o-dimensional face T . According to the biv ariate Clough-T ouc her construction,

their con trol p oin ts lie in a t w o-dimensional plane in I R

3

. Therefore, the �v e con trol

p oin ts asso ciated with the domain p oin ts in (3.1) m ust lie in a h yp erplane in I R

4

.

Remark 3.5. F or n = 4 , Theorem 3.3 yields the w eak est constrain t { the copla-

narit y conditions m ust b e imp osed only on triangular faces. A triangular face T of

a four-dimensional simplex S is shared b y t w o tetrahedral faces F and G , cf. our

coun terexample of Section 2. The split p oin t c hosen in the in terior of T m ust b e

coplanar (in the usual t w o-dimensional sense) with the split p oin ts c hosen in the

in teriors of F , G , and S itself. As our next remark sho ws, violation of this condition

on one or more faces y eilds unreco v erable loss of smo othness.

Remark 3.6. Let W F ( 4 ) b e the space of C

1

smo oth piecewise cubic p olynomials

o v er the generalized Clough-T o c her split (not necessarily constrained) of a single

simplex S in I R

4

. Then, according to [6], the dimension of W F ( 4 ) m ust b e equal

to the cardinalit y of the data set in (a), (b). That is dim W F ( 4 ) = 55 : In T able 2

w e summarize the results on analyzing the dimension of W F ( 4 ) obtained using a

soft w are pac k age designed b y P eter Alfeld, see [1]. The v ariable k in the �rst ro w

sho ws the n um b er of triangular faces for whic h the constrain t of Theorem 3.3 is

satis�ed. The n um b er in the second ro w is the corresp onding dimension of W F ( 4 ) .

A four-dimensional simplex has 10 triangular faces. Th us, the �rst column giv es

the dimension for the constrained split. It is in teresting to note, that in the most

general case, that is when k = 0 , the space W F ( 4 ) coincides with the space of

cubic p olynomials in four v ariables.

k 10 9 8 7 6 5 4 3 2 1 0

dim 55 53 51 49 47 45 43 41 39 37 35

T ab. 2. Dimension of W F ( 4 ) o v er splits with decreasing n um b er of the geo-

metric constrain ts satis�ed. Courtesy of P . Alfeld.

Remark 3.7. The geometric constrain ts of Theorem 3.3 can b e alw a ys satis�ed on

a single simplex. In particular, this can b e accomplished b y c ho osing cen troids as

the split p oin ts for eac h face. Ho w ev er, this do es not resolv e the issue of smo othness

8



b et w een t w o neigh b oring macro-simplices. The constrain t of Theorem 3.3 on eac h

k -dimensional face F , for 2 � k � n � 1 , m ust b e satis�ed sim ultaneously for all

simplices sharing F . This observ ation imp oses a sev ere restriction on the geometry

of the tessellation, and th us, mak es the Clough-T o c her in terp olan t in its explicit

form non-applicable to scattered data in terp olation. W e address this issue in more

detail in [4].
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