§1. Basic definitions

Let IR be the set of all real numbers, while IR := IR | J{—00; 00} be an extended set
of real numbers, and IN := {1,2...,n,...} be the set of all natural numbers.

Definition 1.1. Let X be a set of elements of arbitrary nature. For anyn € IN, by
x, we denote an element of X corresponding to n. This defines a set of numbered
elements {1, z2,...,x,,...} (or, for brevity, {z,}) called a sequence defined on X .

If X = R then {z,} is called a sequence of numbers. If X is a set of functions:
Tp = T, (t), then {x,(t)} is a sequence of functions.

Definition 1.2. A sequence {z,} is called stationary if x, = x,11 ¥Yn € IN.
Definition 1.3. Two sequences {x, } and {y, } are called equal if z,, = y,, Vn € IN.
Sequences can also be defined as mappings from IN to X. More precisely,

Definition 1.4. A sequence is a single-valued mapping from IN to X.

In this study, we mainly consider sequences of numbers, and for simplicity refer
to them as to sequences.

Definition 1.5. The sum (difference, product, quotient) of two sequences {x, }

and {y,} is the sequence {z,} such that

Zn = Tp + Yn (xn_yrw Tn * Yn, xn/yn) VTLG]N,

where the quotient makes sense only if y, # 0 ¥V n € IN.

Definition 1.6. A sequence {z,} is called bounded below (above) if 3K € IR
such that
z, > K (z,<K) Vnel.
Definition 1.7. A sequence that is bounded below and above is called bounded.
Or, equivalently
Definition 1.8. A sequence {z,} is called bounded if 3K € R such that

z,| < K VneN.

Counterdefinitions are extremely important for better understanding of new
concepts. For example, from Definition 1.8 we can define an unbounded sequence.

Definition 1.9. A sequence {z,} is called unbounded if VK € R dngk € IN such
that
|, | > K.

Remark 1.10. Clearly, for any number K € IR there exist infinitely many terms
of the sequence satisfying the inequality in Definition 1.9. If it were not true the
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sequence would be bounded. Analogous statements hold for not bounded below
and not bounded above sequences.

Examples:
1. the sequence {n?} is bounded below: n? > 0 Vn € IN but not bounded above;
the sequence {—n} is bounded above: —n < 0 Vn € IN but not bounded below;
3. the sequence {(—1)" + 1} is bounded : |(—1)" + 1| <2 Vn € IN.

N

Infinitely large sequences represent an important subset of unbounded se-
quences.

Definition 1.11. A sequence {x,} is called infinitely large if VK € R Ing € IN
such that
|xn| > K Vn > ng.

As an example, we show that the sequence {(—1)" n3} is infinitely large.
Indeed, for any number K, we can find ng such that [(=1)" n3| > K Vn > ngk.
To this end, we solve the inequality n® > K, and n > VK. t Let n, = |[VK| + 1,
where |c| is the integer part of ¢. Then for n > nx we obtain

n>n,>vVK = n*>K = |(-1)"n’|>K.

From Definitions 1.9 and 1.11 it follows that any infinitely large sequence is
unbounded. However, the converse is not true: there exist unbounded sequences
that are not infinitely large. For example, such is the sequence {(1 — (—1)")n}.

The concept of a limit plays a very important role in mathematics.

Definition 1.12. A number a € R is called a limit of a sequence {x,} if Ve >0
dn. € IN such that
|z, —a| <e VYn>ng.

Remark 1.13. For a convenience, we let the limit of an infinitely large sequence
{z,} be the symbol oo:

lim z,, = oco.
n—oo

If {x,,} is infinitely large and bounded below (above) then we write

lim z, = +oo, (lim z, = —o0).

n—oo n—oo

The statement ”{x,,} converges to a” means that the limit of x,, is a number
(or a symbol) a, and is denoted as {z,} — a as n — oo. When a sequence has a
limit, it is called convergent. Otherwise, it is divergent.

We say that a sequence converges in IR, if either it has a finite limit or it
is infinitely large, i.e., if the sequence has a finite or infinite limit. A sequence
converges in IR if it has a finite limit, which may be denoted as

lim x, < oo.

n—oo



Definition 1.14. A sequence {z,} is called infinitely small if

lim z, =0,
n—oo

that is for any € > 0 there exists n. such that

|z, <e ¥V n>ne..

For example, the sequence {q"} for |g| < 1 is infinitely small. Indeed, for any
e > 0 let us find n. such that |¢"| < € ¥ n > n.. To this end, we solve the inequality
|q""| < e, assuming that 0 < & < 1 (for € > 1, the inequality is clearly true for any
n € IN):

Ine Ine
nlnlgl <lne = n>— nE:L—J-i-l,
In [q| In|q|

where Ine < 0, and In|g| < 0, since € < 1, and |¢| < 1. Thus, for n > n. we have

Ine
n>ne > —

> <lne = |¢|"<e.
In|g]

The fact that {z,} is not infinitely small means the following: there exists
g0 > 0 such that for any n € IN there exists k,, > n with |z, | > €.

§2. Geometric interpretations of the main concepts

We will give geometric interpretations of the concepts introduced in Sect. 1 arising
from Definition 1.4, where sequence is defined as a function, see Fig. 1.

Fig. 1. Sequence as a function.

From the geometric point of view, a sequence {z,} is bounded above (below)
if there exists a horizontal line y = K such that all the points (n,x,) are below
(above) this line, see Fig. 2.

A sequence {x,} is bounded if there exist two horizontal lines y = K, and
y = —K such that all the points (n,z,) are between these lines, see Fig. 3.
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Fig. 2. Bounded above sequence.
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Fig. 3. Bounded sequence.
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Fig. 4. Limit of a sequence.

A number q is a limit of the sequence {z,} if for any € > 0, starting with some
n all the points (n, z,) are between two horizontal lines y = a — ¢, and y = a + ¢,
see the shaded area in Fig. 4. The points (n,x,) tend to concentrate around the

line y = a.



A sequence {x,} is infinitely small if for any ¢ > 0 starting with some n. all
the points (n, z,) are between two horizontal lines y = —e, and y = +&. The points
(n,z,) tend to concentrate around the line y = 0.

A sequence {z,} is infinitely large if for any € > 0 only a finite number of
points (n, z,) are between the two horizontal lines y = —e, and y = +e¢.

63. Properties of convergent sequences

In this section we consider sequences convergent in IR (unless explicitly stated
otherwise).

Theorem 3.1. A convergent sequence has a unique limit.

Proof: Assume that a sequence {x, } has two limits: a and b (a # b). Then from
Definition 1.12 with € = |b—al/4, it follows that there exists a number ng such that

|, —a| <|b—al/4, and |z, —b] < |b—a|/4 Yn > nyg.
Then
b—a| = |(xn —a) + (b —xn)| < |on —al + [on —b] <[b—al/2,

leading to a contradiction. The proof is complete. O
Theorem 3.2. A convergent sequence is bounded.

Proof: Let {x,} — a. Then there exists n; € IN such that
|z, —a| <1 Vn>mn.

Then
|zn] — la| <z, —al <1 = |z,| <l|a|+1 Vn>n,

and
|z, | < K = max(|x1],...,|Tn,—1,]a| +1) ¥V n €N

The proof is complete. O

Theorem 3.3. If lim x,, = a then for any number b > a (b < a) there exists

ny, € IN such that
Tn <b (x, >Db) VYn>mny.

Proof: Let b > a. From Definition 3.4 it follows that there exists n such that
|z, —a| <b—a VYn > np.
Rewriting this inequality yields
—(b—a)<zp—a<b—a = xz,<b VYn>mn.
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The proof is complete. O

Corollary 3.5. Let lim =z, = a.

n—oo

1. If a # 0 then there exists ng such that x,, # 0 Vn > nyg.
2. If a > 0 (a < 0) then there exists ng such that x,, >0 (x, <0) Vn > ng.

Theorem 3.6. Let lim xz,, = a.

n—oo

1. If there exists ny, such that x, <b (x, >b) ¥Yn > ny, then a <b (a > b).
2. If there exists ny, such that x, < b (x, > b) Vn > ny, then a < b (a > b)
(where the strict inequality in general does not hold).

Proof: Assume z, < b Vn > ny. Suppose a > b. Then from Theorem 3.3 there
exists 7, such that x,, > b Vn > my,. This inequality for n > max{n;, 7} leads to a
contradiction. The following example shows that in general the strict inequality in
part 2 does not hold.

%>O:b Vn € IN;  lim l:():a; a=b=0.

n—oo N,

The proof is complete. O

Theorem 3.7. If starting from some ng, x, < Y., and {z,}, {y,} are both
convergent, then
lim z, < lim y,.

n—oo

Proof: Let
my,=>b c=(a+b)/2.

lim z, =a, 1
n—oo

n—oo

If a > b, then a > ¢ > b, and from Theorem 3.3 there exist n.., n! such that
Tp>cVn>nl, y,<cVn>nl.

Then for all n > max{n.,n”} both inequalities hold true, that is x, > ¢ > y,,
leading to a contradiction. The proof is complete. 0O

Theorem 3.8. Let sequences {z,},{y.}, and {z,} be such that there exists
ng € IN with the property that

either z, <y, < zn, O Ty > Yn > 2, VN > Ng.

If{z,} and {z,} converge to the same limit (finite or infinite), then {y, } converges
to the same limit as well.

Proof: Let {z,} — a, {z,} — a, and a € R. By the assumption of the theorem,
Tn—a<y,—a<z,—a Vn>ng.
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On the other hand, for any ¢ > 0 there exist n.,n” € IN such that
T, —a|<e & —e<wz,—a<e Vn>nl,

lzn—al<e & —e<z,—a<e Vn>nl.

For n > n. = max(ng, n., n”) all the above inequalities hold true. Therefore,

—e<zp—a<y,—a<z,—a<e Vn>n..

This implies that {y,,} — a. For a = +00 the proof is very similar. O
Sometimes, Theorem 3.8 is called the ”Squeeze” theorem.

Theorem 3.9.
1. If sequences {x,} and {y,} converge then their sum, difference, and product
converge as well. Moreover,

lim (2, £ yn) = l1m Ty £ l1m Yn,

n—oo n—

lim (z, - yn) = hm Ty lim y,.

n—oo n—oo

2. Additionally, if y, # 0 Vn € N, and lim y, # 0 then

lim (z,/y,) = lim x,/ lim y,.

Proof: Let {z,} — a, and {y,} — b. By Theorem 3.2, the sequence {y,} is
bounded:
dKeR: |y, <K VnelN.

Then, for € > 0 there exist n. and n” such that

— I > _ _ >//
|y a|<2M Vn>nl, |y, b|<2M Vn > n;

where M = max{1, K, |a|}. For n > n. = max{n.,n”} both inequalities hold true,
and
(@0 £ yn) = (@£ b)] < |zn —al +yn — 0] <e/M <e,

|xnyn - ab| = |(xnyn - yna> + (yna - ab>| <

|z — al + lallyn — b < X 4 19 <
Therefore, {z,, + y,} — (a £ b), and {z,y,} — ab.

We now prove part 2. First we show that the sequence {1/y,} is bounded, and
{1/yn} — 1/b. Indeed, by Definition 3.4 there exists n; such that
|yn — b < |b]/2 VYn > ny.

7



Then for all n > n,

1

2
< —.

0] = lyn| < [0 —yn| <[6]/2 = [yn| > [b/2 = )

n
Next, for € > 0 there exits n. > n; such that
[y — b| < b?/2 Vn > n..

Thus, for n > n,

Yn

<e

L1t
bl Jyal ol ~ ol -T2 =

and {-~} — L. Therefore, {z,,/yn} — a - +. The proof is complete. O
Yn b b

Corollary 3.10. The sum, difference and product of infinitely small sequences
are infinitely small as well.

Theorem 3.11. If {x,} is infinitely small, and {y,} is bounded then {z,, - y,} is
infinitely small.

Proof: Let {z,} — 0, and |y,| < K Vn € IN. Then for € > 0 there exists n. such
that
|zn| <e/K ¥n > ne..

Then
|$nyn| = |$n| ) |yn| < 5/K'K: E.

The proof is complete. O

Theorem 3.12. If {z,} is infinitely large, and x,, # 0 Vn, then the reciprocal
{xi} is infinitely small.

Proof: By Definition 1.11, for any positive ¢ there exists n. such that
1
\xn|>g>0 Vn > ne.
Therefore, {Ii} is defined and
1
‘—‘ <e VYn > ne.
Tn

Hence, {i} is infinitely small. O

The converse statement is also true, and the proof is very similar to that of
Theorem 3.12.

Theorem 3.13. If {x,} is infinitely small, and x, # 0 Vn € IN, then the
reciprocal {é} is infinitely large.



§4. Monotonic sequences
Definition 4.1. A sequence {z,} is called non-decreasing (non-increasing) if
Tpn < Tpr1 (Tn > Tpy1) Vn e N
A sequence {x,} is called strictly increasing (strictly decreasing) if

Tp < Tpt1 (Tp > Tpy1) Yn € NN

Definition 4.2. A sequence {x,} is called monotonic if it is either non-decreasing
or non-increasing. A sequence {x,,} is called strictly monotonic if it is either strictly
decreasing or strictly increasing.

Theorem 4.3. If {x,} is monotonic then it converges in IR. Moreover, if {x,} is
non-decreasing then

lim z,, = sup{z,},
Xr—00

if {z,} is non-increasing then

lim z, = inf{z,}.

A monotonic sequence converges in R if and only if it is bounded.

Proof: Let {x,} be non-decreasing, and sup{z,} = a < co. Then every z,, < a,
and for € > 0 there exists x,,_ such that

Tp, > a— €.

On the other hand, x,, > z,. Vn > n. since {x,} is non-decreasing. Hence, for
n > Ne
a—e<z, <zp<a<a+t+e Vn>n..

Therefore, {z,} — a.

If {x,} is non-decreasing and unbounded, then it is bounded below, and
sup{x, } = +00. Moreover, {x,,} is infinitely large. Indeed, since it is not bounded
above, for any ¢ there exists z,_ such that x,. > . Due to monotonicity, x,, >
ZTn, > € ¥Yn > n.. Therefore, {x,} — 400 (see Remark 1.13), and the proof is
complete. O

Example. We will show that the sequence {(1+ 1/n)"} is strictly increasing,
bounded, and by Theorem 4.3 has a finite limit: we denote it by e:

lim (14 1/n)" =:e.

Xr—00

Let z, = (1 + 1/n)". We first show that z,, < x,41 Vn € IN. From binomial
expansion we obtain:
Another important application of Theorem 4.3 is given in the following lemma.
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Lemma 4.4 (On nested intervals). Let the sequence of the intervals {|an, by}

be such that [an+1,bnt1] C [an,bs] Vn € IN (such intervals are called nested), and

their lengths converge to zero, i.e., lim (b, — a,) = 0. Then there exists a unique
n—oo

point & that belongs to every interval, i.e., £ € [ap,b,] Vn € N, and
£= nlirgo a, = sup{a,} = nlLrgo b, = inf{b, }.

Proof: The sequences {a,} and {b,} are monotonic and bounded:
a1 < ap < apy1 Sbpy1 <b, <by VnelN.

By Theorem 3.4, they are convergent, and

lim a, =sup{a,} =:a, lim b, =inf{b,} =:b.

n—oo

However, lim (b, — a,) = 0 implies that a« = b =: £, and clearly

n—oo

an <a=&(=b<0b, VnelN.

Next we show that there is no point other than & that belongs to all the intervals
[an, by]. Assume the opposite: In € [a,,b,] Vn and n # £. Then by Theorem 3.6

by —an > |6 =7 >0 ¥Yn = lim (b, —a, > |6 — 7| > 0.

This contradiction completes the proof of the lemma. O

65. Partial limits

So far we have been studying convergent sequences. This raises a natural question:
What about divergent ones? Can they be studied? What characteristics need to
be defined for that? It turns out that divergent sequences also can be describes and
thoroughly studied. In order to do that we first introduce the following important
concept.

Definition 5.1. Let z,, be a sequence, and let n; be a strictly increasing sequence
of natural numbers. Then the sequence x,, is called a subsequence of x,.

Clearly, every sequence has an infinite number of subsequences. Next we prove
the following important theorem.

Theorem 5.2 (Bolzano-Weierstrass). Every bounded sequence contains a con-
vergent in IR subsequence.

Proof: Let {x,} be bounded. Then there exists an interval [— K, K| containing
all terms of {x,}. Let a1 :== —K, by := K. Let ¢; = (a1 + b1)/2. Then one of
the intervals, either [ay, ¢;1] or [c1, b1], contains infinitely many terms of {z,,} (both
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can not contain only finite number of the terms, because the whole sequence is
infinite). We denote that interval by [as,b2]. If both [aj,c;1] and [c1, b1] contain
infinitely many terms, then by [as, ba] we denote either one.

Next, let co = (a2+b2)/2. By [as, bs] we denote that one of the intervals [as, c2]
and [ca, bo] which contains infinitely many terms of {z,}. Again, if both contain
infinitely many terms, then we choose either one.

Continuing this process, let ¢, = (a, + by,)/2. By [an+1,bnt1] we denote that
one of the intervals [ay,c,] and [c,,b,] which contains infinitely many terms of
{z,}. If both contain infinitely many terms, then we choose either one.

By this process, we obtain a sequence of nested intervals {|a,,b,]}: since
[@nt1,bn41] C [an, by]. The lengths of the intervals go to zero:

4K
lim (b, —a,) = lim — =0.

n—oo n—oo 21

According to the lemma 4.4 on nested intervals there exists a point ¢ such that
€ € lan,b,] Vn € N and

&= lim a, = lim b,.
n—oo n—oo

Since every interval [a,,, b,] contains infinitely many terms of {x, }, for any k € IN
there exists a term xz,,, € |ag, bg] with ny > ni_1. By Theorem 1.6 the subsequence
{zn, } converges to &:

The proof is complete. O
For unbounded sequences the following theorem holds.

Theorem 5.3. Every sequence that is not bounded above (below) contains a
subsequence that converges to +oco (—oo). Moreover, if a sequence is unbounded
and not infinitely large, then it contains a subsequence convergent in RR.

Proof: O
Combining Theorem 5.2 and Theorem 5.3 we conclude the next theorem.

Theorem 5.4 . Every sequence contains a convergent in IR. subsequence. More-
over, if a sequence is not infinitely large, then it contains a subsequence convergent
in R.

Therefore, every sequence can be studied by analyzing its convergent subse-
quences. There may be many of them, and they can converge to different numbers
in R. These numbers characterize the sequence.

Definition 5.5. A number a is called a partial limit of x,, if there exists {x,, } —
a subsequence of {x,,} — such that {z,, } — a.

Thus, every sequence can be characterized by the set of its partial limits. In
the following sections, we denote by Lim z,, the set of partial limits of {z,,}.
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§6. Upper and Lower limits
First we introduce the following important characteristics of sequences.
Definition 6.1. The quantities
sup Lim x, =: lim z,,, and inf Lim z, =: lim z,

are called the upper and the lower limits of {xz,} respectively.

Now we establish some properties of the upper and the lower limits. First of
all we note that every sequence has upper and lower limits, and they are unique.
If a sequence is not bounded above (below), then by Theorem 5.3

lim z, = +oo (lim z, = —00).

Clearly, for any sequence .
lim x,, > lim x,,.

From the properties of supremum and infimum it follows that
lim (—z,) = —lim 2,, lim (—z,) = —lim 2,
Moreover, for any {z,, } subsequence of {x, }
lim z,, > lim x,,,, lim z, <lim 2, .
Theorem 6.2. Let {x,} be convergent. Then
Lim z, = { lim x,},

n—o0

and the following equalities hold

lim z,, = lim z,, = lim x,.

n—oo
Proof: We claim that if {z,} — a, then {z,, } — a for any subsequence {z,, } of
{z,}. Indeed, let lim xz,, = a. Then for any positive ¢ there exists n. such that
n—oo
|z, —al <e Vn>n..
In particular,

|Tp, —a| <e Vng > ne.

Therefore, {x,, } — a as well for any subsequence. This means that Lim x,, = {a},
and the proof is complete. 0O

Theorem 6.3. The upper and the lower limits are partial limits, i.e.,
lim z,, € Lim x,, lim z,, € Lim x,,.

Proof: O
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§7. Criteria of convergence

In this section we establish several important criteria of convergence for sequences.
The first one is trivial.

Theorem 7.1. A sequence is convergent (inR) if and only if its every subsequence
is convergent (in R).

Proof: (=) follows from Theorem 6.2. (<) follows from the fact that the sequence
itself is its own subsequence. O

Theorem 7.2. A sequence is convergent (in R) if and only if
lim z,, = lim z,.

Their common value is the limit of the sequence.
Proof: (=) follows from Theorem 6.2. (<) follows from Theorem 7.1. O

Theorem 7.3. A sequence is convergent (in R) if and only if the set of its partial
limits consists of one point.

Proof: (=) follows from Theorem 6.2. (<) follows from Theorem 7.2. O
To establish one more criterion of convergence, we need the following definition.

Definition 7.4. {x,} is called a fundamental (or Cauchy) sequence if Ve > 0 In.
such that

|Tpim —zn| <e Vn>mn. ¥YmeN.
Lemma 7.5. A fundamental sequence is bounded.

Proof: By Definition 7.4, dn; such that
|Tnam — Tl <1 VYn>n; YmeN.
In particular,
|Thy4m — Tn, | <1 VYVm e N.

Then
|z, | < K = max{|z1|,...,|Tn, 1], |Tn,| + 1} Vn € N.

The proof is complete. O

Theorem 7.6 (Cauchy Criterion of Convergence). A sequence is convergent
(in R) if and only if it is fundamental.

Proof: (=). Let lim z, = a < co. Then for any positive € there exists n. such

n—oo
that
|z, —al <e/2 V¥n>n..
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Therefore,
[Trnam — Tn| = [(Tnem — a) + (@ — T0)| < [Zngm — al+

la —x,| <e/24¢€/2=¢ Vn>n., VmeN,

sincen+m >n>n. Ym € IN.
(«<). Let {z,} be fundamental. By Definition 7.4, for any positive € there
exists n. such that

|Thtm — xn| <€/2 ¥Yn>n. ¥Ym e N.

By Lemma 7.5, {x,} is bounded. By Bolzano-Weiestrass Theorem 5.2, {z,} con-
tains a convergent subsequence {z,, }, i.e., klim Tp, = a < 00. we claim that
—0Q

lim x,, = a. Indeed by Definition 3.4, for any positive & there exists n. > n. such

n—oo
that

|p, —a|l <e/2 Vni >nl.
Combining these inequalities, for any n > n’ we obtain:

|z —a| = [(xn — Tp) + (2n — a)| <z — 22| + |20 —af <e.

Thus, {x,} — a, and the proof is complete. O

§8. Structures of sequences

In this section we summarize the theory of sequences, and consider structures of
sequences. The set of partial limits Lim x,, is a very important characteristics of a
sequence.
First we characterize bounded sequences.
1. {z,} is bounded if and only if its upper and lowere limits are finite:

—o00 < lim z,, <lim z,, < +00.

2. Ve > 0 all terms of a bounded sequence with the exception of a finitely many
of them are located in the interval:

(lim x,, — ¢, lim z, +¢),

or, equivalently, all the points (n, z,) with the exception of a finitely many of
them are located between the lines

y =lim z, —&, and y =1lim z, +¢.

3. Ve > 0 there are infinitely many terms of x, located above the line y =
lim x,, — € and below the line y = lim z,, + €.
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For unbounded sequences the following is true:

4. If {x,} is infinitely large, then its set of partial limits consists of not more that
two points: Lim z, C {—o0,+o0o}. More precisely, if {x,} is bounded above
(below), then Lim x, = {—oo} (Lim z,, = {4+o00}. If it is neither bounded
above nor below, then Lim x,, = {—o00, 400}

Example: We characterize the sequence {z, } with Lim z, = {—00,0, 2}.

For this sequence we conclude that lim =, = —oco, lim z, = 2. It is divergent, not
bounded below, bounded above, not infinitely large. It contains an infinitely large
and infinitely small subsequences, as well as a subsequence convergent to 2.

69. Problems

1. Characterize {z,} if

d) Lim x,, = {—o0,—2,2},

3. Characterize {z,, - y, } if

(a) Lim x, = {0}, Limy, ={-1,1}
(b) Lim z,, = {2}, Lim y, ={-2,3};
(¢) Lim z, ={-1,2}, Lim vy, ={2,3}.

4. Find Lim z,, for

(a) {(=1)"},
(b) {—n},

(c) {1 = (=1)"},
(d) {sinmn/3}.
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§10. Power Series

Definition 10.1. Let {a,} be a sequence of real numbers. The series

[e e}
Zana:” = ag + a1z + asz® + asz® + . .. (10.1)

n=0

is called a power series.

Ratio Criterion 10.2. Let R:= lim } Gn

n—00 ' Ap41

whenever |z| < R and diverges whenever |z| > R.

}. Then (10.1) converges absolutely

Proof: Follows from the ratio test applied to (10.1). O
Root Criterion 10.3. Let R := lim |a,|'/™. Then (10.1) converges absolutely

n—oo

whenever |z| < R and diverges whenever |z| > R.

Proof: Follows from the root test applied to (10.1). O

From theorems 10.2 and 10.3 we comclude that R = R. This quantity is
reffered to as the radius of convergence.

Theorem 10.4. Let R be the radius of convergence of (10.1). Then (10.1) con-
verges uniformly on [—K, K] for any 0 < K < R.

Proof: Follows from the Weierstrass M-test. O

Theorem 10.5. Let R be the radius of convergence of (10.1). If (10.1) converges
at © = R, then it converges uniformly on [—K, R] for any 0 < K < R. If (10.1)
converges at v = —R, then it converges uniformly on [—R, K] for any 0 < K < R.

0. @]
HW Example. Consider Z x" /nl. Its radius of convergence is +oo. There-
n=0
fore, it uniformly converges on any closed interval [— K, K|. However, it does NOT
uniformly convergent on R. Prove all the statements made above.

§11. Taylor Series

Theorem 11.1. Let f have n + 1 derivatives on (a,b), and its first n derivatives
be continuous on [a,b]. Then for each x € [a,b] with x # x( there exists ¢ between
x and xqg such that

" (n) T
£(2) = Flao) + o) = 20) + L@ - ag 4 T oy
fr+D (¢ .
e -

Proof: Fix z € [a,b] with x # z¢, and let M be the unique solution of
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f" (o)

4 =0) (o)

f(x) = f(zo) + f'(z0)(z — w0) + o (x —z0)* + .. - (x —xo)"+
+M(z — 20)" L
Our proof will consist of showing that M = ! ((::1))(,0 ) for some ¢ between x and xq.

Define
(n)
Fty=ft)+ft)(x—t)+...+ fT'(t)(:c — )"+ M(x — t)”“.

Since F(z) = f(z), and by our choice of M, F(z¢) = f(z), from the Mean Value
Theorem it follows that 3 ¢ between x and g such that

F(x)—F
F'(c) = F(z) - Flao) _ 0.
r — Xo
After computing the derivative of F', we conclude that
(n+1)
0=F'(c) = fT'(C)(aj —o)" = M(n+1)(z—-c)",

and the result follows. O

Definition 11.2. Let f € C*°. The series
. f(n)
Zfi(x())(x—xo)” (11.1)

is called the Taylor’s series about xq generated by f. To indicate that f generates
this series, we write
— [ (o) n
f(w)NZT(ﬂU—l‘O) :
n=0
Does (11.1) converge for any x besides = x(? If so, is its sum equal to f(z)?
In general, the answer to both questions is "No”. From Theorem 11.2 it follows
that a necessary and sufficient condition for the Taylor’s series to converge to f(z)
is that
Fo ()
im —~
n—oo (n+1)!
In practice it may be quite dificult to deal with this limit because of the unknown
position of ¢. In some cases, however, the limit can be shown to be zero.

Theorem 11.3. Let f € C* on [a,b], and |f'(x)| < M V x € [a,b] Vi € N. Then
V x € [a,b] we have

(z — z)" Tt = 0.

% p(n) (4
fay =S T gy
n=0 '

Proof: HW O
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§12. Problems

For each of the following functions
(a) Write the Taylor’s series about xg = 0;
b) Find its radius of convergence;

® N
=

Ec) Determine whether the Taylor’s series converges to the generating function.
1 f(@) = s
2. f(z) =In(1—2)
3. f(x)=¢€"
4. f(z) =sinz
5. f(z) =cosx
6. (1) = ok
(
(
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