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Abstract. We describe a new scheme based on quadratic C1-splines
on type-2 triangulations approximating gridded data. The quasi-
interpolating splines are directly determined by setting the Bernstein-
Bézier coefficients of the splines to appropriate combinations of the
given data values. In this way, each polynomial piece of the approxi-
mating spline is immediately available from local portions of the data,
without using prescribed derivatives at any point of the domain. Since
the Bernstein-Bézier coefficients of the splines are computed directly,
an intermediate step making use of certain locally supported splines
spanning the space is not needed. We prove that the splines yield
optimal approximation order for smooth functions, where we provide
explicit constants in the corresponding error bounds.

§1. Introduction

The aim of this paper is to describe local methods which use qua-
dratic C1-splines on the type-2 triangulation to approximate data on a
two-dimensional grid. By the nature of the new algorithm, we do not
start from a particular basis or a set of locally supported spline functions
spanning the spaces. In contrast, the basic idea here is to consider the
piecewise Bernstein-Bézier representation and to set each B-coefficient of
the approximating splines directly by applying natural and simple aver-
aging rules to local portions of the given data. Hence, the approach falls
into the class of quasi-interpolation methods for bivariate splines.

An essential difference to the current literature on quasi-interpolation
and interpolation by bivariate splines based on the piecewise Bernstein-
Bézier form (see [4 –11,13,15,17], the survey [16] and the references therein)
is that here we do not make use of a local and stable minimal determining
set or related concepts for the spaces. These concepts have been shown to
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be very useful and successful, in particular if one is interested in finding
interpolation and approximation operators which yield (nearly) optimal
approximation order of smooth functions. Unfortunately, it is known that
there are some cases where it is difficult - and sometimes impossible -
to apply these concepts in a direct way. This concerns smooth spline
spaces on general and particular classes of triangulations, where the poly-
nomial degree of the splines is low or lowest possible. Such an example are
quadratic C1-splines on type-2 triangulations for which it seems difficult
- if not impossible - to construct local and stable minimal determining
sets or (completely) local interpolation sets (with optimal approximation
properties), see [1,2,22,23,27]. On the other hand, using the uniform struc-
ture of these triangulations and a spanning set of locally supported spline
functions, it has been shown that full approximation power is provided
by these spaces [2,21]. Our approach deals with quadratic C1-splines on
type-2 triangulations given in its piecewise Bernstein-Bézier form without
requiring intermediate constructions of this type. Hence, the method is re-
lated but different to the approach in [2,3,20,21] (see the discussion in the
final section of this paper). The new idea of our approach is to (uniquely)
set all the B-coefficients of a spline simultaneously using local portions of
the data in such a way that all the smoothness conditions of the C1-splines
are automatically satisfied. This is possible since the uniform structure
of the underlying triangulation implies that certain B-coefficients have to
be simple averages of certain other B-coefficients in order to guarantee
the overall C1-smoothness. Since we only use the given data values and
average them, (approximate) derivatives are not required at any point in
the domain and the overall setting can be considered as a procedure of
repeated averaging. Moreover, the setting of the B-coefficients is done
carefully so that the resulting quasi-interpolating splines yield optimal
approximation order of smooth functions. We show this by proving that
the corresponding quasi-interpolation operator is uniformly bounded and
reproduces bivariate quadratic polynomials. In addition, we provide some
explicit constants in the corresponding error bounds of the approximating
splines and its derivatives.

The paper is organized as follows. In Sect. 2, we give some pre-
liminaries on the Bernstein-Bézier form of quadratic C1-splines on the
type-2 triangulation, describe the smoothness conditions of the spaces in
a convenient form and prove a Markov type inequality with explicit con-
stants for quadratic polynomial pieces on the triangles of this partition.
The new quasi-interpolating scheme is described in Sect. 3, and some
useful properties of the corresponding operator are discussed in Sect. 4.
These results are used in Sect. 5, where we provide error bounds for
the quasi-interpolating splines with explicit constants. We conclude with
a discussion comparing the new scheme with previously existing quasi-
interpolation methods for quadratic C1-splines in Sect. 6.
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Fig. 1. Point sets associated with partition ♦ (left), triangulation ♦+ (right).

§2. B-form of Quadratic C1-splines and Markov Inequality

Let h > 0, n, m ≥ 2, and V := {vij = (ih, jh), i = 0, . . . , n, j = 0, . . . , m}
be the set of (n+1)×(m+1) points in the rectangular domain Ω := [0, nh]×
[0,mh]. Then the collection of squares Qij = [ih, (i + 1)h]× [jh, (j + 1)h],
where i = 0, . . . , n − 1, j = 0, . . . ,m − 1, forms a partition ♦ of Ω. Let
X := {xij = (vij +vi+1,j)/2, i 6= n}, Y := {yij = (vij +vi,j+1)/2, j 6= m}
and W := {wij = (vij + vi+1,j+1)/2, i 6= n, j 6= m}, be the sets of
midpoints of horizontal and vertical edges of the squares in ♦, and the set
of the centers of all squares in ♦, respectively. In Fig. 1 (left) the points
from the set V are shown as big black dots, while the points from X and
Y are small black dots and the points from W are open dots.

In each square Qij , see Fig. 2 on the left, we connect the center wij

of Qij with the four vertices vij , vi+1,j , vi,j+1, vi+1,j+1 of Qij , and with
the four midpoints xij , yij , xi,j+1, yi+1,j of the edges of Qij , to obtain a
triangulation ♦+ of Ω, which is called the type-2 triangulation, see Fig. 1
(right). Note that each triangle T in ♦+ has one vertex from V , another
from W , and the other one from either X or Y . In the following, we
consider the space of quadratic C1-splines on ♦+, defined by

S1
2 (♦+) = {s ∈ C1(Ω) : s|T ∈ P2, for all T ∈ ♦+},

where P2 = span{xiyj : i + j = 0, 1, 2} denotes the space of bivariate
polynomials of total degree two. We use the piecewise Bernstein-Bézier
representation (B-form) of the splines (cf. [7,9,16]), i.e., for each spline
s ∈ S1

2 (♦+), the polynomial piece p = s|T ∈ P2 on a triangle T ∈ ♦+ is given
by

p =
∑

i+j+k=2

cT
ijk Bijk, (1)

where Bijk = (2/i!j!k!) λi
0λ

j
1λ

k
2 , i + j + k = 2, are the six quadratic Bern-

stein polynomials associated with T = 〈v0, v1, v2〉. Here, λν are the linear
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Fig. 2. A (triangulated) square of ♦ (left) and the triangle T (shaded grey) with

the domain points (right) associated with the B-coefficients cijk = cT
ijk.

polynomials determined by λν(vµ) = δνµ, or the so-called barycentric coor-
dinates w.r.t. T (δνµ denotes Kronecker’s symbol). As usual, we associate
the B-coefficients cT

ijk of p with the domain points ξT
ijk := (iv0+jv1+kv2)/2

in T (see Fig. 2 on the right, where the B-coefficients are related to the do-
main points for the triangle T = 〈vij , wij , yij〉). According to the uniform
structure of ♦+, we can describe the union of the sets of domain points asso-
ciated with each triangle of ♦+ denoted by D♦+ in the following convenient
form

D♦+ = {ηij := (ih, jh)/4, i = 0, . . . , 4n, j = 0, . . . , 4m}.
By using the piecewise B-form, C1-smoothness conditions of S1

2 (♦+)
can be described in a very simple way as well. Let cij be the B-coefficient
associated with the domain point ηij . Then, s ∈ S1

2 (♦+) if and only if the
following conditions are satisfied:

cij = (ci−1 j + ci+1 j)/2, i mod 2 = 0,

cij = (ci j−1 + ci j+1)/2, j mod 2 = 0,

cij = (ci−1 j−1 + ci+1 j+1)/2 = (ci−1 j+1 + ci+1 j−1)/2,

i mod 4 = j mod 4 ∈ {0, 2},
cij = ci j−1 + ci−1 j − ci−1 j−1 = ci j+1 + ci+1 j − ci+1 j+1,

i mod 4 = j mod 4 ∈ {1, 3},
cij = ci j−1 + ci+1 j − ci+1 j−1 = ci j+1 + ci−1 j − ci−1 j+1,

i mod 4 6= j mod 4, and i mod 4, j mod 4 ∈ {1, 3},

(2)

for all admissible values i ∈ {0, . . . , 4n}, j ∈ {0, . . . , 4m}. Note that the
conditions (2) can be considered as averaging rules to be satisfied for the
B-coefficients of a smooth quadratic spline s.
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Fig. 3. Evaluation of the B-coefficient c200 associated with the domain point
vij : fractions on the right build the mask of the nine data values at
points from V ∪X ∪ Y .

Throughout the paper, we let Dxf and Dyf be the first derivatives of
a smooth function f in x and y direction, respectively, and denote higher
derivatives by Dα

x Dβ
y f . Moreover, for f ∈ C(Ω) and any compact subset

B ⊆ Ω, we let ‖f‖B := sup{|f(v)| : v ∈ B} be the uniform norm. For later
use, we give the following result which is an inequality of Markov type for
quadratic polynomials on the triangles of ♦+ involving explicit constants.

Lemma 1. Let p ∈ P2 and T ∈ ♦+. Then

‖Dα
x Dβ

y p‖T ≤ Cα,β ‖p‖T h−α−β , α + β = 1, 2, (3)

where Cα,β =
{

20, if α + β = 1,
64, if α + β = 2 .

Proof: Let T = 〈v0, v1, v2〉 be a triangle from ♦+. Without loss of gen-
erality we assume that v0 ∈ V , v1 ∈ W , and v2 ∈ Y , see Fig. 2. Let
zνµ := (vν + vµ)/2, ν 6= µ, be the midpoints on the edges of T . Us-
ing unique Lagrange interpolation at the six domain points in T , p in its
representation (1) w.r.t. T can be written as

p = p0 B200 +
(
2 p01 − (p0 + p1)/2

)
B110 + p1 B020+(

2 p12 − (p1 + p2)/2
)

B011 + p2 B002 +
(
2 p02 − (p0 + p2)/2

)
B101,

where pν = p(vν) and pνµ = p(zνµ). It follows that

Dxp = 4/h
((

2 (p01 − p02) + (p2 − p1)/2
)

λ0 +
(−2 p12 + (p2 + 3p1)/2

)
λ1 +

(
2 p12 − (3p2 + p1)/2

)
λ2

)
,

D2
xp = 16/h2 (−2 p12 + p1 + p2),

DxDyp = 16/h2 (−p2 + p12 + p02 − p01).
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Fig. 4. Evaluation of the B-coefficient c020 associated with wij : the mask of
eight data values is shown on the right.
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Fig. 5. Evaluation of c002 associated with yij : the mask of eleven data values
is shown on the right.

Similar equations hold true for Dyp and D2
yp, and the result follows from

the triangle inequality and the fact that B-polynomials form a partition
of unity.

§3. Quasi-Interpolation Scheme

Let the 3 nm + 2 (n + m) + 1 values

fij := f(vij), fx
ij := f(xij), i 6= n, fy

ij := f(yij), j 6= m,

i = 0, . . . , n, j = 0, . . . , m,
(4)

of a function f ∈ C(Ω) at the points from V ∪X ∪ Y be given. Then, a
quadratic spline sf w.r.t. ♦+ in its piecewise B-representation (1) is directly
determined from the data by setting the B-coefficients of sf as appropriate
averages of local portions of the data. We do this as follows.

It suffices to describe the setting of the B-coefficients cijk, i+j+k = 2,
of sf |T for the triangle T := 〈vij , wij , yij〉 as in Fig. 2. Since every triangle
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in ♦+ has one vertex at the point in V , another vertex at the point in W ,
and the third vertex at the point in either X or Y , the setting of the
B-coefficients of sf associated with the remaining domain points in Qij

then follows from symmetry. We distinguish four cases, where we use the
notation from Fig. 2 on the right.

Case 1. No vertex of T lies on the boundary of Ω. Then, we set

c200 :=1/2 (fx
ij + fy

ij + fx
i−1 j + fy

i j−1 − fij)

− 1/8 (fi−1 j + fi j−1 + fi+1 j + fi j+1),
c020 :=1/2 (fx

ij + fy
ij + fx

i j+1 + fy
i+1 j)

− 1/4 (fij + fi+1 j + fi j+1 + fi+1 j+1),
c002 :=fy

ij − 3/8 (fij + fi j+1) + 1/4 (fx
ij + fx

i−1 j + fx
i−1 j+1 + fx

i j+1)

− 1/16 (fi−1 j + fi−1 j+1 + fi+1 j + fi+1 j+1),
c110 :=fx

ij + fy
ij − 1/2 fij − 1/4 (fi+1 j + fi j+1),

c101 :=fy
ij + 1/2 (fx

ij + fx
i−1 j − fij)− 1/4 fi j+1 − 1/8 (fi−1 j + fi+1 j),

c011 :=fy
ij + 1/2 (fx

ij + fx
i j+1)− 1/8 (3 fij + 3 fi j+1 + fi+1 j + fi+1 j+1).

(5)
Figs. 3–6 illustrate this setting. In these figures the fractions on the right
build the mask of data values at points from V ∪ X ∪ Y (shown as big
and small black dots) which are used to determine the corresponding B-
coefficient.

Case 2. Exactly one of the vertices of T lies on the boundary of Ω. For
the choice of T this means that ξ200 = vi0, where i ∈ {1, . . . , n − 1}.
Then, we set c200 := fi 0, and the remaining five B-coefficients are set as
in Case 1.

Case 3. Two of the vertices of T lie on the boundary of Ω, but not in
the corners of Ω. For the choice of T this means that ξ200 = v0j , where
j ∈ {1, . . . ,m− 1}. Then, we set c200 := f0 j ,

c002 :=1/2 fy
0 j − 1/4 (fy

0 j−1 + fy
0 j+1)

+ 1/16 (7 f0 j + 7 f0 j+1 + f0 j+2 + f0 j−1),
c101 :=f0 j + 1/2 (fy

0 j − fy
0 j−1) + 1/8 (f0 j−1 − f0 j+1),

and the remaining three coefficients are set as in Case 1. Fig. 7 (left)
illustrates this setting.

Case 4. Two of the vertices of T lie on the boundary of Ω, and one of
them is a corner of Ω. For the choice of T this means that ξ200 = v00 and
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Fig. 6. Evaluation of c110 (top), c101 (middle), and c011 (bottom): the corre-
sponding domain point is marked as a cross on the right.
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Fig. 7. Evaluation of c002 and c101 in Case 3 (left) and Case 4 (right).
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ξ002 = y00. Then, we set c200 := f00, and

c002 :=1/4 (3 fy
00 − fy

01) + 1/16 (f00 + 6 f01 + f02),
c101 :=fy

00 + 1/4 (f00 − f01).

The remaining three coefficients are set as in Case 1. Fig. 7 (right) illus-
trates this setting.

The above setting uniquely determines every B-coefficient of the re-
sulting quadratic, continuous spline sf on ♦+, and it can be seen that for
each triangle T in ♦+, the polynomial piece sf |T is immediately obtained
from small local portions of the given data in (4) by applying certain aver-
aging rules. Moreover, the setting of B-coefficients of sf is done carefully,
as the next result shows.

Theorem 2. The quadratic spline sf is in C1(Ω), i.e., sf ∈ S1
2 (♦+).

Proof: We have to check that all the C1-smoothness conditions described
in Sect. 2 are satisfied. This is straightforward, since we can take advan-
tage of (2). Without loss of generality, we let T1 := 〈vij , wij , yij〉, and
check the C1-conditions involving the B-coefficient associated with the
point yij , ij 6= 0. The remaining C1-conditions involving the B-coefficients
associated with the points vij , wij and xij , as well as all boundary cases
can be verified similarly.

There are four triangles Tν , which share the vertex yij , see Fig. 5
(left). We assume that these triangles are arranged in counter-clockwise
order such that for each of the triangles Tν , ν = 2, 3, 4, the first vertex
is in V , while yij is the third vertex. First, we note that clearly cT1

002 =
cTν
002, ν = 2, 3, 4, cT1

101 = cT4
101, cT1

011 = cT2
011, cT2

101 = cT3
101, and cT3

011 = cT4
011.

Now, the setting in Case 1 implies that

cT2
101 =fy

ij + 1/2 (fx
i j+1 + fx

i−1 j+1 − fi j+1)− 1/4 fij

− 1/8 (fi−1 j+1 + fi+1 j+1),

cT3
011 =fy

ij + 1/2 (fx
i−1 j + fx

i−1 j+1)

− 1/8 (3 fij + 3 fi j+1 + fi−1 j + fi−1 j+1),

while the B-coefficients cT1
002, cT1

101, and cT1
011 are given exactly in the same

form as c002, c101, and c011 in (5), respectively. An elementary calculation
then shows that cT1

002 = 1/2 (cT1
101 + cT2

101) = 1/2 (cT1
011 + cT3

011), and hence sf

is C1-smooth at yij .

The previous theorem shows that we can now define a linear operator
Qmapping C(Ω) onto the space S1

2 (♦+). More precisely, for each f ∈ C(Ω),
we define Q(f) := sf , where sf ∈ S1

2 (♦+) is the quasi-interpolating spline
which results from the setting of B-coefficients described above. In the
following, we refer to Q as the quasi-interpolation operator associated with
the above scheme.
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§4. Properties of the Quasi-Interpolation Operator

We show that the quasi-interpolation operator Q associated with the
scheme described in Sect. 3 is uniformly bounded and reproduces quadratic
polynomials. These basic properties of Q are used in the next section,
where we prove that sf as well as its (piecewise) derivatives yield optimal
approximation order for smooth functions.

Lemma 3. Let T be in ♦+ and QT ∈ ♦ the square containing T. Then,
for any f ∈ C(Ω),

‖Q(f)‖T ≤ 3 ‖f‖ΩT
,

where ΩT is the union of the squares from ♦ which intersect QT .

Proof: First we note that according to our method all the B-coefficients
cT
ijk of the polynomial piece p = sf |T = Q(f)|T on T in its B-form (1)

are determined by using values of f at points from squares which intersect
QT , only. Since the B-polynomials form a partition of unity, it follows
that

‖p‖T ≤ max{|cT
ijk| : i + j + k = 2},

and therefore some straightforward calculations for Cases 1–4 in Sect. 3
prove the assertion.

Remark 4. A close inspection of Cases 1–4 in Sect. 3 shows that it is in
fact possible to choose smaller subsets ΞT of ΩT in Lemma 3. In Case 1,
ΞT (shown as a shaded region in Fig. 1 on the right) is contained in four
squares of ♦, while in Case 2 and 4, ΞT is contained in two squares of ♦,
and in Case 3, data from three squares of ♦ are required for performing
the method.

Lemma 5. For any p ∈ P2, we have Q(p) = p.

Proof: We have to prove that Q reproduces the monomials from P2. The
fact that Q reproduces constants is clear since according to our method
in Sect. 3, each B-coefficient of Q(1) has the value 1, because the weights
used to combine the values sum up to one. The reproduction of any other
monomial q can be checked directly by comparing the B-coefficients of
the spline Q(q) on an arbitrary triangle in ♦+ with the values of the B-
coefficients of q on the same triangle. For example, for q(x, y) = x, and
T = 〈vij , wij , yij〉, ij 6= 0, see Fig. 2 on the right, the evaluation of the
B-coefficient c200 of Q(q), leads to

c200 = 1/2 (4ih)− 1/2 ih− 1/8 (4ih) = ih = q(vij),

and the explicit computation of the remaining B-coefficients can be done
similarly.
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§5. Optimal Approximation

We now give an error bound for f − Q(f) and its derivatives in the
supremum norm, which shows that the quasi-interpolating splines sf =
Q(f) yield optimal approximation order for smooth functions. In the next
theorem, for any f ∈ C3(Ω), we let

‖D3f‖B := max{‖Dα
x Dβ

y f‖B : α + β = 3}

where B ⊆ Ω is as in Sect. 2.

Theorem 6. Let T be in ♦+. Then, for any f ∈ C3(Ω),

‖Dα
x Dβ

y (f −Q(f))‖T ≤ Kα,β ‖D3f‖Ω h3−α−β , α + β = 0, 1, 2, (6)

where Kα,β =

{ 18, if α + β = 0
549/2, if α + β = 1
867, if α + β = 2

.

Proof: Let T ∈ ♦+ be an arbitrary triangle in ♦+, and ΞT by chosen as in
Remark 4. Then it can be immediately seen that

ρT := min
(x1,y1)∈ΞT

max
(x2,y2)∈ΞT

max{|x1 − x2| , |y1 − y2|} ≤ 3h/2. (7)

Considering the Lagrange form of the remainder term in Taylor’s formula
for pf ∈ P2 of f at the point vT ∈ ΞT , where ρT is attained , as well as
its derivatives, we obtain

‖Dα
x Dβ

y (f − pf )‖ΞT
≤ κα,β ‖D3f‖ΞT

h3−α−β , α + β = 0, 1, 2, (8)

where κα,β =
{

9/2, if α + β ≤ 1
3, if α + β = 2

. Lemma 5 implies that Q(pf ) = pf ,

and therefore

‖Dα
x Dβ

y (f −Q(f))‖T ≤ ‖Dα
x Dβ

y (f − pf )‖T + ‖Dα
x Dβ

yQ(f − pf )‖T ,

for α + β = 0, 1, 2. In view of (8), it now suffices to estimate the second
term of this inequality. Since Q(f − pf )|T ∈ P2, it follows from Lemma 1,
Lemma 3 and the error bound (8) that

‖Dα
x Dβ

yQ(f − pf )‖T ≤ Cα,β ‖Q(f − pf )‖T h−α−β

≤ 3 Cα,β ‖f − pf‖ΞT h−α−β

≤ 3 Cα,β κ0,0 ‖D3f‖ΞT
h3−α−β ,
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where Cα,β , α + β = 1, 2, is the constant from Lemma 1, and C0,0 := 1.
Combining these inequalities leads to

‖Dα
x Dβ

y (f −Q(f))‖T ≤ Kα,β ‖D3f‖ΩT
h3−α−β , (9)

where Kα,β := κα,β + 3 Cα,β κ0,0, α + β = 0, 1, 2. Since this local error
bound implies (6) the proof is complete.

Remark 7. A close inspection of the proof of Theorem 6 shows that
the constants are in fact a little bit smaller than in the statement of the
theorem. Moreover, note that except for Case 3, we may choose a point
vT such that ρT = h in (7), and hence for each triangle T in ♦+ which is
sufficiently away from the boundary of Ω, we have (9), with the constant

Kα,β =





16/3, if α + β = 0
82, if α + β = 1

258, if α + β = 2
.

§6. Discussion

In this section, we discuss an extension of our approach as well as
the connection to some known methods which are different but related to
our scheme. First, we describe some quasi-interpolation schemes which
differ in the locations and number of data points as well as in the choice
of rules. For each scheme, the boundary treatment can be done similarly
to Cases 2–4 in Sect. 3, and, therefore, we briefly discuss the setting of
B-coefficients only for Case 1.
1.) Let 2 nm + n + m values of f ∈ C(Ω) as in (4) be given at the points

in X and Y , that is, at the midedges of ♦, only. Assuming that T is
a triangle as in Fig. 2 on the right, we set

c200 :=1/4 (fx
ij + fy

ij + fx
i−1 j + fy

i j−1),

c020 :=1/4 (fx
ij + fy

ij + fx
i j+1 + fy

i+1 j),

c002 :=1/2 fy
ij + 1/4 (fx

ij + fx
i−1 j + fx

i−1 j+1 + fx
i j+1),

c110 :=1/2 (fx
ij + fy

ij),

c101 :=1/2 fy
ij + 1/4 (fx

ij + fx
i−1 j),

c011 :=1/2 fy
ij + 1/4 (fx

ij + fx
i j+1).

(10)

2.) Let nm+n+m+1 values of f ∈ C(Ω) only be given at the points in
V , that is, at the grid points of ♦, only. With the notation of (4), we
first set fx

ij = (3 fi+1,j +6 fij−fi−1,j)/8, and fy
ij = (3 fi,j+1 +6 fij−

fi,j−1)/8, and then, in a second step, we use the approach described
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in Sect. 3, where we replace each appearance of fx
ij and fy

ij in (5) by
these formulae.

3.) Let values of f ∈ C(Ω) be given as in (4), i.e., at the points from
V ∪ X ∪ Y . In addition, assume that the values fw

ij of f at the
points wij in W (centers of the squares in ♦) are given. Thus, the
complete number of data points is 4 nm + 2 (n + m) + 1. Then,
we first apply the approach described in Sect. 3 to obtain a quasi-
interpolating spline sf ∈ S1

2 (♦+) where we use the data at points from
V ∪ X ∪ Y . Secondly, we change the role of X and Y , and apply
the method of Sect. 3 to the data at the points from W ∪ X ∪ Y
to obtain an other quasi-interpolating spline sg ∈ S1

2 (♦+). Building
the average of all the B-coefficients of these two splines, we get the
quasi-interpolating spline s̃f := (sf + sg)/2 ∈ S1

2 (♦+).

The scheme described in 1.) is associated with the well known quasi-
interpolation operator based on the Powell-Zwart element. It is known
that this operator reproduces bilinear polynomials, but not all quadratic
polynomials. Using our approach and the scheme described in 1.), one
can see that the remaining quadratic monomials are reproduced up to a
constant, and hence a proof similar to the one for Theorem 6 shows that
the piecewise derivatives of these quasi-interpolating splines approximate
the derivatives of a smooth function optimally.

The remaining schemes, i.e., the schemes in 2.)–3.) basically have
the same properties as the method described in Sect. 3. In particular,
the corresponding quasi-interpolanting splines as well as their piecewise
derivatives yield optimal approximation order for smooth functions. On
the other hand, the data stencils and the constants involved in the cor-
responding error bounds are different. According to our knowledge, the
operator described in 3.) was first developed in [2] (see also [3,20,21]) by
using a completely different approach based on the so-called box-splines.
These are locally supported not linearly independent splines, which span
the (2 nm + 3 (n + m + 1))-dimensional spline space S1

2 (♦+). It is easy
to see that this operator requires data at the points of W , which is not
necessary in the approach from Sect. 3. Moreover, since we derive the
same operator by using our approach (see 3.)), it follows that the method
presented here is more general, and provides some flexibility in design-
ing classes of approximation operators. In particular, there is no need to
consider or construct certain locally supported splines in advance, since
the B-coefficients of splines are directly computed from the given data
with linear complexity. Moreover, we remark that the approach of Sect. 3
as well as the methods 1.)–3.) can be extended to certain more general
partitions ♦.

Recently, a first trivariate generalization of the quasi-interpolation
scheme in 1.) has been developed [12,19]. In this context, quadratic
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splines play an important role since they provide useful tools for contour-
ing volumetric data (on a grid), which is the purpose of efficient volume
visualization. An alternative method to construct quasi-interpolation op-
erators based on quadratic C1-splines on appropriate (refined) partitions
of three-dimensional domains with different properties would be to use the
local and stable minimal determining sets connected with the interpola-
tion schemes in [24–26] (see also the local Lagrange interpolation meth-
ods for smooth splines for given tetrahedral partitions described in [14])
in combination with the quasi-interpolation approach from [9] (see also
[4]). In this context, we note that the present paper can be understood
as a first important test, where we consider a bivariate spline space for
which it seems difficult - if not impossible - to construct local and stable
minimal determining sets or (completely) local (Hermite and) Lagrange
interpolation sets, while on the other hand we have shown that a variety of
operators with advantageous properties exist for these spaces. Currently,
the authors are studying quasi-interpolation methods of the above type
for different and more general settings. Finally, we note that according to
our experience (quasi-) interpolating bivariate and trivariate splines can
be computed efficiently, where the piecewise B-form of the splines turns
out to be very useful for the various purposes in the different applications
since the Bernstein-Bézier techniques known from Computer Aided Ge-
ometric Design can be fully exploited. Concerning numerical examples
for the reconstruction of surfaces and volumetric objects involving data of
various type, we refer the interested reader to [5,12,17–19].

Acknowledgments. The authors want to thank the editors for their kind
co-operation in extending the deadline of our submission by some days.
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