
SPATIAL BOUNDS ON THE EFFECTIVE COMPLEXPERMITTIVITY FOR TIME-HARMONIC WAVES IN RANDOMMEDIADAVID C. DOBSON AND LYUBIMA B. SIMEONOVA �Abstract. When we consider wave propagation in one-, two-, and three-dimensional randommedium in the case when the wave length is �nite, scattering e�ects must be accounted for and thee�ective dielectric coe�cient is no longer a constant, but a spatially dependent function. We presentan upper bound on the e�ective permittivity and a bound on its spatial variations that depends onthe maximum volume of the inhomogeneities and the contrast of the medium.Key words. Random media, e�ective propertiesAMS subject classi�cations. 78A48, 78A40, 78A451. Background. Usually, when one considers the propagation of an electromag-netic wave in a random medium, two length scales are of importance. The �rst scaleis the wavelength � of the electromagnetic wave probing the medium. The secondone is the typical scale of the inhomogeneities �. There has been plenty of work tobuild an e�ective medium theory that is applicable to wave propagation and �eldsthat oscillate with time provided that the wavelengths associated with the �elds aremuch larger than the microstructure. This limit where the size of the microstructuregoes to zero is called the quasistatic or in�nite wavelength limit. In this case the het-erogeneous material is replaced by a homogeneous �ctitious one whose macroscopiccharacteristics are good approximations of the initial ones. The solutions of a bound-ary value partial di�erential equation describing the propagation of waves convergeto the solution of a limit boundary value problem which is explicitly described whenthe size of the heterogeneities goes to zero.The problem of �nding bounds on the e�ective properties of materials in thequasistatic limit has been investigated vigorously, and there have been signi�cantadvances not only in deriving optimal bounds, but also in describing the materialsthat accomplish these bounds [14] and references within. Wellander and Kristensson[19] and Conca and Vanninathan [3] have both recently analyzed the homogenizationof time-harmonic wave problems in periodic media, using entirely di�erent methods.Their results are each applicable to problems in which the wavelength of the incident�eld is much larger than the microstructure.For waves in random media, Keller and Karal [12] and Papanicolaou [16] useaveraging of random realizations of materials in order to describe the e�ective prop-erties of the composites when interacting with electromagnetic waves. Both analysesassume that the random materials deviate slightly from a homogeneous material, i.e.the contrast of the random inclusions is small. Keller and Karal assume a priori thatthe e�ective dielectric coe�cient is a constant. Using perturbation methods, theyapproximate the dielectric constant with a complex number, whose imaginary partaccounts for the wave attenuation.A great overview of the subject of wave propagation in random media is givenin a book by Ishimaru [11]. Also recent results in this �eld could be found in theAMS-IMS-SIAM proceedings edited by Kuchment [13].�Both authors: Department of Mathematics, University of Utah, Salt Lake City, UT 84112-0090,USA 1



2 D. C. DOBSON AND L. B. SIMEONOVAThe above methods that provide bounds and describe the behavior of the dielectriccoe�cients do not account for scattering e�ects which occur when the wavelength is nolonger much larger than the inhomogeneities of the composite and when the contrastis large. This problem has remained open and results are sparse. The problem isdi�cult and none of the techniques that come from the quasistatic regime can beapplied directly to the scattering problem since all of the quasistatic methods utilizethe condition that the size of the heterogeneities goes to zero.Even the correct de�nition of "e�ective medium" is somewhat unclear outside thequasistatic regime. In this work, we assume that the purpose of the e�ective mediumis to reproduce the average or expected wave �eld as the actual medium varies over agiven set of random realizations. In the quasistatic case, the e�ective permittivity "�is de�ned by "�hEi = hDi = h"Ei;where the averaged electric �eld hEi = �E is a given constant, and the averageddielectric displacement hDi is independent of x which ensures that "� in the quasistaticcase is a constant.For simplicity in this work we consider waves in two- or three-dimensional randommedia governed by the Helmholtz equation4u+ !2"u = 0;where the permittivity function "(x) assumes random realizations within some prob-ability space. We average over all the possible material realizations to obtain theequation 4hui+ !2h"ui = f;where hi denotes expected value, i.e. averaging over the set of realizations, and not aspatial average. We seek to �nd the dielectric coe�cient "� that will solve the problem4hui+ !2"�hui = f; (1.1)where hui is the averaged solution. From the above two equations, it is easy to seethat the appropriate de�nition for "� is"� = h"uihui : (1.2)Note that the de�nition of "� does not preclude spatial variations "� = "�(x).Wave localization and cancellation must be accounted for when the wavelengthis in the same order as the size of the heterogeneities, which means that the e�ectivecoe�cients are no longer necessarily constants as in the quasistatic case, but functionsof the space variable. We have illustrated in a previous paper [18] that as ! increases(which will decrease the wavelength), we begin to see spatial variations in the e�ectivedielectric coe�cient due to the presence of scattering e�ects. Nevertheless "� asde�ned in (1.2) is a "correct" de�nition of the e�ective dielectric coe�cient, in thatit reproduces the average �eld response through equation (1.1).Since "� cannot be calculated explicitly in general, to be useful in applicationsit is important that we can bound both "� itself, and some measure of the spatialvariations in "�. The main result of this paper, presented in Theorem 3.1, is a bound



Spatial bounds on the e�ective permittivity for time-harmonic waves 3on the magnitude of "� and a bound on the total variation, k"�kBV . The estimateshold for any �xed frequency ! > 0 and show an explicit dependence on the featuresize and contrast of the random medium.The paper is organized as follows. We pose the model problem of electromagneticwave propagation in a composite material in subsection 2:1. The two-componentcomposite material is random and its structure is described using random variablesto describe its geometry and component dependence in subsection 2:2. Existence anduniqueness of solutions and uniform bound on the solutions are obtained and Lipschitzbounds of the solutions with respect to the dielectric coe�cients of the materials arederived in subsection 2:3. Both the uniform bound on the solutions and the Lipschitzbounds are instrumental in the results' derivations and proofs. Spatial variations dueto scattering e�ects are allowed. Bounds on the e�ective dielectric coe�cient and itsspatial variations are obtained when certain conditions are satis�ed. These resultsare stated in the theorem in section 3, which is proven using novel methods thatincorporate both analytical concepts from the theory of partial di�erential equationsand probability arguments.2. Model Problem.2.1. Electromagnetic wave propagation. Consider time-harmonic electro-magnetic wave propagation through nonmagnetic (� = 1) heterogeneous media. As-suming that the electric �eld vector E = (0; 0; u) and " is independent of x3, Maxwell'sequations reduce to the Helmholtz equation4u+ !2"u = 0; (2.1)where ! represents the frequency, and " 2 L1(Rn ) is the dielectric coe�cient. Inthree dimensions, each �eld component satis�es (2.1).Let our bounded spatial domain be 
 � Rn , where n = 2; 3. The region outside
 is �lled with a homogeneous material. In particular, assume for x 62 
, we have"(x) = 1. Call S0 the sphere of radius R0, i.e. S0 = fr = R0g, and let 
0 = fjxj <R0g.Outside the ball 
0, we separate the solution u to (2.1) into the incident and scat-tered �eld: u = ui + us. The scattered �eld us can also be separated. Wellposednessof the problem requires to imposing Sommerfeld's radiation condition as boundarycondition at in�nity, i.e. limr!1 r n�12 � @@r � i!�u = 0;uniformly in all directions, where n = 2; 3 is the spatial dimension. Here, it is assumedthat the time-harmonic �eld is e�i!tu.Let the linear operator T : H 12 (S0)! H� 12 (S0) (Dirichlet-to-Neumann map) de-�ne the relationship between the traces usjfr=R0g and @rusjfr=R0g: T (usjfr=R0g) =(@rus)jfr=R0g. The Dirichlet-to-Neumann operator de�nes an exact nonre
ecting con-dition on the arti�cial boundary S0, i.e. there are no spurious re
ections of thescattered solution introduced at S0. We write T explicitly for the two- and three-dimensional cases in the Appendix. On the boundary S0 = fr = R0g, the solutionu = ui + us should then satisfy@ru� Tu = @rui � Tui + @rus � Tus = @rui � Tui = c:



4 D. C. DOBSON AND L. B. SIMEONOVAIn this way the problem on Rn is equivalently replaced by4u+ !2"u = 0 in 
0 � 
;�@u@r � Tu� = c on S0:2.2. Random structure. We are interested in computing expected values ofwave �elds as the underlying medium ranges over some class of random materials. Inthis section, we de�ne the probability space characterizing these materials.We �ll our bounded domain by random cell materials; see e.g. Milton [14] Section15. Our two-phase random materials are constructed as follows. The �rst step is todivide the bounded domain into a �nite number of cells. The cells vary in size andtopology, but their volume and perimeter are bounded by a parameter �.The second step is to randomly assign each cell as material of phase �0 withprobability p or �1 with probability 1� p in a way that is uncorrelated both with theshape of the cell and with the phases assigned to the surrounding cells.We have the probability space (	�;J� ; P�), where 	� is a set of material realiza-tions with a �-algebra J� of subsets of 	�, and a probability measure P� on J� withP� (	�) = 1.Elements  2 	� are characterized by two random variables,  = (m; g), wherethe variable m depends on the random variable g. The variable g describes thegeometry of the material by partitioning the domain 
 in Ng parts, each of whichis �lled either with material "0 or material "1, which is done by the random variablem. Thus, g describes the subdivision of our domain into subdomains and once thegeometry g is �xed, the random variablem distributes the material in the subdomains.The variable g 2 �� , partitions the spatial domain 
 into Ng disjoint subdomainsf
jgNgj=1 such that [
j = 
. Here �� is some set of partitions of 
. And thevariable mg = fm1; : : : ;mNgg assigns zero for material "0 with probability p or onefor material "1 with probability 1� p in each spatial subdomain. Thus, the real partof the dielectric constant in the composite material is:"m;g(x) = � "0 if mj = 0 and x 2 
j ;"1 if mj = 1 and x 2 
j :We assume without loss of generality that "1 > "0.(	�;J� ; P�) depends on a parameter � > 0, that bounds the volume of eachsubdomain f
jgNgj=1: j
j j � � and the perimeter of each subdomain j@
j j � �. Sincethe volume of 
 is �xed, as � decreases, the set of realizations 	� changes.Once the spatial domain 
 is partitioned into Ng disjoint subdomains f
jgNgj=1,the material in each subdomain is assigned. This gives us one realization. The set ofrealizations 	� is in�nite in general since the set of all geometries, ��, can be in�nite.Fix a geometry g. Denote the set of realizations for geometry g by Rg:Rg = fmg = �m1; : : : ;mNg� : mj = 0 or mj = 1; j = 1; : : : ; NggThe set Rg has 2Ng elements. Thus the set of material realizations, 	� is describedas follows, 	� = f(g;mg) : g 2 ��; mg 2 Rgg:



Spatial bounds on the e�ective permittivity for time-harmonic waves 5The probability measure isP = Xmg2Rg NgYj=1 p1�mj (1� p)mj G�;where G� is the probability measure on the space of all geometries, ��. The productdescribes the multiplication of the probabilities of the materials in each subdomain
j , which is summed over the set of all realizations for a particular geometry g.2.3. Existence and uniqueness of solutions and Lipschitz bounds. For a�xed dissipation constant �i > 0, de�ne a setA := f" = "r + i "i : "r = "m;g for some (m; g) 2 	�g:Given an incident �eld ui, we must solve the following problem4u+ !2"ru+ i!2"iu = 0 in 
0 (2.2)�@u@r � Tu� = c on S0: (2.3)Existence and uniqueness of weak solutions, with a uniform bound, may be obtainedfor materials with a little bit of absorption, i.e. "i > 0.Throughout the remainder of the paper, in order to simplify estimates withinproofs, C will denote a constant which is independent of ("; u), whose value maychange from line to line.Lemma 2.1. For each " 2 A with "i > 0, problem (2.2)-(2.3) admits a uniqueweak solution u 2 H2(
). Furthermore, there exists a constant C depending on "i,A, such that kukH2(
) � C, independent of " 2 A.Proof. The ideas for the proof of the lemma come from the proof of a similarlemma in [5]. De�ne for u; v 2 H1(
)a(u; v) = Z
ru � rv � !2 Z
 "uv � ZS0(Tu)v;and b(v) = c ZS0 v:Using bounds (5.3) and (5.6) for the two- and three-dimensional problem respectively,it is straightforward to show that a(u; v) de�nes a bounded sesquilinear form overH1(
)�H1(
), and that b(v) is a bounded linear functional onH1(
). Weak solutionsu 2 H1(
) of (2.2) solve the variational problema(u; v) = b(v) for all v 2 H1(
): (2.4)The sesquilinear form a uniquely de�nes a linear operator A : H1(
) ! H1(
) suchthat a(u; v) = hAu; viH1(
), and the functional b(v) is uniquely identi�ed with anelement b 2 H1(
) such that b(v) = hb; vi. By re
exivity and an abuse of notationProblem (2.4) is then equivalently statedAu = b: (2.5)



6 D. C. DOBSON AND L. B. SIMEONOVAWe intend to show that a is coercive by establishing a bound ja(u; u)j � c > 0 forall u 2 H1(
) with kukH1(
) = 1. We havea(u; u) = Z
 jruj2 � !2 Z
 "rjuj2 �Re�ZS0(Tu)u��i Im�ZS0(Tu)u�� i!2"i Z
 juj2:For the two-dimensional problem we haveZS0(Tu)u = ZS0 1Xm=1 
mûmeim�u = 1Xm=1 
mjûmj2;where ûm are the Fourier coe�cients of u (See Appendix). Since Re(
m) < 0 andIm(
m) > 0 for every m,Re�ZS0(Tu)u� < 0 and Im�ZS0(Tu)u� > 0:Similarly, for the three-dimensional caseZS0(Tu)u = ZS0 1Xl=0 
l lXm=�l ûlmYlmu = 1Xl=0 
l lXm=�l jûlmj2;where ûlm are the coe�cients in the spherical harmonics expansion of u (See Ap-pendix). Since Re(
l) < 0 and Im(
l) > 0 for every l ,Re�ZS0(Tu)u� < 0 and Im�ZS0(Tu)u� > 0:Assuming kuk2H1(
) = R
 jruj2 + R
 juj2 = 1, and noticing that the �rst four termson the right-hand side are purely real and the last two terms are purely imaginary,we �nd 2ja(u; u)j � ����1� Z
(1 + !2"rjuj2 �Re�ZS0(Tu)u�����+ �����!2"i Z
 juj2 � Im�ZS0(Tu)u����� :For convenience, write r = R
(1 + !2"r)juj2, s = R
 juj2, andt = � �P1m=1Re(
m)jûmj2 in two dimensions;�P1l=0 Re(
l)Plm=�l jûlmj2 in three dimensions:Obviously t; r, and s are nonnegative real numbers which depend on u (and " in thecase of r). Although t and s are essentially independent, r must satisfy(1 + !2"0)s � r � (1 + !2"1)s: (2.6)With this notation, 2ja(u; u)j � j1 + t� rj + !2"is:



Spatial bounds on the e�ective permittivity for time-harmonic waves 7Note that in the case s � 12(1+!2"1) , we have ja(u; u)j � 12!2"is � !2"i4(1+!2"1) . Other-wise, s < 12(1+!2"1) so that r < 12 , and ja(u; u)j � 12 j1 + t � rj > 14 . Hence, for alls; t � 0, and all r satisfying (2.6),ja(u; u)j � c = min� !2"i4(1 + !2"1) ; 14� :The bound thus holds for every u with kukH1(
) = 1 and for every " 2 A with"i > 0. Given this coercivity bound, direct application of the Lax-Milgram Theoremyields existence of the bounded solution operator A�1 for problem (2.5) such thatkA�1k � 1=c. Thus kukH1(
) � kbkH1(
)=c.Given the bound on kukH1(
), a uniform H2(
) bound follows easily, since 4u =�!2"u is uniformly bounded in L2(
).Lemma 2.2. There exists a constant K such that for every "s; "t 2 A, if us("s),ut("t) are the corresponding solutions of the Helmholtz equation (2.2)-(2.3), then usand ut satisfy the Lipschitz condition:kut � uskH2 � Kk"t � "skL2 : (2.7)Moreover, there exists a constant C such that,kut � uskL1 � CKk"t � "skL2 (2.8)and krut �ruskL1 � CKk"t � "skL2 : (2.9)Proof. We subtract one of the Helmholtz equations from the other to obtain:4ut �4us + !2"tut � !2"sus = 0:Subtract !2"tus on both sides:4(ut � us) + !2"t(ut � us) = �!2("t � "s)us:Let w = ut � us. Thus the above equation is written as:4w + !2"tw = �!2("t � "s)us (2.10)The function �!2("t�"s)us 2 L2(
) and thus Lemma 2.1 applies and w is a solutionto our equation (2.10). Let us rewrite (2.10) using the operator L"t :L"tw := 4w + !2"tw = �!2("t � "s)us:From Lemma 2.1, the inverse operator L�1"t : L2(
) ! H2(
) exists and is uniformlybounded with respect to "t 2 A. Thus,w = �!2L�1"t ("t � "s)us:Both when we have two- and three- dimensional materials, Sobolev Imbedding The-orem implies that H2(
) � C0B(
) [1] andkwkH2 � kL�1"t kL2(
);H2(
)k"t � "skL2kuskL1 :



8 D. C. DOBSON AND L. B. SIMEONOVAFrom here we see that: kut � uskH2 � Kk"t � "skL2 :To prove the second part of the Lemma, we use Sobolev Imbedding Theorem andinterpolation inequalities. We prove that w 2 W 2;q for any q such that 3 < q < 1.From the interpolation inequalities [1] we see that for any solution u of (2.2)-(2.3)k4ukLq � k4uk2=qL2 k4uk1�2=qL1 � !2kuk2=qH2 k"uk1�2=qL1 � !2"1�2=q1 kukH2 :Thus u 2W 2;q . But Sobolev Imbedding Theorem [1] implies that W 2;q(
) � C1B(
),i.e. there exists a constant C such thatkut � usk1;1 � Ckut � uskW 2;q � CKk"t � "skL2 ; (2.11)where kuk1;1 := max0�j�j�1 supx2
 jD�u(x)j:We deduce the Lipschitz conditions (2.8) and (2.9) from (2.11).We also obtain a Lipshitz-type bound that estimates the proximity of solutionsu of the Helmholtz equation (2.2)-(2.3) and the solution ~u of the constant coe�cientHelmholtz equation, where the constant coe�cient is the expected value of ", i.e.~" � h"i = "0p+ "1(1�p). The bound is in terms of the local proximity of the randommedium " and the homogeneous medium ~".Lemma 2.3. Let ~u be the solution to the Helmholtz equation with constant coef-�cient ~" = "0p+ "1(1� p), still satisfying boundary condition (2.3):4~u+ !2~"~u = 0: (2.12)Let � > 0 and 3 < q < 1 be �xed. For any subdomain ~
 � 
 we de�ne thediameter d(~
) = supx;y2~
 jx� yj:There exist constants K� and K�1, and 
 > 0 such that if 
 is divided into N 0non-overlapping subdomains Oi such that d(Oi) � 
 for all i = 1; : : : ; N 0, thenku� ~ukL2 � K�0@ N 0Xi=1 ����ZOi(~"� ") dx����1A+ � (2.13)and ku� ~ukL1 � K�1(q)0@K�0@ N 0Xi=1 ����ZOi(~"� ") dx����1A+ C�1A 1q ; (2.14)for all realizations (u; "), and 3 < q <1.Proof. Subtract the two equations (2.1) and (2.12) and manipulate them to getthe equation: 4(u� ~u) + !2~"(u� ~u) = !2(~"� ")u



Spatial bounds on the e�ective permittivity for time-harmonic waves 9for any realization ("; u). Thus, we can apply the solution operator L�1~" to obtain:u� ~u = !2L�1~" ((~"� ")u):The L�1~" is a bounded operator L�1~" : L2 ! H2 and a compact operator L�1~" : L2 !L2. Since L�1~" : L2 ! L2 is compact, it can be approximated by a sequence of�nite-rank operators L�1n , and for every given error �1 > 0, there exists M1 such thatkL�1~" � L�1n kL2(
);L2(
) � �1 for n � M1 [4]. We apply the triangular inequality toobtain: ku� ~ukL2 = !2kL�1~" (~"� ")ukL2� !2kL�1~" � L�1n kL2(
);L2(
)k~"� "kL1kukL2 + !2kL�1n (~"� ")ukL2� C�1 + !2kL�1n (~"� ")ukL2 ;where C is independent of material ". Finite-rank operators can be decomposedL�1n (~"� ")u = NXi=1 wni h(~"� ")u; gni iL2where gni 2 L2(
) and wni 2 Range(L�1n ). Thus,kL�1n (~"� ")ukL2 = k NXi=1 wni Z
(~"� ")ugni dxkL2 � NXi=1 kwni kL2 ����Z
(~"� ")ugni dx���� :Fix n �M1; gni is a measurable function on 
. Given �2 � 0, there exist continuousfunctions vni on 
 such that jS�2 j = mfx : gni (x) 6= vni (x)g � �2, for each i = 1; : : : ; N[17]. Decompose the integralZ
(~"� ")ugni dx = Z
nS�2 (~"� ")ugni dx+ ZS�2 (~"� ")ugni dx:Using this we obtain the following bound for each i = 1; : : : ; N����Z
(~"� ")ugni dx���� � �����Z
nS�2 (~"� ")ugni dx�����+ �����ZS�2 (~"� ")ugni dx������ �����Z
nS�2 (~"� ")ugni dx�����+ k~"� "kL1 jS�2 j 12 kukL1kgni kL2 � �����Z
nS�2 (~"� ")ugni dx�����+ C�2:The function vni is continuous on the compact domain 
 and thus it is uniformly con-tinuous and can be approximated by a sequence of step functions  N 0 . Divide 
 intoN 0 non-overlapping subdomains Oi such that d(Oi) � 
. De�ne  N 0 =PN 0i=1 aN 0i �Oi ,where �Oi is a characteristic function of the subdomain Oi. For every given error



10 D. C. DOBSON AND L. B. SIMEONOVA�3 > 0, there exists 
 > 0 such that kvni �  N 0kL1 � �3. Thus,�����Z
nS�2 (~"� ")ugni dx����� = �����Z
nS�2 (~"� ")uvni dx����� = �����Z
(~"� ")uvni dx� ZS�2 (~"� ")uvni dx������ ����Z
(~"� ")uvni dx����+ k~"� "kL1 jS�2 j kukL1kvni kL1� ����Z
(~"� ")u(vni �  n0) dx����+ ����Z
(~"� ")u N 0 dx����+ C�2� ����Z
(~"� ")u N 0 dx����+ kvni �  N 0kL1k~"� "kL1kukL1 + C�2� ������Z
(~"� ")u N 0Xi=1 aN 0i �Oi dx������+ C�3 + C�2 � N 0Xi=1 jaN 0i j ����ZOi(~"� ")u dx����+ C�3 + C�2:From Lemma 2.2, there exists a constantK such that kukH2 � K for every realizationu. Since H2 imbeds in C0;1=2, there exists a constant KL such thatju(x)� u(y)j � KLjx� yj1=2;for all u and for all x; y 2 
. Let ui
 = maxx2Oi u(x)and we have ju(x)� ui
 j � KL
1=2for all x 2 Oi. Thus,�����Z
nS�2 (~"� ")ugni dx������ N 0Xi=1 jaN 0i j ����ZOi(~"� ")(u� ui
) dx����+ N 0Xi=1 jaN 0i j ����ZOi(~"� ")(ui
) dx����+ C�3 + C�2� KL
1=2 N 0Xi=1 jaN 0i j ����ZOi(~"� ") dx����+ N 0Xi=1 jaN 0i j ����ZOi(~"� ")(ui
) dx����+ C�3 + C�2� C
1=2 + N 0Xi=1 jaN 0i jjui
 j ����ZOi(~"� ") dx����+ C�3 + C�2:We obtain the desired bound by taking 
 su�ciently small. Hence,ku� ~ukL2 � K�0@ N 0Xi=1 ����ZOi(~"� ") dx����1A+ �: (2.15)The interpolation inequality [1] states that there exists a constant KI such thatkukW 1;q � KIkuk 12W 2;qkuk 12Lq :



Spatial bounds on the e�ective permittivity for time-harmonic waves 11Since W 1;q imbeds in CB for 3 < q <1, there exists a constant C such thatku� ~ukL1 � Cku� ~ukW 1;q :Also, the interpolation inequality for Lp-spaces [7] states that when 3 < q <1kukLq � kuk 2qL2kuk q�2qL1 :Combining the above inequalities and the bound (2.15), we prove the second boundin the statement of the Lemma:ku� ~ukL1 � CKIku� ~uk 12W 2;qku� ~uk 12Lq � CKIku� ~uk 12W 2;qku� ~uk 1qL2ku� ~uk q�22qL1� K�1(q)0@K�0@ N 0Xi=1 ����ZOi(~"� ") dx����1A+ C�1A 1q :3. E�ective Dielectric Coe�cient. The expected value hui of the solution uof the Helmholtz equation (2.2)-(2.3), that depends on the random variables throughits dependence on the composite material, is de�ned as followshui = Z	� u dP = Z�� Xmg2Rg NgYj=1 p1�mj (1� p)mj u("m;g; x) dG� : (3.1)Note that hi is an expectation over material realizations, not the spatial variables, sothat hui is in general still a function of x. Thus, the e�ective dielectric coe�cient,de�ned in (1.2) as "� = h"uihui ;is a function of the spatial variable x.Our main theorem gives a bound on the dielectric coe�cient and its spatial vari-ations provided we have a lower bound on the expected value of u. Such a boundis proven to exist for su�ciently small �. The theorem shows that as the maximumvolume � of the subdomains decreases, so does the magnitude of the spatial variations,and as � ! 0, the e�ective coe�cient equals the constant predicted by the quasistaticcase.Theorem 3.1. Let "�(x) be the e�ective dielectric coe�cient of the mediumde�ned by (1.2). For su�ciently small �, "�(x) is bounded from above uniformly forall x 2 
. For such � there exists a constant C� such that k"�kBV � C�j"1�"0j�, andthe spatial variations of "�(x) are bounded in terms of the size of the inhomogeneities� and the contrast of the medium j"1� "0j. As the size of the inhomogeneities goes to0, the spatial variations decrease in magnitude, and "�(x)! p"0 + (1� p)"1.Proof. The proof applies to one-, two-, and three-dimensional random media.In order to obtain a bound on j"�j = jh"uijjhuij , we must obtain a lower bound on thedenominator jhuij. A uniform bound exists provided � is chosen su�ciently small,i.e. jhuij � c > 0 for all x 2 
. The proof is based on a probability argumentthat shows that the probability that the solutions u will be within a certain radius
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Fig. 3.1. Proximity to the constant coe�cient solution. Left: From numerical experiments,solutions u for a medium with 10 layers at x = 0:5 (red dots) and the solution to the constantcoe�cient problem ~u(0:5) (blue square); Right: For appropriate parameter �, the probability thatsolutions u cluster within a circle with center ~u and radius � is 1 � �. The probability � thatsolutions lay outside this circle depends on �, and � ! 0 as � ! 0. All solutions are contained inthe circle with radius K1, since kukL1 � K1.� from the solution of the constant boundary value problem with dielectric constant~" = p"0 + (1 � p)"1 goes to one as the maximum volume � or the contrast j"1 � "0jgoes to zero. The probability � that a solution u lies outside the circle with radius� depends on the parameter �, and � ! 0 as � ! 0. This prevents hui to equal 0and gives a lower bound on jhuij � c > 0. The numerical experiment in Figure 3.1illustrates this argument, and the proof follows.We let � and � be arbitrary constants such that � � 1 and � � K1. We wantto prove that for every such � and �, one can �nd � > 0 such that j
j j � � for allj = 1; : : : ; N and jhuij � (1� �)(A � �)� �K1;where k~ukL1 = A and kukL1 � K1.We use Lemma 2.3. There our domain 
 was divided into N 0 non-overlappingsubdomains Oi such that d(Oi) � 
 for all i = 1; : : : ; N 0. Now divide each Oi intosubdomains fOji gN�j=1 such that jOji j � � and [Oji = Oi. Given radius � and usingChebyshev's inequality [6] and estimate (2.14), we obtainP (ku� ~ukL1 � �) = 1� P (ku� ~ukL1 � �) � 1� 1�q hku� ~ukqL1i (3.2)� 1��K�1� �qK�0@ N 0Xi=1 �����ZOi(~"� ") dx�����1A+ C� � 1� �Now, we want to estimate D���ROi(~"� ") dx���E. We calculate that (~"�"1) = �p("1�"0) and (~"�"0) = (1�p)("1�"0). The smallest number of subdomains will occur when� divides jOij and jOij� = N�. Because we have absolute values in D���ROi(~"� ") dx���Ethe expected value for this �xed number of subdomains will be a�ected by the value



Spatial bounds on the e�ective permittivity for time-harmonic waves 13of p. The probability p falls in one of N� di�erent intervals I1 � h0; �jOij� ; I2 �h �jOij ; 2�jOij� ; : : : ; IN� � h (N��1)�jOij ; 1i. Let t denote the number of the interval where pfalls. Let f(t;N�; p) = �N�t �pt(1� p)N��tfor t = 0; 1; 2; : : : ; N� and where �N�t � = N� !t!(N��t)! . Now we can �nd the conditionalexpected values D���ROi(~"� ") dx��� : jOij� = N�E for p in the interval It:�����ZOi(~"� ") dx���� : jOij� = N�� = 2j"1 � "0j�f(t;N�; p)�;where � = � p�#intervals Ii such that pi � pt if p < 1� p;(1� p)�#intervals Ii such that pi � pt otherwise:We use the Stirling's formula n! = p2�n �ne �n e�n ; 112n+1 < �n < 112n ; in order toprove that the sequence �N�t �pt(1 � p)N��t converges to 0 for every p 2 It and thatD���ROi(~"� ") dx��� : jOij� = N�E ! 0 as � ! 0, or equivalently as N� ! 1. In orderto bound D���ROi(~"� ") dx���E we must consider all possible realization. The bound isobtained by adding terms as above where N� is replaced by the appropriate numberof intervals and the intervals I1; I2; ::: will depend on the volumes of the subdomainsin which Oi is divided. Nevertheless, the same argument as above will apply to showthat D���ROi(~"� ") dx���E! 0 as � ! 0 or as the contrast j"1 � "0j ! 0.We have shown that the probability that solutions u are within radius � of theconstant coe�cient solution ~u goes to one as either � or the contrast in the mediaj"1 � "0j goes to 0.Let us call ku� ~ukL1 � � condition L and the complement - condition Lc. De�nethe conditional expectationshujLi � R	�(L) u dPP (L) and hujLci � R	�(Lc) u dPP (Lc) ;and note that P (L) = 1� � and P (Lc) = �. The expected value hui is given byhui = P (L)hujLi+ P (Lc)hujLci;and using estimate (3.2) we obtainjhuij � (1� �)jhujLij � �jhujLcij:If u satis�es (3.2), then u satis�es the inequalitykukL1 � k~ukL1 � � � A� �:And now using the uniform upper bound kukL1 � K1, we obtain the desired result:jhuij � (1� �)(A � �)� �K1;
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Fig. 3.2. Sample materials in 	0� and 	1� for �xed x. Left: Material realization  0; Right:Corresponding material realization  1 obtained by switching material "0 with material "1 in thedomain containing x.where the constant � depends on �,the maximum volume of the subdomains, andon the contrast j"1 � "0j, and � ! 0 as � or j"1 � "0j ! 0. Thus by picking theappropriate � and �, where � is controlled by the parameter �, we obtain the lowerbound jhuij � c > 0 for all x 2 
. This provides a bound on the e�ective dielectriccoe�cient: j"�j � ~"K1c :The uniform lower bound on jhuij is utilized in proving that k"�kBV � C�j"1�"0j�.Formally, the gradient r"� is given by:r"� = huih(r")ui + huih"rui � hruih"uihui2 ; (3.3)where r" is understood in the sense of a distribution. Now choose � such thatjhuij � c > 0. We want to bound the numerator in terms of this � and the contrastj"1 � "0j. First we boundjhuih"rui � hruih"uij � C1�j"1 � "0j (3.4)pointwise, where C1 is a constant. In the proof we use the Lipschitz bounds (2.8) and(2.9) from Lemma 2.2.And after we prove thatjhuih(r")uij � C2�j"1 � "0j;where C2 is a constant and r" is understood in the distributional sense, since theregular gradient is unde�ned for x on the interface between two or more subdomainswith alternating materials "1 and "0 in them.The bound (3.4) is obtained by looking at material realizations that di�er onlyin the subdomain 
j 3 x and realizing that the pointwise di�erence in solutionspropagating through two such material realizations can be bounded in terms of theL2-norm of the di�erence in the two materials, where the two materials di�er only onsubdomain 
j with j
j j � �.Fix x. Divide 	� into two subsets 	� = 	0� [	1� : 	0� is the subset of realizationssuch that "(x) = "0 and 	1� is the subset of realizations such that "(x) = "1. Samplematerials in subsets 	0� and 	1� are shown in Figure 3.2. Let R0g and R1g be subsetsof Rg such that R0g = fmg = �m1; : : : ;mNg� : mj = 0 for x 2 
jg;



Spatial bounds on the e�ective permittivity for time-harmonic waves 15and R1g = fmg = �m1; : : : ;mNg� : mj = 1 for x 2 
jg:Thus, Rg = R0g [ R1g. The expected value of u is given by:hui = Z	� u dP = Z�� Xmg2Rg NgYl=1 p1�ml (1� p)ml u("m;g; x) dG�= p Z�� Xmg2R0g NgYl=1l6=j p1�ml (1� p)ml u dG� + (1� p) Z�� Xmg2R1g NgYl=1l6=j p1�ml (1� p)ml u dG�= phuj"(x) = "0i+ (1� p)huj"(x) = "1i = phui	0� + (1� p)hui	1� ;where hui	0� is the conditional expectation of u given "(x) = "0, and hui	1� is theconditional expectation of u given "(x) = "1. Using this notation we can rewritehuih"rui � hruih"ui= "1p(1� p)�hui	0� hrui	1� � hui	1� hrui	0��+ "0p(1� p)�hui	1� hrui	0� � hui	0� hrui	1�� :For every material described by 	0� , there exists a material described by 	1� such thatthe two materials di�er only in a subdomain 
j 3 x. Let us call u 0 the solution ofthe Helmholtz equation when the material realization belongs to 	0� and u 1 the cor-responding solution of the Helmholtz equation when the material realization, di�eringonly in mj , belongs to 	1� . We have�����Z	1� u 1(x) dP � Z	0� u 0(x) dP ����� � Z�� 2Ng�1Xi=1 NgYl=1l6=j p1�mil (1� p)mil ju 1 � u 0 j(x) dG�� supg2��m12R1gm02R0g ku 1(m1; g)� u 0(m0; g)kL1� CK supg2��m12R1gm02R0g k" 1(m1; g)� " 0(m0; g)kL2 � CK�j"1 � "0j:The preceding comes from the fact that for any material described by 	1� , one can�nd a material described by 	0� , which di�ers only on the subdomain 
j 3 x withvolume less than or equal to � and from application of Lemma 2.2. Thus, we havethat hui	1� = hui	0� pointwise as � ! 0. By a similar argument, ���hrui	1� � hrui	0� ��� �CK�j"1 � "0j; and hrui	1� = hrui	0� pointwise as � ! 0. Now,���hui	0� hrui	1� � hui	1� hrui	0� ��� (3.5)� ���hui	0� ��� ���hrui	1� � hrui	0� ���+ ���hrui	0� ��� ���hui	1� � hui	0� ��� :From Lemmas 2.2 and 2.1, we know that u 2 C1B(
), and that there exist constantsK1 and K2 such that kukL1 � K1 and krukL1 � K2 for every u. Then���hui	0� hrui	1� � hui	1�hrui	0� ��� � KCj"1 � "0j�(K1 +K2)! 0 as � ! 0
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 .x0

x0

Fig. 3.3. Sample materials in 	�� and 	�� for �xed x on the boundary between several ma-terials. Left: Material realization  �; Right: Corresponding material realization  � obtained byinterchanging the materials at domains interfacing at x.and similarly for the second term in (3.5). Thus, we obtain the following boundjhuih"rui � hruih"uij (3.6)� "1p(1� p) ���hui	0� hrui	1� � hui	1�hrui	0� ���+ "0p(1� p) ���hui	1� hrui	0� � hui	0�hrui	1� ���� KCp(1� p)("1 + "0)j"1 � "0j(K1 +K2)� ! 0 as � ! 0:Now, we want to prove that jh(r")uij � C2�j"1 � "0j in the distributional sense.Assume that each 
j has �nite perimeter, i.e. k�
jkBV � �, where �
j is thecharacteristic function of the set. This condition excludes from consideration materialscontaining a subdomain with in�nite perimeter. Assume that there exists � such that0 < � � � and B�(x) intersects at most k subdomains 
j for all x 2 
. This conditionexcludes from consideration materials with in�nitely many subdomains interfacing atany x 2 
. Also assume that Pkj=1 k�
jkBV � Cp for all geometries and a constantCp that is independent of the geometries. Since "(x) equals a constant in everysubdomain 
j , r" = 0 there, and the only problem occurs at the interface betweentwo or more subdomains with di�erent materials, where " is discontinuous and r" isunde�ned in the regular sense. We de�ne r" in the distributional sense.Fix a realization  � such that x0 is at the interface between k subdomains 
j ,j = 1:::k with alternating materials "0 and "1 in them. This assumption will pose noloss of generality since the other cases are attained at material realizations satisfyingour assumptions. Call  � the realization that has the same geometry as realization  �,but with the materials in the k subdomains interfacing at x0 switched, e.g. Figure 3.3.Without loss of generality let realization  � have material "0 in 
1; thus realization � has material "1 in the same subdomain 
1. Let � be a test function � 2 C10 (
;Rn )such that supp� 2 B�(x0). We can �nd r("�)u� at x0 in the generalized sense:ZB�(x0)r("�)u�� dx= ("1 � "0) Z@(
1\
2) u���@(
1\
2) dx+ ("1 � "0) Z@(
2\
3) u���@(
2\
3) dx+ � � �+("1 � "0) Z@(
k�1\
k) u���@(
k�1\
k) dx+ ("1 � "0) Z@(
1\
k) u���@(
1\
k) dx;where @(
1\
2) is the interface between subdomains 
1 and 
2 and �@(
1\
2) is theunit normal vector to 
1 on the interface with 
2. Note that �@(
1\
2) = ��@(
2\
1).



Spatial bounds on the e�ective permittivity for time-harmonic waves 17Similarly, we �nd that r("�)u� at x0 in the generalized sense isZB�(x0)r("�)u�� dx= �("1 � "0) Z@(
1\
2) u���@(
1\
2) dx� ("1 � "0) Z@(
2\
3) u���@(
2\
3) dx� � � ��("1 � "0) Z@(
k�1\
k) u���@(
k�1\
k) dx� ("1 � "0) Z@(
1\
k) u���@(
1\
k) dxDivide again 	� into three subsets 	� = 	c� [ 	�� [ 	�� : 	c� is the subset ofrealizations such that x0 is inside some subdomain; 	�� is the subset of realizationssuch that x0 is at the interface between k subdomains 
j , j = 1 : : : k for any integer kwith alternating materials "0 and "1 in them and material "0 in 
1; 	�� is the subsetof realizations such that x0 is at the interface between k subdomains 
j , j = 1 : : : kfor any integer k with alternating materials "1 and "0 in them and material "1 in 
1.Note that hr"i	c� = 0 in the regular sense. Thus,�����hZB�(x0)(r")u�dxi������ j"1 � "0j k�kL1 kXj=1 k�
jkBV ZG� 2Ng�1Xi=1 p k2 (1� p) k2 NgYl=1l6=j+1:::j+k p1�mil (1� p)mil ku� � u�kL1 dG�� kKCCpp(1� p)k�kL1 j"1 � "0j2 � ! 0 as � ! 0:Note that the inequality ku� � u�kL1 � kKC j"1 � "0j �comes from Lemma 2.2 and the fact that for any material in 	�� one can �nd a materialin 	�� , which di�ers only on the subdomains 
j through 
j+k each with volume lessthan or equal to �.Partitions of unity argument is useful to extend local constructions to the wholedomain 
. Let us cover the compact set 
 with open balls of radius at most �.Every open cover of the compact 
 has a �nite subcover, i.e. 
 = [N1 Bi� . Nowlet f�ig1i=0 be a smooth partition of unity subordinate to the open sets Bi�; that issuppose 0 � �i � 1, �i 2 C10 (Bi�), and P1�=0 �i = 1 on 
. Let � 2 C10 (
). Hence,�i� 2 C10 (
), supp(�i�) � Bi� and � = Pi �i�. Thus, the distributional derivativecan be bounded�����Z
(r")u� dx����� (3.7)= �����* NXi ZBi� r(")u�i� dx+����� � NkKCCpp(1� p)k�kL1 j"1 � "0j2 �Using the lower bound jhuij � c > 0, (3.6), and (3.7), we obtainZ
 jr"�j dx � Cj"1 � "0j�k�kL1c2 (3.8)� C�j"1 � "0j� ! 0 as � or j"1 � "0j ! 0;



18 D. C. DOBSON AND L. B. SIMEONOVAwhere r"� is de�ned in the generalized sense. Choose � small enough that jhuij � c >0. This will ensure that "� 2 BV (
), and thus, we can bound the spatial variationsof "� V ("�;
) := sup�Z
 "�div� : � 2 C10 (
;Rn ); k�kL1(
) � 1�� C Z
 jr"�j dx! 0 as � or j"1 � "0j ! 0:The formula that prescribes the appropriate � takes into account the contrast j"1�"0jin the medium (Theorem 3.1, (3.6) and (3.8)).Note that the constant, that "� converges to as � ! 0, is p"0 + (1� p)"1 which isconsistent with the quasistatic case since by letting � ! 0, we are e�ectively operatingin the quasistatic limit.4. Conclusions. When we consider wave propagation in a medium for which thesize of the inhomogeneities is of the same order as the wave length, scattering e�ectsmust be accounted for and the e�ective dielectric coe�cient is no longer a constant,but a spatially dependent function. In this paper we use novel approaches to boundthe spatial variations of the e�ective permittivity. Related optimization problemsthat seek the class of materials, described by the probability density function of thegeometry of the medium, that optimize certain properties of the e�ective permittivitywill be considered in the future. An example of one such problem - the maximizationof the average of the spatial variations of the e�ective coe�cient with respect to theprobability density function, is presented for one-dimensional medium in [18].5. APPENDIX. In two dimensions using polar coordinate frame (r; �) andassuming no incoming waves, the exterior scattered solution isuex(r; �) = 1Xm=1AmH1m(!r)eim�where H1m(!r) are Hankel functions of �rst kind. Suppose that the Dirichlet datumuin is given on the circle. The interior solution uin 2 L2(S0), and thus it has a Fourierseries representation uin(�) = 1Xm=1 ûmeim�;where ûm = 12� Z 2�0 u(!R0; �0)e�im�0 d�0:The constants Am are found from the Dirichlet condition to beAm = ûmH1m(!R0) :Thus the radiating solution is given byus(r; �) = 1Xm=1 H1m(!r)H1m(!R0) ûmeim�:



Spatial bounds on the e�ective permittivity for time-harmonic waves 19Di�erentiating in the radial direction and setting r = R0 leads to@us@r (R0; �) = ! 1Xm=1 @H1m@r (!R0)H1m(!R0) ûmeim� � (Tus)(�):From here we see that(Tv)(�) = ! 1Xm=1 @H1m@r (!R0)H1m(!R0) ! v̂meim�; (5.1)where v̂m are the Fourier coe�cients of v, where v satis�es Helmholtz equation (2.1).Let 
m � ! @H1m@r (!R0)H1m(!R0) : (5.2)By using the properties and identities of Hankel functions, it can be shown thatIm(
m) > 0 and Re(
m) < 0 for all m.For m � 0 and r in compact subsets of (0; 1), we have [2]��H1m(!r)�� � C 2mm!(!r)m :The derivative of the Hankel function@H1m@r (!r) = mH1m(!r)r � !H1m+1(!r):This way we can bound the ratio����� @H1m@r (!R0)H1m(!R0) ����� � Cm:From here we obtain the bound (5.3)kTvk2H� 12 (S0) � 1Xm=1(1 +m2)� 12 ����� @H1m@r (!R0)H1m(!R0) �����2 jv̂mj2 � 1Xm=1C(1 +m2)� 12m2jv̂mj2� 1Xm=1C(1 +m2) 12 jv̂mj2 � Ckvk2H 12 (�0) � Ckvk2H1(
0);where we have used the trace imbedding theorem [1].In three dimensions using spherical coordinate frame (r; �; �) assuming "(x) = 1and no incoming waves, the scattered solutionuex(r; �; �) = 1Xl=0 lXm=�lBlmh1l (!r)Ylm(�; �);where h1l (!r) are spherical Hankel functions of �rst kind and Ylm(�; �) are the nor-malized spherical harmonics. The latter form an orthonormal complete set of L2(S0)



20 D. C. DOBSON AND L. B. SIMEONOVA[15]. Suppose that the Dirichlet datum is given on the sphere. Since uin 2 L2(S0), itcan be expanded into spherical harmonics asuin(�; �) = 1Xl=0 lXm=�l ûlmYlm(�; �)with ûlm = ZS0 u(R0; �0; �0)Ylm(�0; �0) dS0:The constants Blm are found from the Dirichlet condition to beBlm = ûlmhl(wR0) :Thus, us(r; �; �) = 1Xl=0 h1l (!r)hl(!R0) lXm=�l ûlmYlm(�; �):Di�erentiating in the radial direction and setting r = R0 gives@us@r (R0; �; �) = 1Xl=0 ! @h1l@r (!R0)h1l (!R0) lXm=�l ûlmYlm(�; �) � (Tus)(�; �):From here we see that(Tv)(�; �) = 1Xl=0 ! @h1l@r (!R0)h1l (!R0) ! lXm=�l v̂lmYlm(�; �); (5.4)where v̂lm are the coe�cients in the spherical harmonics expansion of v, where vsatis�es Helmholtz equation (2.1).Let 
l � ! @h1l@r (!R0)h1l (!R0) : (5.5)The following is obtained by very slight modi�cation of the analysis of the exteriorscattering problem discussed in [10]: for all l, Im
l > 0 and Re
l < 0.The Sobolev space Hs(S0) with real parameter s consists of all distributions fsuch that kfk2Hs(S0) = 1Xl=0 lXm=�l(1 + �l)sjf̂lmj2 <1;where f̂lm are the spherical harmonics Fourier coe�cients and �l = l(l + 1), l � 0 isthe eigenvalue of the Laplace-Beltrami operator on S0. For l � 0 and r in compactsubsets of (0; 1), we have ��h1l (!r)�� � C 2ll!(!r)l+1 :



Spatial bounds on the e�ective permittivity for time-harmonic waves 21The derivative of the spherical Hankel function@h1l@r (!r) = 12 �!h1l�1(!r) � h1l (!r) + !rh1l+1(!r)r � :This way we can bound the ratio ����� @h1l@r (!R0)h1l (!R0) ����� � Cl:From here we obtain the bound (5.6)kTvk2H� 12 (�0) � ! 1Xl=0 lXm=�l(1 + l(l+ 1))� 12 ����� @H1l@r (!R0)H1l (!R0) �����2 jv̂l;mj2� ! 1Xl=0 lXm=�lC(1 + l(l+ 1)) 12 jv̂l;mj2 � Ckvk2H 12 (�0) � Ckvk2H1(
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