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Abstract. When we consider wave propagation in random medium in the case when the wave
length is comparable to feature sizes of the medium, scattering effects must be accounted for and
the effective dielectric coefficient is no longer a constant, but a spatially dependent function. We
obtain a bound on the spatial variations of the effective permittivity that depends on the maximum
volume of the inhomogeneities and the contrast of the medium. Also a related optimization problem
of maximizing the spatial average of the effective dielectric coefficient with respect to the spatial
probability density function is presented. The dependence of the effective dielectric coefficient on the
contrast in the medium is also investigated and an approximation formula is derived.
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1. Introduction. Usually, when one considers the propagation of an electro-
magnetic wave in a random medium, two length scales are of importance. The first
scale is the wavelength A of the electromagnetic wave probing the medium. The
second one is the typical scale of the inhomogeneities §. There has been plenty of
work to build a theory that is applicable to wave propagation and fields that oscillate
with time provided that the wavelengths associated with the fields are much larger
than the microstructure. This limit where the size of the microstructure goes to zero
is called the quasistatic or infinite wavelength limit. In this case the heterogeneous
material is replaced by a homogeneous fictitious one whose global characteristics are
good approximations of the initial ones. The solutions of a boundary value partial
differential equation describing the propagation of waves converge to the solution of
a limit boundary value problem which is explicitly described when the size of the
heterogeneities goes to zero.

Wellander and Kristensson apply the concept of two-scale convergence, which is a
well established tool in the theory of homogenization, to Maxwell equations describing
the behavior of the electromagnetic fields. The method is applicable only to materials
with periodic microstructure. They assume that the wavelength of the incident field is
much larger than the fine scale of the composite. In this case the field cannot resolve
the fine scale and the solution of the Maxwell equations can be approximated by
the solution of a scattering problem with constant coefficients, i.e. the heterogeneous
material has been replaced by a homogeneous material with the same effective material
properties [9].

The problem of describing the effective properties of periodic materials is also
investigated by Conca and Vanninatham. The approach is different since it utilizes
the spectral properties of operators that represent the wave propagation through the
periodic medium. But again they must assume that the period of the medium is
getting smaller, so the scale of the inhomogeneities is decreasing to zero [1].

Keller and Karal [6] and Papanicolaou [8] use averaging of random realizations of
materials in order to describe the effective properties of the composites when inter-
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acting with electromagnetic waves. Both analyses assume that the random materials
deviate slightly from a homogeneous material, i.e. the random inclusions are very
small. Papanicolaou derives formulas to compute the statistical characteristics of the
reflection and transmission coefficients. Keller and Karal assume a priori that the
effective dielectric coefficient is a constant. Using perturbation methods they approx-
imate the dielectric constant with a complex number, whose imaginary part accounts
for the wave attenuation.

A great overview of the subject of wave propagation in random media is given
in a book by Ishimaru [5]. Also recent results in this field could be found in the
AMS-IMS-SIAM proceedings edited by Kuchment [7].

All of the above methods that provide bounds and describe the behavior of the
dielectric coefficients do not account for scattering effects which occur when the wave-
length is no longer much larger than the inhomogeneities of the composite. This prob-
lem has remained open and results are sparse. The problem is extremely difficult and
none of the techniques that come from the quasistatic regime can be applied directly
to the scattering problem since all of the quasistatic methods utilize the condition
that the size of heterogeneities goes to zero.

Wave localization and cancellation must be accounted for when the wavelength
is in the same order as the size of the heterogeneities, which means that the effective
coefficients are no longer constants as in the quasistatic case, but functions of the
space variable.

Even the correct definition of ”effective medium” is somewhat unclear outside the
quasistatic regime. In this work, we assume that the purpose of the effective medium
is to reproduce the average or expected wave field as the actual medium varies over a
given set of random realizations. The definition of the effective dielectric coefficient as
the ratio of the average of the media times the field vector over all material realizations
and the average of the field vector over all material realization, i.e. €* = <<E;L>>
naturally from the equations. It does not prevent spatial variations and is consistent
with the definition of the effective dielectric constant in the quasistatic regime. There

, comes

€(E) = (D) = (¢E),

where the averaged electric field (E) = E, a given constant, and the averaged dielectric
displacement (D) = [, DdP = [, e(z,¢)E(w,1)dP is independent of z which
ensures that €* in the quasistatic case is a constant.

2. Model problem. In this paper we consider time-harmonic electromagnetic
wave propagation through nonmagnetic (4 = 1) heterogeneous two-component layered
media. The geometry of the medium is obtained by dividing the interval (0, 1) in
subintervals whose length is less than or equal to ¢ and assigning material of type one
with probability 1 — p or material of type two with probability p to each subinterval.
The wave propagation is perpendicular to the layers. Assuming that the electric field
vector E = (0,0, u), Maxwell’s equations reduce to the Helmholtz equation. Let x be
an indicator function. Choosing the support of x to be bounded inside the interval
(0, 1), and enforcing an outgoing wave condition leads to the two-point boundary
problem

u" +wleu=f, inQ=(0, 1), (2.1)

u'(0) + iwu(0) = 0,
u'(1) —iwu(l) = 0,
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where w represents the frequency, and e(x, ) = 1 + zx(x, ) is the random dielectric
coefficient that can take values of €(x) = 1 and €(x) = 1 + z in each layer for a given
realization ¥. The boundary conditions come from the continuity of the solution wu
and v’ on the interface between the homogeneous medium (where u = €™?%) and the
layered medium.

3. Probability space and definition of effective dielectric coefficient.
The spatial domain () is partitioned into N, disjoint intervals {€2; };V:"’l, and the ma-
terial in each subinterval is assigned. Here g is the geometry, and it accounts for
possible differences in length of the intervals. This gives us one realization. The set of
realizations ¥s is infinite in general since the set of all geometries, I's, can be infinite.

Fix a geometry g. Denote the set of realizations for geometry g by R,:
Ry={mg=(my,...,mn,) :mj=0o0rm;=1,j=1,...,Ng}

The set R, has 2Ns elements. Thus the set of material realizations, ¥s is described
as follows,

U5 ={(g9,mg) : g €T, my € Ry}.

The probability measure is

Ng
P=3 J[»™a-p™a,

mgyERy j=1

where G5 is the probability measure on the space of all geometries, I's. The product
describes the multiplication of the probabilities of the materials in each subdomain
(1, which is summed over the set of all realizations for a particular geometry g. We
can find the expected value of the solution w of the Helmholtz equation (2.1), that
depends on the random variables through its dependence on the composite material:

(u) :/p udP (3.1)

where () denotes expected value - an average over the set of all random realizations.
We average over all the possible realizations to obtain the equation

()" + w(eu) = f,

where the interchange of the derivative and integral is possible due to the uniform
bound of all solutions u. We seek to find the dielectric coefficient that will solve the
problem

(u)" + w?e*(u) = f, (3.2)
where (u) is the averaged solution. From the above two equation, it is easy to see
that the appropriate definition for €* is

o few), (3.3)

(u)
Note that the definition of €* does not preclude spatial variations €* = €¢*(z).

We will illustrate in this paper that as w increases (which will decrease the wave-
length), we begin to see spatial variations in the effective dielectric coefficient due to
the presence of scattering effects, and it is no longer a constant. But nevertheless €*
as defined in (3.3) is the ”correct” definition of the effective dielectric coefficient, in
that it reproduces the average field response through equation (3.2).
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F1G. 4.1. Sample realizations in o siz layers medium. Left: € and real part of eu (blue) and u
(red); right: € and real part of eu (blue) and u (red).

4. Spatial dependence of the effective dielectric coefficient. We observe
the spatial dependence of the effective dielectric coefficient by numerically calculating
€* and graphing it as a function of z. In these numerical experiments the €* is
calculated by dividing the interval (0, 1) into the corresponding number of intervals
m, each layer of length % and going through all possible realizations by assigning in
each layer either material of type one or material of type two, both with probability
%. The solution u for each particular layered material is computed by the transport
matrix method. Sample realizations in the case of a six-layer medium are given in
Figure 4.1. In these numerical experiments z = 1 and w = 53. The graph on the left
shows the solution u and the product eu in a medium composed of material of type
one (¢, = 1) in the first, second, and fifth layers, and material of type two (€2 = 2)
in the third, forth, and sixth layers. The graph on the right shows the solution u
and the product eu in a medium composed of material of type one (¢; = 1) in the
first, second, and sixth layers, and material of type two (e2 = 2) in the third, forth,
and fifth layers. The expected (u) is obtained by evaluation the solution u for each
realization and multiplying it by the probability of the particular realization, i.e.

Ng
(wy=">_ ulw,my) [[p~™ (1-p)™ .
mg€ER, Jj=1

In the case when both materials are assigned according to probability %, each solution
u is multiplied by (3)™. The expected (eu) is computed similarly. We observe that
when the length of the layers is 1/6 the spatial variations of €* are more pronounced
than in the case when the length of the layer is 1/16 (Figure 4.2).

Numerical experiments also show that the spatial variations decrease in magni-
tude when the contrast z between the two materials is small (Figure 4.3). In these
experiments we are looking at a sixteen layers medium and w = 53. We vary the
contrast. In the first experiment, we assign material of type one (¢; = 1) or material
of type two (e2 = 1.5), both with probability 1. In the second experiment, we assign
material of type one (e; = 1) or material of type two (e = 13), both with probability
%. The dependence of the magnitude of the spatial variations on the contrast in the
medium is obvious.

The spatial variations decrease in magnitude as the length of the layers decreases
(which increases the number of layers in 1) and also as z decreases. A bound on
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FiG. 4.2. Spatial Variations. Upper left: Real and imaginary €* in a medium of siz layers;
upper right: Real part of (eu) (red) and (u) (blue) in a medium of siz layers; lower left: Real and
imaginary €* in a medium of sizteen layers; lower right: Real part of (eu) (red) and (u) (blue) in a
medium of sizteen layers.

the spatial variations that depends on the maximum length of the layers and on the
contrast and a uniform upper bound on the effective dielectric coefficient is derived
analytically. The proof shows that as the length of the layers goes to zero, we have
proved that €* converges to a constant consistent with the one obtained through
homogenization (¢* — 1+ zp as 6 — 0). The proof is rather technical and will be
presented in the subsequent paper where it is extended to two- and three-dimensional
random medium [2]. The proof utilizes the fact that at a particular = we can represent
(u) as the sum of realizations that have material of type one at that particular z, (u)y, ,
and realizations that have material of type two at that z, (u)w,. To each realization
in (u)w, corresponds a realization in (u)g, such that the material e differs only in the
layer where x is. As the maximum size of the layers ¢ or as the contrast z decreases,
the two solutions, u; € (u)w, and uz € (u)y, for the two similar media become closer,
and their difference can be bounded, where the bound depends on both ¢ and z.
This makes the conditional expectations (u)y, and (u)y, and their spatial derivatives
very close when the size of the layers § or z are small. Also when either of the above
conditions is satisfied, the probability that the magnitude of solutions u will be within
a certain radius a from the magnitude of the solution of the constant boundary value
problem with dielectric constant 1 + zp goes to one as § or z — 0. Thus by picking
the radius sufficiently small, we can ensure that we can bound |[{(u})| from below by
a constant ¢. These facts allow us to prove that in the distributional sense dd—E; -0
as 0 — 0 or as z — 0. We have proved that the constant, that €* converges to, is
1 + zp which is consistent with the quasistatic regime since by letting 6 — 0, we are
effectively operating in the quasistatic limit.
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Fic. 4.3. Spatial Variations. Upper left: Real and imaginary €* in a medium with contrast
z = 0.5; upper right: Real part of (eu) (red) and (u) (blue) in a medium of sizteen layers and
contrast z = 0.5; lower left: Real and imaginary €* in a medium of sizteen layers and contrast
z = 12; lower right: Real part of (eu) (red) and (u) (blue) in a medium of sizteen layers and
contrast z = 12.

The proof also shows that if we choose a maximum length of the inhomogeneities
d to be such that |(u)| > ¢, we can bound the spatial variations of €*. The formula
that prescribes the appropriate § takes into account the frequency of the incident field
w and the contrast z in the medium [2].

5. Approximation formulas. Let g, be the free-space Green’s function for the
operator Lv = v"” + w?v (with the outgoing wave condition). Our problem can be
rewritten to yield the Lippmann-Schwinger equation

u() = —2w? /Q 00(@ — YxW)u(y)dy + 4(z), (5.1)
where ¢ = g, x f. Define the operator A, : L?(Q) — L*(Q) by
(Ap0)(z) = /Q go(@ - o(y)dy, zeQ. (5.2)

In the case when |2w?|||As|| < 1,
u=(I+z20°4,x) *q, (5.3)
and the Neumann series

u=q—2w0?A,xq+ 22wt (Aux) g — ... (5.4)
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converges absolutely. Thus, the effective dielectric coefficient can be represented as

Pe— 2w (X Aux)g + 22w (YAuxAuX)g = -

=1+
q— zpw?A,q + 22wt A, (XAuX)g — - -

(5.5)

In the case of small z every term in the series is a constant provided the medium
is stationary. In such media, the correlation functions depend only on the distance
between the points, and not their positions. In this case all the correlation functions
depend on the distance between all of the points, i.e. the three-point correlation
function N(z,y,s) = N(lz —y|,|z — s|,|s — y|). An example of such medium is one
constructed by varying the length of the first layer (and thus the last to compensate),
and leaving the length of the middle layers constant. The material in each layer is
assigned with a chosen probability. In order to do that we must develop a method
to evaluate the terms of form (xA,x)q, {(xAwXxA,X)q, etc. Keller and Karal suggest
how this can be done when calculating (xA,x)q. The mean value theorem for the
solution ¢ = g, x f of the constant coefficient problem

u' + = f
is applied [6], where f is the delta function and g is a plane wave solution. The Green’s
function for this problem is
ieiw\z\
Juw = 2%

Knowing the correlation function N(z,y) = N(|z — y|) = N(r) and using the mean
value theorem in one dimension, we can calculate

(x4uX)q = (p—p*) /gw(lw —yN(|lz — y)aly) dy + p* /gw(lx —yl)aly) dy
~20-") [ " go (N (F)cos(or) dr () + 297 / " gu(r)ecos(r) dr g(z)

In a medium where the length of the first layer varies from 0 to d, the correlation
function is

1— =8 Ghen0< |z —y| < d;
N(z,y) = N(lz —y|) = { 0 ! otherwiS:?.| =

Calculating the integrals for r € supp(N) , we obtain

— %) . ) .
(xAuXx)q = (—%(2d2w2 —14¢%wd) 4 ﬁ(pem“d + 2iwd — 1)) q(x).

The mean value theorem is applied repeatedly to calculate the multiple integrals of
the form (xA, ...xA,Xx)q, when the N-point correlation is given. Once these are
calculated our formula (5.5) gives the approximation to the needed order, e.g.

"~ l+
p— 202 (_ (’;;’éz)i(2d2w2 —14+ e2iwd) + 4u%(pe%wd + 2wd — 1))

z

id | e2ivd 1 p id  e2ivd 1 (p—p?)i
1—zp (8 + 55 + s ) + 2%t (£ + 5 + ) (-5

(2d*w? — 1 + e2iwd) + L5 (pe?ivd 4 2iwd — 1)) '
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F1G. 5.1. Second Order Spatially Dependent Approximation.

Numerical experiments show that in a media with a correlation function depend-
ing on position, the best approximation may be a function of the space variable. In
the numerical experiments illustrated in Figure 5.1 we have graphed the real and
imaginary parts of €* and its second order spatially dependent approximation, calcu-
lated using (5.5). The appropriate correlation function for the medium is spatially
dependent and assigns 1 (or fully correlated), if the two points are in the same inter-
val and 0 (no correlation), otherwise. Since the expansion is done around z = 0, it
gives better approximation for small z’s and w’s. In the experiment, depicted in the
upper left of Figure 5.1, we use a medium of four layers and contrast z = 0.1, when
the frequency w = 10. We see that our second order approximation (blue) gives a
very good approximation of both the real and imaginary parts of ¢* (red), capturing
the spatial variations. In the upper right of Figure 5.1, we have displayed real and
imaginary €* (red), and its second order spatially dependent approximation (blue)
in a medium of four layers, contrast z = 0.5, when the frequency w = 10. In the
lower left of Figure 5.1, we observe the real and imaginary parts of €* (red), and its
second order spatially dependent approximation (blue) in a medium of four layers,
contrast z = 0.5, and w = 2. The approximation is very good in the case when z
and w are small even if we have only four, relatively long, layers. In the numerical
experiment depicted in the lower right of Figure 5.1, w = 53. For large frequencies,
we expect the approximation to fail, but nevertheless, we see that our second order
spatially dependent approximation (blue) captures some of the behavior of the real
and imaginary parts of €* (red). In this experiment, we are looking at a medium of
four layers and contrast z = 0.5.
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6. Optimization of the effective dielectric constant. Another interesting
and pertinent question that one may ask when talking about effective properties of
materials is finding the class of materials that optimizes the effective coefficient. We
look at one such question, that looks for the class of materials that maximizes the
spatial average of the effective coefficient. Posed in this way, the problem is global.
But many other problems, optimizing both local and global properties of the effective
coefficient, can be answered using similar techniques.

Denote by h the probability density function with respect to the geometry; h
will depend on the length of each layer and these lengths will be random variables:
h(dy,ds, ...,d,). Thus, the effective dielectric coefficient will be calculated by

. Jy, cuhadp
= [y, uhdP

We can formulate an optimization problem that will look for the probability
density function of the geometry ho that will maximize the spatial average of the
effective dielectric coefficient:

max | €"dx
h o Ja

or equivalently,

/ o, (—:uth biect ¢
max subject to
fq, uth

/ hdP = 1;
Vs

h(d) >0 for all d;

Zdi: €]

The effective dielectric coefficient €* is a continuous function of h, provided the
lengths d; are sufficiently small. Continuity ensures the existence and uniqueness of
a maximizing probability density function hg.

In the numerical experiments we divide © = [0, 1] into three subintervals, each of
length dy,d>,ds =1 —d; —d>. Both d; and dy are pulled from the array of possible
lengths [0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.9], and d3 = 1 — d; — d» provided it is positive.
We solve the scattering problem for each material (each realization) and look for
material geometries (characterized by d; and ds) that will give us the maximum spatial
average of €¢" and weigh them appropriately by ho. We have solved the optimization
problem for two different frequencies and have displayed the results in Figure 6.1.

7. Conclusions. When we consider wave propagation in one dimensional lay-
ered medium in the case when the size of the inhomogeneities is of the same order
as the wave length, scattering effects must be accounted for and the effective dielec-
tric coefficient is no longer a constant, but a spatially dependent function. We are
interested in bounding the spatial variations and the bound depends on the maxi-
mum length of the inhomogeneities, the frequency of the wave, and the contrast of
the medium. The proofs of the main theorem are novel and will be described in a
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F1G. 6.1. Mazimizing probability density function. Left: Mazimizing probability density function
for a medium of three layers, contrast z = 1, w = 10, mazimum fQ e*dx = 1.437; Right: Mazimizing
probability density function for a medium of three layers, contrast z = 1, w = 100, mazimum
Jq € dx = 1.0692.

subsequent paper [2]. The proof considers one-, two-, and three-dimensional random
medium. Also a related optimization problem of maximizing the spatial average of
the effective dielectric coefficient with respect to the spatial probability function is
investigated and numerical results are presented.

REFERENCES

[1] C. CoNca AND M. VANNINATHAN, Homogenization of periodic structures via Bloch decompo-
sition, SIAM J. Appl. Math, 57(6) (1997), 1639

[2] D. C. DoBsoN AND L. B. SIMEONOVA, Spatial bounds on the effective complex permittivity
for time-harmonic waves in random media, in preparation

[3] R.M. DubDLEY, Real Analysis and Probability, Wadsworth & Brooks/Cole Advanced Books &
Software, Pacific Grove, California, (1989), 204

[4] Z. HASHIN AND S. SHTRIKMAN, A Variational Approach to the Theory of the Effective Magnetic
Permeability of Multiphase Materials, J. Appl. Phys. 33 (1962), 3125

[5] A. IsuiMARU, Wave Propagation and Scattering in Random Media, Academic Press, New
York, NY, (1978)

[6] J. KELLER AND F. KARAL, Elastic, electromagnetic, and other waves in random medium, J.
Math. Phys., 5(4) (1964), 537

[7] P. KUCHMENT, Wave Propagation in Random and Periodic medium, AMS-IMS-SIAM pro-
ceedings, Contemporary Mathematics, 339, American Mathematical Society, (2003)

[8] G. PAPANICOLAOU, Wave propagation in a one-dimensional random medium, SIAM J. Appl.
Math., 21(1) (1971), 13

[9] N. WELLANDER AND G. KRISTENSSON, Homogenization of the Mazwell equations at fized
frequency, SIAM J. Appl. Math, 64 (2003), 170



