
AN EFFECTIVE COMPLEX PERMITTIVITY FOR WAVES INRANDOM MEDIA WITH FINITE WAVELENGTH�LYUBIMA B. SIMEONOVA, DAVID C. DOBSON, OLAKUNLE ESO, AND KENNETH M.GOLDEN yAbstract. When we consider wave propagation in random medium in the case when the wavelength is comparable to feature sizes of the medium, scattering e�ects must be accounted for andthe e�ective dielectric coe�cient is no longer a constant, but a spatially dependent function. Weobtain a bound on the spatial variations of the e�ective permittivity that depends on the maximumvolume of the inhomogeneities and the contrast of the medium. Also a related optimization problemof maximizing the spatial average of the e�ective dielectric coe�cient with respect to the spatialprobability density function is presented. The dependence of the e�ective dielectric coe�cient on thecontrast in the medium is also investigated and an approximation formula is derived.Key words. Random media, e�ective propertiesAMS subject classi�cations. 78A48, 78A40, 78A451. Introduction. Usually, when one considers the propagation of an electro-magnetic wave in a random medium, two length scales are of importance. The �rstscale is the wavelength � of the electromagnetic wave probing the medium. Thesecond one is the typical scale of the inhomogeneities �. There has been plenty ofwork to build a theory that is applicable to wave propagation and �elds that oscillatewith time provided that the wavelengths associated with the �elds are much largerthan the microstructure. This limit where the size of the microstructure goes to zerois called the quasistatic or in�nite wavelength limit. In this case the heterogeneousmaterial is replaced by a homogeneous �ctitious one whose global characteristics aregood approximations of the initial ones. The solutions of a boundary value partialdi�erential equation describing the propagation of waves converge to the solution ofa limit boundary value problem which is explicitly described when the size of theheterogeneities goes to zero.Wellander and Kristensson apply the concept of two-scale convergence, which is awell established tool in the theory of homogenization, to Maxwell equations describingthe behavior of the electromagnetic �elds. The method is applicable only to materialswith periodic microstructure. They assume that the wavelength of the incident �eld ismuch larger than the �ne scale of the composite. In this case the �eld cannot resolvethe �ne scale and the solution of the Maxwell equations can be approximated bythe solution of a scattering problem with constant coe�cients, i.e. the heterogeneousmaterial has been replaced by a homogeneous material with the same e�ective materialproperties [9].The problem of describing the e�ective properties of periodic materials is alsoinvestigated by Conca and Vanninatham. The approach is di�erent since it utilizesthe spectral properties of operators that represent the wave propagation through theperiodic medium. But again they must assume that the period of the medium isgetting smaller, so the scale of the inhomogeneities is decreasing to zero [1].Keller and Karal [6] and Papanicolaou [8] use averaging of random realizations ofmaterials in order to describe the e�ective properties of the composites when inter-� This work was partially supported by NSF grant DMS-0537015.y All authors: Department of Mathematics, University of Utah, Salt Lake City, UT 84112-0090,USA 1



2 D. C. DOBSON, O. ESO, K. M. GOLDEN, AND L. B. SIMEONOVAacting with electromagnetic waves. Both analyses assume that the random materialsdeviate slightly from a homogeneous material, i.e. the random inclusions are verysmall. Papanicolaou derives formulas to compute the statistical characteristics of there
ection and transmission coe�cients. Keller and Karal assume a priori that thee�ective dielectric coe�cient is a constant. Using perturbation methods they approx-imate the dielectric constant with a complex number, whose imaginary part accountsfor the wave attenuation.A great overview of the subject of wave propagation in random media is givenin a book by Ishimaru [5]. Also recent results in this �eld could be found in theAMS-IMS-SIAM proceedings edited by Kuchment [7].All of the above methods that provide bounds and describe the behavior of thedielectric coe�cients do not account for scattering e�ects which occur when the wave-length is no longer much larger than the inhomogeneities of the composite. This prob-lem has remained open and results are sparse. The problem is extremely di�cult andnone of the techniques that come from the quasistatic regime can be applied directlyto the scattering problem since all of the quasistatic methods utilize the conditionthat the size of heterogeneities goes to zero.Wave localization and cancellation must be accounted for when the wavelengthis in the same order as the size of the heterogeneities, which means that the e�ectivecoe�cients are no longer constants as in the quasistatic case, but functions of thespace variable.Even the correct de�nition of "e�ective medium" is somewhat unclear outside thequasistatic regime. In this work, we assume that the purpose of the e�ective mediumis to reproduce the average or expected wave �eld as the actual medium varies over agiven set of random realizations. The de�nition of the e�ective dielectric coe�cient asthe ratio of the average of the media times the �eld vector over all material realizationsand the average of the �eld vector over all material realization, i.e. �� = h�uihui , comesnaturally from the equations. It does not prevent spatial variations and is consistentwith the de�nition of the e�ective dielectric constant in the quasistatic regime. There��hEi = hDi = h�Ei;where the averaged electric �eld hEi = �E, a given constant, and the averaged dielectricdisplacement hDi = R	� DdP = R	� �(x;  )E(x;  ) dP is independent of x whichensures that �� in the quasistatic case is a constant.2. Model problem. In this paper we consider time-harmonic electromagneticwave propagation through nonmagnetic (� = 1) heterogeneous two-component layeredmedia. The geometry of the medium is obtained by dividing the interval (0; 1) insubintervals whose length is less than or equal to � and assigning material of type onewith probability 1� p or material of type two with probability p to each subinterval.The wave propagation is perpendicular to the layers. Assuming that the electric �eldvector E = (0; 0; u), Maxwell's equations reduce to the Helmholtz equation. Let � bean indicator function. Choosing the support of � to be bounded inside the interval(0; 1), and enforcing an outgoing wave condition leads to the two-point boundaryproblem u00 + !2�u = f; in 
 � (0; 1); (2.1)u0(0) + i!u(0) = 0; (2.2)u0(1)� i!u(1) = 0; (2.3)



An e�ective complex permittivity for waves in random media with �nite wavelength 3where ! represents the frequency, and �(x;  ) = 1+ z�(x;  ) is the random dielectriccoe�cient that can take values of �(x) = 1 and �(x) = 1 + z in each layer for a givenrealization  . The boundary conditions come from the continuity of the solution uand u0 on the interface between the homogeneous medium (where u = ei!x) and thelayered medium.3. Probability space and de�nition of e�ective dielectric coe�cient.The spatial domain 
 is partitioned into Ng disjoint intervals f
jgNgj=1, and the ma-terial in each subinterval is assigned. Here g is the geometry, and it accounts forpossible di�erences in length of the intervals. This gives us one realization. The set ofrealizations 	� is in�nite in general since the set of all geometries, ��, can be in�nite.Fix a geometry g. Denote the set of realizations for geometry g by Rg :Rg = fmg = �m1; : : : ;mNg� : mj = 0 or mj = 1; j = 1; : : : ; NggThe set Rg has 2Ng elements. Thus the set of material realizations, 	� is describedas follows, 	� = f(g;mg) : g 2 ��; mg 2 Rgg:The probability measure isP = Xmg2Rg NgYj=1 p1�mj (1� p)mj G�;where G� is the probability measure on the space of all geometries, ��. The productdescribes the multiplication of the probabilities of the materials in each subdomain
j , which is summed over the set of all realizations for a particular geometry g. Wecan �nd the expected value of the solution u of the Helmholtz equation (2.1), thatdepends on the random variables through its dependence on the composite material:hui = Z	� u dP (3.1)where hi denotes expected value - an average over the set of all random realizations.We average over all the possible realizations to obtain the equationhui00 + !2h�ui = f;where the interchange of the derivative and integral is possible due to the uniformbound of all solutions u. We seek to �nd the dielectric coe�cient that will solve theproblem hui00 + !2��hui = f; (3.2)where hui is the averaged solution. From the above two equation, it is easy to seethat the appropriate de�nition for �� is�� = h�uihui : (3.3)Note that the de�nition of �� does not preclude spatial variations �� = ��(x).We will illustrate in this paper that as ! increases (which will decrease the wave-length), we begin to see spatial variations in the e�ective dielectric coe�cient due tothe presence of scattering e�ects, and it is no longer a constant. But nevertheless ��as de�ned in (3.3) is the "correct" de�nition of the e�ective dielectric coe�cient, inthat it reproduces the average �eld response through equation (3.2).
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xFig. 4.1. Sample realizations in a six layers medium. Left: � and real part of �u (blue) and u(red); right: � and real part of �u (blue) and u (red).4. Spatial dependence of the e�ective dielectric coe�cient. We observethe spatial dependence of the e�ective dielectric coe�cient by numerically calculating�� and graphing it as a function of x. In these numerical experiments the �� iscalculated by dividing the interval (0; 1) into the corresponding number of intervalsm, each layer of length 1m and going through all possible realizations by assigning ineach layer either material of type one or material of type two, both with probability12 . The solution u for each particular layered material is computed by the transportmatrix method. Sample realizations in the case of a six-layer medium are given inFigure 4.1. In these numerical experiments z = 1 and ! = 53. The graph on the leftshows the solution u and the product �u in a medium composed of material of typeone (�1 = 1) in the �rst, second, and �fth layers, and material of type two (�2 = 2)in the third, forth, and sixth layers. The graph on the right shows the solution uand the product �u in a medium composed of material of type one (�1 = 1) in the�rst, second, and sixth layers, and material of type two (�2 = 2) in the third, forth,and �fth layers. The expected hui is obtained by evaluation the solution u for eachrealization and multiplying it by the probability of the particular realization, i.e.hui = Xmg2Rg u(x;mg) NgYj=1 p1�mj (1� p)mj :In the case when both materials are assigned according to probability 12 , each solutionu is multiplied by � 12�m. The expected h�ui is computed similarly. We observe thatwhen the length of the layers is 1=6 the spatial variations of �� are more pronouncedthan in the case when the length of the layer is 1=16 (Figure 4.2).Numerical experiments also show that the spatial variations decrease in magni-tude when the contrast z between the two materials is small (Figure 4.3). In theseexperiments we are looking at a sixteen layers medium and ! = 53. We vary thecontrast. In the �rst experiment, we assign material of type one (�1 = 1) or materialof type two (�2 = 1:5), both with probability 12 . In the second experiment, we assignmaterial of type one (�1 = 1) or material of type two (�2 = 13), both with probability12 . The dependence of the magnitude of the spatial variations on the contrast in themedium is obvious.The spatial variations decrease in magnitude as the length of the layers decreases(which increases the number of layers in 
) and also as z decreases. A bound on
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 g!(x� y)�(y)u(y)dy + q(x); (5.1)where q = g! ? f . De�ne the operator A! : L2(
)! L2(
) by(A!v)(x) = Z
 g!(x� y)v(y)dy; x 2 
: (5.2)In the case when jz!2jkA!k < 1,u = (I + z!2A!�)�1q; (5.3)and the Neumann seriesu = q � z!2A!�q + z2!4(A!�)2q � : : : (5.4)



An e�ective complex permittivity for waves in random media with �nite wavelength 7converges absolutely. Thus, the e�ective dielectric coe�cient can be represented as�� = 1 + z pq � z!2h�A!�iq + z2!4h�A!�A!�iq � : : :q � zp!2A!q + z2!4A!h�A!�iq � : : : : (5.5)In the case of small z every term in the series is a constant provided the mediumis stationary. In such media, the correlation functions depend only on the distancebetween the points, and not their positions. In this case all the correlation functionsdepend on the distance between all of the points, i.e. the three-point correlationfunction N(x; y; s) = N(jx � yj; jx � sj; js � yj). An example of such medium is oneconstructed by varying the length of the �rst layer (and thus the last to compensate),and leaving the length of the middle layers constant. The material in each layer isassigned with a chosen probability. In order to do that we must develop a methodto evaluate the terms of form h�A!�iq, h�A!�A!�iq, etc. Keller and Karal suggesthow this can be done when calculating h�A!�iq. The mean value theorem for thesolution q = g! ? f of the constant coe�cient problemu00 + !2u = fis applied [6], where f is the delta function and q is a plane wave solution. The Green'sfunction for this problem is g! = iei!jxj2! :Knowing the correlation function N(x; y) = N(jx � yj) = N(r) and using the meanvalue theorem in one dimension, we can calculateh�A!�iq = (p� p2) Z g!(jx � yj)N(jx� yj)q(y) dy + p2 Z g!(jx� yj)q(y) dy= 2(p� p2) Z 10 g!(r)N(r)cos(!r) dr q(x) + 2p2 Z 10 g!(r)cos(!r) dr q(x)In a medium where the length of the �rst layer varies from 0 to d, the correlationfunction is N(x; y) = N(jx� yj) = � 1� jx�yjd when 0 � jx� yj � d;0 otherwise:Calculating the integrals for r 2 supp(N) , we obtainh�A!�iq = �� (p� p2)i8!3d (2d2!2 � 1 + e2i!d) + p4!2 (pe2i!d + 2i!d� 1)� q(x):The mean value theorem is applied repeatedly to calculate the multiple integrals ofthe form h�A! : : : �A!�iq, when the N -point correlation is given. Once these arecalculated our formula (5.5) gives the approximation to the needed order, e.g."� � 1 +z p� z!2 �� (p�p2)i8!3d (2d2!2 � 1 + e2i!d) + p4!2 (pe2i!d + 2i!d� 1)�1� zp� id2! + e2i!d4!2 + 14!2�+ z2!4 � id2! + e2i!d4!2 + 14!2��� (p�p2)i8!3d (2d2!2 � 1 + e2i!d) + p4!2 (pe2i!d + 2i!d� 1)� :
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An e�ective complex permittivity for waves in random media with �nite wavelength 96. Optimization of the e�ective dielectric constant. Another interestingand pertinent question that one may ask when talking about e�ective properties ofmaterials is �nding the class of materials that optimizes the e�ective coe�cient. Welook at one such question, that looks for the class of materials that maximizes thespatial average of the e�ective coe�cient. Posed in this way, the problem is global.But many other problems, optimizing both local and global properties of the e�ectivecoe�cient, can be answered using similar techniques.Denote by h the probability density function with respect to the geometry; hwill depend on the length of each layer and these lengths will be random variables:h(d1; d2; :::; dn). Thus, the e�ective dielectric coe�cient will be calculated by�� = R	� �uh dPR	� uh dP. We can formulate an optimization problem that will look for the probabilitydensity function of the geometry h0 that will maximize the spatial average of thee�ective dielectric coe�cient: maxh Z
 ��dxor equivalently, maxh Z
 R	� �uh dPR	� uh dP dx subject toZ	� h dP = 1;h(d) � 0 for all d;Xi di = j
j:The e�ective dielectric coe�cient �� is a continuous function of h, provided thelengths di are su�ciently small. Continuity ensures the existence and uniqueness ofa maximizing probability density function h0.In the numerical experiments we divide 
 = [0; 1] into three subintervals, each oflength d1; d2; d3 = 1� d1 � d2. Both d1 and d2 are pulled from the array of possiblelengths [0:1; 0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:9], and d3 = 1� d1 � d2 provided it is positive.We solve the scattering problem for each material (each realization) and look formaterial geometries (characterized by d1 and d2) that will give us the maximum spatialaverage of �� and weigh them appropriately by h0. We have solved the optimizationproblem for two di�erent frequencies and have displayed the results in Figure 6.1.7. Conclusions. When we consider wave propagation in one dimensional lay-ered medium in the case when the size of the inhomogeneities is of the same orderas the wave length, scattering e�ects must be accounted for and the e�ective dielec-tric coe�cient is no longer a constant, but a spatially dependent function. We areinterested in bounding the spatial variations and the bound depends on the maxi-mum length of the inhomogeneities, the frequency of the wave, and the contrast ofthe medium. The proofs of the main theorem are novel and will be described in a
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