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1. INTRODUCTION

We fix a representation p : Gg — GLa(IF) with [ a finite field of character-
istic p, that is of S-type (odd and absolutely irreducible), 2 < k(p) < p+1 if
p > 2. We assume that p has non-solvable image when p = 2, and p[g(,,) s
absolutely irreducible when p > 2. For a number field F' we set pr = plg-

In this part we provide proofs of the technical results Theorems 4.1 and 5.1
stated in [31]. We adapt the methods of Wiles, Taylor-Wiles and Kisin (see
[57],[56], [37]) to prove the needed modularity lifting results (see Proposition
8.2 and Theorem 8.3 below). We also need to generalise slightly Taylor’s
potential modularity lifting results in [50] and [51] (see Theorem 5.1 below)
to have it in a form suited to our needs.

Modularity lifting results proved here lead to the proof of Theorem 4.1 of
[31]. Modularity lifting results when combined with presentation results for
deformation rings due to Bockle [5] (see Proposition 4.4 below), and Taylor’s
potential version of Serre’s conjecture, lead by the method of [27] and [32] to
the existence of p-adic lifts asserted in Theorem 5.1 of [31] (see Corollary 4.6
below). These lifts are made part of compatible systems using arguments of
Taylor (see 5.3.3 of [55]) and Dieulefait (see [17], [58]).

1.1. A few technical points of the proof. We remark on the arguments
in the paper which differ from the main references we use:

— The definition and computation of local deformation rings follows Kisin,
but there are some novelties in the formalism we use and the calculations
we make.

— We follow Kisin’s suggestion of working with framed deformations at
finite and infinite places.

— We overcome non-neatness problems encountered in proving properties
of spaces of modular forms by the arguments used in [6] (see its appendix).

— We give a different proof of the version we need (see Proposition 4.4) of
results of Mazur, Bockle and Kisin about presentations of global deformation
rings. The proof is more consistently relative to the structure of these global
deformation rings as algebras over certain local deformation rings.

— We present a new method for level raising in the case when p = 2: this
method was known independently to Taylor. This method is different from
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the standard technique for doing this, due to Ribet [44], that uses Ihara’s
lemma and existence of perfect integral pairings on spaces of modular forms.
Our method instead uses R = T theorems in the minimal case (which do not
need level raising results of the type in [44]), solvable base change, Jacquet-
Langlands transfer and Carayol’s lemma (Lemme 1 of [9]).

— We fix the determinants of the deformations we consider, unlike Dick-
inson’s work on R =T for p = 2 in [15]. This seems convenient, or perhaps
even essential, for our purposes.

The reason we succeed in terms of the numerics in the Wiles’ formula
(see (1) of Section 4.1 below) working out for their use in proving existence
of Taylor-Wiles systems, is the following. The reduced tangent spaces of
the deformation rings we consider, that parametrise deformations that in
particular have fixed determinants, are isomorphic to the images of certain
cohomology groups with Ado(ﬁ) coefficients in related cohomology groups
with Ad(p) coefficients. It seems to us almost miraculous that the formula
of Wiles gives what is needed even pushed into extreme situations.

Throughout the paper the fact that we can prove modularity of Galois
representations after solvable base change is extensively exploited following
the work of Skinner-Wiles in [48].

The debt that this paper owes to the work of Wiles, Taylor-Wiles, Skinner-
Wiles and Kisin (see [57],[56],[48],[37]) on modularity lifting theorems, and
the work of Taylor on the potential version of Serre’s conjecture (see [50],[51])
will be readily visible to readers.

1.2. Description of the paper. We describe by section the contents of
the paper.

In Section 2 we recall some formalism of deformation rings after Mazur
and Kisin. Besides the basic formalism of deformation rings of Mazur [34],
we use Kisin’s framed deformations of [37] (see 2.1 below), and his study of
deformation rings using resolutions (see 2.4). In 2.3 we introduce a simple
formalism that helps in the study of local deformation rings away from p.

In Section 3 we define and prove properties of the local deformation rings
we need. Theorem 3.1 summarises the properties of the deformation rings we
consider. There are two types of conditions we need to ensure for the local
deformation rings. The first kind is more stringent (flat over Z,, integral
domain, of a certain specified dimension, with generic fibre regular) and is
needed in fewer instances. The second kind of condition is weaker (flat over
Zp, of a certain specified dimension, with generic fibre regular) and is needed
in more instances. The first kind of condition is needed when the place is
archimedean, or above p, or when we are considering deformation rings of
semistable deformations at places away from p.

In Section 4 we prove using obstruction theory arguments the key Propo-
sition 4.4 that gives controlled presentations of the global deformation rings
we consider (after Mazur, Bockle, and Kisin), and prove also existence of
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auxiliary primes needed for constructing Taylor-Wiles systems in Section
8.1.

In Section 5 we extend Taylor’s potential modularity results to have them
in the form we want: see Theorem 5.1.

In Section 6 we prove some elementary properties about spaces of modular
forms on definite quaternion algebras needed to produce automorphic lifts of
residual p (see Theorem 7.4) and for constructing Taylor-Wiles systems (see
Lemma 6.2, Corollary 6.5 and Proposition 8.2). The treatment here differs
from the standard one in so far as we try to avoid use of arguments that
make use of duality as this is not available for p = 2 and as far as possible
we try to treat all primes uniformly. The one exception is that we are not
able to avoid using duality when doing “level-raising” during the course of
the proof of Theorem 7.4 when p > 2.

In Section 7 we prove Theorems 7.4 and 7.2 about existence of auto-
morphic lifts of pr, with some prescribed ramification properties, using the
results of Section 6.

In Section 8, using Sections 4, 6 and 7 as inputs, we prove R[%] = T[z%]
results (see Proposition 8.2) using Kisin’s version of the usual Taylor-Wiles
systems arguments. This when combined with Theorem 5.1 leads in Theo-
rem 9.1 to the finiteness as Z,-modules of certain global deformation rings.

Finally in Section 9 we are able to prove Theorem 4.1 and Theorem 5.1
of [31] by pulling together all of the earlier work.

We may illustrate roughly the logical interdependencies of the chapters
as follows:

Leitfaden

1.3. Notation. For F' a number field, Q C F' C Q, we write G for the
Galois group of Q/F. For v a prime/place of F', we mean by D, (resp., I,
when v is a finite place) a decomposition (resp., inertia) subgroup of Gr at
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v. We denote by N(v) the cardinality of the residue field k, at v. We denote
by F, a completion of F' at v and denote by O, the ring of integers of F;,,
and sometimes suppress I from the notation. We denote Of, = II,OF,
with the product over places v of F' above a prime p of Q. For each place p
of Q, we fix embeddings ¢, of Q in its completions @p.

Denote by x;, the p-adic cyclotomic character, and w), the Teichmdiller lift
of the mod p cyclotomic character x,, (the latter being the reduction mod p of
Xp)- By abuse of notation we also denote by w), the f-adic character vot,* (wp)
for any prime ¢: this should not cause confusion as from the context it will
be clear where the character is valued. We also denote by w), 2 a fundamental
character of level 2 (valued in IF;g) of I,: it factors through the quotient of
I, that is isomorphic to FZQ. We denote by the same symbol its Teichmiiller

lift, and also all its f-adic incarnations ¢, Y(wp2) . For a number field F
we denote the restriction of a character of Gal(Q/Q) to G by the same
symbol. We denote by Ar the adeles of F'.

Consider a totally real number field F'. Recall that in [53], 2-dimensional
p-adic representations p, of Gp are associated to cuspidal automorphic rep-
resentations m of GLa(Ap) that are discrete series at infinity of weight
(k,--+ k), k > 2. We say that p : Gr — GL2(O), with O the ring of
integers of a finite extension of Q,, is modular if it is isomorphic to (an
integral model of) such a p,. For a place v above p we say that the local
component 7, at v of 7w is ordinary if the corresponding eigenvalue of the
Hecke operator (T}, or U,) acting on the representation space of 7, is a unit
(with respect to the chosen embedding ¢,). If 7, is ordinary, so is px|p, in
the sense of Defintion 3.4 below.

A compatible system of 2-dimensional representations of Gg is said to
be modular if one member of the system is modular ; then all members
are also modular. We say that p : Gp — GLa(F), with F a finite field of
characteristic p, is modular if either it is irreducible and isomorphic to the
reduction of (an integral model of) such a p, modulo the maximal ideal of
O, or it is reducible and totally odd (i.e., det(p(c)) = —1 for all complex
conjugations ¢ € Gr). We denote by Ad’(p) the trace zero matrices of
Ad(p) = M3 (F) and regard it as a Gp-module via the composition of p with
the conjugation action of GLy(IF) on My (F). We oftentimes suppress p from
the notation, as we work with a fixed one, and write Ad%(p) or Ad(p) as
Ad° and Ad.

For a local field F' we denote by W the Weil group of F' and normalise
the isomorphism F* ~ W of local class field theory by demanding that a
uniformiser is sent to an arithmetic Frobenius.

For a number field we recall the isomorphism of global class field theory

Ap/FH(FL)" ~ G

that is compatible with the isomorphism of local class field theory.
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If O is the ring of integers of a finite extension of Q,, we will consider

arithmetic characters i : A%/ F*(Fx)? — O* such that for an open compact
subgroup U of (A®)", ¥(zu) = N(uyp)'(z) for z € A% and u € U where
uy, is the projection to the places above p of u and N is the norm map (the
product of the local norms), and ¢ an integer. We fix such a character 1.
These give rise to a Galois representation py : Gp — O that is of the form
X, ‘€ with € a finite order character. When F*(F%) lies in the kernel of 1,
we consider ¢ as a character ¢ : F*\(A%)* — O, and the corresponding
py is then totally even.

If F//F is a finite extension and N /F is the corresponding norm we will
sometimes denote ¢ and its composition with Nz ,p by the same symbol,
or sometimes by ¢¥p. We will also allow ourselves to use the isomorphism
of local and global class field theory to identify characters of G and of the
idele class group in the global case and characters of the Weil group Wr and
of F* in the local case.

2. DEFORMATION RINGS: THE GENERAL FRAMEWORK

We use the method of Kisin in [37] to define and analyse the structure of
some local deformation rings.

We let p be a rational prime. Let K be a finite extension of @, and call
O the ring of integers of K. Let m be a uniformizer of O and let F be the
residue field.

2.1. Liftings and deformations of representations of profinite groups.
Let G be a profinite group satisfying the p-finiteness property 1.1. of [34],
i.e. for any open subgroup G’ of G, there is only finitely many continuous
morphisms from G’ to Z/pZ. Let d > 1 be an integer and p: G — GLg4(F)
be a continuous representation. In this paragraph, we compare lifts and
deformations of p. This paragraph is not used in our proof of modularity
results, but the link between the two points of view seems to us interesting
to be spelled out.

Denote by CNLe the category whose objects are complete, Noetherian,
local O-algebras, with a fixed isomorphism of the residue field to F, and
whose maps are local homomorphisms that are compatible with the fixed
isomorphism of residue fields.

If A is such an O-algebra, a lift p of p is a continuous morphism G —
GL4(A) such that its reduction G — GLg4(F) is p. One defines in a obvious
way a functor DY : CNLo — SETS such that DY(A) is the set of lifts p of
p to GLg(A). By a theorem of Grothendieck (18 of [34]), the functor DY is
representable by a CNLg-algebra that we note RY. We note pEniv G —
GL4(RP) the universal lift. The relative tangent space is the F-vector space
of 1-cocyles Z!(G, Ad) where Ad is the adjoint representation of 5. For each
g € G, the entries of the matrix p- . (g) are functions in R7: these functions
generate RY as follows from the description of the tangent space.
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A deformation of p is an equivalence set of lifts, two lifts being equivalent
if they are conjugate by a matrix of the kernel GLy(A); of the morphism
GL4(A) — GL4(F). We note A +— D(A) the functor of deformations of p.
We also call a lift a framed deformation. One has a natural morphism of
functors DY — D and a natural action of (GLg); on DV. For each A, D(A)
is identified with the set of orbits of GLg(A); in DP(A).

The functor D has a hull that is unique up to isomorphism. More precisely,
there is a CNLp algebra R and a versal deformation pyers : Gp — GLa(R).
Let Fg be the functor represented by R, i.e. Fr(A) is the set of morphisms
of R to A in CNLp. One has a natural morphism of functors Fr — D
which is smooth. For each A and each deformation p € D(A), one has a
point £ € Fr(A) such that p is isomorphic to the compositum of pyers : G —
GLg(R) with the morphism GL4(R) — GL4(A) induced by £. Furthermore,
if A = Fle]/e? is the dual numbers algebra, then D(A) is isomorphic as
an F-vector space to the (relative or reduced) tangent space of R, i.e. to
the F-vector space Homp (9/9M2,F), where 9 is the maximal ideal of R.
We express this by saying that R is universal for lifts to dual numbers.
The relative tangent space is naturally isomorphic to the F-vector space
HY(G, Ad).

Let us apply the versal property to the deformation defined by the univer-
sal deformation p5). in D(RY). One gets a point £ € Fr(RY). Tt defines a
morphism of functors f : DY — Fpr such that the image of id po in F r(RD)
is £. As idpo is the point defined by pEniv, one sees that the compositum of
fe with the natural functor Fg — D is the natural functor DY — D.

Proposition 2.1. The morphism of functors f : DY — Fg is smooth. The
morphism € : R — R is formally smooth of dimension d>—dim(H°(G, Ad)).

Proof. We have to prove that if A is Artinian object in CNLe which is a
small extension of A, then:

D(A) = Fr(A) x £,z P7(A)

is surjective. Recall that A — A being small means that the morphism of
CNLp-algebras is surjective with principal kernel I such that 94l = (0),
where 94 is the maximal ideal of A.

Let us first prove that DP(A) — Fr(A) is surjective. Let us choose
a representative for pyes. It defines a point in DY(R) i.e. a morphism
RY — R. Let ZY(G, Ad) be the F-vector space of 1-cocycles. The morphism
R” — R induces on tangent spaces a F-linear morphism H'(G,Ad) —
ZY(G,Ad) which is a section of the natural morphism. The morphism &
induces on tangent spaces the natural projection Z'(G,Ad) — H'(G, Ad).
So one sees that the compositum R — RY — R induces isomorphisms
on tangent and cotangent spaces. It induces a surjective endomorphism of
R/9™ for each integer n, hence an automorphism of R/9", and hence it
is an automorphism of R that we note a. If we compose RF — R with
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a~!, we obtain a section of £. The existence of this section implies that

DH(A) — Fr(A) is surjective.

Let x4 € Fr(A) and :1:% € DY(A) having the same image in Fr(A4). Let
us prove that they come from a z € DY(A). We just proved that there exists
y € DY(A) lifting 4. The image 7 of y in DY(A) and x% have the same
images in D(A). So there exists g € GLy(A); such that x% = gy. Lifting
G to g € GLg(A)1, one gets 2 = gy € DY(A) which is a lift of :c%. As x4
and f¢(Z) have the same image in F(A), there exists § € I ®p H'(G, Ad)
such that fe(2) = 4 + 0. Let § be a lift of § in I ®p Z'(G, Ad). One has
fe(Z - §) = x4 and the image of z := Z — § in DY(A) is x%. This proves the
smoothness.

As ¢ is formally smooth, the the relative dimension of ¢ is the dimen-

sion of the relative tangent space, i.e. the dimension of the 1-coboundaries
BY(G, Ad), which is d? — dim(H°(G, Ad)). This proves the proposition. [J

Let X be a deformation condition as in 18 of [34]. The deformations
that satisfy this condition define a subfunctor Dx C D which is relatively
representable. Let Fr x be the subfunctor of Fr defined by Fr x = Fr xXp
Dx. For each A, Fg x(A) is the inverse image of Dx(A) in Fr(A). The
functor Fg x is represented by a quotient Rx of R. In the same way, let
DY be the subfunctor of framed deformations with condition X i.e. DY (A)
is the inverse image of Dx (A) in DY(A). One sees that DY is represented

by a quotient ﬁ):l( of RY. By restriction to Fr,x, the proposition implies
that Ry — Rl)]( is also formally smooth of dimension d? — dim(H°(G, Ad)).

2.2. Points and tensor products of CNLp algebras. We will need the
following certainly well-known proposition.

Proposition 2.2. i) Let R be a flat CNLp-algebra. Then, there exist a
finite extension K' of K such that R has a point with values in the ring of
integers of K'. Every maximal ideal of R[1/p] is the image of the generic
point of a local morphism : Spec(O’) — Spec(R) over Spec(O).

it) Let I be a finite set and R;, i € I, be CNLp-algebras which are flat,
have a point with values in O, are domains, and are such that the R;[1/p]
are regular. Then the completed tensor product of the R; satisfies the same
properties.

Proof. Let us prove i).

Let d be the dimension of the special fiber R/mR of R. By flatness, the
absolute dimension of R is d + 1. Let 21,...,%4 be a system of parameters
of R/mR and let be x1, ..., x4 be elements of R which reduces to 21, ..., 2.
The elements m,x1,...,z4 form a system of parameters of R. Let R’ be
R/(z1,...,xq). It is of dimension 1. Let @ be a minimal prime ideal of
R’ such that R'/Q is of dimension 1. As R'/(Q, ) is of finite length, and
R’/Q is separate and complete for the m-adic topology and is of dimension
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1, R'/Q is a finitely generated O-module which is not of finite length. It is
finite as an O-module and has a non-empty generic fiber. Its normalization
is the ring of integers O’ of a finite extension of K. We see that R has a
point with values in O'.

Let @ be a maximal ideal of R[1/p] and let Qr = Q@ N R. The CNLp-
algebra R/Qp is flat. By what we just proved, it has a point £ with values
in O’ for K’ a finite extension of K. The image of the generic point of £ is
@, as @ is maximal. This finishes the proof of i).

Let us prove ii). Let R be the complete tensor product of the R;. As
the residue fields of the R; are isomorphic to I, one easily sees that Ris a
CNL@. Let, for each i, & : R; — O a point of R; with values in O. Let F;
be the kernel of &. Let £ and P be the point [[, & and the ideal defining
it. Let S be the completion of (®;R;)[1/p] at £[1/p]. It is isomorphic to
S = K[[X1,...,Xy4]] with d = ), d;, d; being the relative dimension of
R;. The ring R; is complete for the P; topology. It follows from a theorem
of Chevalley (th. 13 chapter 8 5 of [59}) that the P; topology on R; is
the same as the topology defined by the PZ” where PZ” = P"[l /p] N R;.
As ®; Z/P" injects in ®;R;/P[1/p] for all n, we see that R injects in
S. This implies that R is a domain. By i), the maximal ideals of R[1/p]
correspond to points of the R; with values in the ring of integers O’ of a
finite extension K’ of K. The completion of R[1/p] at such a point is a
power series ring K'[[X1,..., X4]]. This proves that R[1/p] is regular (prop.
28.M. of [35]). O

The next proposition shows that the points with values in the rings of
integers O’ of finite extensions of K determine a flat and reduced quotient
of a CNLp algebra.

Corollary 2.3. Let R be a CNLp-algebra and R’ be a quotient of R which
is flat and reduced. Let I be the kernel of the map R — R'. Then I is the
intersection of the kernels of the local O-algebras morphisms R — O" which
factor through R'.

Proof. Let us call f the map R — R’ and I’ C R’ the intersection of the
morphisms R’ — O’. We have I = f~1(I'), so we have to prove that I’ = (0).
As R’ is flat over O, this is equivalent to I'[1/p] = (0). As R’ is noetherian
and p belongs to the radical of R', R'[1/p] is a Jacobson ring (cor. 10.5.8.
of EGA 4 part 3). As R/[1/p] is reduced, it then follows from the i) of the
proposition that I'[1/p] = (0).

(]

Definition 2.4. Let R be a CNLp-algebra, and X a set of local O-algebras
morphisms R — O' where O' runs through the ring of integers of all fi-
nite extensions of the fraction field of ©. We say that a flat and reduced
quotient R' = R/I of R classifies the morphisms in X if the set of local
O-algebras morphisms R’ — O’ is identified with X. By the corollary above
1 is identified with the intersection of the kernels of elements in X.
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2.3. Inertia-rigid deformations. The present paragraph will be applied
to deformations of representations of local Galois groups with finite and
fixed restriction to inertia.

Let G be a profinite group with I C G a finite normal subgroup such that
the quotient G/I is isomorphic to the free rank one profinite group. Let
F € G such that the image of F' in G/I is a generator of G/I.

Let p : G — GL4(F) be a continuous representation. We fix a lift pg :
G — GL(O) of p. Let ¢ : G — O* be the determinant of pg.

Let M be the affine O-scheme of finite type whose points with values in
a O-algebra A is the following data:

- DATA : a morphism p; of I to GL4(A), an element f € GL4(A) which
normalizes pr(I) and such that int(f)(pr(7)) = pr(int(F)(7)) for 7 € I,
det(pr) = ¢ and det(f) = ¢(F).

Let |I| be the cardinality of 7. The map from My to (GLg)!I*! which
associates to such a DATA the p;(7) with 7 € I and f is a closed immersion.
The equations are given by the multiplication table of I, the action of int(F)
on I, and the condition that the determinant is ¢.

Let My o be the closed subscheme of M given by imposing the equality
of the characteristic polynomials P, ;) = P, (s for all 7 € I. Let us denote
by A, the affine algebra of M,. We have a universal DATA with values in
Ago. Let Mgy o.n be the closed subscheme of My whose affine algebra is
the quotient of Ay by its p-torsion.

Lemma 2.5. Let &5 be the point of My o defined by p. Then, §; is a point
Of M¢707ﬂ.

Proof. The representation pg defines a point & € My o(O). This point
factorizes through Mg oq. The image of the closed point of Spec(O) is &,
and lies in My 0. O

Let R¢Oﬁ be the completion of Asoqa relatively to the maximal ideal
defined by &;. It is a faithfully flat local O-algebra ; we still denote by & its

closed point. The residue field of {5 is F. So we see that R¢707ﬂ is an objet
of CNLp.

Proposition 2.6. Fach irreducible component of Spec(ﬁioyﬂ) is faithfully
flat of absolute dimension d? ; Ego,ﬁ[l/p] is reqular.

Proof. Let us prove first that the generic fiber My o[1/p] is smooth over
K of dimension d> — 1. Let C be the commutant of pojr- Let C* be the
mutiplicative group of K ®p C and C§ be the subgroup of C* of elements
of determinant 1. We also view C* and C} as algebraic groups over K. Let
M7 be the scheme over K that parametrizes the morphisms of I to (GLg)x
that are conjugate to po|;. It is isomorphic to (GLg)x/C™. It is smooth of
dimension d? — dim(C*). If we forget F', we get a map of My o[1/p] to My;
this map makes M o[1/p] a My torsor under C}. It follows that Mg o[1/p]
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is smooth of dimension d? — dim(C*) + dim(C7). As the homotheties are in
C*, we have dim(C*) = dim(C})+1, and the relative dimension of M o[1/p]
is d? — 1.

As, by Grothendieck, the completion morphism is regular (th. 79 of
[35]) and M 0[1/p] is smooth over K, E§,07ﬂ[1/p] is regular. As Mg o[1/p]
is smooth of relative dimension d? — 1, each of its irreducible component
has dimension d? — 1. By faithful flatness, it follows that each irreducible
component of Ay o q has absolute dimension d?. Tt follows from th. 31.6. of
[36] that Eg,o,ﬂ is equidimensional, and each of its irreducible components
is of absolute dimension d?. (]

The tautological DATA with values in Ay g extends to a morphism of G
to GLd(Rioyﬂ) as Rioyﬂ is a projective limit of artinian O-algebras. It is a
lift of p. We call it px.

Let O’ be the ring of integers of a finite extension K’ of the field of
fractions K of O, and let £ be a local morphism of Eioyﬂ to O@’. Composing

px with the morphism from GLd(}_Edm),Oﬁ) to GLq(O’), we get a lift p¢ of pF’
with values in GL4(O").

Proposition 2.7. The lifts pe are exactly the lifts p of p with values in
GL4(O") which have determinant ¢ and are such that the restriction of p@ K’
to I is conjugate to (po);;r @ K'.

Proof. The proposition follows from the fact that the isomorphism classes of
representations of the finite group I with values in GL4(K’) are determined
by their characters. U

Remark. By corollary 2.3, the proposition characterises Eg,o,ﬂ as a quotient

of the universal ring R for lifts of p-

2.4. Resolutions of framed deformations. Let G, 5 and R as in 2.1.
Let E)D( be a non-trivial quotient of RZ by an ideal which is stable by the
action of (GLg)1. As in the last paragraph of 2.1, this defines the subfunctor
D)D( of framed deformations satisfying the condition X.

We will call a smooth resolution of D‘;( the following data.

- 1) A flat O-scheme R, with an O-morphism f: R — Spec(ﬁ)u(),

We ask that :

-1) fis proper surjective and with injective structural morphism : O g, —

Spec(Rx)
f+(OR).
- ii) R[1/p] — Spec(R)[1/p] is a closed immersion.
- iii) the inverse image ) C R of the closed point of Spec(T%)D() is geomet-
rically connected ;
- 2) A smooth algebraization of R — O. By this we mean that there is a
O-scheme R which is smooth of finite type and a subscheme )y of Ry with
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the following property. There is an O-morphism R — Ry which sends ) to
Yo and induces an isomorphism of formal schemes between the completions
of R and Rg along Y and ) respectively.

Remark : The property i) implies that Spec(T%)D() is the scheme theoret-
ical closure of R in Spec(RY). As R is flat over O, it follows that RY is flat
over 0. The functor D)D( and its resolution are determined by the morphism
f: R — Spec(RY). The last part of the following proposition shows that
one may think points of R that specialize in ) as datas that define lifts of
p and that the lifts that comes from R in this way are the lifts that satisfy
the condition X.

Proposition 2.8. Let X be as above a condition on deformations of p and
and let R be a smooth resolution of DY. Then T%)D( is a domain, R)D([l/p] is

reqular and the relative dimension of E)D( over O is the same as the relative
dimension of R over O. Let O be the ring of integers of an algebraic closure
of O, and let R(O).. be the points that send Y to the closed point of O. Then,
the set of framed deformations D)D( (O) of p with values in O that satisfies
the condition X is the image of R(O). in D(O).

Proof. Let us first prove that R)D( is a domain. Let R — Spec(I'(R,Or)) —
Spec(T%)D() be the Stein factorization of f. The morphism }_%)D( — I'(R,Or)
is finite. It is injective as f is injective for structural sheaves. It follows that
I'(R,OR) is semi-local. As R)D( is complete, I'(R, O) is also complete. The
maximal ideals of I'(R, Or) are in the image of the inverse image ) of the
closed point of Spec(T%)D() in R. As Y is connected, we see that I'(R, Og)
is local. Besides, by the theorem of formal functions, it is the ring of global
sections of the completion R of R along ). By 2), this formal scheme is
isomorphic to the completion of the smooth O-scheme Rg. It follows that
I'(R,0r) = I'(R,0%) is normal. As it is a local ring, it is a domain. As
ﬁ):l( injects in it, ﬁ):l( is a domain.

Let us prove that the relative dimension of E)D( over O is the same as the
relative dimension of R over (. The morphism f induces an isomorphism
of R[1/p] to Spec(T%)D([l /p]). As R)D( is flat over O, the relative dimension of
Ry over O is the same as the dimension of E)D([l /p]. It is the dimension of
R over O. .

Let us prove that Ry[1/p] is regular. Let p € R. Let V(p) be its closure

in R. By the proper map f, V(gp) maps onto a closed subset of Spec(ﬁ)m().

As R)D( is local, f(V(gp)) contains the closed point, and V() non trivially
intersects Y. Let @ € Y N V(p), and let U C R be an affine open set
containing ). We see that p € U. Furthermore, as Q € V(p) NU N Y,
o belongs to the image of the map from the spectrum of the completion
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FUNY,0z) of I'(U,Or) along U N'Y to the spectrum of I'(U, Or) (24.B
of [35]). Let ¢ in the spectrum of I'(U/ N Y, 05) mapping to p. As Rg is
smooth over O, I'(U N Y, Oz) is regular over O. As the map from the local
ring of R at p to the local ring of R at o is faithfully flat, it follows that
the localization of T%l)]( [1/p] at @ is regular (lemma 33.B of [35]). As this is
true for all p € Spec(T%)D([l/p]), we have proved that }_Y)D([l/p] is regular.
Let us prove the description of the points of Ry given in the statement

of the proposition. The map R — Spec(ﬁ)u() is dominant and proper, so
it is surjective. Let O be the ring of integers of a finite extension K’ of
the field of fractions K of O. Let £ : Spec(O') — Spec(ﬁ)u() be a local
homomorphism. Let , be the generic fiber of {. The fiber in R of §, is
non-empty. By the Nullstellensatz, there is a finite extension K" of K’ and
a point y, of R with values in K" lifting &,. By properness, v, extends to
a point of R with values in the ring of integers O” of K”. The closed point
of Spec(O”) has image in ). This ends the proof of the proposition. O

3. STRUCTURE OF CERTAIN LOCAL DEFORMATION RINGS

In this section, F, O, K and w are as in the previous one. In particular,
F is a finite field of characteristic p. Let g be a prime. Consider a local
field F,, finite extension of Q,, with D, = Gal(Q,/F,), and a continuous
representation p, : D, — GLo(IF).

In results below about presentations of deformation rings (see Section
4) and R = T theorems (see Proposition 8.2 in Section 8.1), we need in-
formation about certain local deformation rings }_QUD’¢ which are quotients
of qu,j ¥ These classify, in the sense of Definition 2.4, a set of morphisms
Y, such that corresponding p-adic Galois representations satisfy prescribed
conditions X, including fixed determinant ¢ = 9x,. In the theorem below,
we state the needed information for RUD ¥ that arises from prescribed con-
ditions that we refer to by a name, and which is explained when we treat
the different cases. Thus the morphisms RPY = o , with O’ the ring of
integers of a finite extension K’ of K, correspond to liftings which satisfy
the prescribed conditions.

Theorem 3.1. We make the assumption that, when v is above p, F, is
unramified over Q, and, if furthermore p, is irreducible, I, is Q.

The rings RUD’w have the following properties:

e v = 00, odd deformations : RUD’w is a domain, flat over O of relative
dimension 2 , and RE¢[%] is reqular.

e v above p, low weight crystalline deformations, semistable weight 2
deformations, weight 2 deformations crystalline over Q" (i) RE’w
is a domain, flat over O of relative dimension 3 + [F, : Qp], and

qu,]’w[%] is reqular.
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e v a finite place not above p and semistable deformations: RE“” s a
domain, flat over O, of relative dimension 3, and RE’w[%] is reqular.

e v a finite place not above p, inertia-rigid deformations: RE“” 1s flat
over O, with each component of relative dimension 3, and RE’w[%]
s regular.

Thus in particular by Proposition 2.2 we know in each of the cases that

qu,j Y has points with values in the ring of integers of a finite extension of

Qp.

Remark: In fact in all cases considered in the theorem, the local deforma-
tion rings turn out to be domains. As the calculations to prove this are more
elaborate, and we do not need this finer information, we content ourselves
with proving the theorem. We stress that in the definitions below, we have
to make some choices to guarantee that R5"" is a domain. When k(py) =p
and p, is unramified non scalar, we choose one of the two characters and
consider ordinary lifts with unramified quotient reducing to the eigenspace
for this eigenvalue (3.6). When p = 2 and we are in the v above p semistable
weight 2 case (3.2.6) or in the v not above p twist of semistable case (3.3.4),
we have to choose the character ~,.

The proof of the theorem will take up the rest of the section.

We will need the following proposition.

Proposition 3.2. Let us suppose that the conditions X, are one of those
of Theorem 3.1. After possibly replacing O by the ring of integers of a finite
extension of K, we have :

- (i) the completed tensor product RPMOY = ®U65RUD’w is flat over O,
each of his component is of relative dimension 3|S|, and R™1¥[1/p] is
regular ;

- (11) if further for finite places in S not above p the corresponding defor-
mation problem considered is of semistable type then it is also a domain.

Proof. The proposition follows from the proposition of section 2.2 and from
Theorem 3.1, noticing that the part of the tensor product coming from
infinite places contributes 2[F : Q] to the relative dimension and the part
above p contributes 3|Sp| + [F' : Q], where S, is the number of places of F
above p. O

In the next paragraphs, we will denote by V a free O-module of rank d
and for A an O-algebra, we write V4 for A ®p V; V, will be the underlying
space of the lifts of p,. We will call e7,e5 a basis of Vg, and e1, es a lift of
this basis.
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3.1. The case v = co. We recall that our notation for Gal(C/R) is D, and
that c¢ is the complex conjugation. We give ourselves po : Doy — GLy =
GL2(FF). We suppose that p is odd i.e. det(p(c)) = —1.

Proposition 3.3. There is a flat and reduced CNLo algebra }_EODO’¢ which
classifies (in the sense of Definition 2.4) the odd lifts of po- If p(c) #id (it
is always the case if p # 2), Romo’w s formally smooth of relative dimension
2. If p=2 and p(c) = id, Ea’w is a domain of relative dimension 2 with
reqular generic fiber.

Proof. We will see that the ring Eouo’w is the completion of the ring of func-
tions of the affine scheme of 2 x 2 matrices of characteristic polynomial
X2 — 1 at the point defined by poo. We surely could give a shorter proof of
the proposition using this. We give a proof using resolutions (Section 2.4)
to show how it works. Let M = p(c) € GLo(F).

If p# 2, let M € GLy(O) be a lift of M with characteristic polynomial
X2 — 1. We have a decomposition : V = L; @ Ly with L; and Lo lines
that are the eigenspaces for M for eigenvalues 1 and —1 respectively. Let
D* be the O-scheme of diagonal matrices relatively to this decomposition.
The quotient GLa/D* is isomorphic to the open subset of Py x Py which is
the complement of the diagonal. It is smooth of relative dimension 2. The

matrix M defines a closed point &7 of GLa/D*. The O-algebra Eouo’w is the
completion of the local ring of GLg/D* at this point.

Let p = 2. Let us construct a smooth resolution which is an isomorphism
if M is not the identity.

Let My be the O-scheme which represents linear automorphisms of V
whose square is id and M(X? — 1) be its closed subscheme which represents
those whose characteristic polynomial is X? — 1. The matrix M defines a
point &7 € M(X? — 1)(F). We can choose the basis €7, e of Vi such that

M is either id or :
1 1
01/

The universal ring for framed deformations REO is the completion of the
local ring of My at &;;.

Let R be the closed subscheme of M (X2 —1) x o (P1)o which represents
pairs (M, L), where M € M(X? — 1) and L a submodule of V such that
V/L is a locally free module of rank 1 ; we furthermore ask that M (L) = L
and that M acts as id on L.

The first projection f; is projective. Let us prove that it induces an
isomorphism of the open subschemes of Rg and M (X2 — 1) where M # id.
We have to see that, if A a local O-algebra with residue field k£(A), and if
My € M(X?—1)(A) is such that the image My, 4y of M4 in M(X?—1)(k(A))
is not the identity, there exists a unique line L in V4 such that M4 acts as
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identity on L. This follows by elementary linear algebra from det(M4 —id) =
0 and rank(Mp4) —id) = 1.

The only point of M(X? — 1) such that M = id is the identity in the
special fiber (M = id implies that det(M) = 1 = —1). We see that f;
induces an isomorphism of the generic fibers and above the complement
of identity in the special fiber. It contracts id x PPy in the special fiber to
the point id € M(X? — 1)(F). We call f; the morphism from Ry to Mo
which is the compositum of the first projection and the closed immersion of
M(X? — 1) in Ms. The second projection makes Rg a torsor on P; under
Hom(V/L, L). We see that Ry is smooth over O of relative dimension 2.

We claim that the scheme theoretical image of fo is M(X? — 1). This is
because fi is surjective being proper with dense image and M(X? — 1) is
integral (it is the quadric of equation X121 +X12X21 = 1, Xj; being the entries
of M). We define Eouo’w as the completion of the local ring of M(X? — 1) at

&7~ We define R and f as the base change by Spec(ﬁouo’w) — Spec(RE) of
Ro and fo.
If M # id, & belongs to the open subscheme of M(X? — 1) above which

fo is an isomorphism and Eomo’w is formally smooth of dimension 2 over O.

Let us suppose that M = id and let us check that we get a smooth
resolution as defined in section 2.4. First, Spec(ﬁa’w) — RY is obviously
GLg-equivariant. The condition 1) i) is satisfied as the analogous condition
is satisfied by Ry, fo and RE, and by flatness of the completion. We saw that
fo[1/2] is a closed immersion. This also holds for f and the hypothesis ii)
is satisfied. The inverse image ) of &7 in R is (idy,Py). It is geometrically
connected. We already saw that R is smooth over O and 2) follows by
construction of Ry and R.

It follows that the conclusions of prop. 2.8 are satisfied : Eouo’w is a domain,
faithfully flat over O of relative dimension 2, with regular generic fiber.

Let us come back to the general hypotheses of the proposition. Let O be
the ring of integers of an algebraic closure K of K. To finish the proof of the
proposition, we have to prove that the points of Specf (Eouo’w)(é), correspond
to odd lifts of p. By proposition 2.8, these points correspond to matrices M
of GL2(O) that lift M, have characteristic polynomial X2 — 1 and are such
that there exists a line L of V4 which is a direct factor and on which M acts
as identity. For M with characteristic polynomial X2 — 1, the line L which
is the intersection of the eigenspace for eigenvalue 1 in V% with Vi satisfy
these conditions. That finishes the proof. O

Remark. If p = 2 and M = Id, it is not difficult to see that EODO’w is
isomorphic to O[[ X1, X2, X3]]/(X? + X2X3+2X7) ; it is a relative complete
intersection.

3.2. The case of v above p.
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3.2.1. Local behaviour at p of p-adic Galois representations. It is convenient
to make the following definition.

Definition 3.4. 1. Suppose V is a 2-dimensional continuous representation
with coefficients in E of Gr with E, F finite extensions of Q,. We say that
V' is of weight k if for all embeddings v : E — C,, VerpC,=C,®&Cyk—1)
as Gr-modules.

2. Suppose V is a continuous representation, with V' a free rank 2 module
over a CNLp-algebra R, of Gr with F' a finite extension of Q,. We say that
V' is ordinary if there is a free, rank one submodule W of V' that is Gp
stable, such that V/W is free of rank one over R with trivial action of the
inertia Ir of Gr and the action of an open subgroup of Ir on W is by xp,
for a a rational integer > 0.

We have the following lemma which uses easy extensions of results in [22]
and [7] (for (i)) and [8] (see prop. 6.1.1. for (iii)). Recall that we have fixed
p.

Lemma 3.5. Let F' be an unramified extension of Q,, V' a 2-dimensional
vector space over a p-adic field E and p : Gp — Aut(V) a continuous
representation that lifts p. Then:

(i) if V' is crystalline of weight k such that 2 < k < p, V is ordinary if
residually it is ordinary. The same is true for 2 <k <p+1if F = Q,.

(ii) if V is semistable non crystalline of weight 2, then V is ordinary.

(i) if V is of weight 2 and crystalline over Q)" (u), then V' is ordinary,
if residually it is ordinary.

3.2.2. Types of deformations. In this section, we consider a representation
pv : Dy — GLo(F), where D, is the Galois group of a finite unramified
extension F, of Q, if p, is reducible, and F, = Q, if p, is irreducible or
k(py) = p+ 1. If F, = Q,, we set v = p. We denote by I, the inertia
subgroup. Furthermore, we impose that, if p # 2, the Serre weight k(p,)
satisfies 2 < k(p,) < p+ 1. If p, is reducible and F;, is not Q,, we mean by
this that p|;, is ordinary (see previous paragraph).

There are two types of deformation rings we consider in this paragraph
which are denote by RE ’w, and in the two cases the O’ valued morphisms
(which RS classifies) give rise to lifts p, of p, that are of the following
kind :

(i) Weight 2 deformations. For p # 2, the lifs p, are potentially semistable
of weight 2, have fixed determinant ¢ = v x,, and with inertial Weil-Deligne
parameter (w;;(p)_2 ®1,0) if k(py) # p+ 1 and (id, N) , with N a non-zero
nilpotent matrix, if k(p,) = p+ 1. For p = 2, we consider lifts that are
Barsotti-Tate if k(p,) = 2, and semistable of weight 2 if k(p,) = 4, and with
fixed determinant of the form ys.

Note that by Lemma 3.5 of Section 3.2.1, if p,|s, is of the form

Xyl
0 1)’
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with 1 < k < p, then such a lift p, is of the form

with the further condition that when p, is finite flat at v (which can occur
only when k = 2), p,|1, is Barsotti-Tate.

(ii) Low weight crystalline deformations : We assume k(p,) = 2 if p = 2.
Note that if k(p,) = p+ 1, then p,|z, is of the form

(1)

The lifts p, of p, have fixed determinant ¢ = 1, and such that p, is:

(a) crystalline of weight k(p,) if k(py) < p (i.e. comes from a Fontaine-
Laffaille module, [22]).

(b) if k(py) = p + 1, then py|;, is of the form

Xp *
0 1)

If p, is unramified (this implies that k(p) = p) and there are exactly
two lines stabilised by p,, and thus p, = 71 & 72 with 7; distinct unramified
characters, we choose one of these characters and consider only lifts on whose
unramified quotient the action of D, reduces to the chosen character.

Note that whenever p, is reducible the lifts that we consider are ordinary.

Now we prove properties of the corresponding deformation rings.

3.2.3. py trreducible, low weight crystalline case. We suppose that the rep-
resentation p, of D, = G, is irreducible of weight k& < p and we consider
lifts that are crystalline of weight k. The deformation ring is smooth over O
of dimension 1 : this follows from Fontaine-Laffaille theory as in [41]. There
the case k(p,) = p and the case p = 2 is excluded, but as p, is irreducible
the argument extends. The argument relies on the fact that the filtered
Dieudonné module has the following description. It has a basis v, ve with
vy generating Fil*~! and the matrix of ¢ is :

)\pkfl
(27

with o a unit determined by the determinant and A any element of the
maximal ideal of the coefficient ring.

It follows from Proposition 2.1 that the framed deformation ring is smooth
of dimension 4 over 0. In this case, the endomorphism ring of p, is I, and
in fact the proposition 2.1 is obvious as the universal framed deformation
scheme is a torsor above the universal deformation scheme under PGLs.
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3.2.4. py irreducible, weight 2 deformations. If p = 2, we have k(p,) = 2
and we are in the crystalline case, that we just handled. We suppose p # 2.

Let RY be the universal deformation ring with fixed determinant and R,
be its quotient by the intersection of the prime ideals g kernel of the mor-
phisms R — @', O’ ring of integers of a finite extension K’ of K, correspond-
ing to deformations that are of the type required. Savitt proved that, pro-
vided that O is sufficiently big, this ring is isomorphic to O[T}, T»]]/(T1 T2 —
pw), w unit of O (3 of th. 6.22 of [46]). Furthermore, for every morphism

of Ef to the ring O’ of integers of a finite extension K’ of K, the corre-
sponding deformation is of the type required (th. 6.24). By the (obvious
case of) Proposition 2.1, the corresponding framed deformation ring RB
is iSOHlOI‘phiC to O[[Tl, TQ, TQ, T4, T5H/(T1T2 - pw).

3.2.5. p, ordinary with k(p,) < p and low weight crystalline or potentially
Barsotti- Tate lifts. We remind the reader that D, = Gp, with F, an un-
ramified extension of Q,. We suppose that k(p,) < p dealing with the
k(py) = p+1 case in 3.2.6 and 3.2.7. We recall that if p, is unramified, we
have k(ﬁv) =D

Proposition 3.6. There are flat and reduced CNLp-algebras }_EUD’¢ which
classify weight 2 and low-weight crystalline framed deformations (3.2.2).
RE’¢ is a domain, of relative dimension 3 + [F' : Qp], with reqular generic
fiber, and if either p, is ramified or p, is isomorphic to N1 @© Ny with N1 and

.. . =4 .
2 two distinct unramified characters, R, is formally smooth.

Proof. We write the fixed determinant ¢ = v x, as x11 where X1 is a charac-
ter of the Galois group of the cyclotomic extension and 7 is unramified. The
character xi is X’;(p )= in the crystalline case, and Xpwg(p )72 in the weight

2 case. One supposes that p, is of the form :

X1 *
0 m /)’
with 777 and 72 unramified. The conditions impose that the lifts that we

consider are of the form:
X171 *
0 2 ’

with n; and 7y unramified lifts of 77; and 75, and 7172 = 7.

Let A(X) = O[[T]] and let [71] be the Teichmiiller lift of 777. Let np :
Gr — (1 4+ TOI[[T]])* be the unramified character which factors through
the Z, unramified extension of F' and sends the Frobenius to 1 + 7. Let
m = [M)nr and 72 be the unramified character defined by n = nin.. We
see A(X) as the affine algebra of deformations of the character 77x7 whose
restriction to the inertia I, is x1 ; mx1 is the universal character.

Let us shorten A(X) by A. Let Z' be the A-module of continuous 1
cocycles of D, with values in A(len;l). We write Z for = lengl. If
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kE(p) = 2 (and so x1 = xp) let us denote by Z} be the submodule of finite
cocyles. To explain what we mean by finite, let Fy; be the maximal unram-
ified extension of F;,. The restriction of = to I, is equal to the cyclotomic
character x,. One has a map :

z' - H! (D,,A(E)) — H]

cont cont

(Lo, A(xp)) — 4,

where the last arrow is the map given by Kummer theory :

Hclont(LH A(Xp)) = (F;:r ® A)v

where  is the p-adic completion, composed with the map (FF ® A)A — A
which is the completion of the map v ® id with v the valuation of F}. nor-
malized by v(p) = 1. A finite cocyle is a cocycle whose image in A is trivial.

Lemma 3.7. The A module Z' for k(p,) # 2, Z} if k(py) = 2, is free of
rank 14 [F, : Qp)].
Proof. For an exact sequence :

0—>A/—>A//—>A/”—>O
of finite D,-modules, we have the exact sequence :

0— ZYD,, A") — ZY(D,, A") — Z'(D,, A").
Let Ay be (W/p"W)[T]/T™ and let My, ,, = Apm(Z). We have the exact
sequences :
0— Mn,m — WMn4n/m — Mn’,m — 0,
induced by the mutiplication by p”. It induces exact sequences :
0— Zl(Dvan,m) - Zl(DvaMn—i—n/,m) - Zl(DvaMn/,m)a

which identifies Z'(D,, M, m) with the kernel of the multiplication by p"
in ZY(D,, My 47 m). We have analoguous exact sequences associated to the
multiplication by T in My, 4.

We see that to prove the lemma for k(p,) # 2 we have to prove that the
cardinality of Z'(Dy, Myn) is [Apm|" Tl For k(5,) = 2 we have exact
sequences

0 = Z (Do, Mym) — Z}(Do, Myrtm) = Zj(Dy, My ),
and we have to prove that :
|ZH(Dys Mym)| = |Ap | T,
For M a finite D,-module, we have :
|2 (Do, M)| = |[H' (Do, M)| M| [H (Do, M)|™".
Using Euler characteristic and duality :
(+) |Z1(Dy, M)| = |M|"HE@THO(D,, M7).
For M = My, = Ap m(E), we have :
M= An,m(Xprlnfl"h)-
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For k(p,) # 2, as the restriction of x,x;'n; ' to the inertia I, has non
trivial reduction the group H°(D,, A, m(Z)*) is trivial, and the lemma fol-
lows.

Suppose that k(p,) = 2. The map :

HY(Dy, Apn(E)) — (H (L, Ay () (2 1)) >

is surjective, as H2(Gal(Fy,/F), Apm(Z)) is trivial, since A, ,,,(Z) is torsion.
Let us note 7 = man; ! Kummer theory gives an identification of the right
hand side :

(H* (s Auan () (1) 2 (Fip © A (7))
As Galois module, F}, is isomorphic to Z x U, U units of Fy,. Thus the
map :
(Fe ® An,m)(ﬁ))Dv - (An,m(ﬁ))Dv
is surjective. Finally, we see that the map :

ZMNGr, Ann(E)) = (A (i)
is surjective. This implies that :
|Z}( Dy, Ann(E))| = |Z1(Duy Ann(E))] | (Anm ()7 |71
With formula (*), we see that :
|ZH(Dys Anm(E)| = | Ap | T

and the lemma is proved.
O

We now complete the proof of Proposition 3.6. Recall that RE ¥ is the
universal ring for framed deformations of p, with fixed determinant ¢ =
Pxp = x11. We let R’ be the closed subscheme of:

Spec(RTY) Xspec(o) (P1)o

of (py, L) such that p, stabilizes the line L and the character giving the
action of the inertia subgroup I, on L is xi. Unless p, is isomorphic to a
direct sum of two non isomorphic unramified representations of dimension
1, we let R = R/ and we define RE ¥ as the affine algebra of the scheme
theoritical image of R in Spec(R™¥). The projection R — Spec(ﬁ?’%
proper and surjective.

Let us first suppose that either k(p,) # p or k(p,) = p and p, is ramified.

is

We claim that in these cases, the projection R — Spec(R, ’w) is an isomor-
phism. We have to prove that, if puniv is the universal framed deformation,
there is a unique line Ly in }_EE ¥ ®e V on which the inertia subgroup I,
acts by the character y;. To see this, let o € I,, such that :

- Xx1(o) # 1if k(p,) # p, where X7 is the reduction of x1 ;

- ﬁU(U) 7é id if k(ﬁv) =D



22 CHANDRASHEKHAR KHARE AND J-P. WINTENBERGER

The matrix puniv(c) — x1(0)id has determinant 0 and its reduction has
rank 1. That proves the existence and unicity of the line Lypiy-

Let L the unique line of V& on which I, act by the character X7, so that
L is the reduction of Lyny. Let Let L be the formal scheme of lines that
reduces to L ; it is formally smooth of dimension 1. We get a map from

Specf(RE ’w) to X which maps (p,, L) to the character giving the action of

D, on L. The map

Specf(}_%yu’w) — LxoX

is a torsor under the subgroup of the group of cocycles of Z! (resp. Z} if
k(p) = 2) whose reduction are 0. As Z! (resp. Z}) is free over A(X) of

rank 1+ [F : Qp], we see that EUD’w is formally smooth of relative dimension
3+ [F :Qp] over O.

Let us now consider the case k(p) = p and p, ~ 71 @ 72, with 77 and
2 two distinct unramified characters. Recall that we have chosen one of
them, say 7. One sees that R’ has two closed points, (p,, L1) and (py, L2)
where L; and L are the eigenspaces of Vp corresponding respectively to 77
and 7;3. We see that R’ is the spectrum of a semilocal ring. We call R the
spectrum of the local ring of R’ at the closed point corresponding to Lj.
Thanks to Lemma 3.7, we see as above that R is formally smooth of relative

dimension 3 + [F': Q). We define EE ¥ as the affine algebra of the scheme

theoretical image of R in Spec(RE ’¢). In fact, we claim that the natural map

-4 . . . . .
R — Specf(R, ’w) is an isomorphism. To see this, we prove that there is one
unique line Lyu;y in the universal representation pyniy of D, in GLo (ES ’w)
which is stable and reduces to L. If F' € D, projects to Frobenius in the

unramified quotient of D, the characteristic polynomial of pypiy(F') has one

unique root A; in the complete local ring EE ¥ which reduces to 7 (F). The
line Lyniyv is the eigenspace of puniv(F') for the eigenvalue A;. This proves
the proposition in this case.

Let us now suppose that p, is unramified and p, acts by by homotheties
on the semisimplification of p,. Let us check that R is a smooth resolution
(2.4).

There exists o € I,, such that x1(c) — 1 is invertible in K. It follows that

if A is a local K-algebra, and (p,, L) is a point of Spec(RUD’w) with values in
A, the line L is determined by p, (o). It follows that the restriction of the

first projection to Spec(ﬁ?’w)(A) is a bijective for any local K-algebra A.
As the first projection is proper, we deduce that the morphism R[1/p] —
Spec(RE [1/p]) is a closed immersion.

We get a map from R to X which maps (p,, L) to the character giving the
action of D, on L. By the lemma, the map R — P; xp X is a torsor under
the subgroup of the group of cocycles of Z! (resp. Z} if k(p) = 2) whose
reduction is 0. It follows that R is formally smooth of relative dimension
3+ [Fy : Qp]. The inverse image ) of the closed point of Spec( £ ’w) in R is
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isomorphic to (Py)r if D, acts by homotheties, and is a point corresponding
to the unique line stabilized by p, if D, does not act by homotheties. In
either cases, it is connected. Let ej,es be a basis of V. If, in the basis
Aie1 + e, eq, the universal lift has matrix :

X1 1221
0 2 ’

an elementary calculation gives that the matrix of the universal lift in the
basis el + )\262, €2 with )\1)\2 = 1, is :

X171 1222
0 2 ’

with z0 = M (xamme — 1) — )\%zl. These formulas are algebraic and allows

us to algebraize (R,)). We apply Proposition 2.8. We get that EE’w is a
domain, faithfully flat over O of relative dimension 3 + [F' : Q] and that

RUD’¢ [1/p] is regular. O

3.2.6. p, reducible and semistable weight 2 deformations. Suppose p, is of

the form
YoXp *
0 % )’

with 4, an unramified character, then p|g, is of the form

YoXp ¥
0 mw /)’

where 7, is a fixed unramified character of D, that lifts v, and such that
’YgXp = ¢.

The argument is as in the last paragraph. For an O-algebra A which is
finite, the cocycles Z(D,, A(xyp)) is by (*) of the proof of the lemma of the
last paragraph of cardinality |A|>T[F*@l. We get a smooth resolution which
is a torsor over P; with structural group the kernel of the reduction of a
free module of rank 2 + [F' : Q,]. The fiber of &, is a point if p # 2 and
(P1)r if p = 2 and the action of D, on p, is by homotheties. By proposition

2.8, the ring EE Yisis a domain, faithfully flat over O of relative dimension
3+ [F : Qp], and with regular generic fiber.

3.2.7. The case k(p) = p+ 1, p # 2; crystalline lifts of weight p + 1. By
[8], we know that such lifts are ordinary (Lemma 3.5, recall that we are
supposing F,, = Q). Ordinary lifts of weight p 4+ 1 are the lifts that are
extensions of an unramified free rank one representation by a free rank one
representation with action of I, by xb. Let us analyse the deformation ring of
such lifts (and now we suppose that the ground field is F;, a finite unramified
extension of Q). Note that as p is wildly ramified, it is in a unique way an
extension, and such a lift is in a unique way a lift of this extension. The
argument of Prop. 2.3 of [27] gives that the affine algebra of the moduli of
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such lifts with fixed determinant is formally smooth of relative dimension
34 [F : Q. Indeed, one has to extend a lift p4 with values in GLy(A),
for A a CNLp-algebra, to a lift pas with values in GLg(A’), for A’ a small
extension of A. One first lifts the line L 4 stabilized by D, to a line L. If
the characters giving the action on L4 and V4 /L 4 are respectively xhm and
72, one has a unique lift of 17, ! such that the cocycle giving the extension
lifts. As we fix the determinant and p # 2, the lift of 77, 1 determines lifts
of m1 and no. Then, all lifts of p4 form a principal homogenuous space under

ZY(D,,F(xp)), which is of dimension 2+ [F : Q,]. Thus if R,D’w is the affine

algebra of the universal ordinary lift of weight p + 1, we see that EUD’w is
formally smooth of dimension 1+ 2+ [F, : Q] = 3 + [F, : Qp], 1 coming
from the choice of L 4.

3.3. The case of a finite place v not above p. Let ¢ be the residue
characteristic of v. We fix the determinant ¢. In 3.3.1. to 3.3.3., after
possibly enlarging O, we construct a lift py : D, — GL2(O) of p, with
po(1ly) finite and with determinant ¢. We consider inertia-rigid lifts (2.3),
i.e. lifts whose restriction of inertia is conjugate to the restriction of py to
inertia and whose determinant is ¢. The corresponding affine CNLp-algebra
has the required properties by propositions 2.6 and 2.7.

3.3.1. Inertially finite deformations: minimally ramified lifts. We consider
minimal lifts as we define below (see also [14] for the case p # 2). We exclude
the case that projectively p,(I,) is cyclic of order divisible by p as that is
treated in 3.3.4. For p # 2, or p = 2 and the projective image of I, is not
dihedral, minimal lifts p satisfy p,(I,) = p(I,). In all cases, the restriction
to I, of the determinant of a minimal lift is the Teichmiiller lift and the
conductor of a minimal lift equals the conductor of p,.

We construct the required lift pg of p,. We distinguish 2 cases.

- the projective image of I, has order prime to p. As p,(I,) has order prime
to p, there is a lift p; of (py));, in GL2(O) such that p,(l,) is isomorphic
to pr(I,). The lift p; is unique up to conjugation. Let F' € D, be a lift
of the Frobenius. The representation p, o int(F') is isomorphic to p,. It
follows that pr o int(F) is isomorphic to pr. Let g be such an isomorphism.
Let g be the reduction of g ; g~ 'p(F) is in the centralizer of (Po)i1,- As
Dy 18 semisimple, one easily sees that the centralizer of p; surjects to the
centralizer of (py)r,- So, we can choose g such that it reduces to p,(F). We
extend py to D, by sending F' to g, and twist by an unramified character so
that the determinant of pg coincide with ¢.

- the projective image G of I, has order divisible by p and is non-cyclic.
As G is non-cyclic, the image of the wild inertia in GG is non-trivial, hence
also the center C' of the image of wild inertia.

Suppose first that C is cyclic. Then C has exactly two fixed points in
IP’l(IF‘_p), defining two distinct lines L; and Ly of V. As G normalizes C, G
stabilizes the set of these two lines ; as G is non cyclic it does not fix these
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two lines. The group G is a dihedral group of order 2d, with d prime to
p = 2 and ¢ divides d. The representation p, is isomorphic to the induced
representation Indf“ (7), for a character v of G with values in F.', L a
ramified quadratic extension of F),. Let 0 be a ramified character of G, of
order 2 with values in Q3. Let us call € the character of D, = G, defined
by L. Let us define pf, as Indf” (46), where ¥ is the Teichmiiller lift of . We
have
det(pp) = e x (Jot) x (§ot),

where t is the transfer from D, to G. As the restrictions to I, of d ot and
€ coincide, we see that

det(p) iz, = (Yo t) 1,
It is the Teichmiiller lift of det(p, )7, We define pg as an unramified twist of
pi, whose determinant is ¢. As v is wildly ramified and ¢ is tamely ramified,
the conductor of p, equals the conductor of p,.

Suppose now C' is non-cyclic. Let ¢ € C be a non trivial element, and L;
and Ly be the two eigenspaces for ¢ ; C' stabilizes the set of these two lines.
As C is abelian non cyclic, it is of order 4 and is conjugate to the projective
image of the group of matrices :

+1 0 0 =+£1
(5 a) (47%)
The residual characteristic ¢ of F), is 2. The normalizer of C' in PGLy(F,)
is isomorphic to the symmetric group S4, p = 3 and G is isomorphic to
Ay4. The projective image of p, is contained in the normalizer of C| i.e. in
S4. We have an isomorphic lift of Sy : it is given by the normalizer of the
projective image of the above matrices in PGL2(Z3). We define (pg)proj as
the lift given by this lift of Ss. As p # 2, there is a unique lift py of p, such

that the projective representation defined by py coincide with (pg)proj and
whose determinant is ¢.

3.3.2. Inertially finite deformations: abelian lifts with fized inertial charac-
ter. We enlarge [F so that it contains all the ¢ — 1st roots of 1 of F.
Suppose that p|z, is in the basis e, €z, of the form :

(51)

where X arises from a mod p character of Gal(F,(u,)/Fy). Let x be its
Teichmiiller lift. This is a power of the character ;! (wy) which we recall
that by our conventions is again denoted by wj.

Consider x’ that is some non trivial power of w, and is congruent to x.

We see that, if p" is the exact p power which divides ¢ — 1, we have, for some
a(g—1)

integer a : X' = xwy ' . We suppose that the restrictions of ' and ¢ to

I, coincide. We consider lifts p such that, in a basis lifting €7, €3, p|s, is of

the form :
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(b 1)

As X/ is not trivial, p ® K is the sum of two spaces of dimension 1 on
which I,, acts by the characters 1 and x’. As x’ is invariant by conjugation by
Frobenius, the action of D, in p is abelian and factorizes through the Galois
group G be of the compositum L of the maximal unramified extension of F'
with F'(1q). We see that we are considering inertia-rigid lifts.

One has to prove that there exist such a lift with value in the ring of
integers of a finite extension of K. Let o be a generator of the inertia
subgroup of G and let us still denote by F' the Frobenius of the extension
L/F(ugq). Let us write € = x'(0). One has to find lifts F and ¢ of p(F) and
p(o) respectively such that £ and o commute, the characteristic polynomial
of 0is (X —1)(X —¢), and det(F) = ¢(F'). Granted the first two conditions,
we can realize the third by an unramified twist.

We find F and ¢ satisfying the first two conditions. If p(o) or p(F) is
semi-simple and not an homothety, both are semi-simple and the existence
of the lift is clear. Otherwise, it follows from the lemma :

(01) (o %)

be two matrices with coefficient in F. Then, possibly after enlarging O, there
exist lifts of these matrices that commute and the first one has characteristic
polynomial (X —1)(X —¢).

Lemma 3.8. Let :

Proof. One uses the following elementary fact. Let us write v for the val-
uation of O such that v(w) = 1. Let L; and Lo be lines of the free O-
module U which are direct factors. Let us note v(Lj, L2) the least integer
v such that the images of L1 and Lo in U/7T”+1 are distinct. Let a be a
unit in O with v(aw —1) > 0. Let g € GL2(K') which has eigenspaces L;
and Lo with eigenvalues 1 and «. Then one has g(U) = U if and only if
v(Ly,Le) < v(aw —1). If v(Ly,Ls) < v(a — 1), the reduction of g is the
identity ; if v(Ly, L2) = v(a — 1), the reduction g of g is unipotent # id. In
the last case, the only line fixed by g is the common reduction of Ly and L.
Furthermore, one obtains all possible such unipotent matrices, either if « is
fixed, by varying L, and Lg such that v(Lq, Lo) = v(a — 1), either if Ly and
L are fixed, by varying « with this condition.

Let us prove the lemma. One lifts the first matrix by a matrix which has
eigenvectors e and e; + Aeg with eigenvalues 1 and e with 0 < v(\) < v(e—1)
if a =0 and v(\) = v(e — 1) if @ # 0. One lifts the second matrix by a
matrix which have the same eigenvectors and the eigenvalues 1 and a with
v(A) < v(a—1)if o’ =0 and v(\) = v(aw — 1) if @’ # 0. This proves the
lemma. U
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3.3.3. Inertially finite deformations: mnon-abelian liftings with fixed non-
trivial inertial character. Assume that p"|¢ + 1 for an integer r > 0, and
plp, is up to unramified twist of the form

Xp *
0o 1)’
in the basis e7, 3.

We enlarge F so that it contains all the ¢? — Ist roots of 1 of F. We
consider O whose residue field is F and which contains all the ¢? — 1st roots
of 1 of @p.

Let x’ be some character of level 2 of I, which is of order a power of p.

We construct a lif p : D,, — GL2(O’) of p of fixed determinant ¢ = 9y,

such that p|;, is of the form
X
0 qu )

in a basis lifting the basis e7, €3.

As ¥’ is of level 2, ¥’ and x'? are distinct, and we see that for any lift
po considered, the restriction to I, of p, ® K’ is isomorphic to a direct sum
of two representations of dimension 1 with characters x' and x'?. Tt follows
that the lifts considered are inertia-rigid. We have to prove the existence of
a lift, the condition on the determinant then being satisfied by an unramified
twist.

Let F' € D, a lift of the Frobenius, let o be a generator of tame inertia
and let us note € = x'(0).

If p# 2, as xp(F) = —1 modp and we can choose the basis of Uy such

that the matrix of p,(F) is:
-1 0
0 1 /°

The matrix for p(o) is of the form:

(0 1),

We choose for p(F') the lift with the same matrix as p(F'). We choose for
p(o) the matrix which has eigenspaces the lines generated by e; + Ae2 and
e1 — Aez with eigenvalues € and e~! = ¢4. Note that p(F) permutes the two
eigenspaces, so that we have int(p(F))(p(c)) = p(o)?. This matrix p(o) is :

(e+e V)2 (e—e1)/2)
( AMe—ehH/2 (e+eh))2 )
We choose A such that 0 < v(\) < v(e — e 1) if a = 0, and if a # 0,
v(A) =v(e—e 1) and (e — e1)/2\ = @ mod.7.
Let us suppose p = 2. Note that € # —1 as x’ is of level 2. We choose
p(F) of the form :
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-1 =z
0o 1)’
with v(z) > 0 if p(F) is the identity matrix, and v(z) = 0 if p(F) is
unipotent not equal to identity. We choose z such that v(z) < v(e? —1). We
choose p(o) with eigenspaces e; + Aea and p(F)(e1 + Aez) with eigenvalues

¢ and e~ ! respectively. The matrix of p(c) in this basis is:

_ e—e ! e—e N (1-Az
(6 L+ ((2—>\z)) : ,\(21(,\,3) : >

Ae—e 1) (e—e 1)

€e—~—2

(2—X2) (2—X2)

If p(0) = id, we choose A with v(\) > 0, 2v()\) + v(2) < v(e? — 1).
This is possible as we have choosen v(z) < v(e? — 1). As then we have
v(A) +v(z) < v(2), we have v(2 — Az) = v(A\) + v(2), we see that the above
matrix has reduction id.

If p(o) # id, we choose A with 2v(\) + v(z) = v(e? — 1). We have
v(\) > 0 as we have choosen v(z) < v(e? — 1). It follows that v(A\z) < v(2)
and v(2 — Az) = v(\) + v(2). The reduction of the above matrix is upper
triangular unipotent, not equal to identity. If we note, for an element x €

K*, r(x) the reduction of zn?@) the reduction of the upper right term
(e—e 1) (1=)X2)
A(2—)z)
can choose \ such that the reduction of the above matrix is p(o).

of the above matrix is 7(e — e~ 1) /(r(2)r()\)?) : we see that we

3.3.4. Twist of semistable deformations. We use the formalism of Section
2.4. Suppose p|p, is of the form

YoXp X
0 /)

We consider liftings p of the form

YoXp ¥
0 7w )’
where -, is a fixed character of D, that lifts 7, such that its restriction to
I, is the Teichmiiller lift and 'ygxp = ¢.
The situation is analogous to the semistable case considered in 3.2.6 ex-

cept the cocycles form an O-module of rank 2. All we have to note is that
for A a finite CNLp-algebra instead of the formula (*) of 3.2.5, we use

121 (Gr, Al)| = A [HY(Gr, A)| = |AP.

Furthermore, the conductor of such a lift equals the conductor of p,.

4. GLOBAL DEFORMATION RINGS

References for this section are [5] and 3.1 of [38].

Let F be a totally real number field and let pr : Gp — GLo(F) = GL(Vf)
be absolutely irreducible and (totally) odd. We assume that p has non-
solvable image when p = 2, and ﬁ‘@(ﬂp) is absolutely irreducible when p > 2.
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We also write p for pr. We suppose that F' is unramified at places above p,
and even split at p if p |p, is irreducible for v a place of F' over p. Let O be
the ring of integers of a finite extension of Q, as before. We will consider
deformations to CNLp-algebras with a fixed, totally odd determinant ¢ =
VX, which lifts det pr. As we fix 5 we denote Ad(p) and Ad’(p) by Ad and

AdY as usual.

4.1. Presentations. Let W = S UV be a finite set of places of F', with
S and V disjoint, such that p is unramified outside the places in W, such
that all infinite places are in .S, and all places above p are in S. Thus we
may consider p as a representation of Gy = G g the Galois group of the
maximal extension of F in F unramified outside W.

For v € S consider the CNLp-algebra RE ¥ which represents the functor
obtained by assigning to a CNLp-algebra A, the isomorphism classes of lifts
of p|p, in GLa(A) having determinant 1y,. We can also say that RDY
represents the functor of pairs (Va,B,,4) where Vy is a deformation of the
D,-representation Vg to A , having determinant v¢x,, and 3, 4 is a lift of
the chosen basis of V.

Call REJO(W the completed tensor product ®v€SRE ¥ Consider the

CNLp-algebra REL’}Z{, which represents the functor obtained by assigning
to A, the isomorphism classes of tuples (Va, {3y a}ves) where Vy is a de-
formation of the Gyy-representation p to A having determinant vy, and
for v € S, By, 4 is a lift of the chosen basis of Vg. Then in a natural way

RESZ"/ is a Rg’loc’w—algebra. We can also say that REGZ{/ represents the func-
tor that associates to A equivalence classes of tuples (p, (py)ves, (9v)ves)
where p (resp. p,) is a lift of p (resp. pyp,) to GLa(A), and for each
v € S, gy is an element of GLa(A); such that p, = int(g,)(pp,). Re-
call that we denote by GLg(A); the kernel of GLa(A) — GLo(F). Two
tuples (o, (Pv)ves, (9v)ves) and (¢, (p,)ves, (9,)ves) are equivalent if they
are conjugate under the action of GLg(A); defined by (p,(pv),(g)) +

(int(9)(p), (pv), (9vg~1)). Let us call ]:ZESZ"/ the CNLp-algebra which clas-

sifies such tuples. Note that Specf(REL’jz‘}/) is a Specf(REL’jz‘}/)—torsor un-

der (GLg2);. The action of (GLg); commutes with the action of (h,) €

HUGS(GL2)1 (pv (pv)a (gv)) = (pa int(hv)(pv)a hvgv)' The action of homoth-
eties embedded diagonaly in (GLg)1 X [],cg(GL2); is trivial.

For v € S consider one of the quotients RE ¥ defined in the earlier section

that classifes certain lifts that satisfy a prescribed condition X,. Let us
write : Rg’loc’d) = ®veSRE’w-
We consider the CNLp-algebra RE&Z{/ = REGZ{/@) Ru,mc,wRE’loc’w. This
S

clearly has the property that if A is a CNLp-algebra, then a morphism

RESZ‘}/ — A of CNLp-algebras factorises through RESZ‘}/ if and only if the
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corresponding local representations for v € S factorise through the speciali-

sation RUDJZ’ — vajvw. We also call RESZ‘}/ = RE&JiZ{/@RD,Ioc,wRE’IOC’w-
S

Let Rguv be the subring of RE&Z{/ generated by the traces of the corre-
sponding universal deformation. This is the same as the image of the usual
(unframed) universal deformation ring Rﬁuv in RE{}Z{/. Then Spect (REL’}/{,) is

a Specf(R?UV)—torsor under (][, cq(GL2)1)/Gy, and RESZ"/ is a power series

ring over Rﬁuv in 4]S| — 1 variables. This follows from the fact that RE{}Z{,
is a torsor on R?uv under (GL2)1 x [[,c5(GL2)1/Gm.
Recall from Theorem 3.1 that we have the following properties of RE i
forv e S:
° RE’w is flat over O,

e The relative to O dimension of each component of T%UD’
-3ifl#p;
_3+[Fv:@p] ifl=p;
- 2 if v is an infinite place.

o RY ’w[%] is regular. (This last property will not be used in this sec-
tion.)

¢is:

0 loc,y

The completed tensor product Rg is thus flat over O, with each com-

ponent of relative dimension 3|S], and Rg’loc’w[%] is regular (see Proposition
3.2).
We denote using an obvious convention the universal deformations corre-

univ. - suniv O, univ

sponding to the deformation rings considered above by p&ly,, pely, Py
and p_gbu‘r/ﬁv where we will suppress V' if empty.

For a discrete Gp module M on which the action is unramified out-
side the finite set of places W, we denote by H*(W, M) the cohomology
group H*(Grpw,M). 1If for each v € W we are given a subspace L,
of H*(D,, M), we denote by H}:Lv}(VV, M) the preimage of the subspace
Myew Ly, C Hyew H*(D,,, M) under the restriction map H*(W, M) — Hyew H*(D,, M).

Let us consider the following situation : * = 1 and M = Ad%(p), for any
place v € S, L, is the image of H°(D,,, Ad/Ad") in H'(D,, Ad"). It is either
0 or 1-dimensional over F. For v € V we take L, to be all of H'(D,,, Ad°).
We define L} to the annihilator of L, under the perfect pairing given by
local Tate duality (see Theorem 2.17 of [16] for instance)

HY(D,,Ad°) x HY(D,, (Ad®)"(1)) — F.

Note that (Ad)" = Homp(Ad®, F) is isomorphic to Ad/Z as a G'p-module,
where Z are the scalar matrices in My (F). The Gp-module Ad/Z is isomor-
phic to Ad® when p > 2, and need not be so when p = 2. (Note that in many
references for example [16] what we call (Ad®)"(1) is denoted by (Ad®)".)

We denote by the superscript n the image of the corresponding coho-
mology with Ad®(p)-coefficients in the cohomology with Ad(p)-coefficients.
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Thus the images of the maps H' (W, Ad") — H'(W, Ad) and H{ILU}(VV’ Ad%) —
H'(W, Ad) are denoted by H'(W, Ad°)" and (H{lLv}(VV’ Ad®))" respectively.
(Note that this differs slightly from the notation of [5]: for instance what we
call H'(W, Ad®)" is denoted using the conventions there by H'(W, Ad)".)

Definition 4.1. For a prime p, define 6, =0 if p > 2 and 62 = 1.
Then we have the following result.

Lemma 4.2. 1. Consider the eract sequence
0 — H(W,Ad°) — H°(W,Ad) — H°(W,Ad/Ad%)(=F)

— H'(W,Ad°) — HY (W, Ad).

The dimension of the kernel of the surjective maps H' (W, Ad®) — H' (W, Ad®)"
and Hy; (W, Ad%) — (H{, ,(W,Ad°))" is .
2. We have
|HO(Gr, AdY)|

[HO(GF. (Ad%)"(1))]

Proof. 1. As p is absolutely irreducible, we have H°(Gp, Ad) = F.id. Also
note that F.id is not inside Ad® if p # 2 and F.id ¢ Ad® if p = 2. (1) follows.
(See also the exact sequences (7) and (8) of [5].)

2. For p > 2, as p|p(,,) is absolutely irreducible, both HY(Gp,Ad%) and

HO(Gp, (Ad)"(1)) are 0 (see proof of Corollary 2.43 of [16]).

In the case of p = 2, as p is absolutely irreducible, H°(Gr, Ad°) and
H°(Gp,Ad) are one-dimensional over F generated by id.

Let us prove that H(Gp, (Ad®)") = HY(GF, (Ad/Z)) is trivial. If not, let
I € Ad whose image in Ad/Z is a non trivial element in H*(Gf, (Ad/Z)). Let
g be an element of Gp whose image in PGLy(F) is a non trivial semisimple
element. Let D; and Ds be the two eigenspaces of p(g). As the restriction
of p(g) to the plane P generated by id and [ is unipotent and 1 is not an
eigenvalue of p acting on Ad/P, we see that P is the subspace of diagonal
matrices relatively to the decomposition D1 @ D5 of the underlying space of
p. As P is stable under G, the set of the two lines D and Dy is stable by
Gr and p(GF) is solvable. This is not the case and (2) is proved. (See also
Lemma 42 of [15].) O

= [F|’”.

By arguments as in the proof of Lemma 3.2.2 of [37] we have:

Lemma 4.3. The minimal number of generators of REJZ{/ (resp., RESZ\}/

1
over Rg’ o¢

dimp(H*(Gp, Ad)).

Proof. Let mg (resp. myo) the maximal ideal of REGZ{/ (resp. Rg’loc’w). Let
us prove that the dimension of the relative cotangent space (mg/ m§1)®RD,1DC,¢
S

Y (resp., RE’loc’w) is dimF(H%Lv}(SUM Ad®)) =6+ pesdimp (HO(D,, Ad))—
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IF, or equivalently that of the relative tangent space Homeo ((mg/ m§1)®RSD,1OC,¢

F,F), is dimg(H{; ,(SUV, Ad"))—8,+,esdimp(HO(Dy, Ad))—dimg (HO(Gp, Ad)).
The relative tangent space of the previous sentence corresponds to the

set of deformations of VF to finite free, rank 2, dual algebra F[e]-modules

(e2=0), VE|e], together with a collection of bases {3, }ves lifting the chosen

basis of Vi, such that for each v € S, the pair (Vg|p,,3y) is isomorphic

to Vr ®@r Fle] equipped with the action of D, induced by the action on Vg

and the basis induced by the chosen basis of Vp. The space of such defor-

mations Vg, is given by (H { L, }(W Ad%))" whose F-dimension by Lemma
4.2 is dimp(H {L }(S UV,Ad%)) — §,. After this the proof is completed just
as in [37] by observing that two sets of choices {3, }ves and {f,}ves are
equivalent if there is an automorphism of V.| respecting the action of D,,
reducing to an homothety on Vg, and taking 3, to [3,,. U

Consider the formula of Wiles (see Theorem 2.19 of [16], with M = Ad",
or Proposition 3.2.5 of [37]):
(1)
[H{ (SUV,A) | HY(Gp, AdY)

L]
L (5 UV, AP )] (G (A ()], LL, T, A

For the rest of this subsection we assume that V' is empty, and remove it
from the notation.

Proposition 4.4. The absolute dimension of Rg 1s > 1.

Proof. Let
g = dimg(H{} 1(S,Ad°))=6,+Sesdimp(H’(D,, Ad))—dimg(H" (G, Ad))
= dimp(H {1, (S, (Ad®)" (1)) — dimgp(H°(Gr, Ad))
+Yyes (dimp(H(Dy, Ad)) + dimg(Ly) — dimp(H"(D,,, Ad°)) .

The second equality follows from Wiles’ formula (1), and Lemma 4.2.
We have the exact sequence :

(0) - H*(D,,Ad") — H*(D,,Ad) = F — L, — (0).

It follows that, in the preceeding formula, each term of the sum over v € S
is 1 and we find :

g = dimg(H}, (S, (Ad")" (1)) + S| - L.
By Lemma 4.3, we have a presentation
O, O,loc,
R3"Y ~ RIVI[Xy, -, X,]1/J,
which induces an isomorphism on the relative to REJO(W tangent spaces of

Rg’loc’w[[Xl, -, X4]] and RD’w. Let us call r(J) the minimal number of

generators of J : if m is the maximal ideal of RD loavix, . -+, Xg4]], we have
r(J) = dimp(J/mJ).
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Lemma 4.5. We have the inequality :

r(J) < dims(H{p,4(S, (Ad”) (1))
Proof. We prove the lemma. We define a F-linear map

f: Hom(J/mJ,F) — H{lL#}(S, (Ado)*(l))*a

and we prove that f is injective.
To define f, we have to construct a pairing ( , ) :

Hy14(5,(Ad°)" (1)) x Hom(J/mJ,F) — F.

Let u € Hom(J/mJ,F) and [z] € H{ILL (S, (Ad®)"(1)). We have the exact
sequence : ’

0— J/mJ — RJ°“Y[[Xy, -+, X,]]/mJ — Rg"¥ — 0.

We push-forward the exact sequence above by u getting an exact sequence
0— I, — R, — R3Y — 0.

Note that IS =0, and [, is isomorphic to F as an R,-module.

Let (p, (pv)ves, (gv)ves) be tuple as above representing the tautological
point of Rg’w. As R, is a Rg’loc—algebra, for all v € S, we get a lift p, of p,
with values in GLa(R,). Let us choose lifts g, € GLa(R,) of the g, and let
us write gl = int(g; 1) (o).

Consider a set theoretic lift p : Gg — GL(Vg,) of p?’umv, such that the
image of p consist of automorphisms of determinant the fixed determinant
¢. This is possible as SLo is smooth. We define the 2-cocycle :

c: (Gg)? — Ad°, c(g1,92) = p(91)p(92)p(g192) "

We define a 1-cochain a, by the formula :

ay: Dy — Ad®, p(g) = (1+ au(9))7, (9)-
We see that ¢;p, = 6(ay). We define (z,u) by the formula :

Z inv((z, Uay) + 2p),

vES

where z is a 1-cocycle representing [z], z is a 2-cochain of Gg with values
in O% such that §(z) = (x Uc) (see 8.6.8 of [30]). We have written ( , )
the cup-product followed by the map on cohomology defined by the pairing
(Ad%)*(1) x Ad® — F(1).

The formula is meaningful as 6((z, U ay) + 2,) = 0. By the product
formula, it does not depend on the choice of z. It does not depend on the
choice of the representative = of [r]. Indeed, if we choose = + d(y) as a
representative, we can replace z by z + (y U ¢), and in the formula defining
the pairing we have to add :
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Z inv((6(yv) U av) + (4o U ¢v))-
vesS
Each term of this last sum is 0 as it is inv(d((yy, U ay))). It does not
depend on the choice of p. If we take as a section (1 + b)p, we replace a,, by
ay + by, ¢ by ¢+ d(b) and we can replace z by z — (x Ub), and the formula
is changed by :

> inv((ay Uby) — (20 Uby)) = 0.
vesS
The application x +— (x,u) is obviously linear. The linearity of u — (x,u)
follows from the fact that ¢ (resp. a,) is defined by evaluating at u a cochain
(Gs)? — J/mJ @ Ad° (resp. D, — J/mJ @ AdY).
Let us prove that the map f defined by this pairing is injective. We have
a part of the Poitou-Tate exact sequence :

H'(8,Ad") = @ues H' (Do, Ad’)/Ly — Hip 1y (S,(Ad)"(1))" — TTI(S, Ad").

If f(u) = 0, we have in particular that for all [z] € III*(S, (Ad°)*(1)),
([x],u) = 0. For such an [z], it follows from 8.6.8 of [30] that ([x],u) =0
coincides with Poitou-Tate product of [x] and the image of the class [c] of ¢
in I112(S, Ad%). As the Poitou-Tate pairing is non-degenerate, we see that
if f(u) = 0, we have [¢] = 0. Thus we can suppose that p is a Galois
representation and that [z] = 0. The formula defining f(u) shows that f(u)
comes from the image of (a,) in @yesH'(Dy, Ad®)/L,. As f(u) = 0, we
can find b € Z'(S,Ad°) and h, € Z°(D,, Ad) such that b, = a, + (h,) for
each v € S. If we replace the Galois representation p by (1 — b)p and g, by
(14 hy)gw, we obtain a tuple (p, (py), (§») defining a section of the morphism
of Rg’loc’w—algebras : Ry — Rg’w. We see that we have an isomorphism of
Rg’w-algebras R, ~ RE#/} @ I, with (I,)?> = 0 and Rg’w acting on I,
through F. This is impossible as R, — RE’¢ induces an isomorphism on
tangent spaces relative to Rg’loc’w. This proves that f is injective and the
lemma. (]

Using the presentation
RE#} ~ Rg,loc,w[[Xh . ,Xg]]/J

and the natural maps REJO(W — REJOC’¢ and RE’¢ — RE’¢ we deduce a
presentation.
R = RG™UX - X))/
and get that J' is generated by dim(H{lL#}(S, (Ad®)"(1))) elements.
Thus we get a lower bound for the (absolute) dimension of REW as
|S| — 1+ abs. dim.(RE’loc’w). We know that Rg’loc’w is flat over O such

that abs. dim.(RE’loc’w) = 1+ 3|S|. Thus a lower bound for the (absolute)
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dimension of RE#/} is 3|S|+1+|S| —1 = 4/S|. Comparing this with another
expression for the (absolute) dimension which is abs. dim.(}?ﬁ) +4|S5| -1

proves the proposition.
O

Remarks: The proof above is along the lines of Lemma 3.1.1 of [38], or
Theorem 5.2 of [5]. The map
f: Hom(J/mJ,F) — H{; (S, (Ad°)"(1))*
constructed above, and its injectivity, answers a question of 3.1.4. of [38].
Let 71,...,7.(s) be elements of J which reduce to a basis of J/mJ. We

shall prove in Theorem 9.1 that R? is O-module of finite type. It follows that

1, Tp(J), P is a system of parameters of Rg’loc’w[[Xl, -, Xgl]. If the O-

algebras RUD Y are Cohen-Macaulay, it is a regular sequence. It follows that
Rg is flat over O, and Cohen-Macaulay (resp. Gorenstein, resp complete
intersection) if the Ry"Y are.

Corollary 4.6. If Rg is a finitely generated Zp-module, then there is a
map of CN Lp-algebras m : R? — O for O the ring of integers of a finite
extension of Q,. As RE’w is smooth over Rg, we also get a morphism
R3Y = 0", for O" like O'.

Proof. Let R = Rg. From the hypothesis and the proposition we see that
p € R is not nilpotent and hence there is a prime ideal I of R with p ¢ I,
and thus the fraction field of R/I is a finite extension E’ of Q, with ring of
integers O@’. Thus the map R — R/I — O'(— E’) is the required morphism.

O

4.2. Auxiliary primes.

Lemma 4.7. Let I be a totally real number field that is unramified above
p. Let p : Gp — GLo(F), as before, be such that p is (totally) odd and
has non-solvable tmage when p = 2, and ﬁ’@(ﬂp) 1s absolutely irreducible

when p > 2. (Hence ﬁ|GF(C my U8 irreducible for all non-negative integers
P

m.) Let Fy,, denote the extension of F(Cym) cut out by Ad’(p)*. Then
HY(Gal(Fy /F), A°(p)*(1)) = 0.

Proof. The case of p > 5 is dealt with in Lemma 2.5 of [51]. The case
of p = 3 is dealt with exactly as in proof of Theorem 2.49 of [16] using
our assumption that plg( F(¢,)) is irreducible. This reference assumes that
F = Q, but because of our assumption that F' is unramified at p, the
arguments there remains valid in our situation.

We turn to p = 2. By our assumption and Dickson’s theorem the projec-
tive image of p is PGLa(F") ~ SLy(F’) for |F'| = 2™ with m > 1, and thusis a
simple group. Hence Gal(F,,/F({am)) ~ PGLy(FF"). We check that for such
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p both H(Gal(Fy/F(Gan)), Ad*(5)) and H'(Gal(Fyu/F(Gan)), Ad*(p)")

vanish. This follows from the vanishing of HY(PGLy(F'), M3(F')/Z) and
HY(PGLy(F"), My(F")/Z), with Z = F.id, where the action of PGLy(FF’) on

the coefficients My (F’)/Z is by conjugation. The vanishing of H°(PGLy(F'), Ms(F')/2)
is clear (see proof of Lemma 4.2 for instance). The vanishing of H(PGLy(F'), M2 (F")/Z)
is checked in in proof of Lemma 42 (page 367) of [15]. O

Lemma 4.8. For each positive integer n, there is a set of primes Q, such
that:
o for v € Qn, v is unramified in p and 1, p(Frob,) has distinct eigen-
values oy, By, and N(v) =1 mod p",

. H{lL#}(S UQn, (Ad®)" (1)) = 0 where L =0 forv € Q,.
Proof. The condition (1) in the proof of Lemma 2.5 of [51] follows from
Lemma 4.7.

We check the condition (2) in the proof of Lemma 2.5 of [51]. For p > 2 the
argument for this in [51] works, but the argument is a little different for p = 2
as was pointed out to us by Kisin. Using the fact that G := Gal(F,,/F({am))
is a simple group (see proof of Lemma 4.7), we claim that that the only non-
zero G-stable submodules V of Ad® are the scalars and Ad°. In both cases
we check condition (2) of Lemma 2.5 of [51] is satisfied for V' by choosing an
element o of Gal(F,/F((am)) such that Ad°(¢) has an eigenvalue different
from 1.

We prove the claim. We know from the proof of Lemma 4.2 that H°(G'r, Ad°)
is one-dimensional over I, and consists of the scalar matrices, and H°(GF, (Ado)*) =
0. If V # 0 is a proper G-stable submodule of Ad°, then if the dimension of
V over F is one we deduce from the fact that G is simple, non-abelian that
it acts on V as the identity and hence V is the scalars. If the dimension of
V over F is 2, then we deduce that (Ad®)" has a G-submodule of dimension
one over [F, on which again it is forced to act trivially, and this contradicts
the fact that H°(Gr, (Ad®)") = 0.

After this, the lemma follows just as in the proof of Lemma 2.5 of [51] by
using the Cebotarev density theorem. O

Lemma 4.9. Forv € Q,,, dimg(H'(D,, Ad%)) = 2 = 14+dimg(H°(D,, Ad)).

Proof. By the Euler characteristic formula and Tate duality it is enough to
show that

dimg(H°(D,, (Ad®)"(1))) =1

and this follows from the fact that N(v) is 1 mod p and that p(Frob,) has
distinct eigenvalues for v € @Q,,. O
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Proposition 4.10. 1. The universal deformation ﬁgﬁén corresponding to

the ring RﬁuQn is such that ﬁgﬂénbv, is of the form

(5 2)
0 v, )’

where Ya,,78, are characters of D, such that ~,, modulo the mazimal
ideal takes Frob, to «,. Note that vy = Ya,l1, = ’Y,g_vl|1v for a charac-

ter v, : I, = Al — (}?gUQn)* where Al is the mazimal p-quotient of k.
This naturally endows Rqun (and hence Rgb%n) with a A = Ileq, A,
module structure, and its quotient by the augmentation ideal of O[A’Qn] 18

isomorphic to R? (resp., Rg’w),
2. The Rg’loc’w—algebm RE@%H is generated over Rg’loc’w by

g = dim(H]; (S, (Ad’)"(1))) + S| — 1

elements, i.e., g = |Qn| + |S| — 1. Thus an upper bound for the absolute
dimension of REUQ” 18

dim(H{,,,(S, (Ad°)" (1)) + 4/S|.

Proof. The first part is standard (see Lemma 2.1 of [51]). The second part
uses Lemma 4.3, Wiles’ formula (1), H{lLL}(S UQn, (AdY)" (1)) =0, |Qn| =

dimFH{lL#}(S, (Ad®)"(1)) and Lemma 4.9. O

5. TAYLOR’S POTENTIAL VERSION OF SERRE’S CONJECTURE

We will need the following variant and extension of Taylor’s results on a
potential version of Serre’s conjecture (see [50], [51]):

Theorem 5.1. Let p a Gg representation of S-type, with 2 < k(p) <p+1
if p > 2. We assume that p has non-solvable image when p = 2, and ﬁ|@(ﬂp)
is absolutely irreducible when p > 2. Then there is a totally real field F' that
is Galois over Q of even degree, F' is unramified at p, and even split above
p if plp, is irreducible, im(p) = im(plcy ), plr(,,) absolutely irreducible, and
such that:

(i) Assume k(p) =2 if p = 2. Then p|g, arises from a cuspidal automor-
phic representation © of GLa(AF) that is discrete series of weight k(p) at
the infinite places and unramified at all the places above p. If p is ordinary
at p, then for all places v above p, m, is ordinary.

(ii) plap also arises from a cuspidal automorphic representation m of
GL2(AR) such that m,, at all places v above p, is of conductor dividing v
(and is unramified if p is finite flat at v), and is of weight 2 at the infinite
places. Further m, is ordinary at all places v above p in the case when p s
ordinary at p.

(#ii) Further :
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a) In the case k(p) = p and the representation p|, is trivial, we may
choose F' so that at places o of F above p, pla,, is trivial.

b) Given finitely many primes {; # p and extensions Fy, /Qy,, then we may
choose F' so that for every embedding F — @gi, the closure of ' contains
Fy,.
¢) In the case that p > 2 and weight k(p) = p + 1, we may ensure that F
1s split at p.

d) Given a finite extension L of Q, we can morever impose that F' and L
are linearly disjoint.

Proof. We give the arguments that one has to add to Taylor’s papers [50],
[51], and Theorem 2.1 of [32], to get the additional needed statements that
are written in italics below, and which are not explicitly in these papers.

In the case when the projective image of p is dihedral, we ensure that the
fields considered below, besides being linearly disjoint from the extension
cut out by p, are split at a prime which splits in the field cut out by the
projectivisation of p, but which is inert in the quadratic subfield of Q(s,).
This ensures that p|¢ F(up) 18 irreducible for all the number fields F' considered
below.

In the proof of Taylor, one has a moduli problem X for Hilbert-Blumenthal
abelian varieties A with polarisation and level structures. It is Hilbert-
Blumenthal relatively to a totally real field that we call M (as in [50] ; in
[51] it is called E). One has an embedding i : Oy — End(A). The polari-
sation datum is an isomorphism j of a fixed ordered invertible O,/-module
to the ordered invertible Oy/-module P(A, 1) of polarisations of (A,4). The
level structure is called . In [50], the level structure is at a prime A\ above
p and an auxiliary prime that Taylor calls p (in Taylor, the residue char-
acteristic of p is £). We call this auxiliary prime po. In [51], there are two
auxiliary primes p; and ps. The level structure at A is given by p. There
is a prime p of M above pg (resp. pp) for which the residual representation
is irreducible with solvable image. There exists a point xz of X (F') giving
rise to a data(A, 4,7, ). In [50] A is defined over F' and a modularity lifting
theorem gives the automorphy of the Tate module V,(A), hence of A and
of pjg,- In [51], A is defined over a totally real extension N'F' of I which
gives rise to an abelian variety B over F' (see lemma 4.4.). The modularity
of B implies that of pq,..

The existence of F' and a point of X with values in F' follows by a the-
orem of Moret-Bailly from the existence of points of X with values in the
completion of Q at oo, p and the auxiliary primes. For p = 2 one proves the
existence of points with values in Qg or Q,,, p; auxiliary prime, as for p # 2.

- For p = 2, there exists a point of X (R).

Let us first consider the case where p|p, is reducible ([50]). The polar-
ization data j is an isomorphism (Opr) ~ P(A,i) (see erratum page 776
of [51]). In the erratum, Taylor gives a data (A,4,j) over R. The torus
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A(C) is CHom(MR) /T where L = 63,1+ Opz, 6ar is the different of M and
z € (iRso)Hom(MR) For ¢ € Oy, j(a) corresponds to the Riemann form :

E(z +yz,u+vz) = trygla(yu — xv)).

The action of the complex conjugation ¢ over A(C) is the natural one
on the torus and we see that the action of ¢ on the points of order 2 of A
is trivial. It follows that, if p(c) is trivial, one can define a level structure
a such that (A,4,7,a) is a real point of X. If p(c) is non trivial, let D
be a Ojps/2-submodule of L/2L which is a direct factor and which is not
the reduction of 6;/11 or Oprz. Let L' be the inverse image in L of D. As
¢(L") = L', L' defines an abelian variety A’ over R, which is isogenous to A.
It has an action ¢’ of Oy;. For a € Oy, 1/2F defines a Riemannian form on
A’ ; this gives a polarisation datum j’. As D is not the reduction of d;;" or
Oz, the action of ¢ on the points of order 2 of A’ is by a matrix which is

1
0 1
such that (A’,7,j',a’) defines a point in X (R).

When p|p, is irreducible ([51]), the polarization data j is an isomorphism
(634) =~ P(A,i). We can find a point (4,4, j,a) in X(R) by taking 4 =
FE ® Oy, E elliptic curve over R with 4 or 2 points R-rational of order 2
according whether p(c) is trivial or not.

- The case p = 2, k(p) = 4. We have to prove that pg, is associated to
a cuspidal automorphic form of GLa(Ap) of parallel weight 2 and which is
Steinberg at places v above 2. We do this as Taylor does ([50]) when the
character x, (p. 130) is such that x2 = 1. The abelian variety A is chosen
to have completely toric reduction at primes above 2 (first case of lemma
1.2. of [50]). This proves that we can take 7 of weight 2 and of level v for v
above 2 .

- If k(p) = 2, one can ensure m is of weight 2 and unramified at primes
above p (including p = 2) and ordinary at these places if p is ordinary.
When the restriction of p to the decomposition group D, is irreducible, this
follows from the fact that in the lemma 4.3. of [51], we can impose that x is
unramified at p (¢ in [51]). Then we obtain in 3. of prop. 4.1. of [51] that
the Weil-Deligne parameter at p is unramified.

When p is ordinary, we do as in [27], as follows.

We can ensure that the point of X(Q,) given by the theorem of Moret-
Bailly (see [28]) defines an abelian variety A, which has good ordinary re-
duction. To prove this, first we twist by a character unramified at p to reduce

to the case where the restriction of det(p)x, ' to D, is trivial. Then, p has
the shape :
XoXy' %
0 v

with y, unramified. As in p. 131 of [50], we define a lifting x, of x, : we
choose the first definition even if x2 = 1, so that y, sends the Frobenius

conjugate to . This implies that one can find a level structure o’
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to the choosen Weil number 3,. The field F, of p. 130 of [50] is Q,.
In Lemma 1.2. of [50], we do not need to do descent. We have, as p.
135 of [50], to lift the class Z € HY(Dy, On/A(Xpxy2)) defining p, to an
zy in HY(Dy, Opa(XpXy2)). The obstruction to do this is an element of
H?(Dy, Opra(xpXs2)). This group is dual to H(D,,, My /On2(%2)). When
X2 is non trivial, there is no obstruction. Let us prove that, when x?2 is
trivial, the obstruction o is trivial. The character Y2 is non trivial as the
Weil number 32 is not 1. Let a the least integer such that ¥2 is non trivial
modulo p*t! (recall that M is unramified at p). Let us write 2 = 1 +
p®T1n mod.p®*tt. Let us denote og the corresponding obstruction for n = 0.
In fact og is trivial by Kummer theory. By comparing the obstructions o
and oy, we prove that the obstruction o is the cup product n with z. As n
is unramified and 7 is finite this obstruction vanishes. This proves that we
can find A, which has good ordinary reduction.

The abelian variety A, with the polarization and level structures define
a point z, € X(Zp) (take as integral structure on X the normalization of
the integral structure for the moduli problem without level structure for
primes above p). One considers €, to be points of X(Q,) that reduces to
Zy. Then, applying Moret-Bailly with this €2,,, we can impose that the point
x € X(F) that we get has the same reduction as x,. The abelian variety A
has ordinary good reduction at primes of F' above p.

- for p =3 and p|p, irreducible, adjustment of the weight. Although p =3
is excluded in (Section 5 of) [51], as explained in Section 2 of [32], Lemma
2.2 and Lemma 2.3 of [32] allow one to lift this restriction.

- p # 2, pp, reducible, k(p) > 2, adjustment of the weight. The proof
of lemma 1.5. of [50] shows that A is ordinary at v such that the inertial
Weil-Deligne parameter at v of A is (W*?~2 @ 1,0) if k(p) # p + 1 and
(1®1,N)if k(p) = p+ 1 with N a non-zero 2 x 2 nilpotent matrix. (In the
case k(p) = p and p|p, is semisimple, the proof of the quoted lemma gives
that the inertial Weil-Deligne parameter at v of A is (w™!@®1,0), it does not
say to which line of p reduces the line of p on which an open subgroup of
I, act by the cyclotomic character). Thus as in [50] (and using Appendix B
of [12]) one knows that p arises from a cuspidal automorphic representation
7 of GLa(Ap) of parallel weight 2, and at places v above p, m, is ordinary
such that the inertial Weil-Deligne parameter of 7, is the same as that of A
at v. It follows from this, using Hida theory (see Section 8 of [25], using also
Lemma 2.2 of [32] to avoid the neatness hypothesis there) that pg, also
comes from a a cuspidal automorphic representation 7 of GLo(Ap) that is
unramified at places above p and of parallel weight &(p).

- for k(p) = p and the representation ply, is trivial, one can impose that
at places p of F' above p, p|a,, is trivial by enlarging I’ by an extension that
is unramified at p (but not split).

- one can impose that closures of F' contain locally given extensions Fy,,
l; # 2,p, by successive applications of Grunwald-Wang theorem.
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- one can impose F' to be linearly disjoint of the field defined by ker(p) by
the theorem of Moret-Bailly (see the version in Proposition 2.1 of [24]).

- (iil) If k(p) is even, we can take F split at p. It follows from the fact
that, if k(p) is even, the restriction to D, of det(p)x, ' is a square.

- given a finite extension L of Q, we can impose that L and F' are linearly
disjoint . As in proposition 2.1 of [24], one imposes that F' is split at a
finite set of primes whose Frobenius generate the Galois group of the Galois
closure of L.

O

6. p-ADIC MODULAR FORMS ON DEFINITE QUATERNION ALGEBRAS

The reference for this section is Sections 2 and 3 of [51]. The modifications
used here at many places of the usual arguments to deal with non-neatness
problems is an idea of [6]. For instance Lemma 1.1 of [51], which handles
the non-neatness problems in that paper, can be modified to work for p = 3,
see Lemma 2.2 of [32] for instance, but not directly for p = 2.

Let p be any prime, and F' a totally real number field of even degree in
which p is unramified. Let D denote a quaternion algebra over F' that is
ramified at all infinite places, and ramified at a finite set 3 of finite places
of F.

Fix a maximal order Op in D and isomorphisms (Op), ~ M2(Op,) for
all places v at which D is split. Let A be a topological Z,-algebra which is
either an algebraic extension of ), the ring of integers in such an extension
or a quotient of such a ring of integers.

For a place v at which D is split denote by

Up(v) ={g € GL2(OF,) : g = ( 8 2 > mod.(my)},

and

Ur(v) ={g9 € GL2(OF,) : g = ( g 11) > mod.(my)}.

Let U = II,U, be an open subgroup of (D®prA%)* that is of the following
shape: at places v ¢ ¥’ C X, U, C (Op)¥ and is = (Op)} for almost all v,
and for v € X', U, is D}. Note that in the latter case [U, : (Op), F;] = 2.
The case of non-empty Y’ is considered only when p = 2, and its considera-
tion may be motivated by Lemma 6.2.

Let ¢ : (AF)"/F* — A* be a continuous character. Let 7 : U — Aut(W;)
be a continuous representation of U on a finitely generated A-module W,.
We assume that

Tlun@ase)y: = lb_l’Um(A%O)*-

The character ¥ and the representation 7 will always be such that on an
open subgroup of (’)}p, 1 is an integral power of the norm character. (The
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norm character N : 1L, Fiy — @; is defined by taking products of the local
norms. )

We regard W, as a U((A%)")-module with U acting via 7 and (A¥)”
acting via ¢~!. We define S; 4 (U) to be the space of continuous functions

f:D\(Dor AF)" — W,
such that:
flgu) =u" f(g)
flgz) = ¥(2)f(9)

for all g € (D @p A¥)*,u € U,z € (A¥)". We also use the notation
Sr(U, A) for S, ,(U) when we want to emphasise the role of the coefficients
A

Fix an algebraic closure Q, of Q,, and let E C Q, be a sufficiently large
finite extension of @@, with ring of integers O, and residue field F. We
assume that F contains the images of all embeddings F' — @p. For all
such embeddings we assume D, ®p.,p F is split for all places v above p.
Write W;, and W, for @ p, ESymk_Q(’)E2 and Qp, ESymk_QIF2 respectively,
where & > 2 is an integer, and k = 2 if p = 2. These are Hv|p((’)D)z-
modules using an identification of Op ®,. O with M2(OFg). The character
P (A;’ﬂ)* JF* — A* acts on these modules W}, and W}, via the natural

action of A* ; ) restricted to an open subgroup of (A%)* is N2~* where N
is the product of the local norms at places above p.

In the cases of U non-compact, and hence ¥’ non-empty, that are consid-
ered (and thus p = 2), denote by U’ = II,U, the open compact subgroup of
U where for places in v € ¥/ U, is maximal compact, and for finite places
v not in ¥, U, = U], i.e. it is the maximal compact subgroup of U. Then
U'(A®)" is normal of finite index in U(AY)" and U(A¥)"/U'(AR)" is of
type (2,--+,2). The module Wy or Wa of U’(A%)" can be extended to one
of U(A%)* in one of 2 possible ways, and we denote these extensions by
the same symbol W5 or W (as we will fix such an extension). For p > 2, Wy
or Wy are naturally U, = I1,,Uy and hence U-modules. Thus in all cases
we may regard Wy and Wy, as U(A%)"-modules.

The modules W, below will be of the form W, ®» V where V is a finite
free O-module on which U acts through a finite quotient, or Wj, ® V where
V is a finite dimensional F-vector space which is a U module (and with & = 2
if p=2).

When W, = Wj,, W}, we also denote S (U) by Sk (U, O) and Sy, (U, F)
respectively. (To be consistent we should also use v in the latter, but this
inconsistency should cause no confusion.)

If (D®p A¥)* = ;e D*t;U(AR)™ for a finite set I and with ¢; € (D ®
A)*, then S; 4 (U) can be identified with

@) @AEIW(U(AOFo)*ﬂti_ID*ti)/F*

via f— (f(t:))i-
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For each finite place v of F' we fix a uniformiser m, of F,. Let S be a
finite set of places containing >3, the primes dividing p, and the set of places
v of F such that either U, C D;, is not maximal compact, or U, acts on W
non-trivially.

We consider the right-action of g € (D @p A%)" on the W -valued func-
tions f on (D ® A%)* and denote this action by f|g. This induces an action
of the double cosets U< 78’ 72} )U and U< 78’ (1) >U on Sy (U) for
v ¢ S: we denote these operators by S, and T, respectively. They do not
depend on the choice of .

We denote by Ty (U) the O-algebra generated by the endomorphisms T,
and S, acting on Sy (U, O) for v ¢ S. (Note that we are suppressing the
weight k£ in the notation for the Hecke algebra, but this should not cause
any confusion in what follows.)

A maximal ideal m of Ty(U) is said to be Eisenstein if T, — 2,5, —1 € m
for all but finitely many v that split in a fixed finite abelian extension of F'.
We will only be interested in non-Eisenstein maximal ideals.

We consider the localisations of the above spaces of modular forms at non-
Eisenstein ideals m: S, (U, O)m denotes the localisation at m of Sy, (U, O).
The functions in Sy (U, O) that factor through the norm die in such non-
Eisenstein localisations. These spaces Sk (U, O)m for non-Eisenstein m
can be identified with a certain space of cusp forms using the Jacquet-
Langlands correspondence as in Lemma 1.3 of [51]. From this we deduce
that a Hecke eigenform f € S (U, O)m gives rise to a representation
pf: Gp — GL2(O) as in [10] and [53] which is residually irreducible. The
representation p; is characterised by the property that for almost all places
v of F', py is unramified at v and ps(Frob,) has characteristic polynomial
X? — a, X + N(v)y(Frob,) where Frob, is the arithmetic Frobenius and a,
is the eigenvalue of the Hecke operator T acting on f. It is easy to see that
non-Eisenstein maximal ideals m of Ty (U) give rise to irreducible Galois
representations pm : Gp — GLa(Ty(U)/m).

We record a lemma that we use a few times below.

Lemma 6.1. Let U = I1,U, be an open compact subgroup of (D ®p Ajoco)*

and W, a U(AY)* module as before that is a finite dimensional vector space
over F such that (AY)* acts on it by Y. Let w be a finite place of F such
that Uy, = GL2(Oy) is mazimal compact at w and acts trivially on W.. Let
U = 1L,U, be a subgroup of U such that U, = U, for v # w, and U}, =
Up(w). Consider the degeneracy map o, : SWM;(U,F)Q — Sy, 5(UF)
given by

o —n+nl( g 2 ).

w

The mazximal ideals of the Hecke algebra in the support of ker(ow,) are Eisen-
stein.
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Proof. By passing to an open subgroup we may assume that the action of
U on W, is trivial. Now observe that if (f1, f2) is an element of the kernel
of a,, then fi is invariant under USLg(F,). Thus by strong approximation
we see that fi is invariant under right translation by D(AS), with D! the
derived subgroup of D, and thus factors through the norm.

O

6.1. Signs of some unramified characters. We record a lemma which
is used in Section 8.1.

Lemma 6.2. We assume the conventions of the present Section 6. Let
U =11,U, be as before, but we further ask that:

(i) for allv € ¥, U, = (Op)} for p> 2,

(i) for all v € ¥, we assume that U, = D}, for p =2 (i.e. in the earlier
notation ¥/ =3%).

Consider S (U, O)m for a non-Fisenstein mazimal ideal as above, where
again by our conventions k = 2 when p = 2. Then for each v € X there is a
fized unramified character v, : G, — O such that for any Hecke eigenform
f € Sky(U,O)m, ptlp, is of the form

XpYv X .
0 7

Proof. From the Jacquet-Langlands correspondence (and its functoriality at
all places including those in XJ), and the compatibility of the local and global
Langlands correspondence for the association f — py proved in [10] and [53]
it follows that pf|p, is of the form

XpVv, f *
0 Yo, f ’

with 7, 7 : Gg, — O an unramified character such that 'yi ;= Py

The claim that v, ; is independent of f follows:

(1) in the case p > 2 from the fact that the residual representation attached
to a f € Sk (U, O)m is independent of f;

(ii) in the case p = 2 from the quoted results and the fact that U, = D}
for v € X. In a little more detail we first deduce that the local component at
v of automorphic forms on (D ® A)* corresponding to the eigenforms f €
Sk.(U, O)m is independent of f, and thus by the functoriality at places in ¥
of the Jacquet-Langlands correspondence we deduce that the corresponding
forms on GL2(Ar) have the same property. Then using the results of [10]
and [53] we are done. O

Remark: We remark that v, (Frob,) is the eigenvalue of a uniformiser of
D acting on such f’s.

6.2. Isotropy groups. For any t = II,t, € (D ®r A¥)*, we have the
following exact sequences with U as before but we further assume that U is
compact (see [51]):
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(3)
0 — UVt DW= /1) — (UAS) Nt~ D*t) /F* — ((AF)*)2VNF*)/(F*)?

with V = HU<OOO}U, and

(4) 0 — 05/(0F)* — (AF))*V N F*)/(F*)* — H[2] — 0

where H denotes the class group of Op.

It is easy to see that UV Nt~1 D=1t is a finite group and the p-part
of its order is bounded independently of ¢ and U. For this note that
tUVt~! N D=1 ig a discrete subgroup of the compact group tUVt~! and
maps injectively to t,U,Vity' for a finite place w of F not above p (at
which D splits for instance). The latter has a pro-¢g subgroup whose index
is bounded independently of t,, and U,,, with ¢ a prime different from p.

Note also that (((A®)*)2V N F*)/(F*)? is finite of exponent 2.

Thus in the case U is compact we note (for use in Lemma 6.3) that the
exponent of a Sylow p-subgroup of the finite groups (U(A¥)* Nt~ 1D*t)/F*
divides 2N,, where N,, is the cardinality of GLa (k).

In the cases of U non-compact that are considered, denote as before by
U’ = II,U}, its maximal compact subgroup. Then U’'(A%)" is normal of
finite index in U(A¥)* and U(AY)"/U'(A¥)" is of type (2,---,2). We
deduce that (U'(A%)" Nt~1D*t)/F* is normal, of finite index in (U(A%)" N
t~1D*t)/F*, and the corresponding quotient is of type (2,---,2). To see
this we may use the obvious fact that if G, H, K are subgroups of a group
G’, and H is normal and of finite index in G, then H N K is normal in GNK
and [GN K : HNK]|[G : H].

Thus in the cases considered where U is non-compact we note (for use in
Lemma 6.3) that the exponent of a Sylow p-subgroup of the finite groups
(U(A) Nt~1D*t)/F* divides 4N,, where N,, is the cardinality of GLa(ky,).

6.3. Base change and isotropy groups. Let {v} be a finite set of finite
places of F', not above p, at which D is split. Let w be a place of F' of
residue characteristic different from p at which D is split, and let N, be the
order of GLy(ky).

Let F'/F be any totally real finite extension of F' that is completely split
at w. Let us denote by {v'} the places of F’ above the fixed finite set of
finite places {v} of F.

Let Upr = I1,Upr » be a subgroup of (Dpr @ pr A%)* as fixed at the begin-
ning of the section (taking the F' there to be F’, and D to be Dpr = DR F’).
The first part of the following lemma has already been proved in Section 6.2.

Lemma 6.3. 1. The exponent of the Sylow p-subgroup of the isotropy groups
(Up/(ASS)* Nt~ ID%,t)/F'™ divides 4Ny, for any t € (Dpr @ A%)*.

2. Let us further assume that for all places {v'} of F' above the places
{v}, the order of the p-subgroup of k}, is divisible by the p-part of 2p(4N,,).
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Assume that U is such that at places {v'} it is of the form

*

Up/ﬂ,/ = {g S GLQ(OF;)/) g = < 0 : ) mOd.(Wv/)}.

A character x = Iyxy of llyk}, may be regarded as a character of
1Ly Up: o, and hence of Ugr, via the map Iy Upr v — Iy k3, with kernel

I, {g € GL2(Opr,) : g = < g Z ) mod.(my ), ad™t = 1}.

Thus x is trivial on Upr N (A%)™, and may be extended to a character x of
Up/(A%5)" by defining it to be trivial on (A%)*.

There is a character x = Iy Xy of ILyk}, of order a power of p, with
each X non-trivial (and of order divisible by 4 when p = 2), such that when
regarded as a character of Up/(A%)" as above, it annihilates (Up(A%)* N

t_lD},t)/F’* for any t € (Dpr @ AF)*.

Proof. For the second part we only have to notice that by the hypothe-
ses it follows that there is a character x' = Il x), of Il k), of order a
power of p, with each x/, of order divisible by the p-part of 2p(4N,,). Then
set x = Iyxy = xX*¥». When regarded as characters of (Up/(A%)" N
t=1D%t)/F'™*, we still have y = x/*M». As the exponent of a Sylow p-
subgroup of (Up/(A%)* Nt~ D%,t)/F™* divides 4N,,, we get that x is trivial
on (Up(A%) Nt 1D%t)/F*. As x = Il x, also has the property that
each x, is of order divisible by the p-part of 2p, we are done. U

6.4. Ag-freeness in presence of isotropy. Let N be a positive integer
which is divisible by the exponent of the Sylow p-subgroups of the finite
groups (U(A®)* Nt~ 1D*t)/F* for all t € (D ®p A%)*. The integer N exists
by the discussion in Section 6.2.

Consider an integer n and a finite set of places @ = {v} of F' disjoint from
¥, and at which U, is GL2(Op,). We denote by k, the residue field at v and
by N(v) its cardinality. Assume that N(v) = 1 mod p", and let A! be the
pro-p quotient of the cyclic group k) = (Op, /my)*.

Let A, be the quotient of A! by its N-torsion. Hence any character
X : Ay — O when regarded as a character of A/, is an Nth power. We
consider subgroups Ug = 11,(Ug), and Ug = HU(Ug)v of U which have the
same local component as U at places outside Q and for v € Q,

(Ug)v =1{9 € GL2(OF,) : g = ( g 2 ) (my),ad™t — 1€ A},

and

U9), = {g € GLs(Or,) - g = ( ' ) mod.(m,)}.

Then there is a natural isomorphism
0

Q
—= ~I,A, = A
Ug @

S ¥
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via which characters of Ag may be regarded as characters of Ug.
The space S(Ug, O) carries an action of Ag and of the operators Uy,
and S, for v € Q. The natural action of g € A,, denoted by (g), arises

from the double coset
g 0
Ug ( 01 ) Ug

where g is a lift of g to (Op).. The operators and Sy, and Uy, for v € Q are

defined just as before by the action of Ug ( 78’ 77(-) ) Ug and Ug ( 78; (1) ) Uo.

By abuse of notation we denote these by U, and S, although they might
depend on choice of m,. We consider the extended (commutative) Hecke
algebra Ty, o(Ug) generated over Ty (Ug) by these operators.

A character x : Ag — O induces a character of Ug, and this character is
trivial on U9 N (A%)". Thus x may be extended to a character of UQ(A%)”
by declaring it to be trivial on (A%)". Let Wy(x) denote the UY(A%)"
module which is the tensor product Wi ®o O(x). Thus SWk(x),w(UcOQv 0)
denotes the space of continuous functions

f:D\(D ®p AF)" — Wi(x)
such that:
flgu) = (W)~ f(9)

f(gz) =¥(2)f(g)
for all g € (D ®@p AF)*,u € U),z € (AF)".

Lemma 6.4. 1. The rank of the O-module SWk(X)w(U%, O) is independent
of the character x of Ag. Further we have a Hecke equivariant isomorphism
SWk(X)7¢(U82’ 0)®p F ~ ka(xf)@(Ug, O)®o F for characters x,x" of Ag.

2. Sky(Ugq,O) is a free O[Ag|-module of rank equal to the rank of
Skﬂp(Ug,O) as an O-module.

Proof. We first claim that a character x of Ag, kills (Ug2 (A" Nt~ 1D*t)/F*
forall t € (D ®@p AY)*.

To prove the claim we note that the p-power order character y, re-
garded as a character of (Ug(A%")* Nt~1D*t)/F* is an Nth power, and
N by definition is divisible by the exponent of the Sylow p-subgroups of
(USAF) Nt~'D*t)/F*.

We next claim that for each t € (D @ AY)*, we have:

(5) (U(g(A%O)* Nt 'D*t)/F* = (Ug(AF) N t~1D*t)/F*.
To prove this second claim, note that we have a natural isomorphism

... US(AR®)* Nt~ ID*t
Ug(A%O)*/UQ(A%O)* ~ Ag and a natural injection W

Thus we get a surjective map from the characters of (Ug2 (A" Nt=L1D*t)/F*

— US(A%) /Ug(AF)".
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induced by Ag, which are as noted in the first claim trivial, to the character
(U (AF) Nt~ D*t)/F*
(Uq(AF) " Nt=1D*t)/F**
Let {t;},i € Iy be a set of representatives of the double cosets D*\(D @
A%O)*/Ug. We get from (2) an isomorphism of SWk(X),w(U(%’ O) with :

group of This proves the second claim.

Bier, Wie(x) VR BF) Nt D)/

This O-module and its image in Sy (U, F) does not depend on ¥, for x
character of Ag), as by the first claim we know that such x kill (U(%(A%O)* N
t;1D*t;)/F*. This proves 1).

For 2), we note that, by the second claim (see 5), a set of representatives
I of the double cosets D*\(D @r A¥)*/Uq is {t;u;} where {u;} is a set of
representative of the elements of the quotient Ug(A%")* JUQ(AR) ~ Ag.
Then, 2) follows from (2).

(]

For the following corollary, consider a non-Eisenstein maximal ideal m of
Ty (U) and assume that the eigenvalues of pm(Frob,), a, and 3,, for v € Q,
are distinct. By Hensel’s lemma the polynomial X? — T, X + N(v)i(m,) €
Ty (U)m[X] splits as (X — A,)(X — B,) where A, modulo m is a, and
B, modulo m is 3,. Then we may pull back the maximal ideal m to a
maximal ideal of Ty, o(Ug) or Tw,Q(Ug), denoted again by m, by declaring
that U, — &, € m for v € @ with &, some lift of a,: that this is possible
follows from 2) of Lemma 1.6 of [51] using the maps

s =11y o)

Ty
from Sk.w(Ug,, 0) — Sk,w(Ugyu{v}a O) for Q' C Q and v € Q\Q'.

Corollary 6.5. S, ,(Ug, O)m is a free O[Agl-module. The rank of Sk(Ug, O)m
as an O[Ag|-module is the rank of Sk (U, O)m as an O-module. The Ag co-
variants of Sy, (Ug, O)m are isomorphic under the trace map to Sy (U, O)m,
compatibly with the map Ty o(Ug)m — Ty(U)m sending T, to T, for v not

in Q, (9) — 1 for (g) € Ag and U, — A, forv e Q.

Proof. (see also Lemma 2.2, Lemma 2.3 and Corollary 2.4 of [51]) The first
assertion follows from Lemma 6.4 as Sy ,(Ug, O)m is isomorphic to a direct
factor, as a module over the local ring O[Ag], of Sk (Ug,O). The other
assertions follow from proving Sk,w(U(g, O)m =~ Si(U,O)m. The fact that
the natural map Sy (U, O)m — Skﬂ/,(U(g, O)m (given by composing the &,’s
for v € @ above) is an isomophism after inverting p follows as there is no
automorphic representation 7 of (D ®p Ap)* which is (a twist of ) Steinberg
at any place in ) which can give rise to py. This in turn follows the com-
patibility of the local-global Langlands correspondence proved in [10] and
[53] as N(v) is 1 mod p for v € @, v is unramified in py, and pm(Frob,) has
distinct eigenvalues.
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As we know that Si (U, O)m — Sk,w(Ug,O)m is an injective map of
O-modules of the same rank, to prove that it is surjective it is enough to
prove that its reduction modulo the maximal ideal of O is injective. This
in turn follows from showing that for any subset Q" of @ and g € Q\@Q’, the
degeneracy map Skw(U(g,,F)Q — Sk,¢(Ug/U{q}vF)m has Eisenstein kernel
(see Lemma 6.1). O

6.5. A few more preliminaries.

6.5.1. Local behaviour at p of automorphic p-adic Galois representations.
The following result is the corollary in the introduction to [40] which extends
to some more cases the results of [45].

Lemma 6.6. Let I be a totally real number field that is unramified at p and
7 a cuspidal automorphic representation of GLo(Ar) that is discrete series
of (parallel) weight k > 2 at the infinite places. Consider the Galois repre-
sentation pr : Gp — GLo(E) associated to 7, and assume that residually it
1s absolutely irreducible. Then the association m — pr is compatible with the
Langlands-Fontaine correspondence.

This has the following more explicit corollary.

Corollary 6.7. Let v be a place of F' above p.
(i) If my is unramified at v, then pr|p, is crystalline of weight k. Further
if my is ordinary then pr|r, is of the form

Xpho*
0 1)

(1) (k =2) If 75" s non-trivial, but 73°") s trivial, and the corre-
sponding character of k;, factors through the norm to ¥, then pr|p, is of
weight 2 and crystalline over Q)* (j1p). Further if m, is ordinary then pr|r,
1s of the form

Ifm,Uo(v) is non-trivial, but m, has no invariants under GLy(O,), (hence m,
is (unramified twist of) Steinberg) then pr|p, is semistable, non-crystalline

of weight 2, i.e. of the form
XpYv X
0 mw )’

with v, an unramified character of D,,.

We will sometimes call unramified twists of Steinberg representations of
GLy(F,) again Steinberg.
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6.5.2. A definition. Let p : Gg — GLa(F) as before be a continuous, abso-
lutely irreducible, totally odd representation.

Let F' be a totally real number field such that F' is unramified at p and
split at p if p[p, is irreducible. We assume that p|r has non-solvable image
when p = 2, and p| F(up) is absolutely irreducible when p > 2. We make a
useful definition:

Definition 6.8. A totally real solvable extension F'/F, that is of even de-
gree, unramified at places above p, and split at places above p if p|p, is
irreducible, such that im(p) = im(p|r) and plp(,,) absolutely irreducible is
said to be an allowable base change.

In many of the considerations below, the statements of the results will
permit allowable base change, primarily because of Langlands theory of base
change (see [33]).

A totally real extension F’/F has the property that im(p) = im(p|p) and
PlFr(u,) 1s absolutely irreducible if (i) it is linearly dijoint from the fixed field
of the kernel of p|r; and (ii) in the case that the projective image of p|p is
dihedral, if F’/F has the property that it is split at a prime of F' split in the
fixed field of the kernel of the projective image of p|r, but inert in F'(1,).

In the constructions below this property can easily be ensured and will
not be explictly commented upon.

6.5.3. Determinants. We will need the following lemma later to ensure that
certain lifts we construct (after twisting and allowable base change which
also splits at finitely many specified primes) have a certain prescribed de-
terminant character.

Lemma 6.9. Suppose ¢, : F*\(A¥)" — O* are characters that have the
same reduction. Assume that the restrictions of 1,7’ to an open subgroup
of O}p are equal. Assume we are given a finite set of finite places {v} of F,

at which the restrictions of ¥,{' to (Op), are equal. Then after enlarging
O if necessary there is a finite order character ¢ : F*\(A¥)" — O* of order
a power of p and unramified at {v}, and a totally real solvable extension
F'/F that can be made disjoint from any given finite extension of F, and
that is split at all places in {v}, such that the characters (|%bp:, Y -
F™\(A%)" — O* are equal.

Proof. Our assumptions imply that ¢»2)'~! is a finite order character, of order
a power of p which if viewed as character of G via the class field theory
isomorphism is totally even. For p > 2 the lemma is trivial (and we may
take F' = F'). For p = 2 we use the Grunwald-Wang theorem, see Theorem
5 of Chapter 10 of [1], to find ¢ of order a power of 2 such that the characters
(%9, 1)' have the same restriction to F)* for the given finite set of places v. It
follows that there is a finite totally real solvable (and even cyclic) extension
F’/F that is split at all places in {v}, linearly disjoint from a given finite
extension of F, such that (|%p, % « F*\(A%)" — O* are equal. To
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ensure that F’ may be chosen linearly disjoint from a given finite (Galois)-
extension L of F, we impose to F’ to be split at a finite set of primes {w}
unramified in ¢ and ¢, disjoint of {v} and such that each conjugacy class
of Gal(L/F) is the Frobenius class of a w.

O

7. MODULAR LIFTS WITH PRESCRIBED LOCAL PROPERTIES

When proving modularity lifting theorems by the Taylor-Wiles and Kisin
method (see Proposition 8.2 below) we need to produce modular liftings of a
modular residual p that factor through the quotient of the deformation ring
being considered. The purpose of this section is to produce such liftings.
As we work with deformations of fixed determinant we also take care to
produce modular lifts with the given determinant. This we cannot always do
without performing allowable base change (also ensuring splitting behaviour
at finitely many specified primes). This is harmless for our applications.

Theorem 7.2 produces minimal lifts (after solvable base change), and the
results in Section 7.5 allow us to raise levels. Together they prove Theorem
7.4 which produces modular lifts, up to allowable base change, with some
prescribed local conditions (these are always semistable outside primes above
p).
Consider the fixed S-type representation p : Ggo — GLg(F), with 2 <
k(p) < p+1if p> 2, and p has non-solvable image if p = 2 and plg(,,) is
irreducible if p > 2.

7.1. Fixing determinants. We use the notations of 1.3. Consider an arith-
metic character ¢ : F*\(A%)" — O*, unramified outside the places above p,
such that the corresponding Galois representation x,py : Gp — O* (which
is totally odd), lifts the determinant of p and such that the restriction of
to (’)}p is one of the following kind:

e (i) restricted to (’)}p of the form N(u)Q*k‘(ﬁ)7

e (ii) restricted to (’)}p corresponds to wgfk(ﬁ ), or

e (iii) and when k(p) = 2,p + 1, restricted to O, it is of the form
N(u)l=P.

Lemma 7.1. There is a totally real field F' such that:

e F is totally real, [F : Q] is even, unramified at p, and is even split
at p if p|p, is irreducible or the weight k(p) is even.

pr = pla, has non-solvable image.

pr is unramified at places that are not above p

if plp, is unramified then for all places o of ' above p, p|p,, is trivial.
F/Q is solvable
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e there is an arithmetic character ¢ : F*\(A¥)" — O* unramified
outside the places above p, such that the corresponding Galois repre-
sentation Xppy : Gp — O lifts the determinant of p|lg, and v can
be chosen so that it satisfies either of the conditions (i), (i), or (iii).

Proof. 1t is easy to see that there is a character 1 : Gg — O* such that 7 is

even, 7|z, is either Xlg(ﬁ)ﬂ, wlg(ﬁ)ﬁ, or when k(p) = 2,p + 1 it may also be

chosen to be Xg_l. Then the lemma follows by using Lemma 2.2 of [52]. O

We fix such a F' and v for the rest of this section. When referring to
properties of determinant characters we will use the numbering of this sec-
tion.

7.2. Minimal at p modular lifts and level-lowering. Consider the fol-
lowing hypotheses:

() p|G, arises from a cuspidal automorphic representation m of GLa(Ar),
such that 7, is unramified for all v|p, and is discrete series of weight k(p) at
the infinite places. If p is ordinary at p, then for all places v above p, 7, is
ordinary.

(B) play arises from a cuspidal automorphic representation m of GLa(Ar),
such that m,, at all places v above p, is of conductor dividing v (and is
unramified if pp is finite flat at v), and is of weight 2 at the infinite places.
Further 7, is ordinary at all places v above p in the case when p is ordinary
at p.

Using the Jacquet-Langlands correspondence, we may transfer 7 to inner
forms of GLgy and will call it 7 again.

When results of this section are used later, we will verify that for p > 2
the assumptions («) and () are satisfied. For p = 2, condition («) will be
satisfied if k(p) = 2, and () will be satisfied for k(p) = 2 and 4.

For instance quoting the results of [20] and Propositions 8.13 and 8.18 of
[23], we will verify later that these assumptions are satisfied if p is modular.
In cases when p itself is not supposed to be modular, but we find a F' such
that pp is modular by using Theorem 5.1, that very theorem verifies these
hypotheses for us.

A key ingredient in the proof of Theorem 7.4 is the following result (which
can be regarded as a level-lowering result) which we prove following the
idea of Skinner-Wiles in [48], except that our proof avoids using duality. It
strengthens the hypotheses («) and ().

Theorem 7.2. Assume if p > 2 that () and (8) are satisfied, and if p =2
that () is satisfied (and hence also () if k(p) = 2).

Then there is an allowable base change F"/F, that is split at p if p > 2,
and a cuspidal automorphic representation 7' of GLa(Apn) that is discrete
series at infinity such that

® ppris a lift of ppr

o " is unramified (spherical) at all finite places not above p.
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e (p=2) 7" is of weight 2, 7. is unramified at all places v dividing 2
if k(p) = 2, and is otherwise unramified twist of Steinberg, and 7"
has central character Ypr with ¢ as in (i) when k(p) =2, and ¢ as
in (i) when k(p) = 4. For every place v of F above 2, let Y, be a
choice of an unramified square-root of the unramified character .
Then when k(p) = 4 we may further ensure that the Hecke operator
Uy, at places v of F” above 2 acts on " by ¢, (my ).

e (p > 2) 7" can be chosen so that it satisfies any of the following
conditions:

(a) Fix 1 as in (i) above. Then ©" is unramified at places v above
p and of parallel weight k(p) with central character given by Y pn.

When k(p) = 2, and v is fized as in (iii), 7" can also be chosen
to be of weight p + 1 with central character given by Vpn.

(b) Fiz 1) as in (ii), and assume k(p) < p+ 1. Then 7 has fized
vectors under Uy(v) for all v|p, and the associated character of k,
factors through the norm to ¥, is of parallel weight 2, with central
character given by Ypn.

(¢) (considered only when k(p) = p+ 1) Fiz ¢ as in (ii). Then
7 has fived vectors under Ug(v) for all v|p, is of parallel weight 2,
with central character given by Ypn.

Proof. Firstly, after an allowable base change we may assume that at places
v not above p such that m, is ramified, it is Steinberg of conductor v. Denote
this set of places by S.

Choose a place w of F different from p. Using Lemma 2.2 of [52], there
is an allowable base change F'/F (in particular [F’ : Q] is even), that is
split at p, with F'/F split at w, such that for all places {v'} of F' above
the places {v} = S of F, the order of the p-subgroup of £}, is divisible by
the p-part of 2p(4N,,). As we are permitted allowable base changes in the
statement of theorem, we may reinitialise and set F' = F”.

Let ¢/ = det(px)x, ! and consider D the definite quaternion algebra over
F ramified at exactly the infinite places. Then by the JL-correspondence
pr arises from an eigenform in Sy v (U’,O) where k = k(p) in case (a),
and k = 2 otherwise. Here U’ = II,U, C (D ®p A¥)" is an open compact
subgroup such that at places above p, U, is maximal compact in case (a) and
when p = k(p) = 2, and is otherwise U;(v). For the other places not in §
and not above p, U, is maximal compact and for v € S, U, = Up(v). There
is a maximal ideal m of Ty (U’) C End(Sj 4 (U’, ©)) such that pm ~ pr.

By Lemma 6.3 for all places v in S, there is a character x = II,x, of II,k}
of order a power of p, with each x, non-trivial (and of order divisible by 4
if p = 2) with the following property:

— If we regard x as a character of U’ via maps U, — k;; with kernel

{9eUy:g= ( 8 2 ) mod.(m,),ad™t =1},

then y is trivial on (U'(AS)" Nt~1D*t)/F* for any t € (D @ AR)*.
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Then as in Lemma 6.4 we have the isomorphism Sy, (U’,0) ®p F =~
Sw (), (U, O) ®0 F. We deduce there is a maximal ideal m’ of the Hecke
algebra C End(Syy, (y),w(U’, O)) such that pny ~ pp. As x = Il,esx, and
each x, is non-trivial (and of order divisible by 4 if p = 2), each (irreducible,
cuspidal) automorphic representation 7’ of GLa(Ap) that contributes to
Swi ) (U, O)y is a (ramified) principal series at the places v € S. Thus
after another allowable base change F”/F that is split at places above p, we
deduce, using also Lemma 6.6, that there is an automorphic representation
7" of GLy(Apr) that gives rise to pgr such that:

e p. is a lift of ppr

e (p = 2) is crystalline of weight 2 at all primes above 2 if k(p) = 2,
or semistable of weight 2 if k(p) = 4

e (p > 2) at all primes above p, corresponding to the cases above (a)
crystalline of weight k(p), and in the case when k(p) = 2, we may also
choose 7" so that p,~ is crystalline of weight p + 1, or (b) of weight
2 and crystalline over Q" (1), or (c) semistable non-crystalline of
weight 2 when k(p) =p+ 1.

e p.n is unramified at all finite places not above p.

The last part of case (a) (which is considered only for p > 2) is handled
by Lemma 7.3. Note that as p| F/(u,) 1S absolutely irreducible for p > 2,
we may assume for our purposes by Lemma 2.2 of [32], the U of Lemma 7.3
satisfies the conclusion of Lemma 1.1 of [51] (which ensures the surjectivity
of Spi1.4(U,0) — Spi14(U,F)). The claim for p = 2,k(p) = 4 about the
eigenvalue of 7 may be ensured by an allowable base change.

In the end by yet another allowable base change that is also split at places
above p when p > 2 (using Lemma 6.9), that the determinant of pp» is given
by g X, thus obtaining the desired cuspidal automorphic representation
7T// of GLQ (AF//). U

Lemma 7.3. Consider an open compact subgroup U = IL,U, of (Dpr ®
A%))*, with Dpn the definite quaternion algebra over F" unramified at all
finite places with U, = GL2(Op,) for places v above p. Let 1 : (A%,)* — F*
be a continuous character such that w‘Um(A%o")* = 1. Assume ppn arises
from a mazimal ideal of the Hecke algebra (outside p) acting on S (U, TF).
Then it also arises from a mazximal ideal of the Hecke algebra (outside p)
acting on Spi1.4(U,F).

Proof. This follows by the group-cohomological arguments in the proof of
Proposition 1 of Section 4 of [21]. Although only the case of p inert in
F" is considered in [21], the argument there can be iterated to remove this
restriction. We spell this out a little more.

Let {wy,- - ,w,} be places of I above p, and for each 1 <1 < r, let W; =
{wy,- -+ ,w;} and Wy be the empty set. Let E be a large enough unramified
extension of Q,,. Let W, be the Up-module ®L;FIIQE,L€JZ.Symmp_1(F) with J;
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the subset of the embeddings corresponding to W;. Note that W] Un(ass,)*
is trivial.

Assume that for an i, 0 < ¢ < r, there is a maximal ideal m of the
Hecke algebra (outside p) acting on S, ,,(U,F) which gives rise to p. Note
that S;, (U, F)y is identified to a non-zero subspace of Sy, (U, F). This
assumption for ¢ = 0 is part of the hypothesis of the lemma.

Let U"” = II,U;! be the subgroup of U such that U, = U, for v # w :=
wit1, and U, = Up(w). Then the kernel of the standard degeneracy map

S,

(3

71/1(U7 F)2 - TMZJ(U”’ F)v

(f1, f2) — f1+ fo (1) WO ), is Eisenstein (see Lemma 6.1).

Next observe that S, ,(U",F) ~ Sy, (U, F)®S:gv.4(U,F), where V is the
GL3(ky )-module ®L;F%E7L€JwSymmp71(F) where Jy,,,, this time consists of
embeddings of F” in E corresponding to w = w;41. Here (see [21]) we
use the fact that F[P;(k,)] is isomorphic as a GLa(ky)-module, using the
natural action of GLa(ky,) on Py(ky), to id @ V. We conclude that the map

f—fl ( (1) 7r0 ) sends S, (U, F)m into Sr,,, (U, F). Thus we see that

w
at the end (the case i = r) that p|p» also arises from a maximal ideal of the
Hecke algebra acting on Sp11 (U, F).
(]

7.3. Lifting data. We will need to construct automorphic lifts of p|g,, sat-
isfying various properties that are described by lifting data which consists
of imposing the determinant and some local conditions at a finite set S of
places of F' including the infinite places and the places above p (the lift has
to be unramified outside S). The condition at infinite places is to be odd,
and it is implied by the determinant.

7.3.1. Determinant condition of lifting data. We fix determinant of the lifts
to be 1¥x, as chosen in 7.1.

7.3.2. Lifting data away from p. For finitely many places {v} of F' not above
p, which are called the ramified places of the lifting data, we are given local
lifts p,, of p|p,, such that p, is ramified and of the form

ToXp *
0 mw )’
with «, a given unramified character and v2 = 1,,.

At all other places v not above p, the lifting data specified is that the lift
be unramified and of determinant 1), x.
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7.3.3. Lifting data at p. Suppose also that for all places v above p we are
given a lift p, of p|p, such that det(p,) = ¢,xp and such that

e (p = 2) p, is crystalline of weight 2 at all primes above 2 when
k(p) = 2, and when k(p) = 4 p, is semistable and non-crystalline of
weight 2 at v and of the form

YvoX2 ¥
0 mw /)’

where y» is the 2-adic cyclotomic character, and ~, a given unrami-
fied character such that v2 = 1),.
o (p > 2) p, is either (simultaneously at all places v above p)
(A) crystalline of weight k, such that 2 < k < p+ 1, with the case
k = p+ 1 considered only when F is split at p and k(p) =p+ 1, or
(B) crystalline of weight 2 over Q) (1) of Weil-Deligne parameter

(w;f*Q @ 1,0) for a fixed k in all embeddings, or

(C) semistable, non-crystalline of weight 2 and of the form

YoXp *)
0w )’

where ), is the p-adic cyclotomic character, and ~, is a given un-
ramified character such that 72 = ).

To make the conditions uniform with p, notice that in the case of p = 2
we only consider lifts of the type considered in (A) of weight 2, and we
do not consider the case (B) and we consider (C) only when the residual
representation has weight 4.

In (A) the character i has to be of the form (i), in case (B) of the form
(ii), and in case (C) it has to be of the form (ii).

We fix lifting data as above for the rest of the section. A lift pr : Gp —
GL2(0O) fits the lifting data if pr|p, is of type p, at all places which are in
S, is unramified at the other places and v is det(pr)x, L

7.4. Liftings with prescribed local properties: Theorem 7.4. The
following theorem proves that, under the hypothesis that p is modular as in
7.2, we can find after an allowable base change a modular lift p of p which
fits the lifting data that we have chosen in the last paragraph.

Theorem 7.4. Assume if p > 2, () and (8) of Section 7.2, and if p = 2
that (3) is satisfied. There is an allowable base change F'/F, and a cuspidal
automorphic representation ' of GLo(Apr) that is discrete series at infinity
of parallel weight such that

e p.is a lift of ppr

o (p =2)is crystalline of weight 2 at all primes above 2 when k(p) = 2,
and when k(p) = 4 it is semistable of weight 2 of the form prescribed
above.
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e (p > 2) at all places above p of F' either crystalline of weight k,
such that 2 < k < p+1 (and when the case p + 1 is considered F'
is split at p and k(p) = p+ 1), or of weight 2 and crystalline over
Qp' (pp) of the prescribed inertial WD parameter as in (B) above , or
as in case (C) semistable and non-crystalline of weight 2, and then

for v|p, pr|p, is of the form

YoXp ¥
0 v /)’

corresponding to the cases (A), (B), (C) above and where we are
denoting the restriction of the character v, by the same symbol

e o s unramified at places where the lifting data is unramified

e at all places not above p at which the lifting data is ramified, p.|p,

is of the form
YoXp ¥ )
0 %
e detpr = Yrxp.

For p =2, when k(p) = 2, ©’ is unramified at places v above 2, and when
k(p) = 4 is Steinberg at places v above 2.
For p > 2, in (A) we may ensure that @ is unramified at places v above

p, in (B) that wl, has fized vectors under Uy (v), and in (C) that wl has fized
vectors under Uy(v).

7.5. Proof of Theorem 7.4. The arguments are different in the cases p > 2
and p = 2.

The case p > 2

It is enough to prove the Theorem 7.4 after base changing to the F” of
Theorem 7.2 with the cases (a), (b), (c) of the latter corresponding to (A),
(B), (C) of the former (except that in (a) we do not consider weight p + 1
liftings unless k(p) = p+ 1 and F split at p) : we reinitialise and take F' to
be F”.

In this case Theorem 7.4 follows from the existence of 7 of Theorem
7.2 using the method of proof of Corollary 3.1.11 (this is Ribet’s method
of raising levels using Thara’s lemma) and Lemma 3.5.3 (use of base change
and Jacquet-Langlands) of [37] noting that in the proof of Corollary 3.1.11
of [37] we may allow X (in the notation there) to contain the places above p
if we are in case (C) and k(p) = 2, and the restriction to weight k = 2 there
in it is not necessary.

For the convenience of the reader we sketch some of Kisin’s argument, and
use his notation. By Theorem 7.2 we know that pg arises from a cuspidal
automorphic representation 7" of GLy(Af), of central character v, that is
unramified at all places not above p, is of weight k(p) or weight p + 1 when
in case (A), and otherwise of weight 2, and such that in case (A) at places v
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above p is unramified, and otherwise in cases (B) and (C) has fixed vectors
under Uy (v).

We take ¥ = {v1, -+, v} to consist of places that are not above p at
which the lifting data is ramified, and we also include the places above p if
we are in case (C) and k(p) = 2. After an allowable base change split at p
we may assume that |X| is even.

Then Kisin’s arguments in Lemma 3.5.3 of [37] go through. Namely, there
is a tower of totally real fields F = Fy C Fy C --- F, := F’ such that for
i=1,---,r, F;/F;_1 is a quadratic extension such that for j € {1,--- ,r}
any prime w of F;_; over v; is inert in F; if ¢ # j and splits in F; if ¢ = j,
and F,./F is an allowable base change, unramified at places above p, and
even split at places above p if we are not in case (C) with k(p) = 2.

We further ensure that p|p has non-solvable image when p = 2, and
otherwise p| F'(u,) 18 absolutely irreducible when p > 2 . Using this we
choose a prime ry of F’ that lies above a prime > 5 of Q, and that lies above
a prime of F' that is split in £, does not lie above any of the primes of F’
in Y, does not lie above p, and 7y satisfies the conditions of Lemma 2.2 of
[32]. Such an 7y may be chosen by the proof of loc. cit. as the set of primes
in F’ of degree one is of density one. We denote the prime of F; below rg
by the same symbol.

Inductively as in the proof of Lemma 3.5.3 of [37], using Corollary 3.1.11
of [37] repeatedly, we ensure for each 0 < i < r, starting for ¢ = 0 with the
7" of Theorem 7.2, the following situation:

e there is a definite quaternion algebra D; over F; with center F; that
is ramified exactly at all the infinite places and the places above
{v1,-++ ,v;} (note that the latter has cardinality 2i),

e there is an open compact subgroup U; = I1,(U;), of (D; ® A%OZ)* such
that pp, arises from Sy, y,. (Ui, O) such that

— (U)ro is Uy (r2) (this ensures that U has the neatness property
descibed in Lemma 1.1 of [51] and hence the corresponding space of
modular forms has the usual perfect pairings)

— for other places v # r, it is maximal compact at all finite places
at which D; is ramified and for all v not above p,

— for the places above p at which Dj; is not ramified, (U;), is
maximal compact if we are in case (A), and otherwise (U;), is Uy (v).

We also define the integer k to be k(p) when we are in case (A), and k = 2
in cases (B) and (C'). We sketch the argument just enough to orient the
reader. Assume we have proven the statement for some ¢ such that 0 < i < r.
Consider the definite quaternion algebra D; and the subgroup U; and the
unique place w;t; of F; above viy1. Let U] = II,(U}), be the subgroup
of Uy = I1,(U;)y such that (Uj), = (U)o for v # wiy and (Uj)w,,, =
Uo(wiy1). Consider the degeneracy map Sk,wFi(Ui70)2 — Sy (U, O).
By Lemma 6.1 (note that when w;; is a place above p, then & = 2 and
the hypotheses of Lemma 6.1 are thus fulfilled), we deduce easily that the
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kernel of the reduction of this map modulo the maximal ideal of O, and
hence the p-torsion of the cokernel of the characteristic 0 map, has only
Fisenstein maximal ideals in its support. Then from Corollary 3.1.11 of
[37], the Jacquet-Langlands correspondence and the compatibility of the
local and global Langlands correspondence proved in [10] and [53], we see
that there is an automorphic representation m; of GLa(Af,) that has non-
zero invariants under U/ and such that p, lifts pr,, and 7; is Steinberg at all
places of F; above {v1,---,v;11}. By the choice of 7y we also get that m; is
unramified at rg. Base changing 7; to Fj+1 we see by the Jacquet-Langlands
correspondence that the conditions over Fj;; are ensured.

At the end, for ¢ = r, after another use of the Jacquet-Langlands corre-
spondence, we get that there is a cuspidal automorphic representation «’ of
GL2(Apr) such that p, lifts ppr and prr gives rise to the lifting data.

Note that F’ need not be split at p in the case k(p) = 2 and we are in
case (C), while otherwise we may arrange it to be split at p.

The case p =2

In this case the usual level-raising arguments of Ribet that make use of
duality arguments and integral perfect pairings on the space of modular
forms, run into some (perhaps minor) technical problems because of non-
neatness problems. Making this an excuse, we use a rather different method
to raise levels which uses modularity lifting theorems below in the minimal
case. [The minimal case corresponds to the case when S in Section 8.1
consists of the places above 2 and the infinite places (this is different from the
set S considered below!), or when the lifting data of Section 7.3 is unramified
at all finite places not above 2.]

There is no circularity in the argument, as minimal modularity lifting the-
orems that are used in our proof here (see Proposition 8.2), do not need the
level raising result we prove here, and only need the level lowering in Theo-
rem 7.2. This method should be applicable in a wider variety of situations
(see the remark at the end of the section).

Let S denote the following places of F: the archimedean places, the places
of residue characteristic different from 2 at which ramification is allowed in
the lifting data of Section 7.3, and the places above 2 if k(p) = 4. Note that
after an allowable base change we may assume that S has even cardinality.

Note that for each finite v € S of odd residue characteristic, 2|(N(v) +1).
Let F, denote the quadratic extension of k,. For each finite v in .S of odd
residue characteristic choose a character n, : I, — F; — Z;, of level 2 (i.e.
it does not factor through the k}-quotient of I,), and of order a power of 2.

There are local finite order characters v for each finite v € S of odd
residue characteristic and v|2 such that:

e (v € S of odd residue characteristic) ¢ |0, « is niﬂN(v)‘ log, * for v €
S, ! () is the Teichmiiller lift of det(p)(m,) for a chosen uniformiser
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m, of I, where we are using the class field theory isomorphism to
identify finite order continuous characters of G, and those of F};.

e (v]2) Y} |p,~ is the unramified character of finite order given by the
Teichmiiller lift of det(p)|ay, -

Then by Grunwald-Wang there is a finite order character ¢/ : F'\(A%)* —
Zs with the given local components. After an allowable base change that is
split above 2 and the places in S we may assume that the reduction of v’
equals det(p), and that ¢/’ is unramified outside S.

We consider the deformation ring Rﬁ/, a CNLp-algebra, with O large
enough for example containing the values of the 7,’s above, associated to
the deformation problem of lifts of pr that are

— unramified outside S

— of determinant v'y2, and hence odd at the infinite places

— at places v above 2 finite if k(p) = 2 depending, and if k(p) = 4, of the

shape
YoX2 ¥
0 v )’

for a chosen unramified character +/, such that v, = v/,
— and at finite places v € S of odd residue characteristic, the restriction

to I, of the lifts is:
M *
0 m\jN(v)\ .

Using Theorem 7.2 together with Proposition 4.2 of [32] we see that there
is an allowable base change F’/F such that

— the reduction modulo 2 of the universal representation corresponding
to Rgl when restricted to G is unramified at all places outside the infinite
places and places above 2,

— there is a modular lift of pz with determinant v’ys that is unramified
at all finite places not above 2, and at places above 2 is either crystalline of
weight 2 (when k(p) = 2) or semistable of weight 2 (when k(p) = 4) of the
shape above.

Proposition 8.2 yields that the deformation ring Rﬁf " (which parametrises
deformations of ppr : Gpr — GLo(F) unramified outside places above 2, odd
at infinity, of determinant v, and at places above 2 either crystalline of
weight 2 (when k(p) = 2) or semistable of weight 2 (when k(p) = 4) of
the shape above) is finite as a Z,-module. This together with 3.14 of [19]

or Lemma 2.4 of [27], gives that Rg/ is finite as an O-module and thus by

Corollary 4.6 there is a CNLp-algebra morphism R?l — O'. (See also the
proof of Theorem 9.1 for more details of a similar but more complicated
argument as there pp is not assumed modular.)

Thus there is a lifting p’ of p that is of determinant 1)'x2, crystalline of
weight 2 at places above 2 when k(p) = 2 and otherwise semistable of weight
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2, unramified outside the places above 2 and S, and such that p'|7, forv € S
of odd residue characteristic is of the form

Uz *
EACE

Then Theorem 8.3 proves that p’ is modular. To make sure there is no
circularity in the argument at this point, note that for finite places v € S
of odd characteristic p'(I,) has finite image. Hence we need only Theorem
7.2 and not the full strength of Theorem 7.4 in the proof of the cases of
Theorem 8.3 invoked here. (This is explained in the last sentence of the
proof of Theorem 8.3.)

Thus p’ arises from a cuspidal automorphic representation 7’ on a definite
quaternion algebra D over F' that is ramified exactly at the places in S.
Using the compatibility of the local and global Langlands correspondence
proved by Carayol and Taylor (see [53]), 7’V is non-trivial where U’ is an
open compact subgroup of (D ® A%)" such that U, for v € S of odd residue
characteristic consists of 1-units and is maximal compact everywhere else.
We regard the n,, as characters of (Op)/U,, denote n = IL,n, , and consider
the resulting IT,es(Op),-module W, = O(n). Let U be the open compact
subgroup of (D ® A%)" such that U, is maximal compact for all v, and thus
for v € S'is (Op),. We regard n as a character of U.

We see that there is a Hecke eigenform in Sp(,) 4 (U, O) that gives rise to
p, and a corresponding non-Eisenstein maximal ideal m of the Hecke algebra
C End(So),¢ (U, 0)) that we also regard as a maximal ideal of the Hecke
algebra C End(Sg(y) 4 (U,F)). (We consider as before in Section 6 only the
Hecke operators T, and S, for v not in S and not above 2.)

Note that So@) (U, O)m ®o F is isomorphic by (2) of Section 6 to a
submodule of Sy (U, F)m.

As n is of order a power of 2, Sg() w(U,F) = Sp(ia),y (U, F). Thus in
a natural way m may also be regarded as a maximal ideal of the Hecke
algebra C End(Sp(iq),y (U, F)). Let 9" be a Teichmiiller lift of the reduction
of ¥'. It is easy to check that the reduction map Sp(ig) (U, O) ®0 F —
Sk(ia),y (U, F) is surjective using (2) of Section 6 as in the present case the
W of (2) has trivial action of U, and ¥” and 1’ have the same order. Thus
m also gives rise to a non-Eisenstein maximal ideal m’of the Hecke algebra
C End(So(ia),y» (U, O)) such that pm = pr.

We deduce from this, and the local-global compatibility of the Langlands
correspondence proven in [10] and [53], the existence of an automorphic
representation 7" of (D @p Ap)® that gives rise to pp with the following
properties:

(i) pg~ is crystalline of weight 2 above 2 if k(p) = 2, and otherwise
semistable of weight 2

(ii) unramified outside the places above 2 and S and
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(iii) for the finite places v € S, pp|z, is of the form

Xalr, *
0 1/’

where x3 is the 2-adic cyclotomic character, and p,~ is of determinant " xo,
with * non-trivial for finite places v € S of odd characteristic. (For (iii) for
instance use the fact that for v € S, 7" has fixed vectors under (Op)}. We
are also using Lemma 6.6 to see this when v is above 2.)

By a further allowable base change if necessary we may conclude and
obtain the desired cuspidal automorphic representation 7’ of GLa(A /). The
allowable base change in particular allows us to ensure that at places above
S the local representation is

’YU|F/X2 *
0 ’Yv|F’ ’

+ 'Yv|F’X2 * :
0 'YU|F’

(for the given characters 7, of Section 7.3) and also ensures the condition
on the determinant.

rather than just

Remarks: For p > 2 and p = 2, Jacquet-Langlands transfer is used as an
ingredient for level-raising albeit in different ways. The argument for level
raising for p = 2 should succeed in many more situations (for groups other
than GLg and in general residue characteristic) whenever in the block of the
Steinberg there is a supercuspidal representation.

8. R =T THEOREMS

Throughout this section we consider p as in 7, pr = p|g,., ¥ (see 7.1)
and the lifting data (see 7.3) as in Section 7 and assume that pp satisfies
the assumptions («), (6) if p # 2, and (B) if p = 2 (see 7.2).

After possibly an allowable base change, Theorem 7.4 ensures that there
is a cuspidal automorphic representation 7 of GLy(Afp) such that p, fits
the prescribed lifting data. Further when we need to consider weight p + 1
liftings, which we consider only when k(p) = p + 1, we may assume by
Theorem 5.1 and 7.4 that F is split at p.

8.1. Kisin’s modified Taylor-Wiles systems. We reproduce in our con-
text Kisin’s modification of the original Taylor-Wiles systems of [56], using
Proposition 3.3.1 of [37], Section 1.3 of [38], Proposition 1.3 and Corollary
1.4 of [39] as the principal references.

We denote by X the set which consists of the places at which the lifting
data is ramified that are not above p, and all the places above p if we are in
case (C) or when p = 2 and k(p) = 4.
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By an allowable base change we may assume that the number of places
in ¥ above F' is even, and [F' : Q] is even.

Then S consists of the set of places not above p at which the lifting data
is ramified, all the infinite places, and the places above p (7.3). Thus ¥ C S.

Consider D the definite quaternion algebra over F' that is ramified at ex-
actly the places in 3 and all the infinite places. The existence of 7 gives rise
to a maximal ideal m of the Hecke algebra T, (U) which acts on Sy (U, O).
Here U :=IL,U, C (D ®p A%)" is such that U, is described as follows:

— It is the group (Op). (resp., D} in case p=2) for v € &,

— U, is maximal compact at all places v not in S,

— If we are in case (C), including the case p = 2,k(p) = 4, then v € ¥
and we are already covered. If this is not the case, then at places v above p
U, is either maximal compact or Uy (v) according to whether we are in case
(A) (including p = k(p) = 2) or (B).

Here when p = 2, and hence k = 2, and we denote by U’ the maximal
compact subgroup of U as defined in Section 6, it is understood that we have
extended the module Wy of U'(A%)* to one of U(A¥)", denoted again by
W5, in the unique way that allows the existence of an eigenform in Sy, (U, O)
that has the same Hecke eigenvalues at places not in S as those arising from
7 (see Section 6.2).

Consider the deformation ring Rg’w where the corresponding local defor-

mation rings RE Yforve S parametrise the liftings as in the lifting data,
and thus are semistable liftings for places not above p and infinity with a
fixed choice of unramified character -, (3.3.4), at infinite places parametrise
the odd liftings (3.1), and at places above p parametrise the lifts are uni-
formly either of the type as in 7.3:

- (A) (including p = 2 when the weight k is 2) : low weight crystalline
((ii) of 3.2.2) ;

- (B) (p> 2 and k(p) < p) : weight 2 lifts ((i) of 3.2.2) ;

- (C) (including the case p = 2 when k(p) = 4) weight 2 semistable lifts
((i) of 3.2.2).

Recall that the RUD ¥ for v € S that we consider have the following prop-
erties:

e RY¥ is a domain flat over O

e The relative to O dimension of RUD Vs
-3if L #p;
-3+ [Fy:Qplif £ =p.
- 2 if v is an infinite place.

. RUD’w[%] is regular.

When k(p) = p and p is unramified at p, note, for the fact that RI¥isa
domain, that by lemma 7.1, (pF)|p, is trivial.
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The completed tensor product Rg’loc’w is thus flat over O, a domain, and
of relative dimension 3|S|, and Rg’loc’w[%] is regular (see Theorem 3.1 and

Proposition 3.2).

As in Section 1 of [51], using existence of Galois representations attached
to Hilbert modular eigenforms and the Jacquet-Langlands correspondence
we get a continuous representation

Gp — GLQ(Tw(U)m RO E)

This together with Théoreme 2 of [11], and the fact that the traces of the
representation are contained in Ty (U)m yields that the representation has a
model
Pm : GF — GLQ(Tw(U)m)

The representation pp, is characterised by the property that for v ¢ S the
Fichler-Shimura relation is satisfied, i.e., the characteristic polynomial of
pm(Frob,) is X2 — T, X + N(v)v(m,). Here Frob, denotes arithmetic Frobe-
nius at v and N(v) denotes the order of the residue field at v. We denote
by pm : Gr — GLy(F) the representation obtained by reducing p, modulo
m: this is isomorphic to pp. Thus there is a map 7 : Rg — Ty (U)m which
takes the universal representation pgni" to pm- Recall that the O-algebra
REJX} has a natural structure of a smooth Rg—algebra.

Lemma 8.1. We have a surjective map 7 : Rﬁ — Ty(U)m, that takes the
universal representation pE™ to pm. Let ']IE(U)m =Ty(U)m® po Rg’w. The
S

map T also induces a surjective map RE’UJ — ’]I‘S(U)m.

We pull back the maximal ideal m of Ty (U) to a mazximal ideal of the
Hecke algebra Ty g, (Ug,) that acts on Sy 4(Ug,,O) as prescribed in Sec-
tion 6.4, and again denote it by m. (Recall from Section 6.4 that for
m C Ty0,.Ug,), v € Qn, Uy — &, € m with &, a lift of one of the
two distinct eigenvalues of pm(Froby,) that we have fized.) Then we have
a map Rqun — Ty, (Ug,)m, compatible with the O[Ay |-action, such
that tr(ﬁg{}z’?n (Frob,)) maps to T, for almost all places v.

Note that as RE’¢ is formally smooth over R?, and Ty (U)m is flat and
reduced we get that TE(U )m is again flat and reduced.

Proof. We check that there is a map Rg — Ty(U)m that takes the universal
representation ﬁgni" to pm and is surjective.

By the compatibility of the local-global Langlands correspondence proved
in [10] and [53] away from p (see also Lemma 6.2), the properties at p in
Lemma 6.6 that are available as the residual representation pr is irreducible,
and also Lemma 3.5, whenever we have a map x : Ty(U)m — O with O’
the ring of integers of a finite extension of E (and which gives rise to a

representation p, of Gr) the corresponding map R? — (', with kernel
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©z, factors through R?. As Ty (U)m is flat and reduced, we deduce that
Ngker(z) = 0, and thus Np, is mapped to 0 uder the map = : Rg —
Ty(U)m. From this we deduce that the map 7 factors through Rg — Rg,
and thus we get the desired map R? — Ty (U)m which takes the universal

representation ,5%“1" to pm. From this and the Eichler-Shimura relation it

follows that R? — Ty(U)m is a surjective map.

The other part is proved by similar arguments. We only note that the
compatibility of the local-global Langlands correspondence implies that the
map Rqun — Ty.0,(Ug,)m takes vq,(my) — U, for v € @Q, (using the
notation of Proposition 4.10: note that U, depends on the choice of the
uniformiser 7, of Fy). O

Remark: The proof above also yields the surjectivity of R?UQ” — Ty.0,(Ug, )m-
Further as the traces of the representation Gr — GL2(Ty g, (Ug,)m) are
contained in the image of Ty (Ug, ) — Ty.0,(Ug, )m, and thus it is defined
over the image by Théoréme 2 of [11], we may deduce from the above proof
that the natural map Ty (Ug, )m — Ty,0, (Ug,)m is bijective.

The following proposition is Kisin’s modified version of the Taylor-Wiles
systems argument. It is derived directly from the proof of Proposition 3.3.1
of [37], and Proposition 1.3 and Corollary 1.4 of [39].

Proposition 8.2. Assume the conditions stated at the beginning of this
section.

Let d = 3|S|, h = dim(H{, (S, (Ad®)"(1))) and j = 4]S| — 1.

(1) We have maps of Rg’loc’w—algebms

RGP llwr,+ snijd] = Roo — R
with Roo a O[ly1,- - ,Yn+j]]-algebra and a Ro-module My such that

(1) Each of the maps is surjective and the map on the right induces an
isomorphism Rso/(y1,-++ ,yn)Roo = RE”’D of Rg’loc’w-algebms.

(2) My is a finite free O[[y1,- -+ ,yntj]]-module, and the action of Ru
on the quotient Moo /(y1,- -+ ,yn) Mo factors through ’]I‘S(U)m and makes it
into a faithful ’]I‘E(U)m -module.

(II) The ring RE’¢ is a finite O[[Yny1,- -+, Yntj)]-module, and Rﬁ is a
finite O-module.

(II1) The natural map RE”’D — TS(U)m is surjective with p-power torsion
kernel.

Proof. For each positive integer n choose a set of primes @,, as in Lemma
=0
4.8. We define T3 o (U, )m = Tu.0.(Ua,) @py, Ry,
(I) This is a consequence of Proposition 4.10 and Corollary 6.5 using the
patching argument of [56] and [37].
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Consider the RD loc¥_algebra RSUQ The the number of its generators

as a RD loc, ¢-algebra is controlled by using Proposition 4.10 and is equal to

dlm(H{lL#}(S, (Ad®)"(1))) +|S] — 1 = h+ j — d and thus we have surjective
maps

=01 = =
(o) RGOV ([, anejdl]l = Ry, — Rg”.

Using Proposition 4.10 again we see that Rgﬁgn isa O[AG MYn+1s s Yntjll-
module, such that the O[Af, ]-covariants is isomorphic to Rg’w. The O[[Yn+t1:- - > Ynts)]
structure on Rgb%n comes from the the framing, i.e., the fact that Rgb%n
is a power series ring over Rﬁu@ in j = 4|S| — 1 variables.

Consider Sk, (Ug,,, O)m® R o REU% Here the tensor product is via the

map Rqun — Ty.0,(Ug,)m composed with Ty g, (U@, )m — End(Sk4(Ug, ; O)m)-
The Sk (UQu: O)m ®py Ry, are O[AQ,l[[ynr1, -+ Y4 j]l-modules

where the O[[yp41,- -, Yn4j]] structure comes again from the framing, and
the O[Agq,]-action as in Corollary 6.5. Note that from Corollary 6.5 it
follows that Sy ,(Ug,,O)m is a free O[Ag,]-module of rank independent of
n.

The objects Ro, and M, are constructed by a patching argument of the
type that first occurs in [56], and that occurs in the form we need it in the
proof of Proposition 3.3.1 of [37].

Thus R gets deﬁned as an inverse limit of suitable finite length RD locyy_

algebra quotients of RS SUQ The module M, is defined by taking an inverse

limit over certain finite length quotients of Sy ,,(Ug,,, O)m ® R REU%R

By virtue of (**) and the construction we get surjective maps

Rg,loc,w[[xl’ c L Zhyj—dl] = Reo — Rgﬂl).

As REU% is a O[AG I[[yn+1:- -+ s Yntjll-module, such that the O[Af) |-

covariants are isomorphic to RE”’b, we get from the construction in loc. cit.
that R is a Ol[yy, - - ,yh+j]] algebra such that the last map above induces
Roo/(ylv 7yh)R RS .

By Corollary 6.5, Sk, (Uq,, , O)m is a free O[Ag, ]-module of rank indepen-
dent of n, such that its O[Ag,]-covariants are isomorphic to Sy (U, O)m.
Thus by construction we get that My, is a finite flat O[[y1,-- -, yn44])-
module. Further, the action of R on the quotient Mo /(y1, - ,yn)Mso
factors through ’]I‘S(U )m and makes it into a faithful ’]I‘S(U )m -module.

The patching is done in such a way that the natural maps Rg’w —
w 0. (U@, )m induce a map Re — End(Ms) that is compatible with the
O[[y17 o 7yh+]]] action.
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(IT) The image of Rg’loc’w[[:cl, <y Zh4j—d)] in the endomorphisms of My
is a finite, faithful O[y1,- - - , yn+;|]-module and hence of dimension at least
h+j+1.
We also know that Rg’loc’w is a domain. Since the dimension of RE’ L1y ey Thopj—d)]
is h+j+1, we deduce that M is a faithful Rg’loc’w[[xl, ceey Tt j—q)]-module
and the maps in

RE’I“’w[[w’l, oy Thij—d]] = Roo — End(Mco)

loc,y [[

are injective, and the first is thus an isomorphism.

We deduce that R, ~ Rg’loc’w[[xl, s Thaj—d)]- Thus Ry is a finite
Ol[y1,- -, Yn+j]]-module from which part (II) follows.

We also note the consequence that Roo[%] is a regular Noetherian domain

as Rg’loc’w[%] is one.
(ITI) Consider the map of regular Noetherian domains

1 1

O[[y17 to 7yh+j]”1_9] - ROO[};L

and the module My, ®p E (E is the fraction field of O) that is finite free over
Olly1,--- ,yhﬂ-]][%]. From Lemma 3.3.4 of [37] (that uses the Auslander-
Buchsbaum theorem) it follows that M., ®e E is a finite projective, faithful
Rm[%]—module. In particular Mo ®0 E/(y1,- -+ ,yn) Moo ®0 F is a faithful
module over

1 O, L
Roo - Y, Yn) = Rg" =]
i )= ]
Since the action of RE&/} on Moo /(y1,- -+ ,yn) Mo factors through TS(U)m

the last part folows. O

8.2. Applications to modularity of Galois representations.

Theorem 8.3. Let F be a totally real field unramified at p, split at p if
plp, is locally irreducible or k(p) = p + 1, such that pr has non-solvable
image when p = 2 and ﬁ|F(NP) absolutely irreducible for p > 2, and assume
that pr satisfies the assumptions («),(8) if p # 2, (B) if p = 2. Consider
a lift pr of prp ramified only at finitely many places, totally odd and such
that at at all places above p it satisfies one of the conditions (A), (B), (C)
when p > 2, and when p = 2 is either crystalline of weight 2 or semistable
non-crystalline of weight 2 with the latter considered only when the residual
representation is not finite at places above 2. Then pr is modular.

Proof. After an allowable base change F'/F, using Lemma 2.2 of [52] we
may assume that pp : Gpr — GLo(O) is:
e totally odd
e unramified almost everywhere
e (p = 2) is crystalline of weight 2 at all primes above 2, or semistable
of weight 2 if the residual representation is not finite
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e (p > 2) at all primes above p (at which it has uniform behaviour),
it is either simultaneously
(A) crystalline of weight k, such that 2 < k < p+ 1 and when
k =p+1 we may assume k(p) = p+ 1 and F” is split at p
(B) of weight 2 and crystalline over Qp*(x;), or
(C) semistable, non-crystalline of weight 2, and for v|p, pr|p, is

of the form
YoXp ¥
0 mw /)’

where X, is the p-adic cyclotomic character, and 7, an unramified
character.
e at all (finite) places v not above p at which pps is ramified, pp/|p, is

of the form
YoXp ¥
0 mw /)’

with v, an unramified character.
e prv is trivial at places above p if p is unramified at p

Then ppr and det(ppr) automatically prescribe lifting data and character
1. Thus pps arises from a morphism RE’¢ — O with RE’¢ a ring of the type
considered in Section 8.1. Thus, after possibly an allowable base change as
dictated by the need to invoke Theorem 7.4, we are done by Proposition 8.2
and solvable base change results of Langlands. Here we note (to be sure of
non-circularity in the proof when p = 2 of theorem 7.4), that when F’ as
above may be chosen so that pps is unramified outside p, which corresponds
to the case when pp(I,) is finite for all places v not above p, we need only
invoke Theorem 7.2 which is a subcase of Theorem 7.4. (]

9. PROOF OF THEOREMS 4.1 AND 5.1 OF [31]

9.1. Finiteness of deformation rings. Consider p: Gg — GL(F) that
we have fixed. (Recall that hence 2 < k(p) < p+ 1 when p > 2, and
p has non-solvable image when p = 2 and ,5\@(,“)) absolutely irerducible
when p > 2.) Consider a finite set of places S that contains all the places
above p and oo, and all the places at which p is ramified. For each v €
S we consider deformation rings RE ¥ of one of the types considered in
Theorem 3.1 (except that for places above p the behaviour is uniform).
Thus for instance at all places v above p the representations p, arising from
morphisms z : B5Y — O are either of the type (A) (including the case
k(p) = p = 2), (B), or (C) (including the case p = 2,k(p) = 4), and at all
infinite places the deformations are odd. (See Section 7.3 for the conditions
(A),(B),(C).) When we consider the case (C), we assume that when p > 2,
we have that k(p) =p+ 1.
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Consider the corresponding deformation ring R = RIYE 0100 Ro 0%
p g S s @RS S

and Rﬁ the image of the universal deformation ring Rg in Rg’w.
We have the following corollary of Theorem 7.2, Proposition 8.2 and The-
orem 95.1.

Theorem 9.1. The ring R? is finite as a Zyp-module.

In the theorem we are allowing RE ¥ for v not above p and finite to be
any of the rings we have considered in Theorem 3.1, and thus they need not
be domains.

Proof. We index for this proof the global deformation rings with the number
fields whose absolute Galois group is being represented and thus denote
R(S:g = REW and Ré,s = Rﬁ.

To prove the finiteness of Ré g as a O-module, we consider a number field
F with the following properties. This exists because of the combined effect
of Theorem 5.1 (which allows the assumptions («) and () to be verified for
p > 2 and (B) to be verified for p = 2), Theorem 7.2, and Lemma 4.2 of [32]:

e F/Q is a totally real extension, im(p|r) is non-solvable for p = 2
and p| F(up) absolutely irreducible when p > 2, F' is split at p if b,
is irreducible, and unramified otherwise, and ¢z is unramified at all
finite places not above p. The last condition then gives that ¥ r is a
character if G of the type fixed in Section 7.1.

e if p|p, is unramified then for all places p of F" above p, p|g,, is trivial.

e Strengthened versions of («) and () for p > 2, and () for p = 2,
are satisfied:

— Assume k(p) = 2 when p = 2. Then p|g, arises from a cuspidal
automorphic representation 7’ of GLa(Ap), which is unramified at
all places, and is discrete series of weight k(p) at the infinite places.
If p is ordinary at p, then for all places v above p, 7, is ordinary.
The central character of 7’ is ¢»p. This 7’ is used below in the cases
corresponding to (A).

— plap also arises from a cuspidal automorphic representation 7’ of
GL2(AFp), such that 7, is unramified for all finite places v not above
p, such that 7/, at all places v above p, is of conductor dividing v
(and is unramified if pp is finite flat at v), and is of weight 2 at
the infinite places. Further 7, is ordinary at all places v above p in
the case when p is ordinary at p. The central character of 7’ is ¢ p.
Further when p = 2, k(p) = 4 we may ensure that the representation
pr at places v of F' above 2 arises from RE ¥ This type of 7’ is used
below in the cases corresponding to (B) and (C).

When we need to consider weight p + 1 liftings, we may assume
by Theorem 5.1 and 7.2 that F' is split at p.

e The reduction mod p of the universal representation ,5}@“}53’ associated

to Ré g, denoted by 7, when restricted to G is unramified outside

)
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the places above p and the infinite places. This condition is ensured
by using Lemma 4.2 of [32] to see that for each of the finitely many
primes ¢; # p at which 7 is ramified, there is a finite extension Fy,
of Qy, such that TG, is unramified and choosing F' as in part (c) of

Theorem 5.1, such that a completion of F' at ¢; contains Fy,.

Consider the deformation ring RF over F' that parametrises (minimal,
odd) deformations of pr unramified outside places above p and of determi-
nant ¥ rxp, and such that at all places above p suitable conditions, i.e. one
of (A) (including the case k(p) = p = 2), (B) or (C) (including the case
p = 2,k(p) = 4), are uniformly satisfied. (Thus the implied set of places S’
of ramification consists of places above p and the infinite places.)

The representation p,. prescribes lifting data (where the choice of 7’ de-
pends on if we are in cases (A),(B) or (C)), and we are in a position to apply
Proposition 8.2 (II) to RﬁF , and conclude that Rjﬁp is finite as a Zy-module.

As p and p|g,. are absolutely irreducible, we have by functoriality CNLo-

algebra morphisms 7y : Rd)F — RD’¢F , Ré g — RQ g, and also f3 :
Rd)F — RQS and « : RD ¢F — RQS’ Wlth am; = mof3. As Wl(R?F) = R%F
and WQ(RQS) = Ré,s’ 0 induces a CNLp-algebra morphism -~ : RﬁF —
Ré,s. The morphism v takes the universal mod representation Gp —

GLg(RﬁF /(p)) to the restriction to G of the universal mod p representation
ﬁéng’ Go — GLQ(R% 5/(p)). As the representation Gp — GLg(RwF/( )

has finite image, we deduce that the universal mod p representation péng’ :

Go — GLQ(RQ 5/(p)) has finite image. From this we deduce, using 3.14 of
or Lemma 2.4 o , that RY = R is finite as a Z,-module.
19] or L 2.4 of [27], that RY = Ry g is fi Zp-modul O

9.2. Proof of Theorem 4.1 of [31]. We remark that some results towards
Theorem 4.1 (1) are proved by Dickinson in [15].

Theorem 4.1 (2)(i) for weights & < p — 1 is proven in [18]. The weight
k = p+ 1 case is proved in [39] when the lift is non-ordinary at p: note
that then residually the representation is irreducible at p of Serre weight 2
by results of Berger-Li-Zhu [8]. Also p does arise from a newform of level
prime to p and weight p+ 1 by the weight part of Serre’s conjecture together
with multiplication by the Hasse invariant (see 12.4 of [26]), or Corollary 1
of Section 2 of [21], using Lemma 2 of [13] to avoid the hypothesis N > 4 in
[21].

The case of k = p+ 1 when the lifting is ordinary is treated in [49].

Theorem 4.1 (2) (ii) is proved by Kisin in [37] in the potentially Barsotti-
Tate case. The semistable weight 2 case goes back to [57] and [56].

Thus we need only prove 4.1(1) and 4.2 (2)(i), and the latter only when
k=np.

Consider a lift p of p as given in Theorem 4.1 of [31]. We are assuming
that p is modular, and thus the assumptions («) and (5) are fulfilled for
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p > 2, and (B) for p = 2, by the weight part of Serre’s conjecture proven in
[20] and Propositions 8.13 and 8.18 of [23]. (Note that we may assume that
the hypothesis N > 4 from [23] is fulfilled as we do not care to show that p
arises from optimal prime-to-p level.)

By Langlands solvable base change, and Lemma 2.2 of [52], we deduce
that there is a number field F' such that

e Fis totally real, [F': Q)] is even, F'/Q is solvable, is unramified at p,
and even split at p if p|p, is irreducible

e ir := p|g, has non-solvable image when p = 2 and p| F(u,) absolutely
irreducible otherwise.

e pr is unramified at all places not above p

e if p|p, is unramified then for all places p of F above p, p|q,, is trivial,
and p|a, satisfies () and () if p > 2, and satisfies (3) if p = 2.

Further again by [33] it will suffice to show that pp is modular. At this
point we are done by invoking Theorem 8.3

9.3. Proof of Theorem 5.1 of [31].

9.3.1. Ezistence of p-adic lifts of the required type. We have to first prove
the existence of the p-adic deformation p := p, of p asserted in Theorem 5.1
of [31]. We call this a lifting of the required type: it has a certain determinant
1. The ring Rg is defined as in Section 9.1, and has the property that the
O’-valued points, for rings of integers OO’ of finite extensions of Q,, of its
spectrum correspond exactly to the p-adic deformations of required type.
The existence of such points follows if we know that Rg is finite as a

O-module as then we may use Corollary 4.6. The finiteness of Rg as a
O-module follows from Theorem 9.1.

9.3.2. Emistence of compatible systems. Now we explain how to propagate
the lifts we have produced to an almost strictly compatible system as in
[17] and [58]. For the definition of an “almost strictly compatible system”
see 5.1 of part (I). In fact, in [58] we state that we can propagate to a
strictly compatible system, which would follow from the statement of the
corollary of the introduction of [29] without the hypothesis of irreducibility
of the residual representation, which by a misunderstanding we thought to
be unnecessary. When this hypothesis will be removed, we will get a strictly
compatible system.

Consider the number field F' and the cuspidal automorphic represen-
tation 7’ of the proof of Theorem 9.1. Then Theorem 8.3 yields that
pr = pla, arises from a holomorphic, cuspidal automorphic representa-
tion 7 of GL2(AFp) with respect to the embedding ¢,.

The cuspidal automorphic representation 7 gives rise to a compatible
system, see [53] and [3], such that each member is irreducible, see [54]. The
irreducibility is a standard consequence of the fact that p|g, is absolutely
irreducible (as im(p|g, ) is absolutely irreducible) and Hodge-Tate.
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Let G = Gal(F/Q). Using Brauer’s theorem we get subextensions F; of F’
such that G; = Gal(F/F;) is solvable, characters y; of G; (that we may also
regard as characters of G,) with values in Q (that we embed in Q, using ¢,),
and n; € Z such that 1 = ZGZ, niIndgi X;- Using the base change results of
Langlands (as in the last paragraph of the proof of Theorem 2.4 of [52]), we
get holomorphic cuspidal automorphic representations m; of GLa(Afr,) such
that if pr, ,, is the representation of G, corresponding to m; w.r.t. ¢,, then
Prip = P’GFZ.- Thus p = ZG«L nzlndg% Xi @ Priip-

For any prime £ and any embedding ¢+ : Q — Qy, we define the virtual rep-
resentation p, = ZGZ, niIndgg Xi ® pr,;,. of Gg with the x;’s now regarded as
f-adic characters via the embédding t. We check that p, is a true represen-
tation just as in proof of Theorem 5.1 of [32]. For any prime number outside
a finite set, the traces of Frob, in p and p, coincide. It follows that, if F’
is a subfield of F' such that F'/F” is solvable, and if 7 is the automorphic
form associated to the restriction of p to G, the restriction of p, to Gp» is
associated mwpr.

We prove the almost strictly compatibility of (p,). Let ¢ be a prime num-
ber. Let F(@ be the subfield of F fixed by the decomposition subgroup of
Gal(F/Q) for a chosen prime @ of F' above q. Let m,; be the local com-
ponent at @ of the automorphic form corresponding to the restriction of p
to Gp). We define the representation r, of the Weil-Deligne group WD,
as the Frobenius-semisimple Weil-Deligne parameter associated by the local
Langlands correspondance to .

Let ¢ be an embedding Q — Q,. and call rq, the Frobenius-semisimple
Weil-Deligne parameter associated to the restriction of p, to Dj,.

As the restriction of p, to G is associated to mp(y, it follows from
Carayol and Taylor ([10] and [53]) that, if ¢ # ¢, 4, and 7, coincide.

If g = ¢ # 2 and r, is unramified, it follows from Breuil and Berger ([3],[2])
that rq, and 7, coincide.

Let ¢ = £ and suppose that p, is irreducible. Let F’ be totally real Galois
finite extension of Q such that the restriction of p to Gp/ is associated
to an automorphic form 7’ and F’ is linearly disjoint of the field fixed by
Ker(p,) ((iii) d) of 5.1). Let us define F'9 and T, as above. As 7, and

corresponds to the restriction to D, of p, for // an embedding of Q in Qp
for ¢/ # p, ¢, we see that m, and 7r(’1 are isomorphic. As the restriction of

p, to the Galois group of F’ @ g irreducible, it follows from Kisin that r,,
corresponds to 7, hence to 7, ([29]). This finishes the proof of the almost
strict compatibility of (p,).

(3), computation of k(py): This follows from the corollary in the intro-
duction of [40] and Corollary 6.15 (1) of Savitt’s paper [46] (see the similar
argument below).

(4), computation of k(pg): Consider F”, the fixed field of a decomposition
group at ¢ of G (corresponding to ¢,), with @ the corresponding split place
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above g. By the base change results of Langlands, p,|q,, arises from a
a cuspidal automorphic representation 7’ of GLa(Ap/). We deduce from
[10] and [53], applied to py|c,,, that the local component at @ of 7’ is

supercuspidal with corresponding inertial Weil-Deligne parameter (wj @

q,2
wgg _Z), 0). Thus the main theorem of Saito [45] applies to 7’ and gives that

px'| Do has the same inertial WD-parameter (thus for instance p, becomes
Barsotti-Tate over a tamely ramified extension of Q; of ramification index
dividing ¢* — 1).

Then using Corollary 6.15 (2) of Savitt’s paper [46], and Serre’s definition
of weights (see Section 2 of [47]), we conclude the claimed information about

k(pg)-
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