
1. Exercises-Implicit functions-degree of maps

1.1. Exercise. Consider the forced nonlinear oscillator (periodic boundary value
problem)

(1) u′′ + λu + u2 = g, u(0) = u(2π), u′(0) = u′(2π)

where g is a continuous 2π − periodic function and λ ∈ R, is a parameter. Let
E = C2([0, 2π], R) ∩ {u : u(0) = u(2π), u′(0) = u′(2π)}, and X = C0([0, 2π], R),
where both spaces are equipped with the norms discussed earlier. Then for certain
values of λ, (1) has a unique solution for all forcing terms g of small norm.

Solution: We shall demonstrate the conclusion by a use of the Implicit Function
Theorem. To this end we shall use

Λ = {(λ, g) : λ ∈ R, u ∈ X}
with

‖(λ, u)‖Λ = |λ| + ‖u‖0.

We define the mapping

f : E × Λ → X

by

f(u, λ) = u′′ + λu + u2 − g

and look for zeros of this mapping. Note that this is a continuous mapping. To
see this, let (λ0, g0, u0) be an arbitrary point in Λ × E and let ǫ > 0 be given. We
compute

‖f(u, λ) − f(u0, λ0)‖0 ≤ ‖u′′ − u′′

0‖0 + |λ − λ0|‖u0‖0

+|λ0‖u0‖0 + ‖u0 + u‖0‖u0 − u‖0 + ‖g − g0‖0.

Then, if

|λ − λ0| + ‖g − g0‖0 + ‖u − u0‖2 ≤ δ ≤ 1

we obtain

‖f(u, λ, g)− f(u0, λ0, g0)‖0 ≤ ‖u − u0‖2 + |λ − λ0|‖u0‖2

+|λ0‖u − u0‖2

+(‖u0‖2 + 1)‖u0 − u‖2 + ‖g − g0‖0,

or
‖f(u, λ, g)− f(u0, λ0, g0)‖0 ≤ δ + δ‖u0‖2

+|λ0|δ + (‖u0‖2 + 1)δ + δ

= (2 + 2‖u0‖2 + |λ0|)δ.
Hence, choosing

δ ≤ min{1,
ǫ

2 + 2‖u0‖2 + |λ0|
},

we have

‖f(u, λ, g)− f(u0, λ0, g0)‖0 ≤ ǫ.

Thus f is a continuous mapping.
We next compute

f(u + h, λ, g) − f(u, λ, g) = h′′ + λh + 2uh + h2.

On the other hand
‖h2‖0

‖h‖2
≤ ‖h‖2

2

‖h‖2
,

1
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thus

h2 = o(‖h‖2).

This proves that

Duf(u, λ, g)(h) = h′′ + (λ + 2u)h

and

‖Duf(u, λ, g)(h)‖0 ≤ (1 + ‖λ + 2u‖2)‖h‖2.

Thus Duf(u, λ, g) is a bounded linear map for each (λ, g). Note that

‖Duf(u, λ, g)(h) − Duf(v, µ, g)(h)‖0 ≤ (|λ − µ| + ‖u − v‖2)‖h‖2

from which one may conclude that the mapping

(u, λ, g) 7→ Duf(u, λ, g)

is a continuous mapping from E × Λ to the bounded linear maps from E to X.

We next note that

f(0, λ, 0) = 0

and

Duf(0, λ, 0)(h) = h′′ + λh.

If we let λ range over the values n2, then solutions of

h′′ + n2h = 0

are given by

h(x) = a sinnx + b cosnx,

which are all periodic of period 2π for any values of a and b. Hence for those values
of λ we cannot apply the implicit function theorem (the operator is not one to one).
Let us therefore fix λ 6= n2, n = 0,±1, · · · . In this case all solutions of

(2) h′′ + λh = g

are obtained by the variation of constants method and one may show Using this
method) that there is a unique solution h which resides in the space E. Let us carry
out this procedure in a particular case that λ0 is a poitive number λ0 6= n2, n =
0,±1, · · · . Then the general solution of (2) is

(3) h(x) = a sin
√

λ0x + b cos
√

λ0x + hp(x),

where

hp(x) =
1√
λ0

∫ x

0

(sin
√

λ0x cos
√

λ0t − sin
√

λ0t cos
√

λ0x)g(t)dt.

The constants a and b in (3) are uniquely determined by the boundary conditions
(do the algebra!) and after calculating them, one may show that (again you may
want to do the algebra)

‖h‖2 ≤ c‖g‖0.

Hence Duf(0, λ0, 0) is a linear homeomorphism of E onto X. We may therefore
apply the implicit function theorem to show that for all λ close to λ0 and all g ∈ X

whose norm is small, there exists a unique solution u(λ, g) ∈ E of small norm of
our problem.
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1.2. Exercise. Let Ω be a bounded open set in C and let f : Ω :→ C be a con-
tinuous function which is analytic in Ω and does not assume the value 0 on ∂Ω.

Furthermore assume that all zeros of f in Ω are simple. Then

d(f, Ω, 0) = n,

where n is the number of solutions of the equation

f(z) = 0

which lie inside Ω.

Solution: A zero z0 of an analytic function is a zero multiplicity m (simple if
m = 1) if we can write

f(z) = (z − z0)
mg(z),

where g is an analytic function such that g(z0) 6= 0. Thus z0 is a simple zero of f

if f(z0) = 0, f ′(z0) 6= 0. let us identify C with R2 and write

f(z) = U(x, y) + iV (x, y),

with U the real part and V the imaginary part. It follows from complex analysis
that

f ′(z) = Ux(x, y) + iVx(x, y),

and hence f ′(z) 6= 0 if and only if U2
x(x, y) + V 2

x (x, y) 6= 0. On the other hand, if
we consider f as a map from R2 to R2, then

detf ′(x, y) =

∣

∣

∣

∣

Ux Uy

Vx Vy

∣

∣

∣

∣

= UxVy − VxUy = U2
x + V 2

x ,

where we have used the Cauchy Riemann equations. It therefore follows that 0 is
a regular value for f and we may use mthe degree formula

d(f, Ω, 0) =
∑

z∈f−1(0)

sgn detf ′(x, y),

which by the above equals
n

∑

i=1

1 = n,

where n is the number of zeros of f.


