SAMPLE EXAM II, MATH 2270-1

1) Compute the determinant using the co-factor expansion along a row or a column of your
choice.

h

Il
— =
B~ N =
O W

2) Find an inverse of the matrix A by performing the row reduction to [A|I].
111
A=|1 2 3
149

3) Find a basis of the null space and the column space of the matrix A using the given row
echelon form.

1 111 1 111
A=112 3 4| ~]0 1 2 3
2 3 4 5 0000

4) Which of the following three subsets of R? is a subspace? Why or why not? (Here Z
denotes the set of integers.)

(1) vz{ i; _ |x1,m2€Z}.

(2) V:{- i; - |x1+x2:0}.

(3) v—{_g_ |x1~x2—0}.
5) Suppose vy, ..., vy, are vectors in R™ and 7' : R™ — R™ is a linear transformation such
that the vectors T'(v1) ..., T (vy,) are linearly independent. Prove that vy, ..., vy, are linearly

independent.
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Solutions:

1) Expanding along the first column:

1 11
2 3 11 11
1 2 3 :‘ " ‘+‘ ‘:65+1:2
1 4 9 4 9 4 9 2 3
2) Answer:
1 6 —5 1
/rl:5 -6 8 -2
2 =3 1

3) A basis of the column is the first two columns of A since the non-zero pivots in the reduced
form appear in those two columns. Null space is the space of solutions to the homogeneous

system. From the echelon form we see that x3 = s and x4 = t are free variables, xo = —2s—3t
and x1 = s + 2t. Thus any solution in vector form is
s+ 2t 1 2
—2s — 3t -2 -3
s 175 1|t o
t 0 1

so a basis is the two column vectors on the right hand side.

4)
(1) No, since v = [ i } €V but v ¢V.
(2) Yes, it is a kernel of a linear transformation 7' : R? — R. (Which one?)

(3) No,sincevz[(l)} EVandu:[[l)] eVbutv+ugV.

5) Want to show that x; = ... = x,,, = 0 is the unique solution of the equation zyv; + ...+
TmUm = 0. Apply T to this equation:

T(zx1v1 + ... + Tpom) = T(0).

Since T is a linear trasformation, T(x1v1 + ... + Tpvy) = 1T (v1) + ... + 2, T (vy,) and
T(0) = 0. Substituting these, we have

ale(vl) + ...+ l‘mT(Um) =0.

Since T'(v1), ... T (vy,) are linearly independent it follows that x; = ... =z, = 0.



