Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

JOURNAL OF

Editor-in-Chiel Editorial Board
P q Nicalis i EL Knukhro Vera Sergancra
Luchizar L. Mramov Kazuhiko Kurana Aner Shaley
Editor of the section  Eva Bayer-Fluckiger Gus I, Lehrer Ranald Salemen
on Computatienal Coevada de Concini Martin Lisbeck T Stafford
Algebra Steven Dale Cutkosky  Peter Littekmann Gernot Stroth
Dt Jiang. Laurent Moret-Bailly Michel Vzn den Bergh
Leorard L. Scodt, Jr. Efim Zeimanay
Founding Editar
B
5 Jon Carlson Maino Gade Guniter Maile
W, Feit, 1985-2000 Juhin Cramana Dierek Halt Eamenn O'Brien
Patrick Dahomoy WAz M. Kantoe Brung Salvy
Harm Derksen Reinhard Laubenbacher  Jean-Yves Thibon

This article was published in an Elsevier journal. The attached copy
is furnished to the author for non-commercial research and
education use, including for instruction at the author’s institution,
sharing with colleagues and providing to institution administration.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Available online at www.sciencedirect.com

i . JOURNAL OF
ScienceDirect Algebra

ELSEVIER Journal of Algebra 319 (2008) 3244-3258

www.elsevier.com/locate/jalgebra

Lifting of generic depth zero representations of classical
groups

Gordan Savin

Department of Mathematics, University of Utah, Salt Lake City, UT 84112, USA
Received 9 June 2007
Available online 31 October 2007

Communicated by Dihua Jiang

Abstract

We describe how generic depth zero supercuspidal representations of classical groups lift to a general
linear group. The main tool is a computation of reducibility points of certain parabolically induced repre-
sentations.
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1. Introduction

Let G be a split classical group, either SOy,41(k) or Sp,, (k), over a p-adic field k. We
assume that p is odd. A goal of this paper is to describe how generic depth zero supercuspidal
representations of G, studied by DeBacker and Reeder [DR], lift to a general linear group under
the lift of Jiang and Soudry [JS] (for SO2,1(k)) and under the lift of Cogdell, Kim, Piatetski-
Shapiro and Shahidi [CKPS] (for Sp,,, (k)).

Let Wy be the Weyl group of the local field and let Z D Z™ be the inertia and the wild inertia
subgroups of Wi. Let G*(C) be the dual group of G. Recall that a Langlands parameter is a
homomorphism from Wy x SL,(C) to G*(C). A Langlands parameter ¢ is tame, regular, and
discrete series if, respectively,

(1) g is trivial on the wild inertia subgroup Z,
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(2) the centralizer of ¢(Z) is a maximal torus in G*(C),
(3) the centralizer of ¢(Wy) in G*(C) is finite.

Note that the second condition implies that ¢ is trivial on SL,(C). Tame regular discrete series
parameters can be explicitly described for classical groups. (See an excellent article of Gross and
Reeder [GR].) Consider first the case G = SOj,,+1(k). The dual group of SOy, +1(k) is Sp(V)
where V is a 2n-dimensional symplectic space over C. A tame regular discrete series parameter
for SOy, 4+1(k) 1s a homomorphism

@: Wk — Sp(V)
such that under the action of W}, the symplectic space V decomposes into irreducible summands

where each V; is a non-degenerate symplectic subspace of V of dimension 2n;. Moreover, if ¢;
denotes the representation of Wy on V;, then ¢; = ¢; if and only if i = j. Irreducible tame sym-
plectic representations of Wy can be explicitly described and to every tame regular discrete series
parameter one can attach a depth zero supercuspidal generic representation X' of SO»,1(k) by
picking a hyperspecial maximal compact subgroup of SOy, 1(k). (See [DR] and [GR] how to
attach a whole packet of representations to ¢.) The representation X' depends on the choice of
the hyperspecial maximal compact subgroup, however, this choice is not important to us. These
representations exhaust all generic depth zero supercuspidal representations of SOy, 41 (k).

Recall now that to every irreducible summand ¢; of ¢ one can attach, via the local Langlands
correspondence, a depth zero self-dual supercuspidal representation I7, of GLy,, (k). Let IT be a
depth zero self-dual supercuspidal representation of GLj3,, (k). Consider the generalized principal
series

I(s, [T ® X)

of SOu4y,42n+1(k) obtained by inducing IT ® X from a maximal parabolic subgroup P = M N
with the Levi factor M = GLjy,,, X SO2,,+1. The induction is normalized as in [Sh]. Our first result
is:

Theorem 1.1. Let X' be a depth zero generic supercuspidal representation of SOy,41(k) cor-
responding, in the sense of DeBacker and Reeder, to a tame regular discrete series parameter
=91 DD @yg. Let I1 be a depth zero self-dual supercuspidal representation of GLo, (k).
Then the generalized principal series 1(s, I1 @ X') reduces at s =1 if and only if I1 = I, for
some i.

On the other hand, rank one reducibilities are determined by the Jiang—Soudry lift X to
GL;, (k) and vice versa. (See a discussion on this topic in [J, Chapter 3].) Thus, a consequence
of Theorem 1.1 is that the Jiang—Soudry lift of X' to GL,, (k) is

Ind(n(pl ® Tt ® H(/)d)»

where the induction is from a parabolic subgroup with Levi factor GL,, x --- x GLy,,. The
induction is normalized so that the resulting representation is tempered. In particular, this shows
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that the parametrizations of Debacker—Reeder and Jiang—Soudry coincide for generic supercus-
pidal representations of depth zero.

We also have similar results for Sp,, (k). The dual group of Sp,, (k) is SO(U) where U is a
2n + 1-dimensional orthogonal space over C. The main difference in this case is that there are
four one-dimensional orthogonal parameters: the trivial character and three non-trivial quadratic
characters of W,fb = k*. Any other tame irreducible orthogonal representation of Wy is even-
dimensional and its determinant is y, the unique unramified quadratic character. A tame regular
discrete series parameter for Sp,,, (k) is a homomorphism

¢: W — SOU)
such that under the action of Wy the orthogonal space U decomposes into irreducible summands
U=U @& ®Us® x*

where each U; is a non-degenerate orthogonal subspace of U of dimension 2n;. Moreover, if ¢;
denotes the representation of Wy on U;, then ¢; = ¢; if and only if i = j. Again, tame irreducible
orthogonal parameters can be explicitly described and to every tame regular discrete series pa-
rameter ¢ one can attach a depth zero supercuspidal generic representation X' of Sp,,, (k) by
picking a hyperspecial maximal compact subgroup of Sp,, (k), as well as a depth zero, self-dual
supercuspidal representation ITy, of GL,, (k), for every even-dimensional summand ¢; of ¢. Let
IT be a depth zero self-dual supercuspidal representation of GLj,, (k). Consider the generalized
principal series

I(s, [T ® X)

of Spy,, 12, (k) obtained by inducing /T ® X from a maximal parabolic subgroup P = M N with
the Levi factor M = GL2,, X Sp,,,. Again, the induction is normalized as in [Sh].

Theorem 1.2. Let X be a depth zero generic supercuspidal representation of Sp,,, (k) corre-
sponding, in the sense of DeBacker and Reeder, to a tame regular discrete series parame-
ter p =1 ® - ® dg ® x?. Let IT be a depth zero self-dual supercuspidal representation
of GLyy, (k). Then the generalized principal series 1(s, I[1 ® X) reduces at s = 1 if and only
if I1 = Iy, for some i.

A consequence of this result is that the lift of X' to GL,,1(k), in the sense of Theorem 7.3
in [CKPS], is

Ind(H(l,l Q- ®Iy, ® Xd)'

Perhaps we need to say a word or two about depth zero representations of Sp,,, (k) not covered
by the above theorem. The simplest tame non-regular discrete series parameter is 3-dimensional.
It is a sum of three non-trivial quadratic characters of W,fb . This is a tame discrete series parame-
ter for SLy (k). The L-packet consists of 4 representations. The group SL, (k) has two conjugacy
classes of hyperspecial maximal compact subgroups. Let Ky and C; be representatives of the
two classes. The four representations in the packet are constructed by taking two cuspidal repre-
sentations of SL,(IF,;) of dimension (¢ — 1)/2 (these are cuspidal components of two oscillator
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representations) and inducing them, via Ko and K to SL; (k). The two cuspidal representations
of SL,(IF,) are obtained from a Deligne—Lusztig character Ry ¢ with 6 not in general position,
see the definition on p. 219 in Carter’s book [Ca]. In essence, the restriction to regular parameters
allows us to avoid certain annoyances associated with groups with disconnected center.

Our method is based on a simple observation (see Section 4) that the generalized principal
series 1(s, [T ® X') reduces at s = 1 if and only if a certain Hecke algebra of type A} has un-
equal parameters. This information can be easily read off of a work of Lusztig [Lu]. We do not
determine precisely the Hecke algebra.

2. Tame self-dual parameters of Weyl group

Let §2, denote the set of all complex roots of unity of order prime to p. Let IF; be the residual
field of k and Fq its algebraic closure. We fix once and for all an identification of F; and £2,y [Ca,
Proposition 3.1.3]. In particular, for every n, we have a primitive root ¢, in IF;H that corresponds

to e271/@" =1 ynder this identification. (The actual choice of identification is not important. As
the reeder will soon see, the identification is simply used as a convenience to “write down” tame
parameters of the Weyl group.) The Frobenius acts on £2, by

F(r)=14

for every t in §2,. Note that all F-orbits are finite. These orbits play a key role in the description
of tame parameters.

Lemma 2.1. Let T be a root of 1 different from £1. Assume that the F-orbit of T has n different
elements:

If vV is on this list, that is, if t—' = 17" for some m < n then n = 2m.

Proof. First of all, note that 0 < m since 7 % 1. Raising 7~! = 79" to the ¢"th power gives

r = 79" Since 7 = ¥ if and only if k is a multiple of n, and 0 < 2m < 2n, it follows that
n=2m,as claimed. 0O

We are now ready to define irreducible tame self-dual parameters. Let zo be a uniformizing
element in k. Let K be the unique unramified extension of k of degree 2m. Then

sz(w)x]F;;m x Uy

where U is the maximal pro p-subgroup of K *. A character of K* is called tame if it is trivial
on Uj. Let ¢, be the primitive root in ]qum defined above. Pick 7, a complex root of 1 such that

the F-orbit 7, t9, ... has precisely 2m distinct elements and 79" = 7 ~!. (For example, T can be
picked a primitive root of order g™ + 1.) Then t defines two tame characters—denoted by the
same symbol—n of K* by

{ U(sz) =T,
n(w)=—1orl.



3248 G. Savin / Journal of Algebra 319 (2008) 3244-3258

Let Wy and Wk be the local Weyl groups of k and K. Recall that
Wi/ Wk = Gal(K / k) = Gal(F 2 /Fg).

Via the local class field theory we have an identification Wl‘éb ~ K. Note that o F' # 5 and
n o F™ =n. In particular, the character n defines two 2m-dimensional irreducible and self-dual
representations

p(r) =Indy! () if n(@)=—1,
¢(0) =Indyl () if n(@)=1

of Wi. We record (see [Moy]) that ¢ is symplectic and ¢ is orthogonal. Moreover, the determinant
of ¢ is x, the unique unramified quadratic character of W,fb = k*. The two parameters, ¢ and ¢,
are obtained one from another by twisting by an unramified character of W,fb = k> of order 4m.

Summarizing, irreducible 2m-dimensional symplectic and orthogonal parameters are para-
meterized by F-obits 7,79, ... in £2, of order 2m such that 79" = =1 1t follows that a tame
regular discrete series parameter, symplectic or orthogonal, is given by a sequence 7y, ..., Ty
of roots in §2,/ belonging to different F-orbits. We write these two parameters, symplectic and
orthogonal, respectively, by

{go(rl”"’Td)’
o(t1,...,T4).

3. Reductive groups over finite fields

Let ¢(71,...,79) Or ¢(71, ..., 74) be a tame regular discrete series parameter of SOy, 41 (k)
or Sp,,, (k), respectively. In order to describe the generic supercuspidal representation X' attached
to this parameter we need to recall some results of Deligne and Lusztig.

Let (G, F) denote a pair where G 1is a split group GL,, SO2,41 or Sp,, defined over the
finite field IF, and F is the action of Frobenius on G(Fq). Regular cuspidal representations of G
are parameterized by pairs (T, 0) where T is an F-stable elliptic torus of G and 6 is a regular
character of T'. The character 6 can be viewed as a regular element in a dual F*-stable torus 7*
in the dual group (G*, F*). In the cases of our interest, we record

G ||GL,[SO241] Spy,
G*||GL, szn SO241

We now proceed to describe the conjugacy classes of F-stable elliptic tori in G*. We first start
with GL,,. If T* is a maximal torus in G then, over the algebraic closure, 7*(F,;) = X ® IF;;
where X is the co-character lattice. In this case we have a natural identification

X=7"=Ze @ - @ ZLey

so that the action of the absolute Weyl group A, on X is by permutations of vectors ey, ..., e,.
Any element in 7 is represented by an n-tuple

X1, X)) =e1 @x1 + -+ e, @ xp.
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There is only one class of elliptic tori, given by the Coxeter torus. Recall that the Coxeter element,
or rather the Coxeter conjugacy class, is given as a product of simple reflections. For GL,, this is
a cycle of order n. The Frobenius action on 7 is obtained by twisting the usual Frobenius action
on Fq by the Coxeter element of the Weyl group. It follows that F*-action on the elliptic 7* is
given by

q .9 q )

F"‘()cl,)cz,...,x,fl)z(x,l,xl,...,)cn_1

A cuspidal parameter for G = GL,, is given by a regular element in the Coxeter torus 7*:
0 = (1:, 74, ...,fqnfl).

Let 7 be the irreducible Deligne-Lusztig character &=R7 ¢ of GL, (FF,) attached to 6.

If G* = Sp,,, or SOy,41 then there is more then one class of F*-stable elliptic tori, but they
can be all easily understood in terms of the Coxeter tori. Let @ be the absolute root system of G*.
We can realize @ in the standard fashion so that the simple roots are

a) =e) — e, e Ap_1 =é€y—1 —ép
and
e, 1f®=B8B,,
"= {Zen ifd=C,.
Again, for any maximal torus 7*, we have T *(Fq) =XQ® qu where X is spanned by ey, ..., e,.

If T* is a Coxeter then the action of F* is given by

F*(x1,x2,...,%,) = (x,,_q,xf, .. .,xZ_l).
A general elliptic torus is a product of Coxeter tori 7} x --- x T} corresponding to a decompo-

sition

where each X; is spanned by a subset of ey, ..., ¢;.
Now, to every tame, regular parameter (symplectic or orthogonal) given by roots 1, ..., 7y
we can attach a regular element

ny—1 ng—1
0=01x-x0g=(t1,....70 ... ta,....T0" )

in the elliptic torus 7| x --- x T7. (Note that tiqnl = rl._l holds if the parameter is F-invariant.)
Note a slight difference between the two cases. If G* = SOy,,41 then 6 is regular even if 7; = —1
for one i. In that case, however, 6 is not in a general position. We assume that t; # %1 through-
out this paper. In particular, 6 is in a general position and the corresponding Deligne—Lusztig
character

o ==xRrp
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of G(IFy) is irreducible. Let X' be the representation of G (k) compactly induced from o, un-
derstood as a representation of a hyperspecial maximal subgroup of G (k). This representation is
easily seen to be generic, see Lemma 6.1.1 in [DR].

4. Rank one reducibilities

Let X be a depth zero generic supercuspidal representation of SOy, 41 (k) attached to a tame
parameter (71, ..., T7) as in the previous section.

Let ¢(7) and ¢ (7) be the tame irreducible symplectic and orthogonal parameters, respectively,
of dimension 2m attached to the same complex root t such that 19" = t~!. The determinant
of ¢ (7) is the unique unramified quadratic character x of Wk“b = k*. The two parameters define
two depth zero self-dual supercuspidal representations of GL,,, (k) as follows. Let

m—1 m—1
9=(‘L’,...,‘L’q R A )
It is a parameter of a self-dual cuspidal representation 7 of GL;,, (IF;) with the trivial central

character. Let R be the maximal order in k. The self-dual representations attached to ¢(t) and
¢ (7) via the local Langlands correspondence are

- qCLam (k)

Hye) = lndeéLzm(R)(l ® ),
. 1GLy, (k

H¢(T) = lndeéL(zm)(R)(X & 71').

This follows from a result of Henniart in [He1]. He shows there that the functorial lift of the char-
acter n of K™ to GLjy,, (k), obtained by the trace formula, coincides with Howe’s construction
of supercuspidal representations of GL,, (k) up to a twist by the unramified character of K* of
order 2. However, our choice of central characters for I1,;) and I1y ) is made to account for
the twist.

We note that I1,;) is a twist of Iy ;) by an unramified character of order 4m. By a result of
Henniart [He2],

L(0, o~ Hyr)) = oo,
L(O, Symz, H(p(r)) =0

holds for Shahidi’s exterior and symmetric square L-functions. Indeed, Henniart shows that the
local Langlands correspondence preserves exterior and symmetric square L-functions. The state-
ment about poles on the Galois side is obvious. Alternatively, we can use Theorem 7.6 in [KM].
That result is equivalent to the statement on the poles of Shahidi’s L-functions.

We have come to the main point of this paper. Let I(s, I1y;) ® X) and I(s, ITy ;) ® X') be the
generalized principal series representations of SOy, 42,41 (k) obtained by inducing from a max-
imal parabolic P = M N, as in the introduction. Points of reducibility for these principal series
representations are given in terms of poles of Shahidi’s L-functions. (See Section 3 in [Mu]
for a nice introduction to the connection of L-parameters and points of reducibility.) Since
L0, Symz, Iy (7)) = oo, the generalized principal series I(s, I1y ;) ® X') reduces at s = 1/2,
that is, we have a complementary series here. On the other hand, the generalized principal se-
ries I(s, I[1,z) ® X) either reduces at s = 0, in which case there is no complementary series,
or it reduces at s = 1. We would like to understand which of the two possibilities occurs for a
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given t. Here is an idea. Since I1y () 18 a twist of I1,(;) by an unramified character of order 4m
the two families of principal series representations belong to the same Bernstein’s component.
Irreducible representations in this component are parameterized by representations of a Hecke
algebra of type A1 [Mor]. Matsumoto showed in [Ma, p. 47] that a Hecke algebra of type A1
has two complementary series of different length if and only if it has unequal parameters. In
particular, in order to show that a reducibility happens for s = 1, it suffices to show that the
parameters of the Hecke algebra in question are unequal! This can be easily read off of a work
of Lusztig [Lu] and it will be done in the next section. More precisely, we shall show that one
parameter is a cube of the other. If that is the case, then Matsumoto’s computation shows that the
length of one complementary series is twice the length of the other and this is consistent with
Shahidi’s results.

The same approach works for X', a generic supercuspidal representation of Sp,,, (k), attached
to a tame parameter ¢ (7, ..., Tg) in general position.

5. Hecke algebras

Let p = p(7) be an irreducible tame symplectic or orthogonal parameter of dimension 2m
constructed by means of t, a complex root of 1. Let IT be the corresponding depth zero self-
dual representation of GLy,, (k). Let X' be a depth zero generic supercuspidal representation of
SO2,41(k) or Sp,, (k) attached to a parameter constructed by means of complex roots 7, ..., 74.
Let G denote the split group SO4; 2741 OF SPy,, 10, We shall now describe the parameters of
the Hecke algebra of Bernstein’s component containing representations induced from 17T ® X,
via the maximal parabolic group P = M N.

We realize the root system @ of G in a standard fashion in 72+ Let ay, ..., om+n D€
the simple roots where a1, is the unique short or long simple root. Note that the maximal
parabolic P corresponds to the simple root ay,,. We extend the Dynkin diagram by adding the
lowest root

el +ey if @ = By,
oy = —
0 2e; if @ = Comn.

Let /C; be the maximal compact subgroup of G (k) corresponding to the root ¢; in the extended
Dynkin diagram. Of interest to us are /Cp, a hyperspecial maximal compact, and K. Consider
the intersection

P =KoNKyp.

Notice that P N M is a hyperspecial maximal compact of M, the Levi factor of P.

Recall that the complex roots 7 and 71, ..., t; define a pair of cuspidal representations 7 and
o of GLyy, (IFy) and of SO, 11 (F,) or Sp,, (IF,), respectively. Bernstein’s component of gener-
alized principal series representations I(s, IT ® X') consists of representations of G (k) generated
by the P-type

S=mQo.
The corresponding Hecke algebra H is of type A 1 and it can be determined following Theo-

rems 4.15 and 7.12 in [Mor]. (A detailed discussion, in the case of Siegel maximal parabolic
subgroup, is given in Proposition 6.1 in [KM].) We summarize what we need here: The algebra
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H is generated by two elements 7; supported in /C;, for i =0 and 2m. More precisely, let G; be
the quotient of ; by its pro-unipotent radical. Let P; = M; N; be the image of P in G;. Consider
the induced representation V; = Indgi" (8). Let

H; = EndGi (Vi)

be the algebra of endomorphism of V;. Note that H; is contained in H. By a result of Howlett
and Lehrer [HL] H; is a Hecke algebra of type Aj. It is generated by an element 7; satisfying a
quadratic relation

T = (pi — DT; + pi

where p; > 1 is the quotient of the degrees of two irreducible summands of V;. (Note that there
are two irreducible summands since the algebra of endomorphisms is two-dimensional.)
Lusztig in [Lu, Theorem 8.6] gives a way to compute the numbers p;. The reminder of this
section is devoted to calculating p;’s on a case by case basis.
Case i = 2m. In this case the reductive quotient G»,, is equal to

{ SO4m X SOZn—I—] ifd = BZm—l—n,
SPam X Spa, if @ = Coppn.

In particular, the business of calculating p,, involves only inducing 7 from GL, (F,) to
SOy (Fy) or Spy,, (Fy). This calculation was done in [KM] and, we record,

m

P2m=q .

Case i = 0. In this case Ky is a hyperspecial maximal compact subgroup of G. Let G{j and
Mg be the dual groups of G and M. Note that M is equal to

{ GL2y X Sp,y, if @ = By,
GLyy x SOg,41 if @ = Copygn-

In M§ we have an F*-stable elliptic torus
~ (Ex\2m+n
Ty=T"xT{" x - x T*:(F;)

where T* is the F*-stable elliptic torus in GLy,, and T}* x - -- x T is the F**-stable elliptic torus
in Sp,,, or in SOy, 1, as described in Section 3. The Deligne—Lusztig parameter of ¢ is a regular
element

m—1 m—1 np—1 ng—1
-1 - q q
90=(T,...,Tq A S ST e Ty s Ty )

in general position. Let W be the centralizer of 6y in the absolute Weyl group. There are two
cases.
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Case t is in the F-orbit of some t;. Without loss of generality we can assume that i = 1,
n1 =m and t; = t. Then the centralizer W of 6 is generated by reflections corresponding to
roots

I={ej—eypyjand ey j+eypyjlj=1,...,m}
These 2m roots span, as simple roots, a system of type A%'. It follows that
W= W:}é,

m copies of the Weyl group of type A;. Note also that F* acts transitively on roots in /. This
observation is in accordance with Theorem 8.6 in [Lu]. That is, the Hecke algebra of the induced
representation of the finite group Gy is 2-dimensional, the element 7 corresponds to the unique
F*-orbit on S and py is equal to the dimension of the Steinberg representation of W':

3m

pPo=4q

We need to say a couple of words how the exponent 3m is computed in the case at hand. The
formula (8.2.3) in [Lu], applied to the pair (W;, W) = (W, 1), says that

pO — an// —aE/

where E' = JIW(I) and E” = E’ ® sign are two representations of W. We recall that J]W(l) is
a sum of all irreducible representations Y of W such that ayy = 0. A nice exposition of the a-
function is given in the Appendix in [KM]. This is what we need here: Recall that the group W4,

has three irreducible representations: 1, p and sign. The a-function W +— ayy for irreducible
representations of Wy, is given by

W ||1|p|sign
3

—

aw|l0

Since W = Wziz, any irreducible representation ¥V of W is a tensor product W) ® --- @ W, of
irreducible representations of Wy, . Since (see the Appendix in [KM])

ay =aw, +---+aw,

it easily follows that E’ is the trivial representation and E” the sign representation of W. In
particular, agr — agr = 3m — 0, as desired. This completes the calculation of the parameter py,
and shows that the Hecke algebra has unequal parameters, in this case, as desired.

Case t is not in the F-orbit of any t;. In this case the centralizer W of 6y is generated by
reflections

I={ej+enijlj=1,...,m}.
These roots span a root system of type A7". It follows that

wW=wh
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m copies of the Weyl group of type A. Again F'* acts transitively on the roots in /. The Steinberg
representation of W has the dimension g™, so in this case,

m

po=4q

and we have equal parameters as we should. In particular, we have proved Theorems 1.1 and 1.2
with the following caveat:

The result of Lusztig is subject to an assumption that G has connected center. This holds for
SO2,41 but not for Sp,,. In order to remedy this, let G;, = GSp,,,. Then we have a surjective
map of dual groups

lﬂ . Gé)* —> GS = SOzn_H.

Let 6 be an element in G"* such that 1 (6;) = 6. Then 6y defines an irreducible cuspidal repre-
sentation 8" of M. The restriction of 8’ to My is isomorphic to 8. Indeed, since 6y is in general
position, § is given by an irreducible Deligne-Lusztig character. The dimensions of § and 8 are
equal, by Theorem 7.5.1 in [Ca].

Next, note that the centralizer of 6] in the Weyl group is isomorphic to W, the centralizer
of 6y. Indeed, since w(eg)) = 69, the centralizer of 9(’) is included in the centralizer of 6y. On the
other hand, note that the centralizer of 6 is generated by reflections about the roots « in S, and
a(6p) =1, for every « in S. Since

a(6)) = (o),

the reflection about o centralizes 9(/), as well. It follows that the pair (W, S) is the same for both,
6o and 6. The result of Luzstig can now be applied, and we have

Ind})(8) = ] & 55,

where the quotient of the two degrees on the right is ¢>" or ¢™, depending whether 7 is in the

F-orbit of some t; or not. Since the restriction of Ind P? (8) is isomorphic to
0

Ind}?(8) = 81 @ .
0

the ratio of the degrees of 8; and &, is also ¢>" and ¢™ in the two cases, respectively.

In the above argument we used that 6 is in general position. Otherwise the centralizer of 6y
might include a reflection about a root « such that «(6y) = —1. Then this reflection would not
be in the centralizer of 6. This sort of situation happens when we want to extend a cuspidal
representation of SL, (IF;) of dimension (¢ — 1)/2 to GLy(IF).



G. Savin / Journal of Algebra 319 (2008) 3244-3258 3255

6. Lifting to GL;, and GL3,41

Let X be a generic supercuspidal representation of the split group SO, 1(k), not necessarily
of depth zero. Jiang and Soudry (Theorem 6.1 in [JS]) defined a lift of X' as the unique represen-
tation of IT5 to GLjy, (k) such that

{L(S,E xm)=L(s, 1y x ),
€(s, XY xm)=¢€(s, Iy xm)

for any representation 7t of any GL,, (k). We note that this result appears as a part of Theorem 7.3
in [CKPS]. Moreover, Theorem 7.3 in [CKPS] contains a generalization to other classical groups
that we shall need.

Let o = @1 @ --- D @q be a regular tame discrete series parameter for SOy, 41 (k). Recall
that ¢ defines a cuspidal and generic representation X' of SO»,,4+1 (k) and a self-dual depth zero
supercuspidal representation I1,, of GLy,, (k) foreveryi=1,...,d.

Theorem 6.1. Let X be a depth zero generic supercuspidal representation of SOj,+1(k) cor-
responding, in the sense of DeBacker and Reeder; to a tame regular discrete series symplectic
parameter ¢ = @1 @ --- D ¢4. Then

Ind(IT,, ®--- ® I,,)

is the lift I1x; of X to GLo,(k), in the sense of Jiang and Soudry as explained above. In particular,

d
L(s, Y xm)= HL(S, My x ),
i=1
d
€(s, Y xm) = He(s, Iy x )
i=1

holds for any representation w of any GL,, (k).

Proof. Jiang and Soudry show that there exist self-dual and mutually non-isomorphic cuspidal
representations mw; of GL,,, (k) (m1 + - - - + m, = 2n) such that X' lifts to

MMy =Ind(m @ - - @ ;).

Since L(s, X x w) = L(s, Iy x m), for any representation 7 of any GL,, (k), by multiplicativity
property of L-functions we have
-
L(s, X xm)=L(s,I1y xm)= HL(s,ni X 7).
i=1

Since L(0, m; x m;) = oo for any i it follows, by taking = = 7;, that

L0, XY xmj) =00
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for all i. By a result of Moeglin (the main inequality in [Moe]) there are no other self-dual
representations 7 such that L(0, X' x w) = co. By Theorem 1.1 the generalized principal series
I(s, I1, ® X') reduces at s = 1 for every i. This is equivalent to

L0, X x IIy) = oo.

In particular, it follows that 7;’s are a permutation of the tame supercuspidal representations
I1,,’s as desired. The theorem is proved. O

We have the following consequence of Theorem 6.1:

Corollary 6.2. Let k be a p-adic field with p odd. The parametrization of DeBacker—Reeder of
generic depth zero supercuspidal representations of the split group SO, 11 (k) coincides with the
parametrization of Jiang and Soudry.

Proof. This follows at once from Theorem 6.1 since Jiang and Soudry attach the Langlands
parameter to a generic supercuspidal representation using the lift to GLy, (k). O

We have similar results for Sp,, (k). Let ¢ =1 D --- D ¢pg D x? be a regular tame discrete
series parameter for Sp,, (k) in general position. Recall that ¢ defines a cuspidal and generic
representation X' of Sp,, (k) and a depth zero self-dual supercuspidal representation [Ty, of
GLy,; (k) with central character y foreveryi=1,...,d.

Theorem 6.3. Let X be a depth zero generic supercuspidal representation of Sp,,, (k) corre-
sponding, in the sense of DeBacker and Reeder, to a tame regular discrete series symplectic
parameter =P D --- ® g ® x¢. Then

Ind(Hd,l Q- ®Iy, ® Xd)
is the lift I1x, of X to GLy,+1(k), in the sense of Theorem 7.3 in [CKPS]. In particular,

d
L(s, X xm)= nL(s, Iy, x ) - L(Xd X n),
i=1
d
€(s, X xm)= He(s, My, x 1) -€(s, x! x 1)
i=1

holds for any representation w of any GL,, (k).

Proof. The proof is similar to the one for SOy, (k). Cogdell et al. show that there exist self-
dual, mutually non-isomorphic cuspidal representations w; of GLy,; (k) (m1+---+m, =2n+1)
such that X lifts to a representation

Iy =Ind(m; ® --- @ 7).

As in the case of SO,11(k) we can show that all I1s, are amongst 7;’s. The remaining m; is a
one-dimensional character. Since the lift of X has the trivial central character, the remaining ;
must be x¢. The theorem is proved. O



G. Savin / Journal of Algebra 319 (2008) 3244-3258 3257

We finish by pointing out some consequences of Theorem 6.3. Let L(s, ') be the standard
L-function of X'. Then, by taking 7 =1 in the L-function identity in Theorem 6.3,

d
L(s, 2) =] LGs. ) L(s, x?).

i=1

Since L(s, I1y,) =1 (the standard L-function of a supercuspidal representation of GLoy, (k) is
trivial) we obtain a formula for the standard L-function of X':

L(S, 2) = W

This coincides with a result of J. Kim in [Ki]. There he calculated the standard L-function for
supercuspidal representations of Sp,, (k) in some low rank cases and d = 1, that is, for depth
zero supercuspidal representations attached to the Coxeter torus. In particular, if d is even, then
L(0, X') = oo. It follows, from [MS], that X' is a theta lift of a generic discrete series of the split
group SO, with the parameter ¢ @ - -- D ¢4. (The parameter here is in the sense of Cogdell,
Kim, Piatetski-Shapiro and Shahidi.)
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