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INTRODUCTION

Serre has asked if there are motives M with motivic Galois group of type G2 [Se3; pg
386]. This paper is the first step in a project to construct such a motive M, of rank 7 and
weight 0, over the base field Q.

Let G be the anisotropic form of G5 over Q, and let @ = ®,7, be an automorphic
representation of the adelic group G(A). At almost all primes p, the local representation
mp is unramified and has Satake parameter s,, a semi-simple conjugacy class in the dual
group G(C) = G5(C). Let V be the irreducible 7-dimensional representation of G(C). The

unramified representation 7, is determined by the characteristic polynomial of s, on V:
Ly, V, X) = det(1 — 5, X|V) L.
By giving a rational structure on the space of modular forms for GG, we show that the
coefficients of all the polynomials det(1 — s, X|V) lie in a totally real number field £ C C.
Under the additional hypothesis that at least one local component of 7 is the Steinberg

representation, we conjecture the existence of a motive M = M (7) of weight 0 over Q with
coefficients in E, whose local L-function at unramified primes p is given by the formula

L,(M,s)= L(m,, V,p~*).
1991 Mathematics Subject Classification. Primary 11F70 , Secondary 22E35 and 50.
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2 B. H. GROSS AND G. SAVIN

The first step in our construction of M is to lift m to an automorphic, cuspidal represen-
tation 7" of the split group G’ = PGSpg. Such a lifting, at least at the level of L-packets
is predicted by Langlands functoriality. Indeed, we have an inclusion of dual groups

G(C) = G2(C) — Spiny(C) = G'(C)

which realizes G5 as the stabilizer of a non-isotropic vector in the 8-dimensional spin
representation of Spiny;. We are able to construct a lifting @ — #’ with the property
predicted by the functoriality in many cases, using an exceptional theta-correspondence.
The group G x G’ appears as a dual pair in the adjoint group H of type F; and rank 3
over Q.

The bulk of this paper is devoted to a study of the theta-correspondence which results
from the restriction of the minimal representation of H to the subgroup G x G’. The local
results were suggested by the work of Huang, Pandzi¢, and Savin [HPS] on the quaternionic
form of E7 of rank 4 over R. The global results on cuspidality and non-vanishing were
inspired by the work of Ginzburg, Rallis, and Soudry [GRS2] in the split case.

The second step in our construction of M is to use the lifted representation 7’ of G’
to define a motive M’ in the cohomology of a Siegel modular variety. Specifically, assume
that there is a finite, non-empty set S of primes such that , is unramified for all p ¢ S,
and 7, is the Steinberg representation for all p € S. Let X be the 6-dimensional Siegel
modular variety over Q, classifying principally polarized abelian varieties of dimension
3 with an Iwahori level structure at all p € S. If 7., has highest weight kiw; + kowo,
where wy is the weight of the 7-dimensional representation and ws is the weight of the 14-
dimensional adjoint representation, let F be the local system on X corresponding to the
rational representation of G’ with highest weight kowy +kiwo+kows = (k1+2ka, k1 +k2, k2).
Then the 7'-isotypic component M’ C H, S(X, F)(3) should have rank 8 and coefficients
in . As 7’ is lifted from G, M’ should decompose as the sum of M and a Hodge class,
arising from Hilbert modular 3-folds in X. Several difficulties remain in proving this, but
we hope to treat these geometric questions in a future paper.

I SPACES OF MODULAR FORMS

In this chapter we develop the arithmetic theory of modular forms for semi-simple groups
over Q with G(R) compact. At the end of this chapter we specialize to the case when G is
of type G2. In particular, we construct two interesting modular forms for the anisotropic
form of Go. It will be shown in Chapter V, that they lift non-trivially to G’ = PG Spg.

1. Groups.

Let G be a semi-simple algebraic group over Q with G(R) compact. To simplify some
of the exposition, we will further assume that G is simply connected, and is an inner form
of a split group over Q. Then G is split over Q, for almost all primes p, and —1 is an
element of the Weyl group of G. Also, the center Z(G) is killed by 2.

Let W be an irreducible algebraic representation of G over QQ, which is absolutely
irreducible (i.e. remains irreducible over Q). Then W is orthogonal, and the G-invariant
symmetric bilinear form on W is definite over R. We fix a G-invariant, positive-definite

inner product

(1.1) <> W x W —Q,
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which is unique up to scaling by Q.

2. Modular forms.

Let Q =0Q® 7 be the ring of finite adeles of Q, so A =R x Q is the ring of adeles. Let
K be an open compact subgroup of the locally compact group G(Q). Since G(Q)\G(Q) is
compact ([B2]), the double coset space

~

(2.1) GQ\G(Q)/K

is finite. Let {g,} represent the distinct double cosets, and for each «, define the finite
group
To = G(Q) NgaKygy*
={v € G(Q) | 79K = ga K}

Associated to K C G(Q) and an irreducible representation W of G over Q, we have a
rational vector space
(2.3) A=AK,W)

| = {F:G(Q)/K — W | F(yg) =7F(9), all v € G(Q)}.
This is the space of modular forms of “level K” and “weight W” for G.

A function F' in A is clearly determined by the values F'(g,) on the double coset rep-
resentatives, and F'(g,) lies in the subspace of W fixed by I',. This observation gives a
proof of the following.

(2.2)

Proposition 2.3. The space A is finite-dimensional and the map taking F' to the elements
F(ga) in Whe is a linear isomorphism A = @, Wle.

We can use the proposition to define an inner product on A with values in Q, by the
formula

(2.4) <FF' >a=) w,' < F(ga), F'(ga) >,

where w, = Card(I',). This is independent of the choice of coset representatives, as the
pairing <, > on W is G(Q)-invariant.
3. Hecke operators.

The Hecke algebra of K is the convolution algebra of locally constant, compactly sup-
ported functions

Hix =H(G(Q)//K)
={f: K\G(Q)/K — @},

using Haar measure giving K volume 1. This has, as additive basis, the characterisitic
functions char(KtK) of double cosets, and acts Q-linearly on A as follows. Let F' € A.
Writing

(3.1)

(32) KtK = Uit K
where the number of single cosets is finite, we have the formula
(3.3) char(KtK)|F(g) = Y _ F(gt;).

The following adjoint formula shows that A is a semi-simple H x-module.
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Proposition 3.4.

< char(KtK)|F,F' > =< F,char(Kt 'K)|F' >4 .

Proof. This is standard. See, for example, [Shm)].

Over the algebraically closed field C, the isotypic decomposition of A® C as an Hx ® C
module is given by the theory of automorphic forms. Let m be an element in

(3.6) Home) (W ® C, L(G(Q)\G(A)/K)).

If w is an element in W ® C, the function m,, = m(w) is smooth. In particular, for any g
in G(A), the complex number m,,(g) is well defined. We define an element F' = F(m) in
A ® C by the formula

(3.6) < F(gf),w >=my(1 x gf),

~

where g7 is in G(Q).

Proposition 3.7. The map m — F(m) gives a linear isomorphism of Hx & C-modules

Homgr) (W ® C, L*(G(Q)\G(A)/K)) 2 A C.

Proof. We construct an inverse map. Let F' be in A® C. If g is an element in G(A), write

N

g = goo X g5 Where g is in G(R), and gy is in G(Q). We define an element m = m(F) in
Homew)(W @ C, L*(G(Q)\G(A)/K)) by the formula
mw(.g) =< goow7F<gf) > .

The map F' — m(F) is the inverse of the map m — F(m).

4. Spherical operators. R
Assume that K = [[ K, in G(Q). If

(4-1> HKp = {fp : Kp\G(Qp>/Kp - Q}

is the local Hecke algebra, we obtain a map of Q-algebras Hx, — Hy taking f, to the

A~

function f = f, ® char([,4, K1) on G(Q). In fact, we obtain an isomorphism of the
restricted tensor product of local algebras (with respect to the unit element) and H g

(4.2) ®pHK, = Hi.

We say the prime p is unramified for K if G(Q,) is split and K N G(Q,) = K, is a
hyperspecial maximal compact subgroup. In this case, the Satake isomorphism gives an
identification [Ct; pg 148]

(4.3) Hr, ©o Qp'/?] = R(G) @z Qp'"?),
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where G is the dual Langlands group and R(G) its representation ring. The half-integral
powers enter only in terms p<*#>, where ) is a co-character of a maximal torus T C G ®Qp,
and p is half the sum of the positive roots relative to a Borel subgroup containing 7'. Since
we have assumed that G is simply connected, < A, p > is always an integer, and the Satake
transform gives an isomorphism of (Q-algebras

N

(4.4) Hk, = R(G) ® Q.

Let T be the commutative Q-subalgebra of Hy generated by the local algebras Hp, for
all unramified p. Then by (4.4)

(4.5) T 2 &) wnramR(G) @ Q.

Proposition 4.6. The elements of T give commuting self-adjoint operators on A.

Proof. We have
Kt,K = Kt 'K

for all ¢, in G(Q,). Indeed, if T is a split torus in G(Q,), then G(Q,) = K,TK,, by the
Cartan decomposition. Since —1 is in the Weyl group of G, there is an element n in K|
such that ntpn_l =t, 1. The proposition now follows from Prop. 3.4.

Let F be an eigenvector for T acting on the space A ® C. By (4.4), F gives rise to an
element

(4.7) s, € Hom(R(G),C)

for all unramified primes p. But the spectrum of R(G’) ®C consists of the set of semi-simple
conjugacy classes in G(C). Thus we have shown

Proposition 4.8. If ' is an eigenvector for T in A ® C, the eigenvalues determine a

collection {sp} of semi-simple conjugacy classes in G(C), indexed by the unramified primes
p for K.

We note that by Prop. 4.6 each such eigenvector in A ® C is actually defined over a
totally real number field.

5. The Steinberg subspace.

Assume that G is split and quasi-simple over Q,, and K, a hyperspecial maximal
compact subgroup of G(Q,). We now consider the space A = A(K, W) of forms of weight
W and level K in the special case when K = I, x K’ where I, is an Iwahori subgroup
of G(Qp) contained in K,. The Iwahori Hecke algebra H; = H(G(Q,)//I,) then has
a distinguished rational character, corresponding to the Steinberg representation St, of
G(Qp). This character sends the standard Iwahori-Matsumoto generators [Lu] of Hy, to
—1.

Let

(5.1) A(St,) C A
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be the Q-subspace of modular forms on which H;j, acts by the Steinberg character. This
is an Hg/-submodule of A. Our aim in this section is to show it is a reasonably large
subspace of A, so that there are many automorphic representations with local component
St,. To first order, we will show that:

dim A(St,) r+1 B
g 1— ; + O(p ), r = rank(QG).

The algebra Hj, contains the finite sub-algebra H(K,//I,). Let €, be the restriction to
H(K,//I,) of the Stelnberg character of Hy,. This character corresponds to the Steinberg
representation of the finite Chevalley group G(p) [Ca]. The space A(St,) is contained in
the subspace
(5.3) Ale,) C A
on which the finite algebra acts by the character €,. To first order, we will show that
dim A(ep)
dim A
Let F be a maximal simplex in the building of G over QQ,,, which is fixed by the Iwahori
subgroup I,,, and for each non-empty face F; of F let I,(i) O I, be the stabilizer of F;.
Let A(1) be the subspace of A of forms of weight W and level K( ) = 1,(i) x K'.

Finally, we let A(1) be the subspace of A corresponding to the trivial 1-dimensional
representation of G. Then dim A(1) =1 when W = Q, and dim A(1) = 0 otherwise.

Proposition 5.5. In the Grothendieck group of finite-dimensional H g/ -modules:

A(Sty) + (1) A(L) = ) (=1)tm P AG)

Fi

Alg) = Y (F1)edm7iA()

Fi2Fo

(5.2)

r 1
(5.4) =1- ’ + O(F)’ r = rank(Q).

where Fy is the hyperspecial vertex fized by K.
Proof. The first follows from the Casselman’s formula [BW]:

1 T = Sty
Z(_l)codim}} dim(ﬂ_lp(i)) — (_1)7" =1
Fi 0 otherwise

for the Euler characteristic of the continous cohomology of a unitary irreducible representa-
tion m of G(Qp). The second formula follows from the standard resolution of the Steinberg
character of the finite Chevalley group G(p) [Ca; pg 187]. Note: if we include the empty
face Fy, with the stabilizer K (0)) = G, then the formula for A(St,) can be written without
the correction term A(1).

We can compute dim A(7) if G(Q) acts freely on G(Q)/I,(i) x K’. In this case:
(5.6) dim A = (1,(3) : I,) dim A(q).

We say that K’ is p-neat if G(Q) acts freely on G(Q)/I,(i) x K’ for all i, and that it

is weakly neat if G(Q) acts freely on G(Q)/I,(i) x K’ for all I,(i) C I,(0) = K,. The
Proposition and (5.6) give a formula for dim A(St,) and dim A(ep)
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Corollary 5.7. If K' is weakly neat, we have

r e;+1 1
) LT
-1 P~ 1

dim A =

and
dim A(ep) = Hpei dim A(0).
i=1

If K’ is neat we also have

dim A(St,) = ﬁ(pei — 1) dim A(0) — (—1)" dim A(1).

i=1

Here ey, €3, ... e, are the exponents for the Weyl group of G [Bu; pg 118].

Proof. This is standard inclusion-exclusion [Sel; pgs 664-667]. For example,
T p€i+1 -1

1 = (Kp : Ip) = (G(p) : B(p))
i=1

Hpei = pdimU(p) = Z (‘DCOdim}—i(Kp 1, (4))
i=1 Ip(i)ng

where B(p) is a Borel subgroup of G(p) and U(p) the unipotent radical of B(p).

6. The case G = Aut(0).

We work out some details of the theory presented in this chapter for the simplest case
of a group G with a model over Z with G(R) compact, and G(Q,) split for all p. Namely
G is the simple group of type G2 over Q defined as the automorphism group of Cayley’s
octonion algebra O [J3]. We recall that O is a non-associative division algebra of rank 8
over Q:

Q + Qe1 + Qez + Qe3 + Qey + Qes + Qeg + Qer
(6.1) e =—1alli
€; (62'_,_1 . 62'_,_3) = (ei : 62'_|_1) * €543 all ¢ ( mod 7)
The map = = ag + Y_ a;e; — T = ag — »_ a;e; defines an anti-involution of O, with fixed

field Q.
On O, we have the trace

Tr:0—-Q

(6.2)
r—x+T=2a
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which is Q-linear, and the norm

N:0O—-Q

6.3
(6:3) xHx-i':i'-x:a%-i-Zaf

which satisifies N(z - y) = N(2)N(y). Although the multiplication is neither commutative
nor associative, we have

Tr(z-y) = Tr(y - x)

(64 Tr(e- (y - 2)) = Tr((z - 9) - 2).

We denote the latter rational number simply by Tr(zyz).
Let R [Co] be the Z-lattice in O spanned by the e; and the elements

(14+e1+ex+eyq)
(1+e1 +es+er)
(1+e1+es5+ep)
(e1 + ex+e3+e5).

(6.5)

NI NI— N N

Then R is stable under octonionic multiplication, and G = Aut(R) is the unique model
over Z with good reduction at all primes [Gr]. We write G(p) for the finite group G(F,) =
Aut(R/pR).

The groups T', stabilizing the cosets g, K (2.2) have orders dividing 26337 [Se2]. When
K C G(Z) they are all subgroups of G(Z). The group G(Z) has order 26337 = 12096, and
is isomorphic to G(2) under reduction modulo 2 [A].

The irreducible representations W of G considered in Section 1 of this chapter, can all
be constructed from the irreducible representation V' on octonions with trace 0. Namely,
the 14-dimensional adjoint representation g of G is the kernel of the map

NV -V

VAW— VW —W-v

(6.6)

and for k1, ks > 0 there is an irreducible representation W = W (ky, k3) of G defined over
Q which occurs as the G-submodule of highest weight in ve' g g®k2. W has dimension
(k‘l + 1)(1€2 + 1)(l€1 + ko + 2)(’€1 + 2ko + 3)(’€1 + 3ko + 4)(2]{31 + 3ko + 5)

(6.7) — .

We fix the inner product <,> on W by taking < v,w >= Tr(vw) on V, using the
second exterior power of this product on g C A%V, and then taking the tensor product of
the previously defined inner products on W C V@™ @ g®*2.

Let K, = G(Z,). We make the Satake isomorphism (4.4)

A

Hk, = R(G)®Q
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completely explicit. Let T" C B C G be a maximal split torus in a Borel subgroup, all
defined over Z,. Let {aq, a2} be the corresponding root basis for the character group of
T, where « long and as short, and let & and @y be the dual basis for the co-characters.
We define

(6.5) { t1 = char(K,wi(p)K,)

to = char(K,ws(p)K))

in Hg,. These have degrees (the number of single K,-cosets)

{ d(t) = pE=t

(6.9)

The elements ©; and @y are the fundamental weights of the dual group G(C) = Go(C).
Since wq is short and ws is long, Wy corresponds to the 7-dimensional representation V' and
wy corresponds to the 14-dimensional adjoint representation g. Let x; and xo denote the

~

characters of these representations, so R(G) = Z[x1, x2/-
In the inverse of the Satake isomorphism:

{ X1 maps to (t; +1)/p?

6.10
( ) X2 maps to (to +t; +pt+1)/p°

Hence Hg, = Q[t1,t2]. If Fin A ® R is an eigenvector for Hg, with

t|F =\ F
(6.11) { g !

to|F = Ao F
then the semi-simple class s = s,(F) in G(C) has the following characteristic polynomial
on V:
(6.12) det(1 — ST|V) =1—a T+ asT? — asT? + auT* — asT° + agT® —T7
where 3
ap =(A1+1)/p
ag =(A2 + (p” + DA+ (p* +p* + 1)) /p°
as :a% + a1 —as
and a; = a7_; fori=1,...,6.
The Iwahori Hecke algebra Hj, has generators Ty, T1, T> and relations
(T—p)(Ti+1)=0  i=0,1,2
Tols =151y
ToTiTo = ThToTh
(T\T5)? = (TLTy)®.

(6.13)

The subalgebra H(K,//I,) = H(G(p)//B(p)) has generators T} and T5.
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7. Examples of modular forms on G = Aut(0).

We now do some explicit examples, where K is a subgroup of finite index in G (Z) Let
p be a rational prime, and let B(p) C G(p) be a Borel subgroup. We let

(7.1) K(p) € Ko(p) € G(Z)

be the subgroups reducing to 1 (mod p) and to B(p) (mod p) respectively. Then K(p) is
a normal subgroup of G(Z), and the local component of Ky(p) at p is an Iwahori subgroup.
In particular, the spaces

(7.2) A(Stp) € Alep) € AW, Ko(p))

are defined. A A
Consider first the case when K = K(2) and W is arbitrary. Since G(Q) = G(Q)G(Z),
and G(Z) = G(2) [Gr],

(7.3) G(Q) = G(Q) x K(2)
so we have one double coset, with I' = 1. Hence by (2.3)
(7.4) AW, K(2) =W

as Q-vector spaces. This is actually an isomorphism of G(2) = G(Z)-modules. By (2.3)
we obtain isomorphisms

(7.5) { A(g KOEQ)) ~ | B(2)

AW, G(2)) = WO

of Q-vector spaces. The former is an isomorphism of H(G(Z)//Ky(2)) = H(G(2)//B(2))-
modules.

Consider the special case when W = W (1, 1) has dimension 64 = 26. The restriction of
W to G(Z) is isomorphic to the Steinberg representation sty of G(2). Hence

(7.6) Ale2) = AW, Ko(2))

is one-dimensional.

Proposition 7.7. There exists a unique automorphic representation m of G(A) with s =
W(1,1) ® C, my = Sta, the Steinberg representation, and 7, unramified for all p # 2.

Proof. The K((2)-fixed vectors in such a 7 contribute a line to the space A(Sty) ® C, so
we must show that A(es) = A(Sts).

The elements 73 and T5 generate the Hecke algebra H(G(2)//B(2)). Since T} =T5 = —1
on A(ez), and ToT1 Ty = ThToT1, we have —T¢ = Ty on A(ez), so Ty must act as —1 also.
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Finally, consider the case when W = W (0,0) = Q is the trivial representation of G and
K = Ky(p). From (7.2) we have an isomorphism of Q-vector spaces

(7.8) { A(Q, Ko(p)) = (Ind§) Q)¢®)

A(Q, Ko(p))(ep) = (st,) )

Here st, is the Steinberg representation of G(p). Its dimension is p®, and appears with
multiplicity one in the induced representation from B(p).

Let d(p) = dim(st,)¥®). For small primes p, we have the following table (computed by
D. Pollack and J. Lansky):
7.9 P 5 7 11 13 17 19
' 1 13 142 416 1980 3931

For p # 2,3,7, K. Magaard has shown that
(7.10) d(p) = (p°® £ 56p> + 315p* + ap + b) /12096

where the sign 4 is chosen so that p = £1 (mod 3), and the coefficients a and b depend
on the conguence of p modulo 24:

p= 1(24) 5(24) 7(24) 11 (24) 13 (24) 17 (24) 19 (24) 23 (24)
(7.11) a 1932 —420 420 —1932 1932 —420 420 —1932
b 9792 —2304 3744 3744 3744 3744  —2304 9792
Proposition 7.12. There is a unique automorphic representation w of G(A) with mo, =2 C,
s = Sts, and w, unramified for p # 5.

Proof. We must show that
A(Q, Ko(5))(Sts)

is one-dimensional. To do this, we will compute the dimensions of the spaces A(Q, K (7)),
where K (i) = [],.5 G(Zp) x I5(i) and I5(i) is an arbitrary parahoric at prime 5. The
parahorics are indexed by the facets of a 30-60-90 triangle (a maximal simplex in the
building, the white vertex is hyperspecial), and we will find the dimensions:

1
3
v 3
1 3
4
This gives dim A(St5) =7— (3+3+4)+ (1+1+3) — 1 =1 by Casselman’s formula

(5.5).
The dimensions
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1

4

are easily computed by the above considerations, as the corresponding parahorics I5(7)
are contained in G(Zs). Now let I5(i) be the maximal parahoric whose reduction (mod 5)
is SL3(5). Using the mass formula [Gr], we find:

3 R
- #T', 253
GQ\G(Q)/K (i)

Since every finite subgroup of K (i) has order dividing 2°3, we find a single double coset,
with stabilizer of order 253, reducing to the normalizer of a maximal split torus in SL3(5).
Hence dim A(Q, K (i)) = 1, so we have obtained the dimensions:

1

1

4

Since the normalizer of a split maximal torus in SL3(5) has precisely 3 orbits on P2(5),
we obtain the dimensions:

1

4

It remains to compute the dimension for K (i) with local component I5(i) maximal,
whose reduction (mod 5) is split SO4(5). Here the mass formula yields

Z 31
- #I, 2632
G(Q\G(Q)/K ()
Hence the number of double cosets is either 2 or 3. Since the order of a finite subgroup

of K (i) divides 2632, and we can not write the mass as a sum of two such terms, the
dimension is 3 as claimed.

IT MOTIVES

In this chapter, we present a conjecture on motives of rank 7 over Q associated to
automorphic forms on the anisotropic form G = Aut(Q) of G. Since we hope to construct
these motives as the orthogonal complement of a Hodge class in a motive of rank 8, we
give local criteria which allow one to show that a subgroup I' of SOg is contained in either
Spiny or Gy = Spiny N SO7. Finally, we discuss the simply connected form of E; of rank
3 over Q, its 56-dimensional representation, and the dual pair G x G’ = Aut(Q) x PGSpg
in the associated adjoint group.
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1. A conjecture on Gy-motives.

Let G = Aut(R) be the form of G over Z constructed in (6.2) in Chapter I, and fix a
finite, non-empty set S of primes. For p in S, let K, C G(Z,) be an Iwahori subgroup.
For p not in S, let K, = G(Z,).

Fix an irreducible representation W of G, and put K =[], K;. Let A = A(W, K) be
the associated space of automorphic forms, and

(1.1) Ag = A(Stg) C A

the subspace which is localized at the Steinberg representation St,, for all primes p in S.
Then Ag is a finite-dimensional inner product space over QQ, with

dim W 5
00 L1 =D —-1)

peES

(1.2) dim Ag ~

by (5.2) of Section 1.

The spherical Hecke algebra ®,¢sH(G(Q,)//G(Zy)) acts on Ag, via self-adjoint com-
muting operators. Let F' be a simultaneous eigenvector, defined over a totally real number-
field E. Then F' corresponds to an irreducible automorphic representation of G(A)

(1.3) T = ®m,

with 7o 2 W ® C, m, = St, for all p in S and 7, spherical for all primes p not in §.

Conjecture 1.4. Associated to the eigenvector F' in Ag (or to the automorphic represen-
tation ), there is a motive M of rank 7 and weight 0 over Q with coeffcients in E. The
motive M enjoys the following local properties.

(1) Assume W = W (ky, ko). The Hodge components MP 9 of Mp®C have rank 1 over
E ® C for those (p,q) which satisfy p+ q =0 and

p =3+ ki + 2ko
24+ k1 + ko
14 ko
0
—(1+ k)
—(24 k1 + k2)
— (3 + k1 + 2ko).
Otherwise MP9 = 0. The real Frobenius Fy, acts as —1 on M0,
(2) Assumep ¢ S, so m, is spherical with Satake parameter s,. Let X\ be a finite prime

of E not dividing p. Then the X-adic representation My of Gal(Q/Q) is unramified
at p. If F}, is a Frobenius element, then

det(1 — F,T|My) = det(1 — s,T|Vc)
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has coefficients in E.

(3) Assume p € S, so m, = St,. Let X be a finite prime of E not dividing p. Then the
M-adic representation My of Gal(Q/Q) is tamely ramified at p, and isomorphic to
SSHY(X, E))(3), where X is a Tate elliptic curve over Q.

In particular, part 2) of the conjecture implies that the local components of 7 are all
tempered. This need not be true for arbitrary eigenvectors F' in A ® C, but should be true
for eigenvectors in the subspace A(St,) for any p in S. Also, we expect the spectrum of
the spherical Hecke algebra to be multiplicity free on Ag ® R.

If the motive of Conj. 1.4 exists, its L-function at finite primes is given by the Euler
product

(1.5) L(M,s)=[[@=p**) ' [[ det(1 — s, - p~*[¥)~"
peES pgS

which converges for Re(s) > 1. This is a Dirichlet series >, -, a,n™% with coefficients in
the subfield E of C. If [De; pg 329

(1.6) LOO(M, S) = F(C(S + (3 + k’l + 2]{32))Fc(8 + (2 + k’l + k‘g))r(c(s + (1 + kg))FR(S + 1)

is the Archimedian L-factor, then the product A(M,s) = L. (M, s)L(M,s) should have
an analytic continuation to the entire s-plane, and satisfy the functional equation

(1.7) A(M,s) = N37°A(M,1—s)

with exponential factor N = Hpe g p°.

The fact that F,o = —1 on M%Y implies that s = 0 and s = 1 are critical for L(M, s),
in the sense of Deligne [De; pg 318|. If M is realized as the complement of a Hodge class
in the orthogonal motive M’ of rank 8, as suggested in the introduction, then

{ L(M',s) =C(s)L(M,s)

(1.8)
L(M,1) =Ress—1 L(M’, s)ds.
2. Subgroups of Os.

As described in the introduction, we hope to construct M C M’ C HS(X, F)(3), where
M’ is an orthogonal motive of rank 8. It is therefore useful to have criteria which allow
to conclude that the motivic Galois group of M’ is a proper subgroup of the orthogonal
group O(M’) = Os.

Let W be a non-degenerate quadratic space of dimension 8 over C, and let s be a
semi-simple conjugacy class in O(W) = Og. Let

8
(2.1) F(T) = det(1 = sTIW) = (=1)F Te(s| A* W)T*
k=0

be the characteristic polynomial of s on W.
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Proposition 2.2.
1) If s lives in the normal subgroup SOg of elements with det(s) = 1, then f(T') has the
form
f(T)=1— AT + BT?> - CT* + DT* — CT® + BT® — AT" +T®

where the coefficients (A, B,C, D) are (arbitrary) elements in C*.

2) If s lives in the subgroup SO7 C SOs fizing a non-isotropic line, or in the subgroup
SOz x SO5 C SOg stabilizing an orthogonal decomposition W = W3 @& W5, then the
coefficients (A, B,C, D) of f(T) are (arbitrary) elements in the hyperplane

2A-2B+2C—-D-2=0.

3) If s lies in the subgroup Spiny; C SOs embedded by the spin representation, or in
the subgroup SLo X Spy/A < +1 > Sping x Spins/A < +1 >C SOg embedded by the
tensor product of the two spin representations, then the coefficients (A, B,C, D) of f(T)
are (arbitrary) elements in the hypersurface

A2(D+2B+1) = C? + 2AC + A*.

4) If s lies in the subgroup Go = Spiny N SO7; C SOg of Spiny firing a non-isotropic
line, or in the subgroup PGL3 C SOg embedded by the adjoint representation, then the
coefficients A and B of f(T) are (arbitrary) elements of C, and the coefficients C and D
are given by

C=A4%2-A
{ D=2(A*>-B-1).

Proof. 1) This is well-known. 2) If s lies in SO7, then f(T) = (T'—1)g(T), so f(1) = 1.
This gives the linear relation on coefficients. In fact, g(T') = (T — 1)h(T), although this
gives no new relations. The same holds for s in SO3 x SOs5, as s = s1 X sg, where s; fixes a
vector in the 3-dimensional representation W3, and s, fixes a vector in the 5-dimensional
representation Wi.

3) In these two cases, the smallest degree invariant lies in A*W, where there is a unique
fixed line. The polynomial relation is computed from the representation rings of the two
groups.

4) These equations are simply a combination of 2) and 3). They state that the roots
of f(T) have the form {1,1,«,3,7,a71, 371, v~ 1} with aBy = 1. This is also true for
semi-simple elements in PG Lg.

We say that a subgroup I' C SOg is locally contained in SOz if the coefficients of the
characteristic polynomials of all elements s in I' satisfy the equation in 2), Prop. 2.2.
Similarly, we say that I' C SOg is locally contained in Spin; if the coefficients of the
characteristic polynomials of all elements s in T" satisfy the equation in 3), Prop 2.2. Note
that the group SO3 x SOj is locally contained in SOz, even though it does not globally
fix a line. Similarly, the group Sping x Spins/A < +1 > is locally contained in Spin;. If
we introduce regular unipotent elements, we can eliminate these examples.



16 B. H. GROSS AND G. SAVIN

Proposition 2.3. Let I' C SOg be a subgroup which acts semi-simply on W. Assume
that

(1) T contains a reqular unipotent element wu.
(2) T is locally contained in SO7.

Then I' is contained in SO7.
Similarly, assume that

(1) T contains a reqular unipotent element wu.
(2) T is locally contained in Spiny.

Then I is contained in Spiny.

Proof. We the fact that the connected, reductive subgroups of SOg containing a regular
unipotent u form a chain:

Spiny
SOS G2 PGL2
SO~

where Gy = SO7 N Spiny, and PGLs is the pricipal subgroup of SOg determined by u.
Let C C SOg be the Zariski closure of I'. Then the connected component C? is reductive,
as it has a faithful semi-simple representation W. It also contains a regular unipotent
element, so is one of the groups in the chain. If T" is locally contained in SO7, then so is
C, hence
CO = 507, G2 or PGLQ.

The normalizers of these in SOg are C%x < +1 >, but —1 is not locally contained in SO7.
Hence C' is connected, and I' is contained in SO7.

The same argument works when I' is locally contained in Spinz, but now C can be
Gox < £1 > or PGLyx < £1 >. Since these are both contained in Spinz, I' is contained
in Spiny.

Corollary 2.4. Let I' C SOg be a subgroup which acts semi-simply on W. Assume that
(1) T contains a reqular unipotent element u.

(2) T is locally contained in Go: the coefficients of the characteristic polynomial of
s € I satisfy the equations in Prop. 2.2, part 4).

Then T' is contained in Gs.

Proof. This is a combination of the two results of Prop. 2.3, as G5 = Spiny; NSO~ in SOs.
The proof shows that the Zariski closure of I' in Oy is either G5, or the principal PGLs in
G5 determined by w.

3. A form of F-.

As mentioned in the introduction, there is a (unique) form H of the split adjoint group
of type E7, which has rank 3 over Q. This group is split over Q,, for all primes p, and acts
on the exceptional tube domain over R; it can be constructed from the Cayley division
algebra O [Fr]. We sketch such a construction of the simply connected double cover Hg,.
over Q, which lies in the exact sequence of algebraic groups

(3.1) 11— pus — Hye — H— 1.
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The constuction is based on the existence of a faithful representation W of dimenesion
56 over Q. We note that the only other simply-connected group of type Fr admitting a
56-dimensional representation over Q is the split form.

Let Jp be the exceptional 27-dimensional Jordan algebra of all 3x3 Hermitian symmetric
matrices over O:

(3.2) A=

QL W
K8 W
o 8 w

where a, b, ¢ lie in Q and z, y, z lie in @. The Jordan multiplication is given by the formula

(3.3) AoB=~(AB + BA).

1
2
There is a cubic form det : Jg — Q, defined by

(3.4) det(A) = abc 4+ Tr(zyz) — aN(z) — bN(y) — eN(2).
Let (A, B,C) be the unique symmetric trilinear form such that [EG]
(3.5) (A, A, A) = 6det(A).

Let M be the reductive algebraic group over Q of invertible linear mappings m : Jp — Jo
which satisfy

(3.6) det(m(A)) = A(m) det(A)

for a similitude A(m) in Q*. The center of M is Gy,, acting by scalar matrices, and the
kernel of the morphism A : M — Gy, is a simply connected group of type Eg and rank 2
over Q [CS]. On the center, A(a) = a®.

Let N be a unipotent abelian group over Q, isomorphic to Jg. In H,. we have a maximal
parabolic subgroup

(3.7) P, =MN
where the conjugation action of M on N is given by
(3.8) mAm~! = X7 (m) m(A).

Note that this action has a kernel ps (the center of Hy.).
We now define a representation of P;. on the 56-dimensional module

(3.9) W=Q®Jo®Jo®Q",
where J§ = Hom(Jp,Q), and Q* = Hom(Q, Q) = Q. The subgroup M acts on W by

(3.10) m(y,Y,Y",y*) = (Mm)y, m(Y),m*(Y*), A" (m)y"),
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where m* is defined as follows; if < X,Y™* > is the pairing Jg x Jj — Q, we have
< mX,m*Y* >=< X, Y* > for all X € Jg and Y* € Jj. One can give complicated
formulas for the action of N on W [Ki; pg 143], but since we are in characterisitic 0, it
suffices to define the action of Lie(N) = Jg. This acts by

(3.11) X(y,Y,Y*,y") = (0,yX, X x YV, < X,Y* >).

where X x Y is the element of J3 mapping Z to (X,Y, Z).
Using (3.8), one can check that the formulas (3.10) and (3.11) define an action of Pk,
on W, which preserves the natural symplectic form

(3.12) {(, X, X", 2"), (g, YY"y )} = (zy" —yaz") + (K X, V" > — <Y, X" >).

The group Hs. C Sp(W) is generated by P;. and an element w of order 4, giving a simple
reflection in the Weyl group which normalizes M (a Levi factor of Pk.).

To define w in Sp(WW), we need to choose a polarization I of Jg with det(/) = 1 and
I >0in Jp®R [EG; Ch. 2]|. Since M acts transitively on polarizations over Q, there is no
loss of generality in taking I to be the identity matrix in Jgp. This gives a positive-definite
bilinear form on Jg, defined by

(3.13) < A,B>=—(A,B,I)+ (A, I,I)B,I,I)/4.

If I is the identity matrix, then < A, B >= Tr(AB) = Tr(A o B) = Tr(BA). This form
defines an identification Jg = Jj. With this identification, we define w, which depends on
I and satisfies w? = —1, by

(3.14) w(y, Y, Y*, y*) = (—y*, -Y",Y,y).

Then Hy. =< Pse,w > in Sp(W). The element w acts by inversion on the center G, of
M, and w? is an involution in the center of M, which generates the center us of H.. In
the quotient H = Hg./pu2, the image w of w has order 2, and gives the Cartan involution
of Lie(H) over R.

The adjoint group H has the maximal parabolic

(3.15) P=P,/us=MN

with isomorphic Levi factor (M/us = M), but with a different conjugation action of M
on N = Jg:

(3.16) mAm™' = m(A).

Note that this action is faithful.

We can use the Coxeter order R C O to give a model for H,. over Z with good reduction
at all primes p [Gr|. Let Jg C Jg be the lattice consisitng of all elements with a, b, ¢ in Z,
and x,y, z in R. Then

(3.17) Wy=2&Jr®Jh oL

is a lattice in W, where J3 = Hom(Jr,Z) = Jg [EG|, and Z* = Hom(Z,Z) = 7. The
stabilizer of Wy gives a desired model with H.(Z) C Spss(Z). Then Lie(Hs./Z) Co
Lie(H/Z) as lattices in Lie(H). If we normalize the Killing form so that the determinat
of Lie(Hs./Z) is 2, then Lie(H/Z) is the dual lattice.
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4. Dual pair G x G'.

We now give two constructions of the dual pair G x G’ = Aut(Q) x PGSpg in H over Q.
The first uses the relative root system, and the second our construction of H as a group
generated by P and w.

Over Q, the simple group H has index [Ti; pgs 59-60]

(4.1)

and relative root system ® of type C3. Let S be a maximal split torus of dimension 3
in H. The derived group of the centralizer C(S) (the semi-simple anisotropic kernel) is
isomorphic to the group [Gr]

Sping(0) =

(4.2) ,
{(v1,72,73) € GL(0)” | N(v3z) = N(x), Tr(y1w - y2y - y32) = Tr(zyz)}.

The group has 3 orthogonal representations Vi, Va, V3 of dimension 8, via the action of
Y1572, 73 on O.

The 6 long root spaces Lie(H ), (o = £2e;) for S have dimension 1, and trivial action
of Sping(Q). The 12 short root spaces Lie(H), (o« = *e; = ¢e;) for S have dimension 8,
and Sping(Q) acts on Lie(H )ic,+c, by the representation Vi, (i # j # k).

From this viewpoint G is the subgroup of all triples (v,~,7) in Sping(Q) with v in
Aut(Q). Since (1) = 1, the restriction of each V; to G is isomorphic to Q & V. Hence
Lie(H)S has dimension 1 for all & € ®, and the centralizer of G in H is a split group of
type C3. Since the roots ® give a basis for the character group of S, G’ is of adjoint type,
and G’ = PGSpg. Conversely, the centralizer of G’ is contained in Sping(Q), and fixes
a vector in each 8-dimensional representation V;. This shows that the centralizer of G’ is
contained in G, hence equal to G.

The following alternative construction of the closed subgroup G x G’ of H uses our
construction in the previous section. The group G = Aut(0) is a subgroup of M C P, via
tha action on the matrix entries z,y, z of A in Jp. Let U C N be the group fixed by this
action, consisting of matrices with rational entries x,y, 2. Then U has dimension 6 over
Q. We have an embedding of L = G L3 into M given by

(4.3) det(g)~! gAg".
where det(g) and ¢g* denote the determinant and the transpose of the 3 x 3 matrix g. Note

that the restriction of A\ to L = GL3 is det(g)~!. The image stabilizes the subgroup U,
and the semi-direct product

(4.4) Q=LU
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is a subgroup of P, commuting with G.

Assume that the polarization I defining w has rational entries, (for example, take I
the identity matrix). Then the image w of w in H commutes with G and normalizes L.
Moreover,

(4.5) G' = PGSps =< Q,w >
in H. This gives the dual pair G x G’ in H.

IIT REAL CORRESPONDENCES

Let H(R) be the adjoint algebraic group of type E7 whose connected component is the
group of conformal transformations of the exceptional symmetric domain. We have the
dual pair

(0.1) G(R) x G'(R) = Aut(0 ® R) x PGSpg(R)

in H(R) with G(R) the compact form of Gs.
Let IT be the minimal representation of H(R). In this chapter we show that

(0.2) | xc(r) = Brm ® O(7)

where the sum is taken over all finite dimensional representations of G(R) and O(7) is an
irreducible representation whose restriction to Spg(R) is a sum of a holomorphic and an
anti-holomorphic discrete series representation. The lift 7 +— O(7) is functorial for the
inclusion of dual groups G2(C) — Spinz(C) (note that G2 is the stabilizer of a generic
vector in the spin-module of Spinry).

1. Minimal representation of H.(R).

Let Hy.(R) be the simply connected group of type E7 3 over R. Its real rank is 3 and the
reduced root system is C3. Let e; —ej, (1 <i<j <3)ande;+ej, (1 <i<j<3) bethe
standard set of positive roots. The root spaces corresponding to e; +e;, (1 <i < j < 3)
are 8-dimensional and can be identified with O ® R. The root spaces corresponding to
strongly othogonal 2e; are one-dimensional, hence we have an embedding

(1.1) SLy(R) x SLy(R) x SLy(R) C Hyo(R).

Choose K,.(R), a maximal compact subgroup of H,.(R), such that
(1.2) Z1(R) x Z3(R) x Z3(R) = Ks.(R) N SLy(R) x SLa(R) x SLa(R)
is a compact maximal Cartan subgroup of SLy(R) x SLa(R) x SLa(R). Let
(1.3) Z(R) = K..(R) N SIo(R)

where SLa(R) C SLa(R) x SLy(R) x SLo(R) is diagonally embedded. Note that Z(R) 2
SO2(R) is the center of K .(R), and < £1 >C Z(R) is the center of Hy.(R).
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We henceforth denote by Hg., K, Z ... the complexifications of Hy.(R), K.(R) Z(R)...
Let h and ¢ be the Lie algebras of Hs. and K,.. Then

(1.4) h=p @tep’

where pT are two fundamental 27-dimensional representations of the exceptional Lie alge-
bra eg = [, €] of type Eg. Under the action of Z; x Zy x Z3, p* decomposes as a sum of
root spaces v; +7;, (1 <@ <j <3).

Let €7, z,e™ be a standard basis of sl(2) C sl(2) @ sl(2) ® sl(2) C b such that z spans
the Lie algebra of Z, e~ € p~ and e € pT.

Let AT be the highest weight of the irreducible eg-module p™. Let E(n) be the irreducible
representation of eg with highest weight nA™T. Since ¢ = ¢g @ Cz, let E(n,k) be the
representation of ¢ such that the restriction to eg is isomorphic to E(n) and z acts via
the scalar k. Let II™ be the irreducible (b, K,.)-module corresponding to a holomorphic
representation of H.(R), with K.-types [W]]:

(1.5) ot

Koo = On>0E(n,2n + 12).

The annihilator of II™ in the enveloping algebra of § is Joseph’s ideal. In particular, the
Gelfand-Kirillov dimension of IT* is the smallest amongst non-trivial modules. There is also
an anti-holomorphic module 1™, contragredient to IIT. By (1.5) the center < +£1 >C Z(R)
acts trivially on II™ and IIT.

Let II- and II* denote the unitary completion of II~ and II*. Since H,.(R) and H(R)
are related by the exact sequence

(1.6) 1 —< £1>— H,(R) —» HR) —» R*/(R*)? - 1,

it follows that there exist unique representation II of H (R) such that

A

(1.7) g, @=0"aI".

It is precisely this representation that we call the minimal representation of H(R).

2. Dual pairs.
We now describe several dual pairs in h using Jordan algebras. Note that

(2.1) roy= s[[r,e"],y]

N —

gives a Jordan product on pT. Then (p™, o) is isomorphic to the exceptional Jordan algebra
of 3 x 3 hermitian matrices

dy  z12 71,3
(22) 21’2 d2 22,3
213 Z23 d3

with coefficients in the octonion algebra over C. Under this isomorphism, the 1-dimensional
root spaces 27;, (1 < i < 3) are given by diagonal matrices such that d; = 0 if j # 4, and
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the 8-dimensional root spaces v; +;, (¢ < j) are given by off-diagonal matrices such that

2y = 0 if {k, 1} # {4, j}.
Let g™ C p™ be a Jordan subalgebra containing e™. Let

(2.3) a = Cul(g™).
Assume, conversly, that qT is the set of all elements in p™ annihilated by a. Let u = C¢(a),
and g~ C p~ such that g™ = [e*,[eT,q~]]. Then
(2.4) b=g dudqt
is the centralizer of a in b. Obviously, the converse is also true, i.e. a x b is a dual reductive
pair.

Some of the possible cases are:

dimg"™ «a b u
(2.5) 1 f4 sl(2) u(1)
' 3 0, sl(2)@sl(2)®si(2) u(l)du(l)®u(l)
6 g sp(6) u(3)

where the subalgebra q™ is given respectively by 3 x 3 scalar, diagonal and symmetric
matrices with coefficients in C.

3. Correspondences.

In this section we restrict the representation IIT to the dual pairs A(R) x B(R) given
by (2.5), with A(R) compact.

We start with A(R) = F4(R). The 27-dimensional module p™ decomposes 1426, under
the action of Fy(R). Let A the highest weight of the 26-dimensional summand, and let
F(n) be the irreducible representation of Fy(R) with highest weight nA. By Thm. 6.1 in
[HPS]

(3.1) E(n) = ®m<nF'(m).
Proposition 3.2. Consider the dual pair F4(R) x SLy(R). Then
I |y (r) xsi(2) = Bn>0F (n) @ d(2n + 12),
where d(n) is the irreducible (sl(2), Z)-module corresponding to the holomorphic discrete
series of SLo(R) with the minimal Z-type n.
Proof. By (3.1) one can write

H+|F4(R)><sl(2) = PBp>0F(n) ®V,.

where V,, are certain (sl(2), Z)-modules. Since F'(n) appears in E(k,2k + 12) only for
Ek=n,n+1,..., Z-types of V,, are 2n + 12,2n + 14,... and are one-dimensional. The
proposition is proved.

Next, consider the case A(R) = D4(R). Then D4(R)-invariant subspaces of p* are
precisely the root spaces. The three 8-dimensional root spaces are 3 different fundamental
8-dimensional representations of D4(R). Let \;, (1 <4 < 3) be the highest weight of the
fundamental representation given by the root space 7, + v, where {j, k} = {1,2,3}\ {i}.
Let D(ay,as,as) be the irreducible representation of D4(R) with a highest weight aqA; +
as Ao + azAs.
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Proposition 3.3. Consider the dual pair D4(R) x SLy(R)3. Then
H+‘D4(R)><sl(2)3 = EBal,ag,agZOD(al, ag, CL3) ®d(a2 “+as —|—4) ®d(a1 +as —|—4) ®d(a1 +as —|—4),

where d(n) is the irreducible (sl(2), Z)-module corresponding to the holomorphic discrete
series of SLo(R) with the minimal Z-type n.

Proof. We want to decompose E(n,2n) with respect to the action of Dy X Z7 X Zy X Zs.
Write
E(n,2n) = T(L®™),

where £ is a line bundle on the flag variety. Since E(1,2) = p™, we know how to decompose
E(1,2). Let v; € I'(L) be highest weight vectors of the three 8-dimensional representations
with the highest weights ;. Let w; € I'(£) be non-zero vectors with weights 2v;. Let a;
and r; (i = 1,2,3), be non-negative integers such that

ay+ag+as+ry+ro+r3=n.
Then
v v v wtwyws® € LO"
generates a Dy-module isomorphic to D(a1, as, as), with a Zy X Zy X Zz-type
(a2 + a3 +2r1,a1 + az + 2rp, a1 + ag + 273).

Note that different choices of a; and r; produce non-isomorphic modules. We claim that
these modules give a complete decomposition of E(n,2n). Indeed, let

x=n+1- (a1 +az+ a3).

Since E(n) = ®&m<nF(m) it follows from Prop. 4.7 that the multiplicity of D(aq, a2, as)
in E(n,2n) is x(x + 1)/2. Since
r(r+1
% =#{(r1,ro,r3)|r1 + 12+ 13 =20 —1}

the claim follows.

Write

I | p, (R x s1(2)+-51(2)+51(2) = Bar,az,as>0D (a1, a2,a3) @ Vay ay.a-
Taking into account the additional shift by 12, it follows that Z; x Zs x Z3-types of Vi, as,a5
are
(az +asz+2r1 +4,a1 + a3+ 2ry +4,a2 + a3 + 2r3 + 4),

and they are one-dimensional. The proposition is proved.

Finally, we consider the case A(R) = G2(R). Let w; and ws be the fundamental
weights for G, such that w; is the highest weight of the 7-dimensional representation.
Let W (k1, k2) be the irreducible representation of G5(R) with highest weight kjwq + kows.

Note that B(R) = Spg(R), and the reduced root system of H(R) restricts to a root
system of Spg(R). Also, let U(3,R) be a maximal compact subgroup of Sps(R) given by

We identify irreducible representations of U(3,R) with their highest weights I3y + loy2 +
373, (I3 > Iy > I3) with respect to the maximal Cartan subgroup Z;(R) x Z3(R) x Z3(R).
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Theorem 3.5. Consider the dual pair G3(R) x Spg(R). Then
T |Gy (R) xsp(6) = By ka0 W (K1, ko) @ d(ki, k2),
where d(ky,ks) is the irreducible (sp(6),U(3))-module corresponding to the holomorphic
discrete series representation of Spe(R) with infinitesimal character
(k14 2k +3)er + (k1 + k2 +2)ea + (ka2 + 1)es
and the minimal U (3)-type
(k1 + 2k + 4)y1 + (ki + ko + 4)y2 + (k2 +4)73.

Proof. Write

I |Gy (R xsp(6) = Py ka0 W (K1, k2) @ Vi, i, -
By [HPS] the infinitesimal character of Vi, x, is (k1 +2ka+3)e1 + (k1 +k2+2)ea+ (k2 +1)es.
It is Z-admissible, with positive Z-types. Hence it is a direct sum of finitely many unitary
lowest weight modules.

Lemma 3.6. In addition to d(ki, k) one has the following unitary lowest weight modules
with infinitesimal character (ki + 2ko + 3)er + (k1 + k2 + 2)ex + (ko + 1)es:

(1) k2 =0 and k1 # 0. There is a module with the minimal Z-type 2k; + 10.

(2) k1 = ko =0. There are three modules. Their minimal Z-types are 0,6 and 10.

Note that the minimal Z-type of d(ki, ke) is 2ky + 4ko + 12, hence it is strictly bigger then
the minimal Z-type of any other modules with the same infinitesimal character.

Proof. This follows from the classification of unitary lowest weight modules [EHW].

By Prop. 4.8, W(k1,0) does not appear in D(aj,as,as) unless k1 < a; + ag + ag. It
follows from Prop. 4.2 that the minimal Z-type of Vj, o is greater then 2k; 4+ 12. It follows
from the lemma that in all cases Vj, x, is a finite multiple of d(k1, k2). This implies that
the minimal Z-type of Vi, &, is 2k1 + 4ke + 12, so by Prop. 3.3, if W (ky, k2) is contained
in D(aq,as,as), then

a1+ az +az > ki + 2ks.

Hence, the multiplicity of
(ko + 4)v1 + (k1 + ko + 4)y2 + (k1 + 2ko + 4)7s,

the lowest weight of the minimal U (3)-type of d(k1, k2) in Vi, k,, is equal to the multiplicity
of W(ky,ka) in D(ky + ka,k2,0). And this is one by Prop. 4.8. Hence the minimal U (3)-
type appears with multiplicity one and this implies that Vi, r, = d(k1, k2).

Let d(k1, k) be the contragradient of d(ky, k2). It corresponds to an anti-holomorphic
representation of Spg(R). Since

(3.7) 1 —< %1 >— Spg(R) — PGSpg(R) — R*/(R*)? — 1,

there exists unique irreducible discrete series representation D(kq, ko) of PGSpg(R), which
is the unitary completion of

(3.8) d(ky, ko) @ d(k1, k).

This observation gives a proof of the following.
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Corollary 3.9. Let IT be the minimal representation of H(R). Then
1| () x POSps(R) = Dkt ka0 W (k1 k2) ® D(k1, ka).
The lift
(3.10) W(ky, k2) — D(k1, k2)
is functorial for the inclusion of dual groups G2(C) — Spinz(C). This is shown in [HPS].

4. Branching formulas.
In this section we work out the branching laws used in the previous section. Let
(ai,...,ay) be the standard coordinates [Bu] for the root system of type B,,, with

(41) alz...Zanzo

a dominant Weyl chamber. Also, let (b1,...,b,) be the standard coordinates for the root
system of type D,,, with

(4.2) by > ... > bup_1 > |by]

a dominant Weyl chamber. Recall that in both cases a dominant weight represents a
highest weight of a finite dimensional representation if the coefficients are in %Z but their
differences are in Z.

4.3 Branching B,, | D,,. Let w(\) be an irreducible representation of B,, with the highest
weight A = (a1, ... ,a,). Let w(u) be an irreducible representation of D,, with the highest
weight = (b1, ... ,by). Then the multiplicity of w(p) in w(X) is 0 or 1. It is 1 if and only
if a; —b; € Z and

a1 >by >as >by> ... > ap > |byl.

4.4 Branching D, | B,_1. Let w(\) be an irreducible representation of D, with the
highest weight A = (a1, ... ,ay). Let () be an irreducible representation of B,_1 with
the highest weight 1 = (b, ... ,by—1). Then the multiplicity of w(u) in w(X) is 0 or 1. It
1s 1 if and only if a; —b; € Z and

a; >by >ay>by> ... 2> b1 > |ay

Let A be the highest weight of the 26-dimensional representation of F,. Let F'(n) be
the irreducible representation with the highest weight nA\.

4.5 Branching Fy | By. The restriction of F(n) to By decomposes with multiplicities 0
or 1. It is 1 only for m(u) with

p=(y+z z )
and 2x +y < n.
The branching laws 4.3 and 4.4 are well known, and 4.5 is in [Le; Thm. 8|. This
reference also contains proofs of 4.3 and 4.4.
Recall that D4 has three 8-dimensional representations. Let \;, ¢ = 1,2,3, be their

highest weights. Let D(a1, a2, as) be the irreducible representation with highest weight
a1A1 + asAg + agAs. In terms of (4.2) this highest weight is

as +az as+az ag+as as —as
4.6
(4.6) (ar + ==, 2 P 2

).
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4.7 Branching Fy | Dy. The representation F(n) decomposes as a sum of D(ay,az,a3)
with multiplicities

(n+1)— (a1 + a2 + a3).

Proof. We know that the restriction of F'(n) to By is a sum of representations with highest
weights

(y+ x’ :E’ w’ :E),

2z +y < n. Restriciting further down to Dy we get a sum of all representations with
highest weights (u1,ug, us, us) such that

y+ar>up > x> uy > x> uz > T > |ugl.
It follows that us = u3 = x and the representation can be written as
D(up — z,x — ug, T + uy),

by (4.6). Now
D(uy — z,x — ug,x + ug) = D(ay,az,as)

implies that 2z = as + a3 and u; = a1 + x. Since y + x > uy, we have y > a;. Hence
the multiplicity of D(aq, a2, a3) in F(n) is the number of integers y such that y > a; and
y + az + az < n. Clearly, this number is (n + 1) — (a1 + a2 + as3).

Proposition 4.8.

(1) The multiplicity of W (ky, ka) in D(k1 + k2, k2,0) is 1.
(2) The multiplicity of W(k1,0) in D(ay,a2,a3), is 0 unless ay + as + ag > k.

Proof. Let u1, pe and ps be the fundamental weights for Bs such that pp is the highest
weight of the standard 7-dimensional representation and pg3 is the highest weight of the
8-dimensional spin-representation. Let B(mj,ms, m3) be the irreducible representation
with highest weight mju1 + mape + msaps. In terms of (4.1), this highest weight is

ms ms3 Mg
(mq +mg + 2,m2 5 2).

Lemma 4.9.

(1) The multiplicity of W (ky, k) in B(j,0,k2), j < ki + ko, is0 or 1. It is 1 precisely
when j = k1 + ko.
(2) The multiplicity of W(ky1,0) in B(my, me, m3), is 0 or 1. It is 1 precisely when

mi + mg +mg > ki1 > my + ma.
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Proof. These are two easy, special cases of the formula given by Mc Govern, [MG; Thm.
3.4].

By (4.6) the highest weight of D(ky + ko, k2,0) is

ko ko ko ko

ki+ ko +—, =, —,—).

<1+ 2+2727272)
The branching D, | Bs implies that D(ky + ko, k2,0) decomposes as a sum of representa-
tions with highest weights
o ko ko ke

(] + ?7 ?7 5)
with j < k1 4 ko. These are B(j,0, ky) with j < ky + ky. The first statement follows from
the lemma.
Since the highest weight of D(aq,az, as3) is given by (4.6), the restricition to Bs consists

of representations with highest weights (x,y, z) such that

as +a as +a as +a as —a
2-;- 32332 2—; 32y2 2—; SZZZ 22 3

aj +

It follows that y = (az + a3)/2 and these are the representations:

as + az ag + asg
2 2

B(x — —z,2z2).

The lemma implies that k1 < x + 2z, and since x + z < a1 + as + ag, the second statement
follows. The proposition is proved.

IV p-ADIC CORRESPONDENCES

Our goal in this chapter is to understand the restriction of the minimal representation
IT of H(Q,) to the closed subgroup G(Q,) x G'(Q,).

The minimal representation of a split, adjoint group H(Q,) of type D,, or E, is an
unramified representation whose Satake parameter is

1
(Ol) Srrlirl:SO(p2 ?%)7

0 p
where ¢ is a map
(0.2) ¢ SLa(C) — H(C)
corresponding to the subregular unipotent orbit in H(C) = H,.(C). The representation I
restricts to the irreducible representation of H,.(Q),) constructed by Kazhdan and Savin

in [KS]. On the space of Iwahori-fixed vectors in II, the Iwahori-Hecke algebra of H.(Q))
acts via the reflection representation [Lul.
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1. Parameters.

In this section, we give a conjectural decription of the irreducible representations 7 ® 7’
of G(Qp) x G'(Qp) which occur as quotients of II. This description is given in terms of
the Langlands-Deligne-Lusztig-Vogan parametrization of irreducible representations, us-
ing admissible homomorphisms from Weil-Deligne group of Q, to the dual group. Even
though this parametrization is still conjectural, in the next section we derive some impli-
cations which can be stated independently of the parametrization. We check some of this
implications in Section 3.

We first review the parametrization, for G any semi-simple, split group of adjoint type
over Q,. Let G be the Langlands dual group, so G (C) is semi-simple and simply-connected
complex Lie group. The conjectural parameter of an irreducible, admissible, complex
representation of G(Q,). is a pair (¢, x), where

(1.1) ©: W' — G(C)

is an admissible homomorphism of the Weil-Deligne group W' of Q, [B1], and x is an
irreducible complex representation of a finite group B, associated to .

We recall that ¢ is a continuous homomorphism of the Weil group W taking Frobenius
elements to a semi-simple class, together with a nilpotent element NV in g, the Lie algebra
of G(C), with Ad(w)(N) = ||w|| N. By the Jacobson-Morozov theorem, giving a parameter
@ as in (1.1) is equivalent to giving a continuous, semi-simple representation

A

(1.2) n: W x SLs(C) — G(C)

with

e 0
w) = n(w,
ow) =l (10 V)

o) =1 (1)

(1.3)

Associated to ¢, we have the finite group
(1.4) A, = mo(Cent(n))

where Cent(n) is the algebraic subgroup of G which centralizes the image of 1 and 7
donotes the corresponding group of connected components. If Z(G) is the center of G, the

N

inclusion Z(G) C Cent(p) induces a map (not necessarily injective)
(1.5) Z(GQ) — A,.

The image is a normal subgroup, and we define B, as the quotient. Then an irreducible
representation m of G(Q,) should correspond to a pair (¢, x), where x is an irreducible
representation of B.

If G = G2(Q,), then G(C) = G2(C), and A, = B,. If ' = PGSps(Q,), then
G'(C) = Spinz(C) and B, is the quotient by the image of —1. The possible finite groups
which arise are given by the following. Let pj denote the cyclic group of k" roots of 1,
and S the symmetric group on k letters.
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Proposition 1.6.

(1) If ¢ : W' — G2(C) is a parameter for G = Go, then the group B, is isomorphic
to p3, Sz, or pk, with 0 < k < 3.

(2) If ¢' : W' — Spiny(C) is a parameter for G' = PGSps then the group By is
isomorphic to p%, with 0 < k < 3. If a is the number of distinct orthogonal repre-
sentations in the decomposition of the semi-simple W x SLy(C)-module V. = C,
and b is the dimension of the subspace of Hom(W, 1) spanned by the determinants
of the orthogonal summands in V, then k =a —b— 1.

Proof.

1) Examples of subgroups Im(n) of G2(C) with the given groups B, are given by the
following table:

I'm(n) B,

Go 1

SL3 3

SO3 Ss

SOy f2

Tx < +1 > 13
Tox < £1 > 3

Here T = GL? is a maximal torus, Ty the subgroup of T killed by 2, and —1 the central
element in the Weyl group of 7. The latter case (Tox < +1 >2 143) can only be the image
of n when p = 2. This list exhausts the possible groups B,,, as we will see in the proof of
Proposition 1.10.

2) Examples of subgroups Im(n’) of Spin;(C) with the given groups B, are given by the
following table:

Im(n') Ay By
Spiny < %1 > 1
Sping = SLy o 2
T'x < 41> I w3
Tix < £1 > s 3

Again, T' =2 GL3 is a maximal torus, T4 the subgroup of T” killed by 2, and —1 the central
element in the Weyl group of 7”. The last case (T4x < £1 >22 13) can only be the image
of n’ when p = 2.

To see that these are the only possibilities for B/, and to verify the formula for k, we
note that the representation V gives a parameter for Spg:

@ W' — Spin7(C) — SO;(C).
We can compute the component group Az using the results in [GP; Cor. 7.7], and find

that
A@/ = B@/ % “g_l
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where a is the number of distinct orhogonal summands in the semi-simple representation
V. But we have an exact sequence [GP; pg 983]

1 — B, — By — Hom(W, £1)
z — det(V*="1)

sok=a—b-—1 as claimed.

Now let
(1.7) f:G(C) = G5(C) — G'(C) = Spins(C)

be the inclusion, well defined up to conjugacy, that realizes GG as the fixer of a non-isotropic
line in the 8-dimensional spin representation of Spin;. If ¢ is a parameter for G, then

(1.8) ¢ =fop

is a parmeter for G’. Moreover, f induces a map f, : A, — A,r. Since A, = B, and B,
is the quotient of A, by the image of —1, we get an induced map

(1.9) fo: By — By

Proposition 1.10. The map f, (1.9) is surjective, with kernel the Sylow 3-subgroup of
B, (either 1 or us ).

Proof. In the absence of the intelligent argument, we can prove this in a case by case
manner, considering the connected component of the image of 7 in G2(C), which is a
reductive subroup C. Considering possible normalizers of C, and their action on V, we
can compare B, with B, computed in Proposition 1.6.

For example, assume that C has rank 2, i.e. it contains the maximal torus 7. Then C'
is determined by its root system which is contained in the root system of G5. Hence the
possibilities for C' are G2, SL3, SO4, GL2 s, GL2;, and T, where SL3 is spanned by long
roots,

SO4 = SL275 X SLQ’Z/A < +1 >
is a group spanned by a pair of perpendicular roots, one short and one long, and GL2 s and

GL,,; are Levi factors of maximal parabolic subgroups of G3. The corresponding groups
B, and B, are
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Im() | B, | By
Gy 1 1

S04 M2 2
N(SLs) 1 1
SLs 3 1
N(GLs ) 2 2
GLo., 1 1
N(GLa,) 2 2
GLa, 1 1

N(T) 1 1

T x Sg U3 1

T x(2,2) 12 {12
T % g 1 1

T X s 3 1

Tx < +1 > 13 13
T % (2)s 2 2

T % (2)s p2 p2

T 1 1

We leave the analysis when the connected component of the image of 77 has rank 1 or 0 to
the reader to check. The group B, = S5 arises only when the image is SO3 C SL3 C Ga.
In this case V = 2C3? @ C where C? is the standard representation of SOs. In particular,
it is an orthogonal representation of W of determinant 1. Hence, B,/ = 2, and the map
S3 — 9 is the sign character.

If ¢ is a parameter for G and ¢’ = f o ¢, by Proposition 1.10 we have a surjective map
(1.11) fo: By — By = k.

If X’ is an irreducible representation of B, (i.e. a quadratic character), we obtain a
quadratic character

(1.12) x=xof, of B.
We can now state the conjecture on the restriction of II.
Conjecture 1.13. Let II be the minimal representation of H(Q,). The representation
T =7(p,x) @7 (¢, X)
of G(Qp) x G'(Qy) is a quotient of I if and only if
@' =foyp
X =X"0 fo.

In this case Homgx o (I, 7 @ ©') has dimension 1.
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2. Some consequences.
Let m be an irreducible representation of G(Q,) and 7’ an irreducible representation of

G'(Qy). Define
(2.1) O ()

to be the set of equivalence classes of irreducible representations o’ of G'(Q,) such that
7 ® o’ is a quotient of II. Similarly, define

(2.2) o(r')

to be the set of equivalence classes of irreducible representations o of G(Q,) such that
o ® ' is a quotient of II. The conjecture 1.14 implies

Conjecture 2.3.
(1) Card ©(m) < 1, with equality if the character x of B, is quadratic.
(2) Card ©(n') < 1, with equality if the parameter ¢’ has image in the subgroup G2(C)
of Spinz(C).

We write
(2.4) T

and say that 7 corresponds to 7’ if

(2.5) O(m(p)) = {m(¢")} and O(n(p)) = {m(¥)}.

In particular, # ® 7’ is a quotient of II.

Recall that for each semi-simple conjugacy class s in G2(C), there is an unramified
representation m(s) of G(Qp) with Satake parameter s. Similarly, if s’ is a semi-simple
conjugacy class in Spiny(C), there is an unramified representation m(s’) of G'(Q,) with
Satake parameter s’.

Conjecture 2.5.

(1) If s = f(s), then ©(s) < w(s"). In particular, the trivial representation 1 of G
corresponds to the trivial representation 1 of G'.

(2) Card ©(m(s")) =0 unless s = f(s) for some s.

(3) The Steinberg representation St of G corresponds to the Steinberg representation
St of G'.

These predictions follow immediately from Conjecture 1.13. For (1) we note that the
parameter of 7(s) is a homomorphism ¢ : W’ — G(C) with N = 0, ¢ trivial on the inertia
subgroup and ¢(Frob,) = s. This has B, = 1, so x = 1. It follows that ¢’ is a the
parameter of 7(s’).

The Satake parameter of the trivial representation is p(p) where p is the co-character
given by half the sum of positive co-roots. Since the image of the principal SLs in Gs
under the map f : Go — Spiny; is the principal SLs in Spiny, we have f o p = p’. Hence
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the trivial representation 1 of G' should correspond to the trivial representation 1’ of G’.
The same argument shows that the Steinberg representations should correspond, as those
parameters factor through the principal SLs.

The part (1) is true for tempered representations (recall that the representation 7(s) is
tempered if s lies in a maximal compact subgroup). This is shown in [MS]. In the next
section we show that 1 < 1’, and we verify (2). We also obtain a partial verification of
(3). For example, we show that ©(St") C {St}.

3. Some calculations.
We first prove a statement slightly stronger then Conj. 2.5 (2):

Proposition 3.1. Let 7(s’) be an unramified representation of G'(Qp). If m(s') is a
quotient of I, then s’ = f(s) for some s in G2(C).

We note that every unramified representation 7’ can be realized as a submodule
(3.2) ' C Indg o

for some unramified representation & of GL3. Here Q = LU, L = GLs, is the maximal
parabolic subgroup of G’, opposite to @, defined in (3.20), Chapter II. Let

Z1 0 0 R
0 0 z3

be the Satake parameter of &. Here |-| is a norm on Q,, such that |p| = 1/p. The factor |p|
enters through the normalization of the parabolic induction. The corresponding modular
function pg of GL3 is

(3.4) pg = | det]|.

So if 7’ is contained in Indg/ o, then the Satake parameter of 7’ is
(3.5) s' =3p|~! in GL3(C) C Spins(C).
The 8-dimensional spin representation of Spiny restrict to GL3(C) as
(3.6) det ® C* @ (C*)* @ (det)*,

where C? is the standard representatio of GL3(C), and * denotes dual representations.

Hence the parameter s’ fixes a vector in the spin representation (so s’ = f(s) for some s
in Go(QC)) if

(3.7) 212923 =1 or z; =1 for some i.
By the Frobenius reciprocity,

(3.8) Home: (I, Ind§ &) = Homer, (I, )
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it suffices to determine which representations of GL3 appear as a quotient of Ilz, the
maximal U-invariant quotient of II.

To describe Il we need some notation. Let )1 and ()2 be the two non-conjugated
maximal parabolic subgroups of GL3 intersecting in the group of lower triangular 3 x 3
matrices, with Levi factors GL; x GLy and GLs x GL; respectively. Then

|—1/2

(3.9) p1(g1.92) = |g1| " | det go|** and ph(g2, g1) = | det g2 |91]

are their modular characters.

Maximal parabolic subgroups of G(Q,) can be defined as stabilizers of non-trivial nil
subalgebras of O, = O ® Q,. A nil subalgebra is a subspace of O, consisting of traceless
elements with trivial multiplication (i.e. the product of any two elements is 0). The
possible dimensions are 1 and 2. Fix V3 C Vb, a pair of nil-subalgebras. Then P; and
P, the stabilizers of V; and V5, are two non-conjugated maximal parabolic subgroups of
G, with P, N P, a Borel subgroup. In particular, P. has a quotient GL, = GL(V,.). For
P, this quotient is isomorphic to the Levi factor. The Levi factor of P; is isomorphic to
GLy = GL(V53/V7), where

(3.10) Vo={re€O|z=—z, and zV; =0}.

The action of GLs, the Levi factor of P, on V; is given by det. The respective modular
characters are

(3.11) p1 = |det |”/? and py = | det [3/2.

We fix the above identifications, in particular, P. X @,, r = 1,2, has a quotient isomor-
phic to

(3.12) GL, x GL,.
Proposition 3.13. [MS; Thm. 5.3] The G x GL3s-module Il has a filtration
0=VocWVicVhcVs=Ilg

such that

(1)
ViV = indg;X%L;(Ofo(GLg)) ® | det |?

(2)
Va/Vi = ind§ 552 (C2°(GLy)) ® | det |2

(3)
Va/Vo =Ty 2I(M) @ |det| & 1® |det|?

Here C°(GL;) denotes the space of locally constant, compactly supported functions on
GL,, r =1,2. In both cases, P, X Q. acts through the quotient isomorphic to GL,. X GL,..
In (3), II(M) is the minimal representation of M (the center of M, which coincides with
the center of GL3, acts trivially on II(M)).
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Corollary 3.14. The possible Satake parameters of unramified G Ls-quotients of V;/V;_1
are:

(1) |p|<21,22, 1) ZfZ =1.
(3) Ipl(21, 22, 23) with 212223 = 1, or [p|(Ip|?, |pl, 1) if i = 3. The latter is the parameter
of | det |2.

Proposition 3.1 follows from Corollary 3.14.

Let m be an irreducible representation of G and 7’ an irreducible representation of G’.
We now explain how Proposition 3.13 can be used to obtain an upper bound on ©(7’) and
a lower bound on O(7).

Assume that 7’ is a submodule of Indg (0), where 7 is a representation of GL3. If o is
in ©(7'), then by the Frobenius reciprocity

(3.15) Homgxa (II,0 ® Indg/(ﬁ)) >~ Homgxar,(Ilg, 0 ® a),

o ® o is a quotient of II7. Hence, if we can determine all representations o of G such that
o ® o is a quotient of I, then we have an upper bound on O(n’). Conversly, if 7 ® 7 is
a a quotient of Il;, for some &, then O(7) is not empty, for it contains a subquotient of

Indg (5) by (3.15).
To illustrate this principle, we prove

Proposition 3.16. 1 < 1.
Proof. We first prove the following lemma.

Lemma 3.17.
(1) O(1) is not empty.
(2) ©(1) € {1}.
Proof. By Proposition 3.13, 1 ® |det |? is a quotient of II;;. Hence by (3.15) ©(1) is not

empty. On the other hand,
' CIndg 1

where 1 is the trivial representation of GL3. Its Satake parameter is

lp|™* 0 0 p|™> 0 0
0 1 0 |=pp| 0o o7t 0
0 0 |p| 0 0 1

Comparing with Corollary 3.14, we see that o ® 1 can be only a quotient of
Vi/Vo = ind5 5572 (C°(GLy)) ® | det |,
Since C°(GLy) is the regular representation of GLo, 0 ® | det|™2 is a quotient of

Ind$, (1) ® Indge (%)
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for some irreducible representation 7 of GL,. This implies that 7* = |det|™3. Hence
7 =|det|® = p3. Since 1 is unique quotient of

Indf, (p3)

it follows that o = 1. The lemma is proved.

Let U, be the unipotent radical of P,, the maximal parabolic of G, opposite to P,. Since
Iy, is given by [MS; Thm. 7.6}, we can prove a statement complementary to Lemma 3.17:

Lemma 3.18.
(1) ©(1') is not empty.
(2) ©(1) € {1}

The two lemmas combined imply the proposition.
We finish this section with a discussion on Steinberg representations.
Proposition 3.19. ©(St") C {St}.

Proof. The representation St’ is unique submodule of
Indg (St ® | det |?)

where St is the Steinberg representation of GLsz. Again, if 0 ® St is a quotient of II,
then by (3.15) 0 ® (St ® | det |?) is a quotient of II;. However, it can not be a quotient
of V3/Vs, because the central character of (St ® | det |?) is | - |%, and the central character
of Iy ® |det|? is | - |3. Also, it can not be a quotient of V5/V;, because the Steinberg
representation is generic. Hence o ® (St ® | det|?) must be a quotient of V1 /Vy. So as in
the proof of Lemma 3.17, 0 ® St must be a quotient of

IndIG;:2 (1) ® Ind82L3 (%)

for an irreducible representation 7 of GLs. It follows that 7* is the Steinberg representation
of GLy. Hence 7 is also the Steinberg representation. Since St is unique quotent of

Ind§, (1),

the proposition follows.

Again, in the same fashion using Ilg,, we can prove that if 7’ is a unitarizable ©-lift of
St then

(3.20) ' = St
As we shall see in the next chapter, the ©-lift of a form in A(Stg), (S not empty) will be

cuspidal, hence all its local components must be unitarizable. So (3.20) implies that the
lift is Steinberg at all places in S.



MOTIVES WITH GALOIS GROUP OF TYPE G2 37

V GLOBAL CORRESPONDENCES

Let H be the adjoint goup of type F7, defined and of rank three over Q. Kim [Ki] has
constructed a square-integrable modular form on the exceptional hermitian domain which
gives an automorphic realization

(0.1) 0: @,10, — L*(H(Q)\H(A))

where II, is the minimal representation of H(Q,), and Il is the space of K-finte vectors
in the irreducible unitary representation I of H (R), studied in Chapter III.

In view of the local results, it is of great interest to study the lift of automorphic forms
from G to G’ via the kernel constructed by Kim. Let § = 0(®, f,) for some ®,,f, € ®,IL,.
Let 7 be an automorphic representation of G = Aut(Q). Let « be a form in 7. Define (3,
a holomorphic form on G’ by

0.2) Blg') = / 6(gg")o(g)dg.
G(Q)\G(A)

The integral converges, because we are integrating two smooth functions over a compact
set.
Let 7’ be a cuspidal automorphic representation of G’. We say that «’ is a © lift of 7 if

(0.3) / o/ (¢)8(g)dg’
G'(Q\G’(A)

is not zero for some o and o' in 7’. The integral (0.3) converges because o is rapidly
decreasing at cusps, and [ is of moderate growth. Hence (0.2) and (0.3) define a linear
functional on

(0.4) Neren.

If this functional is not trivial, then local components of 7 and 7« are related by the local
correspondences studied in Chapters IIT and TV.
The existence of 7’ depends on the affirmative answer to these two questions:

(1) Under which conditions is the form g cuspidal?
(2) Under which conditions is the form 3 non-zero?

To answer these questions we study the Fourier expansion of 3 along the unipotent rad-
ical U of the Siegel parabolic subgroup of G’ = PGSpg. Note that the Fourier coefficients
are parametrized by ternary quadratic forms. The holomorphic form ( is cuspidal, if the
Fourier coefficients corresponding to degenerate forms are zero [An; pg 78]. We show that
[ is cuspidal if a local component of 7 is generic, i.e. it admits a non-zero Whittaker
functional. For example, if 7 corresponds to a modular form in A(e,), (5.3) in Chapter I,
then the local component at the place p has a non-zero Whittaker functional. This gives a
fairly satisfactory answer to (1). On the other hand, L(Q)-conjugacy classes (L is the Levi
factor of the Siegel parabolic) of non-degenerate Fourier coefficients are parametrized by
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quaternion algebras. Let D be a quaternion subalgebra of O (the class of Fourier coeffi-
cients is zero if D @ R is not definite). Let C be the centralizer in G of D. It is isomorphic
to the group of norm one elements in D. Then we show that the Fourier coefficient of § in
the conjugacy class parametrized by D is non-zero if and only if the integral of the form
a over C' is non-zero.

This result has a striking similarity to the following well known classical result [Shn]
and [Wal]: Let PD* be the automorphism group of D. Then one has a dual pair

PDX X SLQ C Sp6,

and one can use the Weil representation of §p6 to lift automorphic forms from PD* to
SLy. The conjugacy classes of non-degenerate Fourier coefficients on SL, are parametrized
by quadratic algebras. Let K be a quadratic subalgebra of D. Fix an automorphic form
on PD*. The Fourier coefficients (the conjugacy class parametrized by K) of the lift are
non-zero if and only if the integral of the form over the centralizer in PD* of K is non-zero.
Again, the class of Fourier coefficients is zero if K can not be embedded into D.

We finish this chapter by showing that the two modular forms for G' constructed in
Chapter I lift non-trivially to G’.

1. Kim’s form.
In this section we recall few results from [Ki]. Let O, = O®R and let Jgoo be the cone
of positive definite matrices in Jp__. The exceptional symmetric domain D7 is the set

(1.1) DY ={Z=X+iY | Xin Jo, andY in J§_}.

The group of holomorphic transformation of DT is isomorphic to Hs.(R)/ < +1 >, the
connected component of H(R).

Let fO be a non-zero vector in the one-dimensional minimal K-type in I}, and let fg
(p is a finite prime) be the spherical vector in IL,. Kim has constructed a modular form F
on DT of weight 4 and level 0, which corresponds to 0(®, fg ). Moreover, he has obtained
a Fourier series decomposition

(1.2) F(Z)=1+240 > ap ™ ™77
TeJr

where Jx is the set of A in Jg with entries in R. A coefficient ar is zero unless the rank
of T is 1, and it is in the closure of the cone Jaw' In this case,

(1.3) ar= Y  d°,
d|e(T)
where ¢(T) is the largest integer such that ¢(T)~'T is in Jg. In particular, ar > 0.

2. Local theory.
In this section all objects are over Q,. As in Chapter II, Section 3, let P = M N be the
maximal parabolic subgroup of H such that M is the group of isogenies of the determinant
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form on the exceptional Jordan algebra Jp,, and N = Jg, as an M-module. Let A be the
isogeny character of M defined by (3.5) in Chapter II.

Let 1 be a non-trivial character of Q,. Let A be an element in Jp, . Define a character
s of N by

(2.1) Ya(B) = ¢(Tr(Ac B))

where B € Jp, = N. A non-zero element A in Jp, has rank 1 if

(2.2) A? = Tr(A)A.

Let © be the set of elements of rank 1. We wil need the following result [MS; Thm. 1.1]:

Proposition 2.3. The minimal representation I1 of H fits into the sequence of P-modules
C(Q) CIl C C™(Q),

where C*®(Q) denotes the space of locally constant functions on 2 and C(Q) is the
subspace of compactly supported functions. Moroever,

(1) if f € C®(Q), then

where m(X) is defined by
Tr(m(X)oY) =Tr(X om(Y)),

Jor all'Y in Jo,.
(2)
II/C(Q) =1,

where Il 1s the mazimal N -invariant quotient of I1.

Let (m, E') be a smooth N-module. Define Ey ,, to be the quotient of E by the subspace
E(N,v4) spanned by the elements {7 (n)v —a(n)v | n € N,v € E}. Since the functor
E ~ E(N,14) is exact [BZ], Prop. 2.3 implies the following:

Corollary 2.4. Let A be a non-zero element in Jg. Then
dim HN,1/)A S 1.

It is 1 if and only if the rank of A is 1. In this case, the dual of Ily ., is spanned by
“evaluation at A”.
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3. Fourier coefficients.

Fix 1, a non-trivial character of A/Q, with conductor Hp Z,. Let A € Jg. As in the
previous section we define a character 14 of N(A).

For a function 6 = 6(®, f,), define the Fourier coefficient 64 by

(3.1) 6alg) = /N o, DA

Corollary 2.3 implies that #4(g) = 0 if A has rank > 1.

We consider the Fourier expansion of 3 defined by (0.2) along U, the unipotent radical
of the Siegel parabolic of G’. We identify U(Q) with the set of 3 x 3 symmetric matrices
with coefficients in Q. Let B be an element in U(Q). Then

(3.2) Bp(1) = /U o, /G oy, M) (g

Write 0(g) = 3_,,a<1 04(g) and substitute into the formula for S5(1). Then

(3.3) (1) = [ e S 0a(g)ale)ds.

Alvwy=v5"

Lemma 3.4. The group G(Q) acts transitively on the set of all rank-one elements A in
Jo = N(Q) such that

Valua) = Vg

Proof. After conjugating B with an element in L(Q) = GL3(Q), we can assume that B is
given by a diagonal matrix:

a 0 O
B=|(0 b 0].
0 0 ¢
Let
d z vy
A=| 2z e =z
gy z f
such that 4|y = @Dgl. Then
d=—a, e=-b [f=—-c
T=—-x, Yy=-Y, Z=—2.

Since A is rank-one, we have A% = Tr(A)A and this implies

[\

2 = —bc, y?= —ca, = —ab
yz = —axr, zxr = —by, xy= —cz.
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We have four cases:

(1) a=b=c=0. Then 2? = y? = 22 = 0. Since O is a division algebra, this implies
that =y = 2 = 0. Hence A = 0 is the only possibility.

(2) a#0,b=c=0. Then again 22 = y? = 22 = 0, and A = — B is the only possibility.

(3) ab # 0 but ¢ = 0. Then 22 = y?> = 0. Therefore z = y = 0. Since 22 = —ab,
K = Q(z) is a quadratic subalgebra of Q. By a theorem of Jacobson [J3], G(Q)
acts transitively on the set of traceless z such that 22 = —ab. The stabilizer of
a point is isomorphic to SU(KL) = SUX. This form of SLs3 is compact over R,
quasi-split for all finite primes, and split by K.

(4) abc # 0. In this case x,y and z are standard generators of a quaternion subalgebra
D of ©. By a theorem of Jacobson [J3], G(Q) acts transitively on the set of triples
(z,y,z). The stabilizer of a point is isomorphic to the group of norm one elements
in D.

Finally, note that A will exist only if B is a semi-definite matrix. The lemma is proved.

Assume that B = 0. The lemma implies that

(3.5) Bo(1) = / bo(9)ax(g)dy.
G(Q)\G(A)

Since 0y(1) = 6y(m) for any m € [M(A), M(A)] (the Fourier coefficient ag is constant in
the Kim’s formula), and G(A) C [M(A), M(A)],

(3.6) fo(1) = By(1) /G e, 2

Remark: Ginzburg, Rallis, and Soudry have constructed in [GRS1] an automorphic rep-
resentation of the split group E77(A), whose local components are the minimal rep-
resentations. Moreover, they have shown that the constant term along the unipotent
radical of the Fg¢-maximal parabolic is a sum of two automorphic representations of
[M(A), M(A)] = FEg6(A): the trivial representation, and a representation whose local
components are the minimal representations. In the case of E7 3(A), the latter summand
can not appear, because the local component Ego(R) of [M(A), M (A)] has no minimal
representation.

Now assume that B # 0. Fix A’, a representative of the orbit. Since A" and nA’ (n € Z)
are in the same L(Q)-orbit, we shall assume that the entries of A’ lie in R, the maximal
order of Q. Let A be the composition algebra generated by the entries of A’. Let

(3.7) C(Q) = Co(q) (A)-

Then

(3.8) Ba(1) = / 6. (9)0(g)dyg.
C(Q\G(A)

Recall that § = 6(®,f,) and we fix fo. The map
(3.9) 0 04 (1)
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defines a linear functional on Cfs ® (®p£001l,) which by the local uniqueness (Cor. 2.3)
must be a product of local functionals, i.e. evaluations at A’. Therefore, there exists a
non-zero constant ¢ such that

(3.10) 0a(1) =c [] £o(4).

p#00

We have to say a word or two about the above “infinite” product. Let fg € 1I,, be the
spherical vector. Note that fl?(A’ ) # 0. This follows from the Kim’s formula, which says
that 64/(1) # 0 if f, = fJ for all p, and the coefficients of A" are in R. We normalize f,
so that fg(A’ ) = 1, hence the above product is always just a finite product.

Let g = googs be an element in G(A), where g is in G(R) and gy in G(Q). Arguing
as before,

(3.11) 0a:(9) = clgoo) [] folgy ' (A)),
pF oo

~

where ¢(g~) is a constant depending on g... It follows that 04/(g) is C'(Q)-left invariant.

A

Since it is also C'(Q)-invariant, and C'(Q)C(Q) is dense in C'(A) by the weak approximation
[Kn], it follows that 64/(g) is C(A)-left invariant. Hence, from (3.8)

(3.12) 5s(1)= | 0.40(9)PC (g)dg,
C(A\G(A)
where
(3.13) PY(g) = / a(vg)dv.
C(Q\C(A)

4. Non-vanishing and cuspidality.
We first give a criterion for non-vanishing of non-degenerate Fourier coefficients. Every
3 x 3 symmetric is L(Q)-conjugated to a diagonal matrix. Let

0
(4.1) B= b in U(Q)
0

S O QR
o O O

be of rank three, i.e. abc # 0. Let D be a quaternion algebra spanned by 1 and traceless
x, y, and z, subject to the following relations:

22 = —bc, y?>=—ca, 2*=—ab

(4.2) yz = —ax, zx = —by, xy= —cz.

Replacing B with another diagonal matrix in the same conjugacy class amounts to rescal-
ing and permuting the generators z,y and z. In particular, generic L(Q)-orbits are
parametrized by quaternion algebras.
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Henceforth, we assume that D is contained in O (this is possible iff B is a definite
matrix). In particular, z,y and z are traceless octonions. Then

(4.3) A=

< w2
K oW
o 8

is a rank one matrix in Jp such that ¢ 4/|y = 7,[1151. Again, there is no harm in assuming
that the entries of A’ are in R, the maximal order in Q.

Let m be an automorphic representation of G. Fix a form « in m. Let S be a set of
finite places such that if p ¢ S, then

a is G(Z,) — invariant
(4.4) D, is the algebra of 2 x 2 matrices
a,b,c are not divisible by p.

Proposition 4.5. Let C be the centralizer of D in G. Then the following are equivalent:
(1) PS¢ #0, and
(2) Be(1) # 0 for a choice of O = 0(®y fp), with f, = [ for allp ¢ S.
In particular, if PS # 0, then (3 is unramified for allp ¢ S.
Proof. Obviously, if P¢ = 0 then 8g(1) = 0 for any choice of 0, by (3.12). Assume that
P #0, and let 0° = 0(®,f,), such that

(1) foo = f2, a vector in the minimal “K-type” of 1.
(2) Ifp ¢ S then fo = [y (H(Zy)-invariant vector).

Lemma 4.6. Let Qs = [[,c5Qp. If g € G(A), we write g = Jo09s9” where goo € G(R),
gs € G(Qg) and g° € [1I,¢s G(Qp). Then there exists a non-zero constant c, such that for
every g € G(A)
0% (9) = ¢ fs(g5 (A)) [ xo(9p)
p¢s
where fg = Qpes fp, and xp is the characteristic function of C(Z,)\G(Z,) where C(Z,) =
C(Qp) NG(Zy). Note that, since D, is split, C(Qy) is isomorphic to SLa(Q,).

Proof. By (3.11) we have
0% (9) =c [] fo(9,

pFo0
In this case, however, the constant ¢ does not depend on gOo because fU is G(R)-invariant.

Let g, € G(Q,) such that f)(g, ' (A")) # 0. Let z’,3/, 2" be the off-diagonal terms of

g, 'A'. Since f is N(Zy)- 1nvarlant it follows from Prop. 2.3 (1) that f is supported in
JRP =Jr® Zp, hence 2/, y', 2" € R,.

Consider R/pR, the octonion algebra over Z/pZ. The projections of (x,y, z), the off-
diagonal terms of A’, and (2’,y’, 2’) onto R/pR are G(p)-conjugated by the theorem of Ja-
cobson. It follows from Hensel’s lemma that (x,y, z) and (2/,y’, 2’) are G(Z,)-conjugated.
Therefore, the function

g fp(gy ' (A))
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is supported in C(Z,)\G(Zy) C C(Qy)\G(Qp). Since [ is G(Zy)-invariant,
foloy H(A)) = fi(A) =1

for g, in G(Z,). The lemma follows.

Let Y be a finite collection of elements n; in N(R), together with a collection of numbers
¢;. Define
= cif(gni).

Obviously,
QA’ ZCﬂPA’ gOOnlgoo )QA’( )

Furthermore, recall that 1, (y) = ¢(Tr(zx o y)) = ¥y (z), so

9,4' Z Cz/‘vbnz Al )QA’( )7

and
04 (9) = Czcﬂbm (9 (A") fs( gs H Xp(9p)

pgS

by Lemma 4.6.
In general, # is not a “K-finite” vector. Still, it is a smooth function on H(Q)\H(A),
and we can use it to define a function 5 on G’ using the formula (0.2). By (3.12)

= [ 9P (9)dy
C(M\G(A)
Substituting the expresion for §Y,, and using that PC s G(Zy)-invariant for every p ¢ S,

1) = 1¥Wn; Yoo A’ A’ oo dgood !
BB( ) C/C‘(RXQS)\G(RXQS)ZC¢ 1(9 ( ))fS(gS ( )) (g gS) ’ gSPI;[S'HP

where

#G:(p)
#SLa(p)pt!

The infinite product is C§1(6), and therefore non-zero. Let p be a prime in S. By Prop.
2.3, fp can be any compactly supported, locally constant function on the set of rank one
matrices in Jop,, hence the integral over C(Qs)\G(Qs) will be non-zero for a suitable
choice of fg. Since S(R)\G(R), the G(R)-orbit of A’, is compact, by the Stone-Weierstrass
theorem {), c;¢n,} is a dense family of continuous functions. Hence the integral over
C(R)\G(R) can be arranged to be non-zero, too.

Since
— Z 0

nez

Xpdgp = =(1- p_6>-

Mp = /
SLZ(QP)\GZ(QP)
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in locally uniform convergence of smooth functions on H(Q)\H(A) where 6} belongs to
the n-th “K-type” of I, at least one of these summands has to produce a non-zero [,
with a non-trivial Fourier coefficient at B. The proposition is proved.

Next, let

(4.7) B= in U(Q)

o O 2

0
b
0

o O O

be of rank two, i.e. ab # 0. Let K = Q(z) be a quaternion subalgebra of O, such that z is
traceless and z? = —ab.

Proposition 4.8. Let C' be the centralizer of K in G. Then the following are equivalent:
(1) PS¢ #0, and
(2) Bp(1) #0 for a choice of 6.

Proof. Analogous to the proof of Prop. 4.5. One also needs non-vanishing of a special
value of the zeta-function (,, where x is the character of A* corresponding to K via the
class-field theory. This is provided in [EG].

Corollary 4.9. Let 7 = ®,m, C L2(G(Q)\G(A)) be an irreducible automorphic represen-
tation. Assume that:

(1) oo = Wik, ko) @ C, with kg # 0, or there exists a finite prime p such that 7, has
a Whittaker functional.
(2) There exists a € T and D, a quaternion subalgebra of O, such that PS # 0.

Then ©(m) contains a non-trivial cusp form on G', unramified at all places p ¢ S, where
S is given by (4.4).

Proof. The second condition and Prop. 4.5 imply that § is non-zero, and unramified
outside S.

To show cuspidality we need to show that fg = 0 for any B of rank less then or equal to
2. Assume that the rank is 0 or 1. The first condition implies that the 7 is not isomorphic
to the trivial form on G. Hence the period over G is 0. This implies that Gg is also 0, by
(3.6) and (3.12).

To show vanishing for B of rank 2, we have to show that SUs-periods vanish, by Prop 4.8.
Assume not. Then each local component of m has a non-trivial SUs-invaraint functional.
This means that 7o, has an SUs(R)-fixed vector, and by the Frobenius reciprocity, (m,)*,
the contragredient of 7,, is a quotient of C°(G(Q,)/SUK(Q,)). By the branching law
Gy | Ay [Sa2], the representation W (kq, k2) has an SU3(R)-fixed vector iff ko = 0. Also,
a generic p-adic representation can not be a quotient of C°(G(Q,)/SUE(Q,)), in view of
the following:

Lemma 4.10. Let F' be a p-adic field, and K C O ® F a quadratic subalgebra. Let
SU(K~) = SUE be the centralizer of K in G = Aut(Q ® F). Then the G-module

C(G/SUS")



46 B. H. GROSS AND G. SAVIN

does not have a Whittaker functional.

Proof. Let B C G be a Borel subgroup. The space C°(G/SUX) has a B-invaraint fil-
tration with succesive quotients C°(Q), where O runs over the finite set of B-orbits on
G/SUXE. We need to show that each of the subquotients does not have a Whittaker func-

tional, so our task is to compute B-orbits on G/SUX or equivalently, SUL-orbits on
G/B.
Let My(F') be the algebra of 2 x 2-matrices over F', with involution

a b\ _ (d b
c d) c a)’
Then O ® F is isomorphic to the algebra Ms(F') @ My(F') with multiplication
(a,b)(a’,b') = (aa’ +b'b,b'a+ ba').

Using this realization of O ® F, it is easy to compute SUZX-orbits on G/B. Assume,
for example, that K = F @ F, the subalgebra of diagonal matrices in My(F'). Then
SUK = SL3(F). Let V be the space of traceless elements in O ® F, then

V=V;eVaeK"

under the action of SL3(F'). Here V3 is the standard representation of SLs(F'), and
K°= K NV. The set G/B can be identified with partial flags

V1CV2CV

consisting of 1 and 2-dimensional spaces with trivial octonion multiplication. We note that
V5 is always contained in the 3-dimensional space

ViA={zeV |z V3 =0}.

We have three diferent cases.

(1) The group SL3(F) acts transitively on partial flags V3 C V5 such that V; C V3.
Indeed, SL3(F) acts transtively on lines in V3, and the stabilizer of a line V; is a
maximal parabolic subgroup. Its Levi factor GLs(F') acts transitively on on the
2-dimensional space

ViA/Vy.

By the same argument, SLs(F) acts transitively on partial flags such that V; C V5.
(2) The group SL3(F) acts with two orbits on partial flags V3 C V5 such that V; C
V3 @ V5, but not contained in V3 or V5. Indeed, in this case

V1:F($+y>CV3@V3*

2

where 22 = zy = y? = 0, and we have two orbits, depending whether

Vo=Fz+Fy=ViAN(Vz&V;)
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or not.

(3) The group SL3(F) acts transitively on partial flags V3 C V5 such that V; is not
contained in V3@ V5" . Indeed, SL3(F) acts transitively on such V4, and the stabilizer
is SLy(F'), which acts transitively on on on the 2-dimensional space

ViA/Vy.

Next, let B be a Borel subgroup fixing a partial flag V; C V5. Its short simple root
group acts by z — x4+ b on V5/V; and and its long simple root group by =z — z + b on
V1A /V;. Now, it is a simple matter to check that in each case B’ = BNSL3(F') will contain
1-dimensional subgroup acting by = — x+b on Vo/V; or V1A /V,. Hence, C°(B/B') does
not have a Whittaker functional, and this implies the lemma.

5. Examples.

We prove the non-vanishing of the ©-lifts of the automorphic representations 7 con-
structed in Prop. 7.7 and Prop. 7.12 of Chapter I.

Let D be a definite quaternion algebra over Q. Then the Q algebra D @& Dv with
multiplication

(5.1) (a+bv)(a +bv) = (ad’ —b'b) + (Va+ ba')v

is a definite octonion algebra, hence it is isomorphic to the Cayley’s octonion algebra Q.
Thus D embeds in O = D @ D, and if we fix an element v in D+ with v2 = —1, we
get an isomorphism of the subgroup C' of G = Aut(0) fixing D with DJ_;, the group of
norm-one elements in D:

(5.2) d(a + bv) = a+ (db)v, dd = 1.

The subgroup SO4(D) = {(d,d") € D* x D* | Nd = Nd'}/AQ* of G acts on O as
follows:

(5.3) (d,d')(a+bv) =d's(d)~" + (db(d) " ")v.

In particular, it stabilizes D C O, and contains C' as the subgroup {(d,1)}. The group
SO4(D) is the centralizer in G of the involution i(a 4+ bv) = a — bv of O.

Now suppose D is the algebra of Hamilton’s quaternions, ramified at 2 and co. We will
show the following.

Proposition 5.4. There is an embedding of D into QO such that

A

C(A)=C(Q) x C(R) x (C(Q)NK(2))

where K (2) is the subgroup of elements in G(Z) congruent to 1 (mod 2).

Proof. First some facts about Hamilton quaternions, independent of octonions. It has the
maximal order R defined by Hurwitz:

l+i+j+k

R=7i®7j® Tk ® % :

)
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with unit group
el o e B Y

2
of order 24. This order gives a model for C' over Z, with C'(Z) = R* and bad reduction at
2. For p odd, C(Z,) is isomorphic to SLy(Zy).

For p =2, let Ry = R ® Zs be a maximal order in Dy = D ® Zy. Then

R* =< 41, 44, 4+j, +k,

C(Zs2) = (R )n=1 = C(Q2) = (D5 )n=1-

The element w = (1 + ¢) is a uniformizing element in Ry, and we have a filtration by
normal subgroups:

(R; )Nzl 23 (1 + WRQ)Nzl (2,2) (1 + w2R2)N21 D) (1 + WSRQ)Nzl 2(2,2) - - -

where D3 9), for example, denotes that the quotient is isomorphic to the Klein four-group.

We have
R* N (1 + wR2>N:1 =< +1, +1i,+j, +k >

R*N (1 —+ WQRQ)Nzl =< =£1 >
R*N (1 + w3R2>N:1 =1
Since the global units lie in distinct cosets of (R )n=1/(1 + @>Ra)n=1, and the latter
group has order 24, we obtain a direct product decomposition:
C(Zg) =R* x (1 + w3R2)N:1.
The mass formula (of Eichler) gives
C(A) = C(Q)(C(R) x C(2))

with intersection C(Z). Hence we have a direct product

C(A) = C(Q) x (C(R) x (1 +m*Ra)u=1 x [ ] O(Zy)).

To finish the proof of the proposition, we need to find an embedding of D in O such
that
CQ) NK((2)=(1+=*Re)n=1 x [[ C(2Zy)).
PF#2
Let R be the ring of integral octonions constructed by Coxeter, so K (2) is the subgroup

of Aut(R ® Z) which acts trivially on R/2R. We embed the Hurwitz R into the Coxeter
R via i+ eq, j— ey, k— eq. If we take v = e3 then

O=D® D" and
R D(2,2) R Rt
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The general element of R has the form
1
5 (a + bes)

with a,b in wR, w = (14+1) = (1 +e1). If we write
a =wx
b=wp
then for the above to lie in O, we need the congruence
a=p3 (modwR).
It is now a simple matter to check that (1 + wRy)n=1 X Hp;éQ C(Z,) is the subgroup

of G(Z) fixing D. Similarly, (1 + @w®Ry)n—1 X [1,2 C(Zy) is the subgroup fixing D and
acting trivially on R/2R. The propositon is proved.

Proposition 5.5. Let w be the automorphic representation of G given in Prop. 7.7 in
Chapter I. (T is isomorphic to the irreducible 64-dimensional representation of G(R) of
highest weight p, o is the Steinberg representation of G(Q2) and m, is unramified for all
p #2). Then w lifts to a cusp form © on G', with:

(1) 7wl is a holomorphic discrete series representation with infinitesimal character

(6,4,2).
(2) m,, for p # 2 is unramified with Satake parameter in G2(C) C Spinz(C).
(3) 7l is the Steinberg representation.

Proof. We will show that the period over C given by Prop. 5.4 is non-zero for a K (2)-fixed
function in w. Using the direct product decomposition

G(Q\G(A) = G(R) x K(2),
one identifies the space of K (2)-fixed vectors in m with the space of matrix coefficients of
W on G(R). By Prop. 5.4 we have to show that there exists a matrix coefficient of W
such that its integral over C'(R) is not zero.

Every finite-dimensional representation of G(R) has a C(R) = SU,(R)-fixed vector.
Indeed, we have a chain of groups

SU, c SU3 C G

where SUj is the stabilizer in G of a quadratic subalgebra of D, for example Q(7). Since
it is true that every representation of SUs(R) has SUs(R)-fixed vectors, the same is true
for G(R).

Let w be a C(R)-fixed vector in W. Obviously, the matrix coefficient < w, gw > has
non-vanishing integral over C'(R). Hence the Fourier coefficient at

1 0 0
B=10 10
0 0 1

is not zero. The proposition follows from Cor. 4.9. The information about the local
components of 7’ follows from Cor. 3.9 of Chapter III and Prop. 3.1 of Chapter IV.

We now assume that D is the definite quaternion algebra ramified at 5 and oo.
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Proposition 5.6. There is an embedding of D into O and a Borel subgroup B(5) C G(5)
such that

N

C(A) = C(@Q) x C(R) x (C(Q) N Ko(5))
where Ko(5) is the subgroup of elements in G(Z) reducing to B(5) (mod 2).

Proof. Let R be a maximal order in D, which is unique up to D*-conjugacy. We have
R* = pg. The order R gives a model of C' over Z, with bad reduction at 5. The units lie
in the 6 distinct cosets for the subgroup (1+w@R), where Tr(w) = 0 and N(ww) = 5. Hence
we obtain a direct product

C(A) =C(Q) x (C(R) x (1+@Rs)n=1 x [[ C(Z,)).
P#D

Let R be the Coxeter’s order in Q. There is an embedding R — R, which is unique up
to conjugacy by Aut(R) = G(Z). Let R+ be the orthogonal complement of R in R; again
we find that

R®R" C;55 R,

and that the subgroup of G(Z) fixing R ® Z is precisely (1 4+ wRs)n—1 X [1,45 C(Zp).
Since (1 + wR5)n=1 is a 5-group, its reduction in G(5) is contained in the unipotent

radical of some Borel subgroup B(5). Hence C(Q)NKo(5) = (1+w@wR5)n=1 X [[,,.5 C(Zp),
which completes the proof.

In Section 7 of Chapter I, we showed that the space
(5.7) S =G(Q\G(A)/G(R) x Ko(5)

had 7 elements. We also showed that there was a non-zero function f : S — Q, unique up
to scaling, in the Steinberg subspace: T;f = —f for the three generators Ty, 11, T of the
Iwahori-Hecke algebra at 5.

The function f determines a 1-dimensional subspace < F' > in the automorphic rep-
resentation m of Prop. 7.12. The period of F' over C(Q)\C(A) is non-zero if and only
if f(e) # 0, where e is the identity double coset of S (e is the image of C'(A), by the
Prop. 5.6). A computer calculation, performed by D. Pollack and J. Lansky, showed that
f(e) # 0. Hence we obtain

Proposition 5.8. Let w be the automorphic representation of G given in Prop. 7.12 in
Chapter I. (Too = 1, 75 is the Steinberg representation of G(Qs) and m, is unramified for
all p #5). Then 7 lifts to a cusp form 7’ on G', with

(1) 7wl is a holomorphic discrete series representation with infinitesimal character
(3,2,1).

(2) m,, for p #5 is unramified with Satake parameter in G2(C) C Spinz(C).

(3) wl is the Steinberg representation.

The automorphic representation w corresponds to a classical holomorphic form of weight
4 and level 5.
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VI PERIODS

As we indicated in the introduction, the complement of the motive M in M’ should
be given by the classes of Hilbert modular 3-folds. If so, the forms on G’ coming from
G should be characterized as those having non-zero periods over the cycles given by the
Hilbert modular 3-folds. We give an affirmative answer to this question in the local setting.

1. A see-saw dual pair in F,,.

We let F' be a p-adic field, F a separable cubic extension of F, and H a split adjoint
group over I of type Eg, E7 or Eg. Let H = H x I" be the semi-direct product of H with
its group of outer automorphisms I'. Note that I' = Z/27Z for Fg, and is trivial otherwise.
The see-saw pair in H' is

DE @
(1.1)
G, O

where all groups are quasi-split over F, D¥ is a twist of the simply connected group of type
Dy by the homomorphism Gal(F/F) — Ss3 (the outer automorphisms of D) corresponding
to the cubic etale algebra E, and the subgroups G’ and CJ, are tabulated below.

Type of H G’ Cy
Er PG Spg Rp/pSLa/ o
joN Fy DF

The center of G’ is trivial, and the pair G5 x G’ is a maximal subgroup of H’, whereas the
center of O, is

(1.3) Ky = (Rp/pp2)/u2 = D N CY,

a twist of the Klein group K4, and the subgroup D¥ x C%/AKYF is not maximal, for it is
contained in the centralizer in H' of any non-trivial element of KF.

In the following section, we will characterize the irreducible representations 7’ of G'(F)
which appear as quotients of the minimal representation of H'(F'); these are the represen-
tations with a non-zero, C’p-invariant linear functional, for some E.

Let Tr : E — F be the trace form. Since F is separable, the pairing £ x F — F given by
(v,w) = Tr(vw) is non-degenerate. Let {vq,v2,v3} be a basis for E over F, and consider
the F-linear embedding £ — J(F)

(1.4) a— Ay = (Tr(a - vvy)),
where J(F') is the 6-dimensional space of symmetric 3 x 3 matrices over F'. The matrix

(1.5) e = Ay = (Tr(vivy))
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has det(e) # 0, by the non-degeneracy of the pairing.

Now let D C O® F' be an F-subalgebra, on which the norm form is non-degenerate and
represents 0. Let J(D) be the F-vector space of 3 x 3 Hermitian symmetric matrices over
D. We then have a chain of subspaces

(1.6) Fec ECJ(F)CJ(D)CJp®F.

Let L’ be the algebraic group of all invertible linear maps on J(D) which preserve the
determinant form det : J(D) — F. These groups are tabulated below [EG]:

D J(D) L
MQ(F) N2 F6 SLG/[LQ
ORF Jo®F FEg

where we have identified J(D) with a more familiar L’-module. Note that the center of L’

is pus.
Let [ be the Lie algebra of L', and V3 the standard 3-dimensional representation of
SL(3). In [Sa2] it is shown that the direct sum

(1.8) h=(iB) el & (VsoJ(D)) & (Vs J(D))"

has the structure of a simple, split Lie algebra of type E,, (n = 6,7,8), with a Z/3Z-
gradation given by the action of the center of the subgroup

(19) SL3 X L//Aug

of H'.
It can be checked that the centralizer of e in L' C H' is G’, and the centralizer of G’ in
H’ has Lie algebra

(1.10) go=sl(3) ® (V3@ Fe) & (V3® Fe)*

of type Gbs.
Let Fy C E be the kernel of the trace map Tr : E — F. The centralizer of E C J(D)
in L' is C', and the centralizer of C; in H’ has Lie algebra

(1.11) W=6I3)oE) ® (BeokE) @ (3eE)

of type Dy, split by E [Ru]. This gives a construction of the see-saw pair.

2. Periods.

The minimal representation II, defined in Chapter IV, can be easily extended to H’;
more precisely, the polarization used in [KS; pg 212] is I'-invariant, and by taking the
structural coefficients to be I'-invariant, the representation extends to H’ in an obvious
way.



MOTIVES WITH GALOIS GROUP OF TYPE G2 53

Consider the decomposition (1.8) of h. Let t be the Cartan subalgebra of si(3), consisting
of diagonal traceless matrices. Let

1 0 0

(2.1) h=10 0 0 |etcCsl(3)Ch.
0 0 -1

Define

(2.2) h(k) ={z €b|[h,a] = ka}.

Since the eigenvalues of h on the standard 3-dimensional representation V3 of si(3) are
—1,0, 1, the decomposition (1.8) implies that h(k) # 0 for k = —2,—1,0, 1, 2. For example,

(2.3) h(0) = J(D)* & td h & J(D).

Write g = n & m & n where

(2.4)

I(D h(2)
h(=1) ®h(=2).

Then p = m @ n is a maximal parabolic subalgebra. The nilpotent radical n is a two-step
nilpotent (Heisenberg) Lie algebra, with the center 3 = h(2). Analogous statements are
true for the opposite algebra p = m@n. Under the action of t& [ C m, we have direct sum
decompositions

25) { ras)~F@ID) 0 D) ¢ I

nh“b() F*@ J(D)*® J(D) & F.

Let P’ = M’N be the “Heisenberg” maximal parabolic subgroup of H’, with Lie algebra
p. Let Z be the center of N. The quotient of N by Z is commutatlve and N/Z >~ /3
as M-modules. Let P’ = M’'N be the parabolic subgroup opposite to P’, and Z be the
center of N. The Killing form on b, the Lie algebra of H, defines a non-degenerate pairing
<,> between N/Z and N/Z. In terms of the identifications (2.5) this pairing is

(2.6) < (z,u,u”,z%), (", v 0,y) >= 2y + < u,v* >+ < v,u* > +yx*.

Let © be the smallest non-trivial M’-orbit in N/Z. It is simply the orbit of a highest
weight vector.

Proposition 2.7. (p # 2 if G = Eg) Let II be the minimal representation of H'. Let Z
be the center of N as above. Let I1; and Il be the mazimal Z-invariant and N -invariant
quotients of I1. Then

0—-C>*(Q) —-1; -1y —0
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where C2°(2) denotes the space of locally constant, compactly supported functions on €.
The action of P' on C°(Q) is given by

(n)f(x) =y(<z,n>)f(x), neN
II(m) f(x) = | det(m) |4 f(m ™ tzm), m e M,

where 1 is a non-trivial addititive character of F', det is the determinant of the represen-
tation of M' on N/Z, d is the dimension of N/Z. The values are given by the following
table.

G ‘ S d
FEg 4 20
E; 6 32
Eg 10 56

Proof. This is a simplified version of [MS; Thm 6.1].

We are now ready to prove the main result of this section. Let e be an element in J(D),
such that (e,e,e) = 6, and let G’ C L’ C H' be the centralizer of e in L'.

Proposition 2.8. Let 7’ be a representation of G' with a non-zero Cp-invariant func-
tional. Then (n')* (the contragredient of @) is a quotient of 1.

Proof. If we compare the construction (1.10) of the dual pair G2 x G’ with the definition
of P’, we find that

GQﬂP,:PQZGL2 U2

is the “Heisenberg” parabolic of G3. Note that Z C Us, and in terms of the identification
(2.5),
Uy)JZ2F®Fe®Fe* @ F* CF®J(D)® J(D)" ® F*~N/Z,

where e* is a G'-fixed element of J(D)*, normalized by < e*,e >= 3.

The action of G Ly, the Levi factor of Py, on Uy /Z is isomorphic to S%(F?)®det ™!, and
this was studied in [Wr]. Generic G Ls-orbits correspond to cubic separable extensions of
F as follows. A point (a, b, c,d) in Uy /Z defines a binary cubic form

az® + b’y + cxy® + dy®.

The corresponding G La-orbit is generic if and only if the form has three different solutions
in P(Q,). Assume that a = 6. This just means that (6,0) is not a solution of the cubic
form. Then

E = F[z]/(2® 4+ ba? + cx + d)

is the cubic separable algebra.
The pairing <, > restricits to a non-degenerate pairing between Us/Z and Uy / Z. There-
fore, the point (a, b, c,d) and the additive character v define a character g of Us.
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Lemma 2.9. Let I, . be the marimal quotient of I1 such that Us, acts as the character
Vg on it. Then

Proof. Prop. 2.8 and (2.6) imply that
g, 45 = C&(N,,9s = C (2p)
where
Qp ={(6,u,u*,d) € Q| <u,e* >=band <e,u" >=c}.

We need to show that G’ acts transitively on Q. Let ¢ C m be a maximal parabolic
subalgebra given by
qg=(teh) o J

Let Q' be the corresponding subgroup of M’, and let U = J be the unipotent radical of
Q'. The group Q' preserves the partial flag in N/Z

F& J(D)& J(D)* ® F* > J(D)® J(D)* & F* > J(D)* & F* > F*.

By [MS; Lemma 7.5], @’ has 4 orbits on {2, given by the position of a point in €, relative
to the flag. Hence, Qg is in the Q’-orbit of (6,0, 0,0). Moreover, by (2.5) the Levi factor of
Q' preserves the line through (6,0, 0,0), hence Qg is contained in the U-orbit of (6,0,0,0).
This action of U is given by (3.11) in Chapter II. In particular, if z is an element in
U = J, then
2(6,0,0,0) = (1,62,3z X z, (2, 2, 2)).

So, if (6, u,u*,d) is an element in Qp, then

(

u =6z
u* =3z Xz
( d=(2,2,2),
and, since e* = %e X e,
(b=3(z,¢,€)
c=3(z,ze€)
L d=(2,2,2).

Hence, the characteristic polynomial of z is
6det(A—2)=A—2z,A\—2,A—2)
= (e,e,e)A* — 3(z,e,e)A? +3(z, 2, )\ — (2,2, 2)
= 6A% — DA% + A — d.

The group G’ acts transitively on the set of such elements. In the first case, L’ acts
transitively on 3 x 3 matrices with determinant 1, so we can assume that e is the identity
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matrix. Hence Qg is the set of all 3 x 3 matrices with the characteristic polynomial (in
the usual sense)
6A% — bA® + cA — d,

i.e. it is a regular, semi-simple conjugacy class of 3 x 3 matrices. This implies the lemma
in the first case. The general case can be reduced to this [J2; Thm. 10, pg 389]. The
lemma is proved.

The proposition follows from Lemma 2.9 and the Frobenius reciprocity.

Corollary 2.10. Let E be a cubic separable algebra over F. Let w(s') be an unramified
representation of PGSpes(F') with a non-trivial C',-functional. Then s’ = f(s) for some
semisimple conjugacy class s in Go(C). If, in addition, w(s") is tempered, then the converse
is also true.

Proof. Note that every unramified representation of PGSpg is self-contragredient. So, if
m(s’) has a non-trivial C’p-invariant functional, 7(s’) is a quotient of II by Prop. 2.8.
Hence s’ = f(s) for some s in G2(C) by Prop. 3.1 of Chapter IV.

Now assume that 7(s’) is tempered and s’ = f(s). Then 7(s) ® 7(s’) is a quotient of
IT by [MS; Thm. 5.4]. Since 7(s) is a fully induced representation [Ke|, it follows that
7(8) 0y, 7 0- By Lemma 2.9

HUQ,wE = CSO(G,/C,E'>7
so the second statement follows from the Frobenius reciprocity.
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