Lecture 9

We continue our discussion of the units in the ring of integers A of a number field k.

Corollary 46. (Kronecker) If € is an algebraic integer such that |e|, = 1 for all infinite
valuations v, then € is a root of unity.

Proof. Since |N(€)| = ][, l€lc = 1, Corollary 41 implies that € is a unit in A. Letting
A AX = @yooRv be given by a = ) log|al,v as in the previous lecture, it follows that

€ is in the kernel of A, which is exactly the set u of roots of unity in A. O

Definition. A unit € of A is called a Lehmer unit if all but two of its conjugates lie on the

unit circle in C. More precisely, if 0y, ,0 are the distinct embeddings of k in C and | |
is the standard absolute value on C, then for some = ,|o (¢)],|o (¢)] =1and for = , ,
o (e)] = 1.

f € is a Lehmer unit, then the fact that 1 = ],
o(e) =0 (e ). orexample, if k is a real uadratic field, and « is a unit in the interval
( ,1), then for the nontrivial embedding o, o(a) = 1 « is in the interval (1, ) and « is
a Lehmer unit. n fact, if € is a Lehmer unit and o0 and are the embeddings such that
lo(€)],| (€)] =1, then o(e) and (e) must be real. f not, say o(e) is not real, then o(e) is

lelv = o (€)o (€) implies that o (¢) =

another conjugate of e. Since |o(€)| = |o(e)| = 1, it follows that o(e) = (€). owever, the
fact that
1 1
| (9] = = =1
lo(e)]  |o(e)]
implies that | (¢)|] = |o(€)]. t is natural to ask whether or not there are Lehmer units

which are not roots of unity and whose real conjugates get arbitrarily close to 1. Lehmer
conjectured that this could not occur.

a le. Let be a prime number , & primitive th root of unity, and k = ().

y roposition , the ring of integers of k is A = . kis alois over with alois

group  which is cyclic of order = 1= since k£ has no real embeddings. hen
1= and = —!, and by the nit heorem, A* has rank ; 1= —. Since is

cyclic of even order, it has a uni ue subgroup of order whose nontrivial element is given by
complex conjugation. nder the alois Correspondence, the fixed field & of this subgroup
is the uni ue intermediate field of degree —! over . Let A denote the ring of algebraic

integers in k£ . Clearly, 1A | and a discriminant computation shows e uality.
( ne must verify directly that disc(A ) = ~— .) Since k is the fixed field of complex
conjugation, k 1is a real field. t follows from a little alois theory that, ; = =1
and = . We verify this in more generality below. Again by the nit heorem, the rank
of (A )* is —. Since (A4 )*  A* and these finitely generated groups have the same

rank, the index (4% : (A )*) is finite.

More generally, let k£ be a number field which is totally complex (i.e., 1 = ) which therefore
has degree = over . urthermore, assume that k is a uadratic extension of a totally
real field k . (k is called a fiel in this event.) Assuming that ¥ C, welet :k— C
denote the embedding of k corresponding to complex conjugation. hat is, if o is a fixed



embedding of k, then =7. Welet k denote the fixed field of ,or e uivalently, k. =k R.
ote that if ¢ is any embedding of £ in C, then ¢ = o is the embedding of k£ conjugate

to 0 and 0,7 are the same real embedding of £ . hat is, there is a 1 1 correspondence
between real embeddings of ¥ and conjugate pairs of embeddings of k. urthermore, (A )*
has finite index in A%, as both groups have rank 1.
Let be a unit in A, and let € = ( ). hen for any infinite place v of k,

a( )

ey = 22 =1

a( )
so that € is a root of unity by Corollary 4 . t follows that ( ) =€ for a root of unity e.
f is another root of unity in k, then ( )= !¢ =—( ). fcourse, — is another
root of unity. t follows that if welet e= and = ,then is in the fixed field of ,
that is, k . Since 1is an algebraic integer, A . Also, isaunitin A | asis

shown by Lemma 4 and the correspondence between real embeddings of k¥ and conjugate
pairs of embeddings of k.

Let p denote the set of roots of unity in &, and consider the map : A* — p pu given
by +— ( ). he previous paragraph shows is well defined and has kernel exactly

(A )* p. Since u is finite cyclic, it follows that u 4 = . hus, the index of (4 )* u
in A* is 1 or , depending on whether is trivial or not. or example, if k = () is the
cyclotomic field from above, then (A )* u = A*. Since (A )* p= 1 ,thisisnota

direct product, but if u denotes the set of th roots of unity, then (A )* u = A*, as
is odd by assumption.

ecall the notation from Lectures and . f 1is a primitive th root of unity, let = 1.
or integers such that (mod ), let a ) = =( (). We claim
that a( ) hasnorm . rom our earlier computations, N( ) =1 and N( ) = . Since 1
is a conjugate of and is a conjugate of we see that N(a( )) = N( )N( ) = . Also,

it is straightforward to check that (a( )) = «af ). Let

_oa()

tooa(l)

(We call  a circular unit because if = then
_ sin( )

~ sin( )

which is an expression in terms of the circular function sin.) We claim that  is a unit in

A . o see this, it su ces to show that is a unit in A which is fixed by , since then
isin A and ( )= ( )= ‘lsothat ! A . Since N(a()) = , we see
that N( ) = = 1. wurthermore, can be expressed as a polynomial in the algebraic
integers , ! so that is an algebraic integer. hus, is a unit in A. inally, since
(a( )= «af),it followsthat ( )= . o get distinct a ) up to sign, we can allow
to run from 1 to —L. he choice =1 gives = 1, so we have — reasonable choices
for . n fact, we have the following theorem.
eore 4 . (Kummer) Let  be the subgrou of (A )* generate by the . hen is
a free abelian grouw of rank — an the in e of in (A )* is finite an  ivisible by

urthermore, if is the class number of A , then the in e is e actly



he proof of this theorem involves the theory of  functions, so we omit it here (cf. orevich
and Shafarevich wmber heory, Chapter ). owever, we check an example.

a le.Let = . hen =—-—= . Since k has degree 4 over , the field
k isreal uadratic,sok = ( )forsomes uare free positive integer . he nontrivial
element of al(k )= al(k ) al(k k )isgiven by sending +~ . hus,

r( ) =( N« ) = =1
by examining the minimal polynomial of , and
NC ) =( )( ) = ! = =1

so that the minimal polynomial of  is 1. he wuadratic formula tells us that

=1 and by fixing an embedding, we may assume that = —1 .t follows that
E = ( ), and a computation from Lecture shows that  =1.

ext, we will discuss the tools developed by Chevalley, Artin, and Weil: completions of
fields, the Adeles and the deles. hese tools will give us a succinct reinterpretation of the
finiteness of the ideal class group and the nit heorem. n much of the following discussion,
only sketches of proofs will be given. he interested reader is invited to supply the missing
details.

ecall that we construct infinite valuations on a number field from its embeddings in C.

hese valuations satisfy the Archimedean property: for all , k> there exists an integer

such that | |, | |- his follows from the fact that the absolute values on C and R are
Archimedean. he finite valuations are those induced by non ero prime ideals in A by
the formula | | =N( ) .t follows that | | max |a| ,| | la] | ]
Another way to express the first ine uality is to say that all triangles are isosceles, since
e uality holds in the first ine uality exactly when o] =| | . owever, the finite valuations
do not satisfy the Archimedean property: since A, any integer has | | 1 so that

We recall the construction of the real numbers from the rationals. With the standard
absolute value on

if
|| = .
if
we say that a se uence is auchy if, for every € there exists  such that ,
| | € he problem with 1is that there exist (lots of) Cauchy se uences in
which do not converge to elements of . asically, R is constructed by adjoining all the

limits of Cauchy se uencesin to . We will be more specific below.

Definition. A value fiel is a field k with valuation || : kX — R*. A valued field k is
com lete if every Cauchy se uence in k converges to an element of k. A com letion of a
valued field k is an extension field  satisfying the following properties: (1)  is a valued
field which is complete and whose valuation extends the valuation on & and ( )  contains
k as a dense subfield. We re uire property ( ) for uni ueness purposes: without it, C would
be a completion of



eore 4 . orawvalue fiel k ith valuation ||,, a com letion k, e ists an is uni ue
u to uni ue continuous isomor hism.  ore recisely, if k, an k, are com letions of k,
then there e ists a uni ue continuous isomor hism k, — k, making the follo ing iagram
commute.

ky — k,
k
ketch of roof. Let Dbe the ring of all Cauchy se uences with k. Let  denote
the (maximal) ideal of  consisting of all null se uences, that is, se uences such that
lim | |, = . We define k, to be the uotient k, = , which is the field of limits

of Cauchy se uences in k. We claim that this is a completion of k. We first extend the
valuation from k to k, in the natural way

[y 2 k) — R as | |y = lim | |, R
o0
We embed k in k, as the constant se uences
k— ky as =,

since the constant se uences are trivially Cauchy.

nder this embedding, k is dense in k,. ix any a = ky, and define a Cauchy
se uence ai,q , of elements in the image of k in k, as a = . . hen a =
lim o «. inally, k, iscomplete. ixa Cauchyse uvenceink,,a = a = oq,a,
We want to show that this se uence converges to an element of k,. Let denote the
diagonal se uence = oi,a, .t is straightforward to show that =1lm La .
he uni ueness result is left as an easy exercise. O

a le.Letk= and =  for aprime number . he completion of with respect
to the valuation || is denoted  and called the a ic numbers. t will follow from more
general work that the ring of integers in ~ is exactly =lim ( ).

More generally, if k is a number field and  is a non ero prime ideal in A of characteristic

, then the completion of k¥ with respect to the valuation || is denoted k . We shall see
that k& is a finite extension of of degree , where is the ramification index of
and is the residue degree.

Lecture

We continue with the notation from the previous lecture. iven a non ero prime ideal

in A, let =N( ). hen the valuation || on k takes its values in . Since the valuation
is non Archimedean, if the se uence is Cauchy with respect to || , then the se uence

| | in must stabili e. t follows that the valuation on k also takes its values
in . t also follows that the extended valuation is non Archimedean. efine

A =a k o 1



and

he fact that the valuation is non Archimedean implies that A is a subring of £ and that
is an ideal in A . urthermore, restricting the embedding & — k to A and  induces
a commuting diagram

A k

A k

ro o ition4 . A is a iscrete valuation ring ith ma imal i eal

Proof. Since = , we know that . ix an element , that is, such that
| | =1 he fact that = A will follow immediately from the following theorem.

eore . Let be any non ero i eal of A an su ose that
max |a| . = =
for some . hen = A for some such that | | =

Proof. irst, we note that max |a|] : =« is always of the form . his follows
from the fact that ord (a): =a is a nonempty set of natural numbers. urther
more, there is an element of with | | = and we fix such an element. Clearly,

A . Conversely, if « , then |a | 1so that =« A which implies that
o= A . O

rom the proof of the theorem, we see that = A . urthermore, if were not
maximal, then there would be some proper ideal of A such that .y the
theorem, = A for some . f werein ,then = , so that .ot
follows that 1 | | lsothat | | =1. hisimpliesthat| | =] | ' =1 so that
1A which implies that = A . t follows exactly from this logic that the units of

A are exactly those elements « of k& such that |a] =1.

o finish the proof of the proposition, it su ces to show that every non ero ideal of A

is of the form A . Let and be asin the theorem. hen | | =1 so that
isaunitin A and = A = A . O
estricting the embedding ¥ — k£ to the ideals induces another commuting diagram
A A A A k
A k

ro o ition . ith notation as above.

he ring A is ense in A .



he inclusion A — A in uces an isomor hism A =A A for =1,

A =lim(4 ).

Proof. 1. or each A , the fact that k is dense in & implies that for every e there

are a, A such that |« | €. Assuming that € 1, the fact that | | 1 implies
that |a | 1 since otherwise
€ | | =max |a [ ,[]| =la | 1
hus, ord () ord ( ) so that « . tsu ces to find an element A such

that | a | €, since then

b e | e | €
t is e uivalent to find A such that |a | €| | . urthermore, it su ces to show
that « A for , as this implies that for each such there exists A such
that «a (so that ord (« ) ) and if we choose such that €l |
then

| | = e |
as desired. Claim: for ord (), A = . nce the claim is proved, we are
done, since we have already shown that « . Since  is maximal, the only ideal
containing A is . hus, the prime decomposition of A is of the form . Since

A =, we see that ord ( ). And the fact that = A

implies that ord ().
he ideal A is both open and closed in A , as

A = a A :|o L =a A :|o o
Since A is dense in A and the coset « A is open for each a A , it follows that
A (a A )= . his implies that the map A — A A is surjective for every
urthermore, the kernel is exactly A A. f we can show that this is exactly , then

we are done. his is clear, though, since A A is exactly the collection of elements «
of A with |« , and this is exactly

y the completeness of A we see that A =lim(A A )=lm(A ). O

t follows from . that A is a compact topological ring, as it is the projective limit of finite
(and therefore compact) topological rings. (We say that A is rofinite.) urthermore, k
is locally compact as for every @« &k , the translate « A is a compact neighborhood.

he advantage of working in k£ instead of R or C is that, in & , A is contained in the
compact subring A . he images of A in R and C have no hope of being compact, as they
are unbounded.

ecall that the ychono  heorem implies that, with the product topology, the topological
ring [] A is compact, where the product is taken over all non ero prime ideals  of
A.  he diagonal embedding A — [[ A given by +~— (, , ) is a topological ring
homomorphism.



ro o ition . he image of A un er the iagonal embe ing A -] A is a ense
subring.

Proof. 'y the definition of the product topology, to approach an element I1 A, we
must find & A which is arbitrarily close to in any number of coordinates, indexed by a

finite set of prime ideals. hatis,if 1, , are prime ideals and for =1, , ,
then we need to find an element @ A such that [ «a | for =1, , . his
is e uivalent to finding an element o such that @ o in 4 () =A for each

he Chinese emainder heorem tells us that the homomorphism A — [] A is
surjective, since = = A. he result now follows. O

We want a ring  which has the same properties with respect to k. hat is, should be
locally compact and k should embed in  naturally. With the proposition in mind, our
first candidate for  is [[, k, where the product is taken over all (finite and infinite) places.

owever, since the k, are only locally compact (and not compact) and the product is infinite,
this ring is no longer locally compact. he next reasonable candidate is  k,, which is
locally compact. owever, the diagonal map k¥ —  ky is not well defined. herefore, the
ring we want should be somewhere in between the coproduct and the product. his leads
us to the Adeles  which is the locally compact subring of [], k, consisting of those ( )
such that A k for almost all . he diagonal embedding & — [], k. lands in
since, for @« k, ord (a) = for all but finitely many

We describe the construction in a slightly more general context. Assume that is some
set indexing a collection of locally compact (abelian) groups , . ow do we construct
a locally compact subgroup of [[, nder an additional hypothesis we will do this via
a restricted direct product Hv v Assume that, for all but finitely many v , there
is a distinguished compact, open subgroup , of ,. Let o denote the finite collection
of indices for which there is no ,. he restricted direct product is then the subgroup

= Hv v of [[, + consisting of those ( ,) such that , » for almost all v 0o-
f is a finite subset of containing ., then let

v v

Since each , is locally compact and is finite, [], » 18 locally compact as well. And
since each , is compact, [], » 18 also compact. t follow immediately that =
where the union is taken over all such finite sets . We also notice that if , then

is an open subgroup. hus, the collection of give an open system of neighborhoods
for a topology on  which is locally compact. ( ote that this is not the topology induced
by the product topology on [], +.)

f now denotes the collection of (finite and infinite) valuations on k, we may take , =k,

and for non ero prime ideals of A, = A . n the previous notation, ., is the
collection of infinite valuations on k. or any finite subset of containing ,, we then
have

= ky A



he benefit of the generality of the previous paragraph is that we can apply the same
construction to the units of , taking , = k) and = A*. he resulting restricted
direct product is called the i eles. As abelian groups, = X*.

o convey somewhat the structure of k*, consider the short exact se uence of abelian groups
1A=k -5 =1

which necessarily splits. We see that a filtration on A* will then induce a filtration on k*.
ecall that a filtration of the ring A was given by powers of the maximal ideal

A
and since each = , it follows that each wuotient in the filtration is a one dimensional
vector space over the finite field A =A . Thefiltration of A* is given by translates
of powers of the maximal ideal
1 1 1 A%

he first uotient is

and for 1,

or more details, the interested reader should consult Serre Local iel s, Chapter ,SS ..

As we noted above, the diagonal embedding k¥ — [], k, is a continuous homomorphism of
rings which lands in .  he restriction to £* is a continuous homomorphism of abelian
groups which lands in *. n addition, we have the following.

ro o ition . ith notation as above,

. k is a iscrete subring of an the wuotient k is com act.

. kX is a iscrete subgrou of , an the wuotient k> is almost com act.

Definition. A space is almost com act if it is of the form R where is compact.
n the situation of the proposition, we can be more specific. here is a canonical surjective
homomorphism i —= R* given by ( ) = [[,| v|o- his is well defined since the

product is always finite. t is a multiplicative homomorphism, as each ||, is multiplicative.
t is surjective, as k has at least one infinite place v. he completion k, is isomorphic to R
or C as a valued field, and therefore | |, : k) — R* is surjective. o seethat  is surjective,
we apply it to an element of the form (1, , ,,1, ) where the non identity entry is in
the place indexed by the distinguished v. urthermore, the kernel, which we shall denote
by 1, contains the image of k™, by the product formula ( heorem 4 ). Since the uotient

1 = R* is isomorphic to the additive group of real numbers, part of roposition  is
e uivalent to the fact that ; k* is compact.



ketch of roof. f we write

ky = ky ky

then [I , k. has two distinguished subsets, namely

k, 1 and 1 A,

v|oo v 00

As we noted above, Hv‘mkv =R C = R, which contains A as a discrete, co
compact subset. Let , denote the fundamental domain for A acting on Hvloo k,, which
has compact closure, by co compactness. Let ,, R be an open subset containing such
that A o = ( ), which exists by discreteness. Consider the subset

= o Av
v o0
which has compact closure.
1. is a fundamental domain for k acting on , i.e., is the disjoint union of translates
= (a ), so the wuotient & is compact. Let
= o Av
v o0
which is an open subset. hen k=(),as
E o1 A, =A
v 0
hus, k is discrete in
f we now let
- KA
v|oo v 00
then is an open subgroup of and k* = A*. sing a bounded region in [, &',
we can find a smaller open subset  such that k* = (). hus, k* is discrete in
Since k* = A* it follows that k* = kX A*. fwelet denote the group of

all fractional ideals of A, let  denote the subgroup of principal fractional ideals and let
denote the ideal class group, then we have the following commuting diagram



1 1

in which the top two rows and the right hand two columns are exact. t follows from the
snake lemma that (k* )= , which is finite. he fact that (k* ) is finite and the
following short exact se uence

1 A*—> kK-> (k )-1

show that the index of A* in kX is finite. hus, to prove that k> is almost compact,
it su ces to prove that  A* is almost compact. We have an inclusion
A = k) A
v| oo v 00

and a short exact se uence
11 A —» Ao kY m(AX)—>1
v 00 v|oo

so that we need only show that ([], ., kx) m(A*) is almost compact. he short exact

v|oco
se uence
A
1— 1 — kX Rv 1
v v v|oo v|oo
(ay) — log |y |»v
v
induces a short exact se uence on uotients
1 1 LoaAx o kX m(A*) - Rv AA4AX) =1

v v v|oco v|oo

Since [ 1 ] ! is compact, so is the wuotient ([ 1 ] ') A* . he nit
heorem implies that (©ycRv) A(A*) is almost compact. hus, [[, . ks m(A4%)is
almost compact and the proof is complete. O

otice that we used the finiteness of the class group and the nit heorem at key steps of
the proof. t can be shown that the conclusions of the proposition are actually e uivalent
to these two results. ( or example, see A. Weil asic umber heory, Champter .)



Lecture

ow we introduce the eta function of a number field and study its properties. n particular,
we discuss the classical iemann eta function.

or a number field £ and integer 1,let  denote the number of integral ideals of A
with N( ) = . orexample, if k= ,then A= and =1 forall since the uni ue
such idealis . fk = ( ), then to calculate , we must know the factori ation of
primes in A. or example, if A = ; for distinct primes ; and , then the ideals
of index are exactly the primes of characteristic , namely, the . he other cases are
similar, and we summari e.

if A= 1 issplit
= 1 if A= is ramified
if A= isinert

We can apply the same methods to

if A= 1 issplit: the idealsare ;, ,and ; = A
= 1 if A= is ramified: the ideal is = A
1 if A= isinert: theidealis = A

Definition. sing the above notation, we define the eta function of k as the formal series

where is a complex variable.

a le. fk= |, then we have the iemann eta function

Most properties of general eta functions will be proved for the iemann eta function first,
and the general case will follow from the specific case.

irst, we study general series of the form () = Y>°°, — with all C. (A series of
this form is called a irichlet series.) Assume that there are fixed real numbers o
and such that | | for all . (Wesay that = ( ).) Claim: nder

these hypotheses, the irichlet series Y °° | — converges absolutely and defines an analytic
function of in the open half plane e( ) ¢ 1. n particular, the derivative of may
be taken term by term, and the series may be treated as a finite sum in terms of products,
on the set of convergence. We prove this by the comparison test. We have

where 0 = e( ). y assumption then, we have the ine uality

11



where = o o . hus, we compare the series ., — to the series Y. © , - =

>, L. he second series converges if 1 (by the integral test) and diverges if =1
(as this is the harmonic series). t follows that the original series converges absolutely
foroc o = 1,ie,forc 1 o . urthermore, for € and 1 ¢, the
second series converges uniformly for 1 € . hus, () converges uniformly on

compact subsets. Since each function in the sum is analytic, this proves the claim (cf. W.
udin eal an  om le  mnalysis, heorem 1 . ). We rephrase the statement regarding

products more precisely. Assume that ()=, — and () =", — are irichlet

series which converge absolutely and define an analytic function of in the open half plane
e() o 1. hen the product () () is another irichlet series

which converges absolutely and defines an analytic function of in the same open half plane.
he coe cients are given by the formula

as expected.

We apply the claim to the iemann eta function. Since =1 for all , the constants
o = and =1 tell us that () is analytic on the open half plane e( ) 1. We shall
prove later that the same convergence result holds for () where k is any number field. As
noted, ( ) does not converge at = 1. We would like to know how bad the singularity
isat =1.

e a 4. bhefunction ()= () -y has an analytic continuation to the o en half

lane e( ) . hat is, () is meromor hic on e( ) ith uni ue ole at =1 ith
resi ue es 1 () =1.

Proof. or e() 1 wehave

(o] 1 00 1
1 1 1 1
hus, for e() 1
1 * 1 !
() —== =
1
oo 1
= ( )
1
= ()
1
where ()= 1( ) . otethateach () is defined for all , and analytic on

C. Asabove, then , we need only show uniform convergence on compact subsets of e( )



t is immediate that | ()] max 1] |. orfixed ,let ()=

he aylor series for () at = is given by
()= = ) O ) O=—7=C ) O
where ()=1 () ) for some in the interval , 1. he fact that | | 1
on this interval implies that
Lol =0 )

where 0 = e( ) . As before, we have absolute convergence for ¢ and uniform
convergence on compact subsets of the half plane, establishing the result. O

e a . or e) 1 ehave an infinite 710 uct e ansion

()= ) !

ssentially, this result is a restatement of the unicity of prime factori ation. his product
is nice because each factor is analytic and non ero for e( ) . his implies that ( ) has
no eroes in the open half plane e( ) 1.

Proof. Let be a finite set of prime numbers, and let () denote the infinite set of integers

1 whose prime factori ation involves only the primes in . he factor (1 ) ! has
an expansion as a geometric series
1
=1
1
so that formal multiplication yields
1 T
a t= = ==0)
1
for e( ) 1. otice that this ine uality holds for all such finite sets , and as  becomes
su ciently large, > Ly L O
Corollary 6. s —1linsie e ) 1
1 1
—  log ——
og 1
here  means that the wuotient ten s to
Proof.
log( (1)) =log (1 ) !
= ( log1 )



using the aylor expansion log(l )= - =

_ 1
B k
he series Y >> ~ —— is finite as — 1 and is bounded by
1 1
—_— 1
k (1 ( 1
y Lemma 4,
1 1
log(=) log( ()) —
as desired. O
Corollary . he sum Y. 1 is infinite. In articular, there are an infinite number of
rime numbers.
Proof. mmediate. O
t has been shown that as — , the function
1
- log(log( ))
Let ( ) denote the number of prime numbers ,ore uivalently, ()=> 1.
eore . (Prime wumber heorem) s —
O g0
iemann proved that the rime umber heorem is e uivalent to the condition that ()
hasno eroswith e( )=1, =1. adamard then proved this statement. urthermore, if
we defineli =  —— then it has been shown that
() = ( )
for a constant , provided that ( ) hasno eroes for e( ) . Along these lines, we have

the iemann ypothesis, which is still unsolved.

Conet re . ( iemann) he only eroes of () occur on the line e ) =1.

here is much computational evidence for this conjecture. Also, it has been shown that
* )= =—log— — (log)

14



(cf., avenport, wulti licative umber heory, p. ).

Since we have been studying the properties of () =[] (1 ) 1, it seems reasonable
for us to ask What is [] (1 ) We define the obius function p : - , 1 as
()= if isnot s uare free
o= (1) if iss uare free with distinct prime factors
hen we have the formula [] (1 ) =>.°, —. he proof of this is an exercise in

bookkeeping, and is left to the interested reader. rom this, we can prove the following.

eore 6 . ( obius Inversion) ssume that : — C is a function such that for a
fi e real number o , ()= ( ). efine : — C by the formula
(=0

hen e can recover from by the formula

Proof.  irst, we observe that, given a se uence , the formal series }, — satisfies the
following property

fwewrite ()=> ( )1, then it follows that

Multiplication by () ' =] (1 ) =27 | — yields

so that our first observation implies the desired formula. O



Lecture

We now return to the general eta function () for a number field k. As above, for
=1, , ,let denote the number of integral ideals of A withnorm N( )= . f is

a prime ideal of A of characteristic , then occurs in the factori ation of A, so we write
| . ormally, we have

by the unicity of prime factori ation of ideals. We want to show that () converges
absolutely on the open half plane e( ) 1 and describes an analytic function there. o
accomplish this, we notice that the final expression may be written as

li 1 o
e | N( )
We shall show that the finite product in the limit satisfies
1 1
1 < ()
N( )

And therefore, the desired properties of () follow from the corresponding properties of

(). t should be noted that the e ualities for the infinite sums and products are purely
formal. owever, taking limits of finite sums and products shows that the series also con
verge, and they converge to the same function as the infinite products. he e uality of the
sum with the product will be crucial in proving certain properties. n addition, we note that
the individual factors (1 L) 1 are all holomorphic on the region e( )

Assume that is an unramified prime, that is, = disc(k). (We shall only consider
this case, as the ramified primes only contribute a finite number of factors to the product,
each of which is holomorphic on the region e( ) . hus, with respect to uestions of
convergence, these factors may be ignored.) f A=][] ;, ,then =[] ;N( ). hus,
1 ;@ ) is a polynomial in of degree . fwelet = | then

a )= (@ )

1 1
is a polynomial in  of degree . We may factor each 1 as[[ (1 ) for th roots
of unity . y renumbering, we see that there are roots of unity 1, , such that
(1 )= )
1 1

t follows that

We estimate the si e of (1 ) 1. fo= e() 1, then the distance from 1 to
is minimi ed when =1, as the sketch shows.



ah
SE

t follows that

—
—

so that
and therefore

as desired.

ext, we wish to understand the nature of the singularity of () at = 1. irst, recall
some notions from the nit heorem. Let denote the number of roots of unity in k, so
that the group of roots of unity in is A* = . Let  denote the hyperplane in
Oy, = Y wv:d,, o= . Wedefinethemap A: AX — aser ) logle,v.
Let  denote the image of A in , which is free of rank = ; 1. his gives a short
exact se uence of abelian groups

1-— S A4 5 =1

which necessarily splits. Let €1, € A* such that the images of the ¢ in  form a
basis. hen the matrix of A is

log ey logle |» logle |+

log |€1]v logle |» logle |+

which is of order (1) . Let denote the matrix obtained by deleting the th row

of . We claim that |det( )| is independent of . o see this, observe that since ,

the sum of elements of any column of is ero. ¢t follows that is obtained from any
by elementary row operations, so that the determinants di er only up to sign.

Definition. With the notation of the previous paragraph, we define the regulator of k as
=|det( )l



here is an e uivalent definition of = which is more geometric. Let p denote the aar
measure on  induced by the short exact se uence

- SR !5R-

and the normali ed aar measures on R and R . Let be a free abelian subgroup of A*
which has finite index in A*. t can be shown that

_ul AC))

We shall not prove that these definitions are e uivalent.

eore 6 . he function
() —
has an analytic continuation to the o en half lane e( ) 1 L here s the class
number of k an
-
I
In articular, () has a meromor hic e tension to this region ith uni ue ole at =1

hich is sim le ith resi ue es 1 () =

elow, we o er a sketch of the proof. or a more complete treatment, the interested reader
should consult orevich and Shafarevich wumber heory, Chapter

ketch of roof. Let  denote the ideal class group of k and fix and ideal class . or
we define
()= A: ()= and N()
and
()= ()= A:N()

he key proposition one proves for this theorem is the following.

ro o ition 6 . ith notation as above
()= (')

In articular, the lea ing term in the e ansion of ( ) isin e en ent of .

ketch of roof in a sim le case. Assume that =1, = 1land ; = , so that k is an
imaginary uadratic field. urthermore, assume that =1in . hen
a A:|Na)
()=



n this computation, we divide by = because every = aA has distinct generators, as
A* is finite of order . f o : k — C is an embedding, then our assumptions imply that
N(a) = o(a)o(a). t follows that

he following sketch

leads us to suspect that

_ volume of disc

a A:lo(a) volume of fundamental domain for A E

and this estimate is accurate with error (! ). With this estimate

with our assumptions on , ; and this is exactly the statement
1 —
()= ( )

which is the desired conclusion. O

he following is an immediate conse uence of roposition

Corollary 6 . ith notation as above
()= C ')
he final piece of the pu le is supplied by a lemma.
e a64. ssumethat ()=)>, — isa irichlet series.
SIf| |= (), then the series converges absolutely an  efines an analytic function

() ontheo en half lane e ) 1 o.

sLet ()= , an su osethat| ( )= ( ) for some fi e real number
o . hen the irichlet series converges an  efines a holomor hic function ()
in the region e( ) o. (It ill not necessarily converge absolutely in this region.)



art  of the lemma is more subtle than our previous convergence results, as it is not

saying that the series is absolutely convergent. ven though the condition | |= ( )
implies that | ( )| > ;] |= ( 1), when we consider conditional convergence,
cancellation can occur.
a le.Let :( )* — C* be a nontrivial character (i.e., homomorphism of abelian
groups). xtend toamap : — Cbydefining ( )= if( , )=1, and consider the
irichlet series >-°° ; ——. n the notation of the lemma, | | 1forall ,sooc = and
we have absolute convergence for e( ) 1. owever, =Y, ()=> . (), s0
| ( )]= (1) and the original series converges in e( ) , although not absolutely.

Proof. We proved part 1 in Lecture 11. or part ,let A  denote the partial sum

A = = () (1
for all . hen|A |= ( ) because (1) .Let = . hen
= = (4 A )
1
= A ( 1) A
1
R S SR
( 1
he following bounds
1 1 ||
( 1 !
A |
A
imply that
1
| | 1
1
Since | | is bounded in any compact region, we see that as , —  the terms
1
1

both tend to ero, by the absolute convergence of ( ) in the region e( ) 1. hisimplies
uniform convergence in compact regions, so ( ) is analyticin e( ) o, as desired.

O



o see how this completes the proof of the theorem, consider the function

where = .y Corollary  we see that
()= = ( ) ')

so that Lemma 4 implies that ( ) is holomorphic on the region e( ) 1 1. he fact
that

1
O —= 0 O O —
with Lemma 4 give the desired region of holomorphicity and the correct residue. O
At the point =1 we may consider the formal product
1 1 o NC) 1t N( )
N( ) N( ) NC) 1

obtained by evaluating  (1). f we again disregard the finite number of ramified prime

numbers, and consider the factor [] where , then we have

1

N) 1T IT,(N) [T, @ )X (4 4

since the Chinese ~emainder heorem implies that A A=]] | A



