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Introduction

These notes are based on a semester-long course in algebraic number theory given at the
University of Utah during the Spring of 1999. The author learned the subject from John
Tate and has used many of Tate’s unpublished ideas here.

Throughout these notes, we shall employ the following notations. For a ring A, we let A%
denote the multiplicative group of units in A. If A is a subgroup (resp. subfield) of B, we
let (B : A) denote the index (resp. degree) of A in B. For a finite extension of fields k C K,
we let Tr and N denote the trace and norm maps, respectively.

Lecture 1

One of our first goals is to discuss the properties of the ring of integers in a number field.
To accomplish this, we shall first consider general lattices in a rational vector space.

Definition. Let V be a finite dimensional vector space of dimension n over the rational
numbers Q. A lattice in V is a free abelian subgroup L C V of rank n.

Assume that L is a lattice in V with vy,... ,v, € V such that L = Zv; + Zvs + - - - + Zwy,.
Then the set {v1,... ,v,} forms a basis for V. It suffices to show that the v; are linearly
independent over Q. Suppose that )", a;v; = 0 for some a4, ... ,a, € Q. Choose a nonzero
integer N so that Na; is an integer for each . Then 0 = N )", a;v; = ), Na;v; which is a
sum of elements in L. Thus, each Na; = 0 which implies that each a; = 0.

We recall that the set of bases of V' (over Q) is in bijection with L(V') and the set of bases
of L (over Z) is in bijection with Aut(L) = L,(Z). It follows from the previous comments
that the set of lattices in V' is in bijection with L(V) Aut(L) = L,(Q) L,(Z).

If is a subgroup of L of finite index, then  is also a lattice in V. This follows from the
fact that the uotient L is a finitely generated, ¢ ¢ abelian group, and is therefore
of the form Z ai1Z ---7Z a,Z for some integers a; 1. It follows that there is a basis
V1,... ,U, of L such that ajv1,... ,a,v, is a basis of

For any € L(V), the image (L) is another lattice in V. In particular, if € Q* =
Q {0} then L is another lattice in V, with basis { v1,..., vp}.

If and L are lattices in V, then there exists , € Q* such that L C C L where
each subgroup has finite index. It should be noted that this fact does not hold in a real
vector space.

Definition. Assume that , :V V  Q is a nondegenerate bilinear form. Then there



is an isomorphism V' om(V,Q) which is given by v v, . Assume that L is a lattice
in V and define the  al lattice L of Ltobe L ={v €V : v,L CZ}. The dual lattice
is, in fact, a lattice: if {v1,...,v,} is a basis of L, then L has the dual basis (over Z)
{vy,...,v,} where v, is given by wv;,v = ; where ; isthe ronecker delta function.

Definition. Under these assumptions let denote the inner product matrix =
(wv;,v ). We define the ici i a t of L as disc(L) = det( ) € Q*. This is inde-
pendent of the basis chosen. To see this, fix a change-of-basis matrix A € L,(Z). Af-
ter changing basis, the new inner product matrix is = A A whose determinant is
det( ) =det(4)%2det( )=det( ).

Definition. y multiplying our bilinear form by a nonzero integer, we may assume that

L,L C Z. We note that this condition is e uivalent to the condition L. C L . A lattice
satisfying these e uivalent conditions is called i te al. y definition, if L is an integral
lattice, then disc(L) € Z. Furthermore, we have the following proposition.

ooition . ei e (L :Ly= ic¢L)

Since L is a subgroup of L , and both groups are free abelian of rank n, the additivity
of rank on short exact se uences shows that the rank of the uotient L L is zero. Since the
uotient is finitely generated, the classification of finitely generated abelian groups shows
that the uotient is a finite group. Thus, the index (L : L) is finite. From the observations
above, it follows that there is a basis {v;,...,v,} of L and nonzero integers ai,... ,a,
such that the set {a1v;,...,anv, } forms a basis of L. Furthermore, L L= 7 ,Z aZ,
sothat (L :L)= 7 a;. Let {v1,...,v,} denote the dual basis of L. Let and
denote the inner product matrices = (wv;,v )and = (wv;,av ). y definition, is
the diagonal matrix

ay 0
0 an
There is a matrix A € L,(Z) such that = A, and it follows that

disc(L) =det( )= det( )= a1---an-

Thus, (L :L)= I ,a; = disc(L). O

Definition. A lattice Lis i lo if L=L . y the proposition, we see that this is
e uivalent to the condition that disc(L) = 1.

In the general (i.e., not necessarily unimodular) case, the inner product on V induces a
pairing , : L L L L Q Z which is a duality of finite abelian groups. It follows
that the set of unimodular lattices which lie between L and L is in bijection with the
subgroups A of L L such that A=A wunder |,

e. Consider the lattice Z™ C Q* with , =37, ; ;. Then Z" is a self-dual

lattice and ; = ;.

Definition. An integral lattice L is e e if, for all v € L, v,v € Z. Note that the
previous example is not even.



e. With Z™ as in the previous example, let L = {>>,a; ; : Y, a; € Z}. Then
L C Z™is a sublattice of index . Furthermore, L is even since ) .a? > .a; (mod ).

e . etat a Laelattice ¢ (V, , ) ¢ tat i a lattice L
i e N e ic( )=N2ic)

e. If L C Z™ is the even sublattice of the previous example, then the lemma implies
that disc(L) =

It is straight-forward to check that we have the following containments: CLC
L C . We claim that the index ( ,L ) = N. Since , : L L QZisa
duality of finite abelian groups and L has order N, it follows that L also has order
N by the theory of finite abelian groups. y roposition 1, we see that

disc( )= ( : )= (L: )L :L)( :L)= N*L :L)= N?3disc(L).
Finally, disc(L) and disc( ) have the same sign. To see this, choose a basis vy, ... ,v, of
L such that there are nonzero integers as, ... ,a, such that a,v1,... ,a,v, is a basis of
Then
disc( ) =det( ajvi,a v ) =det(a;a v;,v )= a? det( vi,v )= a? disc(L)
i i
as desired. O

e. Let L C Z™ be the even sublattice from the previous example. Then L C Z™ C
L . Since Z™ is unimodular, the proof of Lemma shows that (Z": L) = = (L :Z").
One can verify directly that the element = %( 1+ -+ 2) is contained in L , but not in
Z™. If n is odd, then € L and € L, and it follows that . L =7 Z. If n is even,
then every element of L L is annihilated by ,sothat L L=7Z Z 7Z Z.

The inner product induces a pairing , :L L L L (3Z) ZC Q Z. We claim that
forveL L, vio =0inQZ ifandonlyifn 0 (mod ). If n 0 (mod ) then

, =1n € 7Z. Assume thatn 0 (mod ). It is always the case that for v € Z",
v,v € Z,so we need only check : , = 1ln € Z since n is divisible by

Inthecasewhen L L =7 7Z 7 Z,there are exactly three distinct nontrivial subgroups
of L L. Thus, there are exactly three lattices in k& which live between L and L . Z" is
one of these lattices, and we call the others and . We claim that n 0 (mod ) if
and only if  and are integral and unimodular. (Of course, by checking indexes, we see
that  and are always unimodular, so the second condition is e uivalent to  and
being integral.) This follows from the fact that there are elements v € andv € such
that =L+ Zvand =L+ Zv. Then v,v and v,v are integers if and only if for
everyv €L , v ,v isan integer.

Finally,if n 0 (mod ), then  and are both even. (This is the best of all worlds.)

The point here is that , = ln € Z since n is divisible by . For more discussion
and interesting applications, the interested reader is encouraged to consult ee aci
attice a by Conway and Sloan.

In order to define algebraic numbers and algebraic integers, we need the following proposi-
tions.



o o ition . e c le e te Ul i ¢ it aee 1alet

ati e a ic 1 ial "+a, 1" '4+---+a it ati alce ciet
e allet el Q) c taii Qua 1 ite e ee e Q
eei o el k ite e e e Q ic ¢ tai

Definition. We say that a complex number is al e aic if one of these e uivalent condi-
tions holds.

clear

1. . Since satisfies a monic polynomial with rational coefficients, there exists uni ue
such (monic) polynomial ( ) € Q  with minimal degree. Then () is the generator
of the nonzero ideal C @Q  of polynomials satisfied by . is a maximal ideal and the
map Q Q( ) given by + is an isomorphism. This implies that the degree of
Q( ) over Q is finite.

1. Themap :k  kgiven by multiplication by is @Qlinear. The monic polynomial

() = det( )= " Tr() " T4 det()
is clearly satisfied by . O
oo . e e¢Q ale aic e a el
Assume that , = 0 are algebraic. It suffices to show that , and

are algebraic as well. Let k = Q( , ) denote the smallest subfield of containing Q, |,
Then the degree (k:Q( )) = (@Q( , ):Q()) (Q ) :Q) is finite since is algebraic.
Thus, (k: Q) = (Q( ) : Q)(k : Q( )) is finite. Since the desired elements are all contained

in k, they are all algebraic as desired. O
o o ition . a c le e te Wl i ¢ it aee 1alet
ati e a ic 1 ial "+a, 1" '4+---+a it itee ce ciet
Z i ol le ite a
eetl a 1 C ¢ tar 1 i a ite o a alZ le

Definition. We say that a complex number is an al e aic i te e if one of these e uiv-
alent conditions holds.

1. . Z =LZ+Z +--+Z ™"
clear
1. The argument from roposition applies. The map : is an endomor-
phism of a free Z-module. Therefore, the coefficients of the polynomial
() = det( Y= " Tr( )™ 4. det()

are integers. O



oo . e eZ ale aicitee a i Q

As before, given algebraic integers , , let =7 , . This ring has finite rank
as a Z-module and contains , . O
e .t tati a a e
7 Q=17
QZiat i lieQZ
1. For a € Z, a satisfies the monic polynomial =~ a € Z . This gives the con-
tainment . For the other containment, fix =a € Z Q and suppose that € Z.
Without loss of generality, we assume that a and are relatively prime. Since € Z, it
follows that = 1. If satisfies the monic polynomial "+a, 1 " '+ ---+a €Z ,

then

an n+an1an1 n1+_”+a :0

ultiplication by ™ yields the e uation

a"+ a" 'a, 1+--+ "a =0

which implies that o™ is divisible by . owever, since is not a unit and (a, ) = 1, we see
that this is a contradiction.

. Assume that satisfies the polynomial "4+a, 1 ® '+---+a € Q . For a positive
integer N,let =N . Then

():Nn(( N)"+an 1( N)" 1+...+a): n+N(ln1n1+"-+N"a

which implies that if we choose N such that Na, ; € Z,then =N € Z. Thus, Q Z is
a torsion group. O

Lecture

Let K Q be a number field. It follows from the definition that every element of k is

algebraic. Let A denote the subring of algebraic integers in k, that is, A =k Z. It follows
that A Q=2.

eo e .Ai alatticei t e ati al ect ace k

First, we claim that A contains a lattice L in k. To see this, fix a basis v1,... ,v,
of k over Q. Since Q Z is a torsion group, there exists nonzero integer N such that
Nuvy,... ,Nv, € A. Let L = NviZ + --- + Nv,Z, which is a lattice in k contained in
A.



Now, consider the linear and bilinear forms on & defined by

E Q EkQ
TI‘() (7) 7:Tr()

respectively. ecall that the trace is given by considering multiplication by as a Q-linear
map k K and using the formula

det( )=" Te( )™ '+--+( DN ).
The fact that Tr( + ) = Tr( )+ Tr( ) implies that , is a symmetric, bilinear form
on k. Furthermore, it is nondegenerate since , 1! = Tr(1) = deg(k) = 0. We need the
following.
e . ei ae A e tetace a ¢ ¢ taie i Z

efore we prove the lemma, we use it to complete the proof of the theorem. Consider the
dual lattice of L with respect to this bilinear form: L ={ € k:Tr( L) C Z}. For every
€ A, the fact that L C A implies that L C A C A. Therefore, the lemma implies that
€ L . Thus, L C AC L . Since the index (L : L) is finite, we see that the index (L : A)
is also finite, which implies that A is a free abelian group of rank e ual to the rank of L .
That is, A is a lattice. O

e a It suffices to show that all the coefficients of the polynomial () =

det( ) are integers when € A C Z. To see this, let = (Q( ) : Q) and let
=(k:Q( )), sothat n = . Then a basis for Q( ) over Q is exactly 1, , 2,..., L
Let¢ ()= +4+a 1 '+4---+a denote the minimal polynomial of over Q.
Let i1,..., be a basisfor k over Q( ). Then { ¢ :1 ,0 1} forms
a basis for k£ over Q. We wish to find the matrix representing left multiplication by  with
respect to this basis. Let  be the following matrix:
000 - a
100 -- a1
_ 010 - as
000 - a 1
The matrix for is then given in block form:
0 0
0 0
0 0

It follows that () =( ( )) . Thus, it suffices to show that for € A, the coefficients of
the minimal polynomial of are in Z.



Over , wemay factor ( )as ()=, {( i). We then have a commuting diagram
of Q-isomorphisms of fields:

i —
Q) —Q ( ()

Since Q( ;) = Q( ) and these are finite extensions of , roposition implies that the
; are algebraic integers. Corollary implies that the symmetric functions in the ; are
algebraic integers. Since these are the coefficients of (), they are also in Q, and it follows

that they arein Q Z = Z. O

Definition. We define the i c i i a t of k to be the discriminant of the lattice A in k
with respect to the bilinear form , =Tr( ). Thatis,if 1,..., , forms a basis of 4
over Z, then disc(k) = disc(A) = det(Tr( ; )). Since Tr (A) C Z, this matrix has integer
entries and disc(k) € Z.

e. If k=Q, then A =7Z = A and disc(Q) = 1. Next lecture, we shall prove the
following theorem, due to inkowski. The proof involves the geometry of numbers .

eo e . Ifdisc(A) = 1,thenk=Q.
o oition . etk Q ea e el it i al e aicitee A a let

= i c(4) e 0,1 (mod ) i ale tl a? (mod ) eitee a

Since the extension Q C k is finite and separable, there are n = (k : Q) distinct
S

Q-embeddings 1,..., » of kinto . Then Tr( ) = 3", () for all . Let
1,---» n € A form a basis of A over Z. It follows that Tr( ; ) =", (i )=
>, (i) (). Let B=( (i), which is an n n matrix with entries in Z. In
particular, det(B) € Z. Then = det(Tr( ; )) = det(B B) = det(B)?. xpanding

det(B) using the formula for Tr ( ;) we have

n n n

det(B) = sign( ) ( )= C ) ( )=

1 1 1

where = " yand =Y T ). Since each ; is an
algebraic integer, it follows that each  ( ) satisfies the same monic polynomial as

and is therefore an algebraic integer. Thus, and are both algebraic integers, as are the
elements + and . For any Q-automorphism of , permutes the zeroes of any given
polynomial with integer coefficients. In particular, for any fixed € ,, permutes the set
{ ( )} - It follows that simply rearranges the terms and factors of + and
sothat ( + )= 4+ and ( )= . 1y taking a finite alois extension K of Q in
which contains + and , we see that these elements are in the fixed field of the alois
group of K over Q. Thatis, + , € Q. Since these elements are also in Z, we see that
they are integers. Finally, this shows that

=(det(B)*=( )=( + )



which is of the form = (integer)?  (integer). Thus, a? (mod ) for some integer a,
as desired. O

e. We apply the proposition to the case of uadratic fields. Let k be an extension
of Q of degree . The Theorem of the rimitive lement implies that k = Q( ) for some

€k Let 2 + be the minimal polynomial of , and let = 5- Then €k Q
implies that k = Q( ). Furthermore, % =( 5)?= 2 — = — . That is,
satisfies a polynomial of the form 2 y replacing by a rational multiple of
(after replacing by ) we may assume that the minimal polynomial of is 2 where

is a s uare-free integer. It follows that k = Q  ( 2 ). Let A denote the ring of
algebraic integers in k and let L denote the lattice L = Z + Z . Since € A, it follows
that L C A, and since these are both lattices in k, the index N = (A : L) is finite. y

Lemma , = disc(A) = disc(L) N2. To compute disc(L), welet ; = 1and » =
and compute: Tr(1) = (k: Q) = Tr( ) = 0 since the trace is the coefficient of in the
minimal polynomial 2 of and Tr( 2) is the sum of the two conjugates of 2 =

which is since € Z. Thus,

dise(L) = det(Tr ( ; ) =det , = =

and = N2, which is an integer.
There are two possibilities since  is s uare-free and is divisible by N2. (1) If N =1
then L = A, which implies that = 0 (mod ). () I N = then L hasindex in
Aand = N? = =  and the following argument shows that 1 (mod ).
We write = and note that since A L has order , A C L which implies that
ACLL=7Z1+7Z}1 . We wish to know exactly when an element of 3L isin A L. Let

=1l(a+ )besuchanelement. Thenaand arenot both even. Since € A, the proof

of Lemma 9 shows that N( ) € Z. irect computation shows that N( ) = 1(a2 2 )€ Z,
which implies that a> 2 € Z. Thatis,a®> 2 (mod ). If were even, then this
would imply that a is also even, a contradiction. Thus, is odd, and 2 1 (mod ).
It follows that a? (mod ), so that if a were even, then  would be divisible by ,
contradicting the fact that  is s uare-free. Thus, a® 1 (mod ), which implies that

1 (mod ). It also follows that A = Z + Z(15—) = Z + Z( )-
Thus, we have proved the following.
eo e . eidci dat a atic el aeeactl t ei tee 0,1 (mod )
=1 dc aea ae eea i le ati te 1 ae act e itte 1
a ti cc ia I i- 0,1 (mod )
It follows that the possible values for are
0 =, ,1,1,1, 0, 1,...
0 =-,- -, 1,
The first list corresponds to real uadratic fields since k¥ = Q( ) and = 0 or

= 0. The second list corresponds to imaginary uadratic fields.

Now we are in the position to completely describe the ring of integers for a uadratic field.
If 0 (mod ),thenA=L=Z+7Z .Inthiscase, = sothat A=Z+Z— =



7+ 7(——). If 1 (mod ), then A =Z + Z(
we have proved the following.

5—), from the above work. Therefore,

eo e . e 1 al e aici tee a a atic el ki al a
A=7+7 =
ee = 1ic(k)
Lecture
e. We continue with the example of uadratic fields. If =, then with the
previous notation, = 1, and the ring of algebraic integers is the ring of aussian
integers A=Z+7Z C = + . Furthermore, A* = { ™} which is cyclic of order
If = ,thenA=Z+7Z( 2_) is the ring of isenstein integers. If we let =1 2_,
then
1+ 1
() = - =1
and
1 I | T 1
N()= — S

It follows that 2 + 1 = 0. Furthermore,

1+ 94/ )
= = ]_
so that is a primitive sixth root of unity. Since 2 = %, weseethat A=Z+7Z =
Z+7Z 2 and A* = { "} is cyclic of order . One point of interest here is that the point
(, 1) € ?isin the intersection of each Fermat curve ~+ =1 for primes
If = ,then A =7+ 7Z , where =127. Let :127. Then = 1 so that

1= €A It follows that A ={ 1} { }.

Definition. If k£ is a number field, then an e in k is a subring B C k of rank n = (k : Q)
as a free Z-module.

An order B in k is always contained in the ring of algebraic integers with finite index. Since

B is a lattice, it suffices to show that B C A. For € B, the fact that B is a ring implies

that the Z-linear map given by multiplication by maps B B. Fixing a basis for B over

Z, this map is given by an n  n matrix with integer entries which we also denote . Then

satisfies the polynomial () = det( ) which is monic with integer coefficients. Thus,
€ A. If = (A:B), then Lemma implies that disc(B) = 2disc(A4).

o o ition . etatki a a atic el a i a et te e e tee
i a i e e B=Z+ A i e 1 Ate i i tee



It is clear that B = Z+ Ais aring. Furthermore, if = disc(4),then B=Z+ A=

Z+ Z(—5—) is alattice. Thus, B is an order, and this formulation shows that B has index
in A. Let B be any order in k with index in A. Then annihilates A B so that
ACB CA. Since B isaring, Z C B sothat BC B C A. Since B and B both have

index in A, they must be e ual. O
If =disc(A) and =disc(B),then = 2 0,1 (mod ). It follows that
— ) — —
B=z+ 2 Y =—z+z — %  —z+z —*
e. f = ,thenA =7+ Z(%) The uni ue order given by = s

B=7Z+ A=7+Z ,and B*=1{ 1}.

If = ,then A =7Z+Z . In this case ,the order of index is B =Z+7Z . Again

B*={ 1}.

We note that there is a correspondence between orders B in a uadratic field k£ and binary
uadratic forms. If (, ) =a 2+ + 2 for integers a, , then the discriminant of
isdisc( )= 2 a.If isa free Z-module of rank , then choosing a basis , 5 of

induces a map : Zgivenby ( 14+ 2)= (, ). Wecanuse toinduce a
symmetric bilinear form , : Z by defining ,n = ( +n) () (n).It
is straightforward to verify that this operation is symmetric and bilinear. What we notice,
however, is that this form is even since , = ( ) ()= () ()= ().

If we compare this to the bilinear form , = Tr( ) on B C k, we see that it is not

always even, even when 1 (mod ). For example, when = , we have = 15

and , =Tr(?) =Tr(——) = . From this we see that we should devise an alternate

bilinear form on k.

From our notes before, we know that there is a s uare-free integer ~ such that k = Q( ).
uadratic extensions are always alois, and the nontrivial (:automorphism of k is given by
( )= . We define a new bilinear form {, } on k by the formula{ , }=Tr( ()).
Since Tr( ) = + (), it is straightforward to verify that this form is symmetric and
bilinear. If we restrict to B B, the form takes its values in Z since B C A and (A) = A.
Furthermore, for € B,{ , }=Tr( ( ))= N )€ Z. Bis a free Z-module of rank ,

and we define : B Z by 1{ , }. With the correct basis, this is a binary uadratic

form. Let = disc(B) and ——5——, so that 1, forms a basis of B over Z. Then

(,)=3{ + , + F=NCH )

+
2
= 24 +—7
The coefficients 1 and are clearly integers, and since = 0,1 (mod ) we see that
is also an integer. Furthermore, disc( ) = 2 (2 ) = = disc(B). It is

important to note that fre uently there are many uadratic forms of discriminant other
than the ones coming from this construction.

10



e. Let¢ = 1 and consider the uadratic forms ( , )= 2 1 + 0?2
and o( , )= 24 + 2 which both have discriminant 1 . These forms are not
e uivalent under any change of basis. To see this we notice that the first form comes from
our construction. If these were e uivalent, then A would have an element of norm since
N( 1) = 2(1,0) = . This is impossible, though, since if = N(—5—) = —X— then
a?+1 ? = which is impossible for integers a and . It turns out that there is an ideal

C A of index which leads to .

Now, we discuss the geometry of numbers which will help us find estimates of from
the degree n of k. It will also give an elegant proof of the theorem of inkowski from last

lecture. We have a chain of containments A C k C k = ™ so we may view A as a
discrete, co-compact subspace of uclidean space. Let k =Q( ) =Q () where s
the minimal polynomial of over Q. y definition, is irreducible over Q, but over it

splits into a product () = , ;( ) of distinct irreducible factors of degree 1 or . (The
factors are distinct by separability.) If 1 is the numbers of real zeroes of  and 5 is the
number of conjugate pairs of complex zeroes, then 1 + 2 =n and the Chinese emainder
Theorem implies that

ko= ()= .i():. i( )=

As a side note, another method for obtaining ; and » is to consider the nondegenerate
bilinearform , =Tr( )onk  andtoobservethat this form hassignature ( 1+ 2, 2).

e. For the uadratic fields k = Q( ) where is s uare-free, we see that

if 0
if 0

k =

because if Othen ()= 2 , and if Othen ( )= 2+ . Thisis a specific
case of the general fact that ; is the number of distinct real embeddings of a general number
field k, and » is the number of distinct conjugate pairs of complex embeddings.

We also observe that k = ™. Let i,..., p bethedistinct n embeddings of k into
Then the isomorphism & ™ is given by 1 (10 )yeeey n( ).

Let L C k be any lattice in k. The fundamental domain for L acting on " is

as in the figure.

11



o oition . icL)=( ) ( I ))?

oo . e i ic(L)i (1)
If 5 = 0, then all of the embeddings 4,..., , of k are real. Let ¢,..., ,
be a basis of L. The coordinates of ; in the standard orthonormal basis of ™ are
(1( 4)y-vs n( ) and vol( )= det( ;( )). HEB={(;( )) then we already observed

that disc(L) = det(B B) = (det(B))? = (vol( ))?2, as desired.

If 5 =0, then each conjugate pair of complex embeddings contributes a factor of =

. Thus, each such pair contributes a factor of ()2 =, for a total contribution

of () . For more details, the interested reader should consult the book e deal e 7 e
e e by Samuel. O
e. Consider the aussianintegers A=Z Ck = = + . Thefundamental

domain of 4

has volume 1, and disc(A) =

Definition. A subset of uclidean spaceis ce t all et ic if for each point of
is also a point of

eo e . et atLi alattices ™ it a e tal al i acl e
e ¢ e ce tall et ic et " g )y ™ () e ¢ tai
a e i1t L

We will prove the theorem in the case vol( )  "vol( ). A simple limiting argument
gives the general case since is closed and L is discrete.

If welet + ={% : € } then the condition vol( ) "vol( ) is e uivalent to the
condition vol(3 )  vol( ). We claim that there are distinct points , € % such that

€ L. This will establish the theorem since it follows that =41 and = 1 for
some points , €  (by central symmetry). Then 0 = = % + %2 € by convexity,
and is the desired point.

We give an intuitive argument to see that such and exist. The interested reader can find
the details in Samuel. We can translate pieces of % mod L to fill up , like cutting up a
round carpet to cover the oor of a s uare room. Since vol( ) "yol( ), it follows that

some point of  is double-covered in this process. That is, there are distinct points , of
% whose images via some translation by a vector of L are the same., So, (mod L),
as desired. O



eo e . Li a latticet kK te teeeit a e ele et L ¢ tat
N) — — ic(L)t 2

For 0,let  be the following region in ™ =k

= €k :n,-()

i1

As the sketch suggests

the volume of  is

vol( )= —

S| s

which can be verified directly by integration. Choose so that vol( ) = ™vol( ). ¥y
roposition 1 ,

2 disc(L) ! ?

vol( )= "vol( )= = disc(L) * 2 ()
Then  satisfies the hypotheses of Theorem 1 , and we may fix € (L {0}) . Then
NOtt= O 2T ()

- i1 l i z "

which implies that N( )  —. From e uations (1), ( ) and ( ) it follows that

_ . 12
N( ) e disc(L)
as desired. O
oo . Aite i al e aici tee 1 a e e k te
n
oAyt
i c(A) .



?

very €A {0} has N( ) 1, so the theorem implies that for some such

n : 12
1 N() el disc(A4)
from which the result is immediate. O
oo i i ic(A)= 1 te A=Za k=Q
The function of n:
n2n 2n n2n 2
_ - _ disc(4) =1
)2 ) tec(4)
is monotone increasing, and for n =
2n 2n
R 1
(n)?
It follows that n = 1. O
Lecture
= disc(A4). We now use

Let k be a number field with ring of algebraic integers A, and let
in terms of n = (Q: k). y Corollary 1

the geometry of numbers to give a bound on
12 "

n
in the interval (0,1) such that

y Stirling’s formula, n (n + 1), so there exists

and it follows that
n

aising both sides to the n power, we find that

tn 2 27
n

We can write 2= ( 2)" " =( ?) so that
2 n -

1n 2 n  2_
(%) —

The factor ; lasn so that

1n n ( . ) n( . )2 n



e. If n = 5 (the case when k is totally complex) then asymptotically ! ™
so that ( . )™ This ine uality actually holds forn 10 .

Stark-Odlyzko have given the following improvement on the bound. Assuming the iemann
ypothesis for the zeta function of k:

In the totally complex case n = 5, this gives the bound (™

Now we consider the arithmetic properties of the ring of integers A of a number field k. It
is a fact that A is a edekind domain, i.e., a smooth ring of dimension 1. In particular,
every ideal in A is a product of prime ideals. owever, if we take an arbitrary order B in
k, then B will generally not be a edekind domain. Among other things, we want to know
what keeps B from being a  edekind domain.

We note that there are standard methods of constructing new edekind domains from old

ones. If A isa edekind domain, with field of uotients & A and k is a finite separable

extension of k , then we let A be the integral closure of A in k. It follows that A is a
edekind domain, as well.

iven two lattices L and  in k, we have ways of combining L and  to get other lattices
in k. (We will apply these constructions mostly to ideals of an order B, but they are valid in

this more general context.) The intersection L is a lattice in k since there is a nonzero
rational number such that L C . This implies that there are nonzero integers a,
such that aL C , and it follows that for all € L, a € aL CL . That is,

L (L ) is torsion and finitely generated, so that L has finite index in L. The sum
L+  is also a lattice because the same argument as above shows that a(L+ ) C  so
that (L+ )  is also finitely generated and torsion. The product

L- = i it €L, ;€
i

is a lattice because if 1,..., pisabasisfor thenL- =L ;+4---+L , isa finite
sum of lattices. The uotient

L ={ €k: CL}= ?lLil
is a finite intersection of lattices and therefore a lattice. The uotient lattice should not be
confused with the wuotient of a group by a subgroup since is not necessarily contained
in L. We call this lattice the uotient and use the fraction notation because the definition
implies that (L )- C L, so that in some sense L (almost) behaves like an object
which we might call L - L. Tt is important to note that strict containment may occur
here, so this justification is, at best, imprecise. We also note that L - =L and
L =hom ( ,L). Finallyy, L L={ €k: LCL}= nd(L)is a ring, and therefore
an order in k. If we let B =L L, then L is a left B-module in k.

Fix an order B in k and let be a nonzero ideal of B. Then is a lattice in k since for a

nonzero element € , B C C B. B is alattice, so it follows that has finite index in
B. Furthermore, by definition, B C
e . ei e (B: B)= N()



(B: B)= det( :B B) = N( ) by definition. O

Definition. If is a nonzero ideal in an order B, then we define the of to be the
index N( ) =(B: ).

Definition. If L is any lattice in k (not necessarily contained in B) with nd(L) B, then
we say that L is a acti al i eal of B. The condition nd(L) B is e uivalent to the
condition BL C L.

o o ition . e Bi ki a ai i e i ie ee e i e
ieal CBi ai al

B is a domain since it is a subring of a field. Since  has finite index in B, the ring
k = B is a finite integral domain. For a nonzero element of k the multiplication
map :k k is therefore injective, and since k is finite, the map is also surjective.
This implies that k& is a field since this homomorphism maps onto the identity. Thus, is
maximal. O

Definition. An ideal of Biscalled ¢ c¢i alif = B for some € B. We notice that
a principal ideal = B satisfies the condition nd( ) = B:

nd( )={ €k: BC B}={ €ek: BCB}=B

The last e uality follows from two facts: (1) every element of B maps B B since B is a
ring, so and ( )if €kampsB B,then = (1)¢ BCB,so C.

We claim that non-maximal orders are not principal ideal domains (even though they are
all domains of dimension 1). To see this, let B C A be an order with index = (4:B) 1.
Then the ideal A is principal in A and is contained in B (and is an ideal in B since

A C B C A). owever, A isnot a principal ideal of B since, if it were, then the above
notes would show that nd( A)=B. ut nd( A) = A = B so this is not possible.

e. ereis a case where the ring of integers A C k is not a principal ideal domain.
Let be a positive prime in Z such that 1 (mod )andlet k=Q( ). Then by our

work in Lecture , A=Z+Z( =~ ) since the discriminant is = and
+ _ -
A=z+7 — T —7+7( + T )=Z+Z
Let ={a+ = :a (mod )} C A. isanideal of A, as follows. Clearly, is closed
under addition. Takea+ =~ € and 4+ € A. Then
@+ )+ )= )+ @+ )

The relation between a and says that a and are either both odd or both even. If a and

are both even, then the product is in A C . If they are both odd, then since is odd,
a + (mod )and a + + (mod ), so mod the coefficients of
the product are the same and the product is in . It is straightforward to check (by the
definition of ) that the containments A C and C A each have index . Now, suppose
that were principal, say = A. Then N( ) =(A: A)=(A: )= . owever, if

=a+  ,then =N( ) =a?+ 2, which can never occur since . Thus, is



not principal. Note that this example encompasses the classical example which states that
7+ 7 is not a principal ideal domain.

Next, we want to show that if C A is a nonzero prime ideal, then -(A )= A. That
is, A is a fractional ideal which inverts

ooition . et B ea e i ka a e i ei B e e actl e
te Il 1 l

This proposition follows from the following theorem.

eo e . etB ea e i ka a e i el B e B B
e. If isaprimeinZ,thenZ Z=17 7.

iti We have the following containments in general:
=B- Cc(B ) CB

If (B )- = B,then 1. holds. Otherwise, (B )- = B. It is straightforward to show
that (B )- is anideal in B. The maximality of implies that = (B )- , and the
theorem implies that there exists € (B ) B. Then C(B )- = whichimplies
that € ( ) B, which implies . O

We need a bit more machinery before we can prove the theorem. Let be a nonzero,
simple, finite B-module. Then is cyclic, say = B . Let be the annihilator of

, = Ann( ) C B. Then the map B given by is an isomorphism of
one-dimensional vector spaces over the residue field B

o o ition . e tea 1 a e B kc tat a ct i ei eal
Tyenes e 1 e ic cc 1t ctaeeactl te i e ic ¢ tai

Since has finite index in B, we can find a chain of ideals = C 1C 2C

- C = B such that each wuotient 1 is a simple B-module. y the previous

remark, there are prime ideals 1,..., such that 1 =B . It follows that
C 1, and therefore, ;--- C =

To prove the second claim, let C 1--- . y maximality, it suffices to show that
some ; C . Suppose that no ; is contained in . Then there are elements ; € ; ,
and the product of these elements isin ;--- C C . owever, the product is not in

since is prime and no factor is in , yielding a contradiction. O

We note, in addition, that the norm N( ) = , ; N( ;). The chain ofideals = C ;C
9 C---C = B shows us that



as claimed.

e. In the notation of the proposition, may not e ual ;--- . Let k be a
uadratic field with ring of integers A. y roposition 1 , for a fixed prime there is a
uni ue order B =Z+ A C A with index (A: B) = . y our notes above, the ideal of
A = A C Bis also an ideal in B which is prime and not principal in B. Furthermore,
= BC A. istheuni ue prime of B containing and 2= 24, but = 2

since € 2,

e e It is clear from the definition that B C B . To see that e uality
does not hold, fix a nonzero element of andlet = B C C B. y roposition |,
there are primes 1,..., such that 1.0 L If 1--- ,then = ; for some

. Cancel off as many factors of as possible so that we may assume that ;--- C
and -+ C .Fix €(1--- ) .Thenink, = € B and C B so that
€B . O

oo . ia 1 eiei te i itee A te (A )=A

y roposition ,if (A ) = A, then nd( ) is a ring in k which properly

contains A. ut every order in k is contained in A, so this is a contradiction. O
eo e . eeil etA ete i itee 1 a e el k
e e i eteali 1 etile 1 te e etatteei a acti al i eal

Yck ¢ toat -4

e teali i el te ct i eteal = 1---

e et eal acti al 1 eal a a elia eel e e ate te
i e eal A eietit ele eti A a a acti al 1 eal 1=
A = te tei i eal Z i 1ie
.., (),--2)

1. follows from Corollary  since A  is a fractional ideal. We shall prove . in the
following lecture.

. As in the proof of roposition , we have ideals and prime ideals  such that

10 c = CcC 1C---C =B
If =1, then the only prime containing is ; and ; € C ; which implies that = ;.
So, we proceed by induction. The chain ; C 5 C --- C = B satisfies the induction
hypothesis, so

gt = 4 L = 14

ultiplying by 5, '--- ! yields
A 5 ... 1 1

fA= ... ! then multiplying by --- implies that = o--- . This
implies that A has a Jordan- older series with 1 links, a contradiction. Thus,



A=, L... 1 and the maximality of ; implies that 9 ... 1 = | so that
multiplying by 1--- implies that = {---

For uni ueness, we write = -+ = --- . Then 1+ which implies
that | = , for some as in the proof of roposition .  ultiply by ; 1 and apply
induction. O
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