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Functions of bounded variations (BV func-
tions)

Definition. ([Ziemer]) Q: open set in RV.
uw e LI(Q).

u € BV(Q2) <= Distributional derivatives of
u are measures with finite total variation on
2: 3 Radon (signed) measures u1,...,un With
1241 (€2) < oo

| wdipde = — |_édu;, %o € CH(S2),
(i=1,...,N).

Put 0;u = u; and

Vu = (01u,...,0nu) = (k1. .., uN)-

Norm of Vu:
/Q V| = sup{/Q udivedz : ¢ € CL(2, RY),

o(x)| < 1,V € Q}.

Remark. For v € C1(Q), ¢ € CL(Q) ,

/Q udiveds = — /Q Vu - ¢dz.



=
/Q \Vuldr = sup {/Q udive @ ¢ € Ccl(Q), 9] < 1} ,

(Proof. (>) |¢| <1 = ‘/Q udivqﬁdx‘

< [LIVullglds < [ |Vulds
«Q Q

(<) Choose {¢n} Cc CHQ,RN): ¢n — Vu/|Vy
in [L2()]Y and |¢n| < 1.

/Vu qbndac—>/ Vu - ﬁdac—/ |\Vuldz.

o If f=F a.e. on , then /Q|V(f—f)| —0

= Can identify f, f in BV (Q).



Properties of BV functions

(Property 1) u € BV(Q2) <—
sup {/Q udivedr : ¢ € CH(Q,RY), |6(z)| < 1,Vz € Q}

< 0.

Proof.

(=) u € BV(R), du = pu;. For ¢ € CHQ),

sup |¢(z)| < 1,
e

/Q udivgds =3 /Q uBiidir
— -d 1L
Z/Q Oid it
— ol
Z/Q ®;0; HNZH
(||5]] = total variation of u;,

o; = density function)
<Y [ 1oiloildl]
< S il (Q)(< 0).



(=) Assume

sup {/ udivedz : ¢ € CH(,RN), sup |é(z)| < 1} < 0.
Y xel2
(1)
Theorem. (Structure theorem for BV func-
tions) Assume u € L1(Q) satisfies (1). Then

3 Radon (outer) measure p on €2, o : Q — RV
pu-measurable:

(i) lo(x)] =1 wp-a.e on 2,
(ii) /Q udivpdr = — /Q 6 - odu, Vo € CH(, RY),

(i) w() < oo.

Proof based on Riesz Representation Theorem
(vector version, Theorem 1, Sec. 1.8, [Evans],
with trivial modifications)



Theorem. Q2 c RY open.

L : C(2,RY) = R linear functional: VK C
compact,

sup{L(f) : f € Ce(2,RY), sup [£(@)| < 1,

supp(f) C K} < .
(2)

= 3 Radon (outer) measure p on 2, o : Q2 —
RY u-measurable:

(i) lo(x)] =1 wp-a.e on £,

(i) L(f) = /Q f-odu, Vf € Co(2,RY) .

e 4 (variation measure of L) is defined by
p(V) = sup{L(f) : f € Ce(2,RY),

sup |f(x)| < 1,supp(f) C V},
el

for V C 2, open, and
pw(A) =inf{u(V): ACV C 2,V open},
for A C S2.

In particular,
1w(Q) = sup{L(f) : f € C.(2,RM), sggpz 1f(z)| < 1}.



Proof. (Structure theorem) Define

L:CHQ,RY) - R by

L(f) = —/Q udiv fdz, Vf € C1(©, RM).

M = sup{L(f) : f € CH(2,RN), ||Ifllc < 1} <
0. =

L(f) < M| flloo, Vf € CH(,RY)  (3)
(I flloe = sup{|f(z)| : z € 2}).

= Can extend L to L: C.(2,RN) = R,

for f € Ce(2,RN), {fn} C CH(LRY), fn — f
uniformly on €2.

L also satisfies (3) and for K C Q compact,

sup{L(f) : f € Ce(,RM), [|flloo < 1,suppf C K} < oo.

e Riesz Representation theorem = 4 u and o:

L(®) =L(¢) = | ¢-odp=— | udivgdz,



Vo € CH(Q,RM).
u() = sup{L(¢) : ¢ € Ce(2,RY),||$llcc <1} < M
Proof. (Property 1)

Put du; = o;du : p; is signed measure (with
bounded variation)

1 11(€2) < p(£2) < oo

e ¢ € CHLR), put f = (0,...,9,...,0) €
cl(Q,RN).

divf = 0;9,
/Q u0;pdxr = /Q udivfder = — /Q f-odu

=— | ¢oidp =~ |_odu;

= Oju = p;. Put ||Vul|l = pu.

— d(Vu) = odu = od||Vul|.

o /Q udivpds = — /Q - d(Vu).



(Property 2) BV(£2) is Banach space with
norm

lull gy ) = lullagey + [ IVul

(Property 3) (Lower semicontinuity) Q ¢ RY
open, {fu} C BV(Q), f € L1 (),

fn— fin L}OC(Q).

Then,/ \V <Iiminf/ \va i}
VA < timinf [ |Vl

Proof. Let ¢ € CH(Q,RY), ||¢]lco < 1.

/Q fdivedz = lim /Q £ diveds.

Since

| fndivede < [V fa], ¥n,
= /Q fdivgde = lim /Q fadivedz < liminf /Q IV fnl, Vob.

= /Q V= S“p{/Q fdivg 1 ¢ € C2(2,RY), [|4]lo0 < 1}

< Iiminf/Q|an|.



(Property 4) (Approximation by smooth func-
tions) f € BV(2). Then, 3{fn} C BV(2) N
C>®(Q2):

(i) fn — fin LY(Q),

(WD) |_IVfal = [ IV

(Not /Q|V(fn — f)| — 0 in general. Approxi-
mation in BV-norm is not expected since the
closure of C* in this norm is W11 space).

— Theorem 1.17, [Giusti] (or Theorem 2, 5.2.2,
[Evans]). Result by Anzelotti and Giaquinta
(Funzioni BV e tracce, Rend. Sem. Mat.
Padova, 60 (1978), 1-21).



(Property 5) (Weak compactness (Theorem
1.19, [Giusti])) © ¢ RN open, bounded with
Lipschitz boundary 0X2.

{fn} is bounded sequence in BV (£2),

(sup{/Q |fn|da:—|—/Q IV ful i m € N} < oo) |
Then, 3{fn,} C {fn} and f € BV(2):

fr, — f in LY(Q).

Proof. From approximation property, Vn € N,
dgn € BV (Q2) N C*°(2):

1
/Q |fn — gnldz < o
and
/Q Vgnldz < /Q IV fu| + 1.

= Sup/ |Vgn|dx < .
n JQ

= {gn} is bounded sequence in W1(<).

Rellich—Kondrachov Theorem = {gn : n € N}
is relatively compact in L1(Q)



= 3f € LY (), {gn} C {gn} 1 gn, — f in LY(Q)
= fn, — f in LY(Q).

(Lower semicontinuity property) = f € BV ().



Hausdorff Measure

(Measure for lower dimensional sets: surfaces,
lines, etc. in RY)

Definition. 0 < s < o0, 0 < §d < 0. A C RV,
Define

HI(A) = inf{ Z a(s)

1=1

diamC >
( 7) TAC |J C
J=1
diamC; < ¢},
S/2

ols) = r(5+1)

unit ball in R®%, when s is positive integer).

(= (Lebesgue) volume of the

a(s) is included to make H% agree with L% in
RN (s = N) and on smooth surfaces.

e Hj is decreasing in 9.

Definition. s > 0, A ¢ RY,

(A) = li 3(A) =s 3(A).
H(A) = lim H3(4) = sup H3(4)



Properties of H°.
(1) H® is a Borel regular measure.

(Borel sets are measurable and VA C RV, 3
Borel set BD A: H3(A) = H3(B).)

HS is not a Radon measure if 0 < s < N (RY
is not o-finite with respect to #H9).

(2) In RN, #N = N (HN(A) = £N(4), VA C
RV, £N = (outer) Lebesgue measure on RY).

(3) @ H5(A) =0, VACRY if s > N.

e Llet 0<s<t<oo. For AcCRY,

H(A) < 0o = HI(A) = 0O
HI(A) > 0 = H5(A) = co.

e dd > O:
HS(A) =0 if s>d
H3(A) =0 if s<d,
(d = Hausdorff dimension of A).



(4) S is ¢l ((N — 1)-dimensional ) surface in
RN, HN-1 agrees with the ((N—1)-dimensional)
surface Lebesgue measure on S.



Trace of BV functions

e 2 open, bounded in RY with Lipschitz Bound-
ary 0S2.

e Outer unit normal vector v exists dHN—1-a.e.
on 0fS2.

Theorem. (Theorem 1, Sect. 5.3, [Evans])

(a) 3 linear bounded mapping
T : BV(Q) —» LY (8, HV 1)
such that
. . N-1
| fdivede = — [ 6-d(VH+ [ _(enT(HIarN Y,
Vf e BV(Q),¢ € CtRYN,RY).
(b) Function T(f) € L1(6,H#N—1) is uniquely

defined up to set of measure 0O in dHN—1 on
0X2.

(c) For f € wL(Q), T(f) = usual Sobolev
trace.

Definition. T(f) = f|ga: trace of f on 0%2.



Extension theorem for BV functions

Theorem. 2 c RY open, bounded with 9
Lipschitz.

f1 € BV(R2), fo € BV(RY \ Q). Define

(z) = fi(z), € B
fo(x), :CERN\Q.

= f e BV(R¥) and

/RN V] = /Q IV f1] +/RN\§|Vf2|

— dHN -1,
+ . |f1loq — f2laql

Corollary. Q.8 c RY open, bounded with Lip-
schitz boundary, and Q C B.

f1 € BV(Q). Put

o) { fi(@), veQ
0, x € B\ Q.

= f e BV(B) and

/B|Vf| = /Q V1] + /89 f1laoldHN L.



Sets of finite perimeter
Motivation

From the Extension theorem with (2 open,
bounded, Lipschitz boundary) f1 = 1 on £,
fo =0 on RN\ Q. Extension f = ygo and

Vyo| = dHN 1 = 1N-1(p0).
|ouVxal= [ (o)

= BN IVxo| = perimeter of Q.

Definition. E ¢ RY measurable, Q ¢ RV
open.

E is set of finite perimeter in Q if xg € BV(L2).

Put P(E, Q) = /Q Vgl



Minimal partitioning surfaces

Problem. 2 open, bounded. Divide €2 in 2 re-
gions with equal volume such that the perime-
ter of the interface is smallest.

Theorem. (Theorem 1.4, [Struwe])

Q c RY open, bounded, with Lipschitz bound-
ary. Then, 34 measurable subset G C 2 such
that

m($2)

m(G) = m(2\ G)(= "

);

(m = L&) such that

PG, (= [ 19xal) < P (= [ 19xrl),
for all FF C €2 measurable such that

m(£2)
2

m(F) = m(Q2\ F)(= )-

Proof. Put

M = {xg : F C 2, measurable and m(F) = m(Q\F)}

M #= () (Intermediate value theorem). Put



E:M —[0,00], E(u) = /Q IV,

(E(xp) = P(F,2)). E>0. E # oo.

Choose sequence {uy := xp } C M:
E(u) (= /Q |Vuk|) S inf{E(u) : u € M}(< o).

m($2)

5 (< ), VEk.

| lugldz = m(Fy) =

= {ur} is bounded in BV (2).

= (Passing to subsequences) 3f € L1(Q):

up(= xp,) = f in LY(Q)
up(=xp,) = f a.e. on €.

= f = xq@, G measurable.

m($2)
5

m(G) = /Q XG = |im/Q XF, =

= f=xg € M.



(Lower Semicontinuity property) =
P(G,Q =/ v <Iiminf/ v
(G,2) Q| xal < Q| XF|

— inf{P(F,Q) : xp € M}.
= P(G, Q) = min{P(F,Q) : xp € M}.



Abstract existence result - Direct method
Theorem. (Theorem 1.1, [Struwe])

M: Hausdorff topological space, £ : M — R U
{oo}:
Ko={ue M:E(u)<a}

is compact (or sequentially compact), Va € R.

= FE is bounded below and attains inf{E(u) :
u € M}.

(Minimization problem: w € M, E(w) = mij\r)[ E(u)
(S

has a solution.)

Proof. (for sequentially compact case) Let
{uk} C M:

E(ur) = ag :=inf{E(u) :u € M} > —cc.

For a > ap, up € Ko for almost all £ € N.
= (Passing to a subsequence) uy —u € M.

u € Ko (E(u) <a), Va > ap.



= FE(u) <ag = ag > —oc0 and E(u) = agp.

Remark. In Minimal partitioning surface prob-
lem, K, is sequentially compact with respect
to the L1() topology.

({ux} C Ko = /Q |Vug| = E(ug) < o, Vk
= {ug} is bounded in BV (£2)
= Ei{ukj} C {up}: U; = u in LY(Q).

u € K, by lower semicontinuity property.)



Direct method and Relaxation
Abstract existence result

Find conditions such that the sub-level sets K,
are compact (closed and relatively compact).

(X,7) is a Hausdorff topological space.
F:X — RU{oco}.
Definition.

(i) F is m-lower semicontinuous (7-l.s.c.) if {x €
X : F(z) < a}(= Ko) = F71((—o0,a]) is closed
in (X,7).

(ii) F is 1-sequentially lower semicontinuous
(r-seq.l.s.c.) if for {zx} C X, z € X, o, >z =
F(x) <liminf F(xy).

(iii) F is T-coercive (r-sequentially coercive) if
for each @ € R, 3 C, compact (sequentially
compact) in X such that

{r € X : F(zx) < a}(= Kqa) C Ch,.



Theorem. If F is 7-l.s.c (7-seq.l.s.c) and -
coercive (7-seq. coercive) then the minimiza-
tion problem
F = minF
(u) = min F(v)
has a solution.

Proof. For each a € R, {x € X : F(z) < a} is
compact (closed and relatively compact).



Proposition.

X = V*: Dual of Banach space V (in particu-
lar, X is reflexive), 7 : weak™* topology in X.

F: X —-RU{oco} is T-coercive

& lim F(x) = oo.
||| —o0

Proof. (<) Assume |im F(x) = oc.
||| —o0

= Ya € R, I3mq > 0: ||z|| > ma = F(x) > «

= {z : F(x) < a} C {z : ||z|| < ma}- weak*
compact.

(=) Assume FH{zn} C X: ||zn|| = o0 and F(xy) <

a, Vn.

= {z: F(x) < a} is not bounded = not subset
of weak™ compact set.



Relaxation

e In Existence theorem, if F' is not r-coercive
— used regularization and recession arguments
(— compact-coercive, semi-coercive, P-coercive,
property (P), etc.)

o If ' is not 7-l.s.c. = there are minimizing
sequences without leading to minimizers

— Replace F by 7-l.s.c. functional which still
preserves minimum and other properties of F
— Relaxed functional

Definition. (X, 7): Hausdorff topological space.
F:X —RU{oco}.

T-relaxed functional (r-relaxation) of F,
F(z) =(C(r7)F(z)) = sup{G(z) : G is 7-l.s.C.

and G < F on X}.



Properties of relaxed functional F
(i) F is 7-l.s.c.
(ii) F'(x) = |I?5n_>IQfF(y), Ve € X.

(iii) inf F(y) < F(z) < F(z), Vx € X,
yeX

= inf F(vy) = inf F(v).
Jnt (v) Jnt (v)

~

(iv) F is T-coercive = F'is T-coercive

(v) If {zn} is @ minimizing sequence of F' (F(xn) —

inf F(y)) and z,, — x,
yeX

= £ iS @ minimum point of F.
Proof.

(i) Supremum of family of l.s.c functionals is
|.s.C.

(ii) Functional H(x) = Iign_)igf F(y) is 7-1.s.c and
H<Fin X.



= H < F.
IfGSF and G is 7-l.s.c. =

G(x) < Ii?r/n_j:gf G(y) < Ii?r/n_mf F(y) = H(x)
= F(x) =sup{G(z) : G} < H(x).

(iii) Put G(z) = inf F(y). G = const. = 7-
yeX
|.s.C.

= G(z) < F(z).

(iv) For a € R, 3Cy compact: {z: F(x) < a} C
Ca.

Prove: {z: F(z) <a} C Cyutq.
Assume F(x) < «, let U = neighborhood of .
F(x) = Ilg/n_)lgf Fly) <a-+1

= dyeU:Fly) <a-+1



= UNCyy1 # 0 (for any neighborhood U of
)

= T E Ca-l—l = Ca-l—l-

(V)
F(x) < Iign_}igf F(y) < Iinrrl)ioréf F(xn)
< I%rrl}iorgf F(xn)
= inf F(y) = inf F(y).
Jnt (y) ot (y)



Examples of relaxation

Example 1. X = LY(Q), + = L!-topology.
F: X — [0,00],

14 |Vul?dz, ue CH(Q)
Jo V119l

00, otherwise.

F(u) =

e Closure of C1() with respect to BV-norm
= wil(Q).

e C1(QY) is not dense in BV () with respect
to BV-norm.

e C1(Q) is dense in BV () with respect to the
metric

d(u,0) = lu = vll 1 + | [ [Vul = [ |90




e Relaxation of F (cf. [Buttazzo]):

/Q V14 [(Vu)al?dz + /Q (Vu)s|, ue BV(Q)

o0, otherwise.

2\

\

' /Q V14 |Vu2dz, ue BV()
{

o0, otherwise.

\



Example 2. X,7 as above. F: X — [0, oo],

/Q V14 |Vude, ue Cl()

o0, otherwise.

F(u) =

e Relaxation of F':
F(u)
( 2
VI 1(VwaPdo+ [ 1(Vad
+/a§2 u|saldHN "L uw e BV(Q)

N\

| 00, otherwise.
/ V14 |Vu|2d:c—|-/ lu|go|dHY L, u e BV(Q)
Q oQ
| 00, otherwise.

(cf. [Buttazzo], [Giusti] )

e In Examples 1, 2, can replace C1(Q) by Wl1(Q)
and CL(2) by WyH().

e F is not Li-l.s.c.



A variational inequality in BV space

Study the existence of nonzero solutions of the
BVP

P

—div vu = Af(z,u) in Q

V14 |Vul? (4)
| u= 0O on 0Of2.

7\

Variational inequality set up

(4) has weak formulation

Vu - Vv
/Q \/1 n |Vu|2dx = )\/Q f(z,u)vde, (5)

for all v with v = 0 on 9X2.

(4)—(5) have variational structure:

Jo(u) = /Q \/1 + |Vu|?dz
iIs potential functional of principal operator:

/ . Vu - Vv
(o), v) = [ Nrerd

Put
F(z,u) = /Ouf(x, s)ds



F(u) = /Q F(x,u)dz.

= (F'(u),v) = /Q F(z,w)vds.

e (b)) &
(Jo — AF) (u) =0 (6)

Solutions of (5) are critical points of Jg — AF.

e Jp is convex — Replace Jj by subdifferential
dJg.

(f € 0Jo(u) & Jo(v)—Jo(u) > (f,v—u),Vv € X)

(6) & AF'(u) € 8Jy(u) < Variational inequality

Jo(v) — Jo(u) > )\/Q f(x,u)(v —u)dz, Vv € X.
(7)

Case f(z,u) = f(x): Linear lower order term

() & Jo(v) = Jo(u) 2 A [ f(v —u)de

< Jo(u) — )\/Q fudxr = Qr)gi)r(‘[JO(U) — )\/Q fvdx]



For minimization problem to have solutions: Jy
coercive and l.s.c on X

Growth of Jg: Jo(u) = ||u|| (linear growth).
— Choice for X: X = Wg’l(Q)

= Jo(u) — oo as ||u||Wg,1 — 00

Jo is not Li-l.s.c.

— Replace Jy by relaxed functional Jy and
W3l (Q) by BV(Q).

To(u) = /Q J1+ IVu|2-|—/aQ ulpaldHN 1, w € BV ().

JVIHIVu? = [ V14 1(Vualdat [ 1(Tuil,

T heorem.

2 __ 2
J VL HI9u? = [ V14 1(Tualdz+ [ 1(Vul
= SUD{/Q(QN+1 + udiv(gy, - ,gN))dx :
g € CHQ,RNT1) gl < 1}.




(7) —

{ To(v) = Jo(u) > A /Q Fz,u) (v — w)dz, Yo € BV(Q)

u € BV ().
(8)

e B=Bp(0) in RN, R large: Q C B.

For w € BV (L2), extend

i(z) = { u(x), €
0, x € B\ 2.

= u € BV(B) and
1 V”2=/ 14|V 2/ dHN 1
[V1HIVER = [ V14+19uP4+ ] julse

= Jo(u).

Put J(u) = /B\/l + [Vul2, u € BV(B):
J(@) = Jo(u).

Extend f(z,u) fromz € Qtox € Bby f(x,u) =
0 for x € B\ 2.



Put X ={ue BV(B):u=0 a.e. in B\ 2}.

e X is closed subspace of BV (£2) (also with
respect to L1-topology).

(8) —

T(v) — J(u) > )\/Bf(:c, W) (v — w)dz, Vv € X
u € X.
(9)

Conclusion.

e Equation (4) leads to variational inequality

(9).

o If f(x,0) = 0, 0 is a trivial solution of (4) and
(9). Existence of nontrivial solution for some
values of A7



Function space X

X is Banach space with norm

lull = llull v sy = lull gy + [, 1V

Poincaré’s inequality on X

N
For each B € [1,
& N

3 C 0:
1] g~

el

(Ul sy =) [, 1ulPae)” < g [ |Vul, Yue X

= Norm |jul|g = /B V| is equivalent to [[ull gy (s
on X.



Nontrivial solutions as local minimizers

Lemma. X: Banach space (norm vector space).

J: X —- RU{co} convex,
F : X — R Gateaux differentiable.

u € X is a local minimum point of I = J — F,
then v is a solution of the variational inequality

J(v) — J(u) — (F'(uw),v—u) >0, Vv € X.
Assumptions on f

(A) f: BxR — R is a Carathéodory function
(f(z,§) =0, £ € B\Q),

- E(l min{2 N
q ) 7N

, di,d O:
1}> 1,62 >

1f(x,8)| < dlgq—1+d2, for a.e. x € B, all £ € R,

(B) dr € (1,2), d3,&y > O:

f(z,€) >dat™ 1, ae xeB, all £cl0,&)



Existence result Assume (A), (B).
e I\« > 0: VA € (0,\), Iy = J—AF has nonzero
local minimum point uy in the open ball {u €

X ||ullo < A*} with some 0 < a < 1.

e u) iS a solution of (9).

e u) iS stable: /B|Vu>\| — 0 as A — 0.



EXistence of saddle points
Assumption

(C) 3y >1 and & > 0:

13
f@@szﬁ}ﬂammpaexemesekLm)

For £ > 0, put
t

A+ +eT+e Y

ge(t) =

= M(§) = Oigfoogg(t) € (0,00), V¢ € (0,00).



EXxistence result

Assume (A), (C), and

C1d A
M 1729 ) > 209|897,
d10q|5'|q_1 q

(d1,dp,qin (A), C1,Cy in Poincaré’s inequality).

= 3 nontrivial solution u* of inequality (9):

A1y

lim Iy(un) = inf sup I)[f(1))],

n—=00 fer tefo,1]
with
r={feC(0,1],X) : f(0) =0, f(1) = e},
(e € BV(B), |le|lo large).



Corollary.

e Under (A), (C), Ix« > 0: VA € (0,A«), (9)
has solution u? # 0.

e Under (A), (B), (C), and (sign condition)

>0, u>0
(D) f(xz,u) — a.e. x € B,

=0, u<0O,

= lim ||u*||o = oo (unstable solutions).
A—0

e Under (A), (B), (C), (D), (9) has at least 2
nontrivial solutions for A > O sufficiently small.
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