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Abstract

These lectures constitute a short introduction to the subject of
variational inequalities of elliptic and parabolic types. After discussing
several illustrative examples in detail, we present basic existence re-
sults for elliptic variational inequalities which will subsequently also
be used to study problems of parabolic type.
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The study of evolution problems where the state of the system is
subject to some set of constraints has a long history and its beginnings
are nearly simultaneous to the early studies of variational inequalities.

Since such problems are, by their very nature, nonlinear problems,
methods complementing the semigroup theoretic approach ([4], [16],
[32], [62]), used for the study of evolution equations had to be devised.



These methods are mainly based on existence results for static vari-
ational inequalities and go back to theories presented in [6], [7], [45],
and have been discussed in detail in various other places, e.g., [33],
[59], [62].

The lectures are based on a recent survey [57] and some earlier
lecture notes [58]. We begin in Section 2 by presenting some illus-
trative examples of elliptic and parabolic variational inequalities and
establish some notation to be used throughout this paper. We then
present a brief survey and some examples of results about static ellip-
tic variational inequalities which will subsequently be used to derive
existence results for parabolic variational inequalities. We then dis-
cuss a method for establishing the existence of solutions to parabolic
inequalities. This method is based on the forward Euler method for
the numerical solution of initial value problems and is often referred
to as the method of lines or Rothe’s method.

Although the study of variational inequalities dates back to the ori-
gins of the calculus of variations, their systematic development began
in the sixties with the work of Fichera ([25]) and Stampacchia ([60],
[61]), which was motivated by problems in mechanics (obstacle prob-
lems in elasticity - the Signorini problem) and potential theory (the
study of the capacity of sets). After the fundamental work of Lions
and Stampacchia ([48]), the study of variational inequalities intensi-
fied and became an important subject in nonlinear analysis. The rapid
growth of the theory was made possible by the work of Brézis ([5], [6]),
Browder ([9], [10]), Kinderlehrer ([35]), Duvaut and Lions ([21]), --- .
It brought about important contributions to nonlinear analysis, cal-
culus of variations, optimization theory, optimal control, and to many
branches of mechanics, mathematical physics, and engineering.

For additional material on elliptic and parabolic variational in-
equalities, see [4], [26], [33], [44], [45], [46], [51], and [59].

2 Examples

This section presents several examples that motivate the study of
parabolic variational inequalities and indicate their range of applica-
bility. In Section 2.2, we introduce the subject with a linear diffusion
equation whose nonlinear boundary conditions represent a semiperme-
able boundary. We then examine two problems for the p—Laplacian,
a parabolic obstacle problem (Section 2.3) and a nonlinear evolution



equation (Section 2.4). These three examples guide the way to the
general formulation of parabolic variational inequalities discussed in
Section 3.

2.1 The bending of an elastic beam encoun-
tering an obstacle

An elementary example of a variational inequality is the following sim-
ple deformation problem of a beam constrained by an obstacle. If we
consider a homogeneous elastic beam occupying an interval [a, b] with
clamped ends and subject to a force f, and lying above an obstacle
1), where 9 is a measurable function, the displacement of the beam is
then constrained, and the set of admissible displacements is described
by the convex set

K={v:v>1, ae.ona,b|}.

Using the principle of energy minimization, the deflection w of the
beam must satisfy the following minimization problem:

u€ K : E(u) < E(v), Yv € K, (2.1)

B =3 [wr- [ p

denotes the potential energy. Using the fact that K is a convex set,
we must have that

where

(1-thu+tve K, Yoe K, Vte|0,1],
and, hence, the function
i(t) = E((1 — t)u + tv),

must have a minimum at ¢ = 0, and #/(0) > 0, i.e.

b b
i'(0) = / u(v—u)" — / flo—u) >0, Vv € K, (2.2)
a a
which can be viewed as the Euler-Lagrange inequality corresponding

0 (2.1). On the other hand, if u; and uy both satisfy (2.2), then, after
an elementary calculation, we find that

b
- [ a0
a
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or
u} = uj, on [a,b],

and, because u; and wuy both satisfy the same boundary conditions,
we conclude that
u] = ug, on [a,b.

Thus, the minimization problem (2.1) is equivalent to the variational
inequality (2.2).

In a similar vein, minimization problems on a more abstract level
lead to variational inequalities. For example, if F' is a real convex
functional of class C'', defined on a Banach space V, and K is a closed
convex subset of V, then, the minimization problem

u€ K : F(u) < F(v), Vv € K, (2.3)
is equivalent to the variational inequality
u€ K :(F'(u),v—u) >0, Vv € K, (2.4)

where (-, -) stands for the duality pairing between V and its dual space
V*; the argument for the equivalence may be found in ([21]) and is
very similar to the one given above.

Detailed presentations and surveys of the theory of variational in-
equalities and their applications may be found in [35] and [45] (gen-
eral theory and applications), [3] and [26] (applications to free bound-
ary problems), [21] and [56] (applications of variational inequalities in
physics and mechanics), [44] (bifurcation theory).

Some other recent work which is concerned with variational in-
equalities connected with quasilinear operators may be found in [42],
[40], [41], [43], [28], [27], [15].

2.2 Diffusion with a semipermeable membrane

The next example is a model problem describing diffusion in a domain
with a semi-permeable boundary ([45], [51]). Let @ C RY be an open
bounded set with smooth boundary I', let the final time T' < oo be
given, and consider the problem of finding v = u(z,t) such that

ou

i Au=f for (z,t) € Qx(0,7), (2.5)

u(z,0) = up(z) for z€Q, (2.6)
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ou ou
> — > — = .
u >0, o 2 0, and wu oy 0 for (z,t) el x(0,7), (2.7)

where A is the Laplacian with respect to z. With V- = H'(Q), we look
for u € V = L2 (0,T;V), the Banach space of functions v : [0,7] — V

with norm
1/2

ot = ([ ' ool at) (238)

Furthermore, we require that f(t) € V* for a.e. t € (0,7) and that
the initial datum ug € H = L?((Q).

The nonlinear boundary conditions (2.7) lead to this problem’s
formulation as a variational inequality. In fact, if u solves (2.5)—(2.7)
and ¢ is an arbitrarily chosen point in (0,7"), then u(t) clearly belongs
to the closed convex set K C V defined by

K={veV]v(z)>0 for zeT} (2.9)

For any v € V with v(t) € K, multiplying both sides of (2.5) by
v(t) — u(t) and integrating over Q produces the identity

[ 0 = @) () = u(t)) do = | Bu(t) 0(6) — u(t) da, (2:10)

where we now write u' for the derivative du/0t, since we view u as a
function of time with values in V.

Using the divergence theorem and the boundary conditions (2.7),
we have

/QAu(t) (v(t) —u(t)) + Vu(t) - V (v(t) — u(t)) de =

/(v(t)—u(t)) oult) 4 > 0, (2.11)
T 61/

from which we see that
/ Ault) (v(t) — u(t)) dz > — / Vu(t) -V (0(t) — u(t)) da. (2.12)
Q Q

Combining (2.12) with (2.10), we see that u belongs to K and satisfies
the parabolic variational inequality

/Qu'(t) (v(t) = u(t)) + Vu(t) - V (v(t) —u(t)) dz

/f _u(t)) dz, Yo €K, ae. t€(0,T), (2.13)



where K denotes the collection of functions v € V such that v(t) € K
for a.e. t € (0,7T).

Although this cone K might appear to omit some of the boundary
conditions posed in (2.7), we will see that these two problems are
indeed equivalent. To this end, suppose that u € K solves (2.13), and
let

v(t) =u(t) +e¢
for t € (0,T), € # 0, and an arbitrary test function { € C§°(Q2). As

this function v belongs to K, we may substitute it into (2.13) to obtain
the inequality

e [ (0¢+ Vul) - v¢ - 1) do >0,
which is actually the equation

/Q (u (1) + Vu(t) - V¢ - F(8)C) dex =0,
since € may be positive or negative. In the sense of distributions, u
therefore satisfies the heat equation (2.5) in Q x (0,T).

It remains to verify the boundary conditions that are not included
in the definition of K. Observe that the relations

/Q(u'( Jw(t) + Vault) - Voo(t)) dz
/f t)dz, Vo € K, ae. t€(0,T) (2.14)
and
[ 60 @0 +9u0) - ¥ ) ds
/f ) dz, ¥¢ € C®(Q), a.e. t € (0,T), (2.15)
follow from (2.13) by first choosing v = w + u, for w € K, in (2.13)

and then choosing w(t) = u(t)(1£(), ¢ € C®(Q), |¢(x)] < 1in (2.13).
Using equation (2.5), we rewrite (2.14) as

/Q (v (t)w(t) + Vu(t) - Vw(t)) do

> / (W' (t) — Au(t)) w(t) dz, Yw € K, a.e. t € (0,T),
Q



which is simply

/Q (V(t) - V() + wt)Au(t)) dz > 0, Yw € K, a.e. t € (0,T).

(2.16)
We now apply the divergence theorem to (2.16) to find that

/w(t) du(t) do >0, Yw e K, a.e. t€0,T],
T 31/

ie.,
)
B—Z >0 on T x(0,T).

A similar argument verifies the remaining condition; we replace
f(t) in (2.15) with /() — Au(t) to obtain for a.e. t € (0,7)

/Q(Vu(t) -V (u(t)C) + u(t)CAu(t)) dz = 0, V¢ € C®(Q), (2.17)

to which the divergence theorem applies to deduce that

/u(t){a;(t) do =0, V¢ € C™®(Q), a.e. t € (0,T).
T 1%

This means precisely that

0
ua—z =0 on I'x(0,7).
The boundary conditions (2.7) thus hold, so the original diffusion
problem may either be formulated as the boundary value problem

(2.5), (2.6), (2.7) or as the parabolic variational inequality (2.13).

2.3 A nonlinear obstacle problem

In many problems the diffusion coefficient will not be constant but
rather will depend upon the dependent variable in some manner. A
class of problems that has received much attention in recent years is
obtained by replacing the Laplacian term in the integral (2.13) with a
term corresponding to the p—Laplacian. To do so, we let V = WO1 P(Q)
for p > 1, and we use W~14(2) to denote the dual of V', where p and
g are conjugate exponents, 1/p + 1/q = 1. Letting (-, -) denote the
pairing between these spaces, we define the operator

Ay WP () —» Wh(Q)
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by
(Apu, v) = / |Vu|P?Vu - Vo dz (2.18)
Q
for u,v € WO1 P(2). The operator A, is defined by the p-Laplacian

Ap,
Ap(u) = =V - (|VuP~2Vu). (2.19)

As in the previous section, V denotes the space L? (0,T;V), and K is
the set of functions v € V such that v(t) € K for a.e. t € (0,7T), where
K C V is a closed convex set to be specified below.

With this setup, we consider the problem of finding u € K with
the prescribed initial value

u(0) = ug € L*(Q) (2.20)

and such that the inequality
/Qu'(t) (v(t) — u(t)) + |[Vu(®)|P~2Vu(t) - V (v(t) — u(t)) dz
> [ 1000~ ut) o (220)

holds for a.e. t € (0,7) and for all v € K, where
K={veV |v>yl}, (2.22)

for a given ¢ € W1P(Q) satisfying ¢» < 0 on T'. The closed convex
set K represents an imposed constraint determined by the obstacle
1. The existence results to follow guarantee a solution u € K of the
parabolic obstacle problem (2.21) for the p—Laplacian; we devote the
remainder of this section to a description of the solution.

From the definition of the constraint set X', we see that, at any
time t € (0,T), u(t) partitions  into the two sets

Q) ={z € Q| ulx,t) >1(z) }

and
Q@) ={z € Q| u(z,t) = y(z) }.

For ¢ # 0 and any test function ¢ € C§°(Q7"(t)), we follow the ar-
gument given earlier and substitute v(t) = u(t) + ¢ into (2.21) to
obtain

/Q W B¢ + [Vu@)P 2Vu(t) - VC — F(#)Cdz =0, (2.23)
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which means that the equation
ou
ot

holds in the sense of distributions, where A, is the p-Laplacian defined

above (2.19). The solution u of the parabolic variational inequality
(2.21) therefore satisfies the partial differential equation (2.24) on

ot= [J at@

te(0,T)

—Apu=f (2.24)

and equals the obstacle ¢ on
= ) Q0.
te(0,T)

We emphasize, however, that the boundary of Q°, the free boundary
for this problem, is unknown a priori. In contrast to the example in
Section 2.2, this problem cannot be recast as a classical boundary value
problem. This example indicates the role of variational inequalities in
the study of free boundary problems arising from constraints.

2.4 A nonlinear evolution equation

Using the indicator functional ¢x of the constraint set K defined by
(2.22), we can formulate the obstacle problem of the previous section
as a parabolic variational inequality over the entire space V. Specifi-
cally, u € V solves inequality (2.21) if and only if it solves the inequal-

1ty
/Qu'(t) (v(t) — u(t)) + |Vu(t) P 2Vu(t) - V (v(t) — u(t)) dz
+ rlo(t) = () 2 [ 70 0(0) ~u(t) do
VveV, ae t€(0,T), (2.25)

where ¢i : V — RU {+o0} is defined by

if veK
i (v) = { (J)r’oo’ " z;Kj (2.26)

As K is convex and closed, the functional ¢ is convex and lower
semicontinuous ([8], [22]). It is then natural to consider replacing ¢x

10



in (2.25) with more general convex lower semicontinuous functionals.
To explore this idea, we define the functional ¢ : V — R U {400} by

$(v) = o~ /Q lo]® dz, (2.27)

where we choose the exponent a in accordance with the convexity
requirement and with the Rellich-Kondrachov theorem ([1], [8]):

e for p < N, a € (1,p*), where p* = NN—_’;J is the Sobolev conjugate
of p;
e forp> N, a € (1,).

The functional ¢ is lower semicontinuous by Fatou’s lemma and, for
a > 1, is Fréchet differentiable, with derivative D¢ : V. — V* given
by

(Dop(u), v) = / lu|*2uvdz for wu,v €V, (2.28)
Q

where (-, -) denotes the pairing between V and its dual V*.
By the existence results in the following sections, there exists a
solution u € V of the corresponding variational inequality

/Qu'(t) (v(t) — u(t)) + |Vu(t) P 2Vu(t) - V (v(t) — u(t)) dz

+ ¢(v(t)) — (u(t)) > /Qf(t) (v(t) — u(t)) da,
VeV, ae. t€(0,T). (2.29)
As this holds for all v € V, we may substitute v(t) = u(t) + ¢, for
e >0, into (2.29) to find that wu(t) satisfies
e [ w0+ [Fu)Tut) - V¢ - f(0)¢da
Q

+ p(u(t) + ) — p(u(t)) 20, V¢ € C5°(2). (2.30)

Since ¢ is Fréchet differentiable, we have
p(u(t) +eC) — p(u(t)) = (Dg(u(t)) , ¢) + o(lleC]]).-

Substituting this into (2.30) and dividing through by ¢ yields

/Q W ()¢ + [Vu(t) P-2Vu(t) - V¢ — F()C da
o(le¢)

€

+(Dg(u(®), () +

>0, V¢ € CP(Q). (2.31)
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Letting ¢ tend to 0 and then repeating the argument for € < 0 (which
reverses inequalities), we obtain

/Q W (1)C + [Vu(t)P-2Vu(t) - V¢ — F()C da
+ (Do(u(t)), ()=0, V(€ C3°(Q). (2.32)

Recalling (2.28), it follows that u is a solution of the nonlinear evolu-
tion equation

% — V- (|VuP2Vu) + [u|*2u=f in Qx(0,7), (2.33)
with initial and boundary conditions

u(z,0) = ug(z) and (2.34)

u(z,t) =0 for zel. (2.35)

In case @ = 1, the above equation (2.33) will need to be replaced
by the problem

0
6—1: — V- (IVuP2Va) + 0(lu) 5 f in Qx(0,T),  (2.36)
where
1, ifu>0
lul={ [=1,1], ifu=0
-1, ifu<0,

(see subsequent discussion for such problems).

More general slow-fast inequality diffusion problems with differen-

tial operators of the form

Oou ) 9
Frie div (A(|Vu|*)Vu) + 0¢(u),
with A a fast (or slow) growing function, arise naturally in many
applications, as well. (See Section 3, where a static problem of this
type is discussed.)

Another interesting set of applications of parabolic variational in-
equalities involving the p-Laplacian (or other nonlinear diffusion op-
erators of the type just mentioned), i.e., equation (2.25), is the choice
of the indicator functional ¢, where the closed convex set K is given
by

K={ueW,?():|Vu| <1, ae. zcQ}.

12



Such problems, particularly for large values of p, serve as approximate
models for the formation of sandpiles, see e.g., [2], [24], [55]-

These examples show that, by choosing different functionals ¢,
the formulation (2.29) captures a wide variety of problems. The next
section exploits this observation.

3 The general problem

The progression of examples in Sections 2.2, 2.3, and 2.4 indicates a
general formulation of parabolic variational inequalities that encom-
passes many different problems. Given a reflexive Banach space V
and T < oo, we let V denote the space

Y =I120,T;V), (3.1)
whose dual is the space
V* = L*0,T;V*). (3.2)

This identification of V* is only possible because the underlying space
V is reflexive ([12], [17]). These are standard function spaces in the
treatment of evolution problems ([12], [16], [45], [59]). We require
further that V be continuously embedded in some Hilbert space H,
so that duality yields the pivot space structures

Ve H—=V" and V— H < V", (3.3)

where H = L?(0,T; H). Two consequences of (3.3) will be important
for us ([59]) ; first, the embedding

W:={veV|v eV} C(0,T];H) (3.4)

holds, which shows that initial data in the Hilbert space H are ap-
propriate for the problems that we discuss. Moreover, for functions
v € W, we have

G =2 [ ot oot do (35)

In addition to these spaces, we have an operator A : V — V* that

satisfies certain monotonicity and continuity conditions corresponding
to the operators that arise in elliptic variational inequalities. To make

13



the notation less cumbersome, we henceforth let a(-,-) denote the form
corresponding to A, i.e.,

a(u,v) := (Au,v), for wu,v €V,

where (-, -) denotes the pairing between V* and V. With this no-
tation, we recall the definitions of the relevant properties of A ([45],
[59]):

DEFINITION 3.1
An operator A:V — V* is

e monotone if
a(u—v,u—v) >0, Vu,v €V, (3.6)

and strictly monotone if equality forces u = v.

e hemicontinuous if the map
t— a(u + tv,v)

is continuous for each u,v € V.

e pseudomonotone if A is bounded and such that

up, = u and limsupa(un,u, —u) <0
imply (3.7)
a(u,u —v) < liminfa(up,u, —v), Vv e V.

As shown in [45], pseudomonotonicity ensures that A is a contin-
uous map from V to V*, where V is endowed with its norm topology
and V* is given the weak topology. Although we explicitly assume
pseudomonotonicity of A in the problem (3.10) stated below, it suf-
fices to verify monotonicity and hemicontinuity, as these two proper-
ties immediately imply that A is pseudomonotone ([45], [59]). As a
specific example, simple calculations show that the operator A, in-
duced by the p-Laplacian and introduced in Section 2.3, is monotone
and hemicontinuous, so it fits the framework outlined here.

Finally, we are given a functional ¢ : V. — R U {400} which is
convex, lower semicontinuous with respect to the topology of V', and
whose effective domain D(¢),

D(¢) :={veV | o) <+ }, (3.8)

14



is nonempty.

Note that the integrals occurring in the preceding parabolic varia-
tional inequalities gave the explicit action of V* on V. For conciseness,
as in the definition of the form a(:,-) corresponding to A, we there-
fore use (-, -) to denote the pairing between V* and V, so that the
following is the generalization of the problems considered in Sections
2.2, 2.3, and 2.4:

PROBLEM 3.2

Let the spaces V, H, V, and ‘H be as described above. Suppose that
the pseudomonotone operator A : V. — V* and the convex lower
semicontinuous functional ¢ : V. — R U {400}, with D(¢) nonempty,
satisfy the coercivity condition

lim = 00, (3.9)

for some vy € D(¢p). We seek u € V such that the parabolic variational
inequality

(u'(t) = f(t), v(t) —u(t)) + a(u(t), v(t) —u(t))
+p(v(t)) — p(u(t)) >0, Vv eV, ae. te (0,T) (3.10)
holds and such that u has the prescribed initial value
u(z,0) =ug(z) € H. (3.11)

A solution u of (3.10) necessarily belongs to the effective domain
of the functional ¢. Although we did not mention the coercivity con-
dition (3.9) in the previous examples, such conditions arise naturally
in minimization problems. They are typically used to guarantee that
certain approximate solutions form a bounded set; for spaces in which
bounded sets are precompact, we may then extract a convergent sub-
sequence (in the relevant topology) and try to show that the corre-
sponding limit solves the problem in question.

4 Elliptic variational inequalities

4.1 Minimization of Functionals

4.2 Notation and assumptions

Let E be a real reflexive Banach space and let E* be its topological
dual.

15



Let us assume that f: E — RU{oo} a weakly lower semicontinuous
functional which is coercive, i.e.,

fv) = o0, as v — o0,

and let K be a weakly closed set.

4.3 A minimization result
THEOREM 4.1

Assume the above, then there exists u € K such that

f(u) = min f(v). (4.1)

u€K

Proof: Since f coercive, f is bounded below on K. Hence a =
inlf{f('u) > —o00. Choose a minimizing sequence {v,} C K, i.e., f(v,) —
u€

a. Again, since f is coercive, we obtain {v,} is bounded. Further,
since E reflexive, we have that {v,} has a weakly convergent subse-
quence, say, after relabeling, v,, — u. Since K weakly closed, we find
that u € K. Now f being weakly lower semicontinuous implies

£(u) < Timinf £ (v),

n—oo

and therefore

f(u) = min f(v),

vEK
proving the theorem.

REMARK 4.1

Note that in the above theorem we have used the reflexivity of E to
produce a convergent subsequence from a bounded sequence. Thus, if
we use a different topology on E which has the property that bounded
sequences have convergent subsequences (with respect to that topol-
ogy) and that f is lower semicontiunous with respect to that toplogy,
then the above theorem will hold in this different setting. We shall
later have occasion to employ this fact.

4.3.1 Consequences

e If K= F and f € C!, then

and w is a critical point for f.
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e If K is convex, then
(f'(u),v—u) >0, VveK, (4.2)

i.e., u is a solution of a variational inequality.

4.3.2 On bilinear forms

Let
a: ExE—R

be a continuous, symmetric, coercive bilinear form, i.e.,
la(u,0)| < cillulllloll, alu,u) > eallull?,

where ¢ and co are positive constants. Let b € E* and K a weakly
closed set. Let us consider the functional

() = ga(u,w) — (bu),

then f is coercive, weakly lower semicontinuous, and C', hence Ju € K
such that

f(u) = min f(v).

vEK
If K is convex, then

a(u,v —u) > (b,v —u), VvekK. (4.3)

One immediately sees that problem (4.3) has a unique solution and
that problem (4.3) and (4.1) are equivalent problems.

Let T: E* — FE be defined by Tb = u, where u is the unique
solution of (4.3), then

1
|71 — Tha||g < aHbl — bal| - (4.4)

Therefore, if
F:E— E",

the variational inequality
a(u,v —u) > (F(u),v —u), Yv€K, (4.5)
is equivalent to the fixed point problem

u=TF(u). (4.6)
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4.3.3 Convex functionals

A functional
frE—=R

is strictly convex, if for all u,v € K, u # v, 0 <t <1,
fltu+ (1 —t)v) < tf(u) + (1 —t)f(v). (4.7)
It is convex if
flu+ (1 —t)w) <tfu)+(1—1t)f(v), 0<t<1. (4.8)
If f is convex and C?, then
fw) > flo)+ {(f'(v),u—v), Yu,v€K. (4.9)

From this we deduce that if f is convex and C! and v € K is such
that

(f'(v),u—v) >0, Vuek, (4.10)
then
£(4) = min f(w). (@.11)

And therefore if f is convex and C', then (4.10) and (4.11) are equiv-
alent problems, which are uniquely solvable if f is strictly convex and
if f is convex, the solution set is convex.

4.3.4 Cones
If K is a subspace of E, then (4.10) becomes

(f'(v),u) =0, VueK, (4.12)

ie., f'(v) e K+t ={be E*| (byu) =0Vu € K }.
If K is a cone , i.e.

u+veK,tue K,Vu,v e K,t >0,
then (4.10) becomes
(f'(v),u) >0, YueK (4.13)
(f'(v),v) = 0. (4.14)
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4.3.5 An obstacle problem

Let © be a bounded domain in RY and let E = L?(Q2). Let 9 € E be
given and let

K ={ue€ E|u(z) >9(z), ae. in Q}.

Then K is a closed, convex subset of E.
Let y € E and define f: E — R as f(u) = &[lul|? — [, yu. Then
there exists a unique u € K such that f(u) = mi}r{1 f(v) and further-
S

more u solves the variational inequality
(f'(w),v—u) >0, VvekK,
ie.,

/(u—y)(v—u) >0, YveK, (4.15)
Q

and the latter must have a unique solution. The natural candidate for
this solution is © = max(1,y), as one easily verifies by substituting
into (4.15).

4.3.6 Another example

1

Let E = L?(0,1), K = {u | [u = 1}. Then K is closed and convex
0

(hence weakly closed). Let

1

£ = [ =l

0

then f is weakly lower semicontinuous, coercive and C!, hence there
exists a unique u € K such that f(u) = H}}n f(v), which holds, if and

only if, ((-,-) is the L? inner product)
(f'(w),v—u) >0, VveEK,

i.e.
(u,v —u) >0, YveEK,

or
(u,0) > (u,u), Vv e K,
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i.e.

1 1
/U’UZ/U2, Vv € K.
0 0

1 1
[k,
0 0

1
/ule, Vv € K.
0

On the other hand

N =

and hence

Clearly u = 1 solves the inequality.

4.3.7 Some references

For additional and more detailed examples see the following: [6], [13],
[14], [21], [26], [35], [47].

4.4 General variational inequalities

Let
a: ExFE—R

be a continuous, coercive, bilinear form, b € E*, and K a closed convex
set.

4.4.1 The problem

We pose the following problem: Find (prove the existence of) u € K
such that

a(u,v —u) > (b,v —u), VvekK. (4.16)

In case a is symmetric, this problem has been solved above, thus, what
is of interest here, is the case that a is not symmetric.

The development in this section follows closely the development in
[48] and [35].
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4.4.2 Uniqueness of the solution

Using properties of bilinear forms, one concludes that for all b € E*,
problem (4.16) has at most one solution and if by, bs € E* and solutions
u1, U9 exist, then

1
|lur —uo||lp < —||b1 — ba||E~,
C2

where c3 is a coercivity constant of a (cf. (4.4)).

4.4.3 Existence

Since the existence of a solution has been proved if a is symmetric, we
write
a = Qe + Gy,

where

L (a(u, ) + a(v,u))

ae(ua U) = 2

ao(u,v) = %(a(u,v) —a(v,u)),

then a. is a continuous, symmetric, coercive, bilinear form and a, is
continuous and bilinear.
Consider the family of problems

ae(u,v —u) +tag(u,v —u) > (v —u), Yve K, 0<t<1(4.17)
or equivalently
ae(u,v —u) > (byv — u) — tao(u,v —u), Vve K, 0<t<1(4.18)
For w € K consider
ae(u,v —u) > (b,v —u) —ta,(w,v —u), YwveK, 0<t<1(4.19)
Note that for fixed w € K,
by = b —tay(w,-) € E*,

hence there exists a unique © = T'w solving (4.19) and

1
[Twn = Twslls < = 1bwy = bu |-
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On the other hand

[bw; = bu ||+ = S tlao (w1, u) — ao(wz,u)| < tey||wr — wo| g,
ul||=1

and hence

tcy
||T’LU1 - T’wQHE < a”wl - ’U)2||E,

and T': K — K is a contraction mapping provided tc%l < 1. We hence
have a unique solution of (4.18) as long as t < 2.

Let at, = a.+toa,, where tg = 2%, then ay, is coercive, continuous
and bilinear, and the problem

aty(u,v —u) > (d,v —u), YveK (4.20)

has a unique solution for all d € E*.

Note that the coercivity and continuity constants of a;, may be
chosen the same as those of a,. Hence by the uniqueness result in
section 4.4.2 above, we have for di,ds € E* and ui,us solutions of
(4.20) that

1
[ur — uzllp < —|ld1 — da| -
€2
For fixed w € K consider
aty(u,v —u) > (d,v —u) — Ta,(w,v —u), Vve€K, (4.21)

and apply earlier reasoning to conclude that (4.21) has a unique solu-
tion Tw € K, and, as long as, 0 < 7 < 22, then

TC1
[Twy — Tws||p < Ele — w5
Thus, we may apply the contraction mapping principle to get a unique

solution of (4.19) for 0 < ¢t < 2¢y. Continuing this way we arrive at
the unique solvability for £ = 1.

4.4.4 A second order boundary value problem

Let Q be a bounded open set in RY | let {aij(m)}f:[j:l C L*®() be
such that

Zaij(:z;)fifj > colé?, €€RY, ¢ >0 a constant.
2%
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Let E = H}(Q) with ||u||§{1(m = [|Vul?, and let a(u,v) be given
° Q
by

a(u,v) Z/a” Buﬁv—/Vv {ai;}Vu.

%,7 Q
Then

la(u, v)| < erl| Vo2 Vullzz, - er = maxlaij| o)
3.

and
la(u,u)| > ol Vull7..

For b € L*(Q) C H{(Q)* we obtain the existence of a unique u €
H} () such that

a(u,v —u) Z/b(v—u), Vv € Hy (),
Q

hence

a(u,v) = /b’u, Vo € H} (D),
Q

or in a distributional sense the partial differential equation
- Z Bj(aijaiu) =b
2%

will have a unique solution u € H{(Q) (see also [8], [23], [29], [47)).

4.4.5 A unilateral problem

Let bg,cog € L*°(0,1), h € L?(0,1), 19,41 € R. Consider the unilateral
problem
—u" 4+ bou' + cou = h
u(0) > 1o, u'(0) <0
u(1) > 1, /(1) > 0 422
(u(0) — tho)u'(0) = 0 = (u(1) — h1)u'(1).

We let E = H'(0,1), ||Jul?> = fu —I—f
K ={ueE[u(0) =10, u(l) > o}
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On E x E define the continuous bilinear form

Then (4.22) is equivalent to
1
a(u,v —u) /hv—u Vv € K. (4.23)
0

If u solves (4.22) then u” € L?(0, 1), hence the boundary conditions
make sense. Thus multiplying the differential equation in (4.22) by
v —u and integrating by parts one obtains

flu'(u —v)' + flbou'(v —u)+ flcou(v —u) = [h(v—u) + (v —u)u|},
0 0 0

Vv € K,

Ct—

a(u,v —u) — /h('u —u) = (v(1) —u(1))d (1) — (v(0) — u(0))u'(0).
0

If w(0) > vy and u(l) > )1, then the right hand side equals 0. If,
on the other hand, u(0) = ), then 4/(0) < 0 and v(0) > u(0) or
u(1) = 1)1, then u'(1) > 0 and v(1) > u(1). Thus, in any case,

1
a(u,v — u) Z/h(v—u), Yv € K.
0

Conversely, if u € H'(0,1) is a solution of (4.21), we may choose
v=u+¢, ¢ € C§°(0,1), and obtain

a(u, ¢) > / ho, Vo e CE(0,1),
Q

and hence the differential equation (4.22) holds in a weak sense im-
plying that u" € L?(0,1), and thus «' has a trace.

24



Since u € K, we automatically have u(0) > 1o, u(1) > 1. Again,
since the differential equation is satisfied, we may multiply it by (v—u)
and integrate by parts and obtain that

(v(1) = u(D)u'(1) = (v(0) — u(0))u'(0) >0,

(
Vv € K. Choosing v(0) = u(0) and v(1) > u(1), we obtain u'(1) > 0
and similarly we obtain u/(0) < 0. Further, choosing v(1) = 1,
v(0) = 1)y, we obtain

0> (u(0) — 1ho)u'(0) > (u(1) —p1)u'(1) >0,
and hence
(u(0) — 10)u’(0) = (u(1) —¥1)u'(1) = 0.
A partial differential equations analogue of this problem is
N N
- Z 0j(a;;0iu) + Z a;0;u + agu = h, in Q,
i,j=1 i=1

subject to the unilateral constraints

u > P,
oru
- >0
o — 7
oru
— )X — 0
w-9)L = o,
oru
0 Zaijnjaiu, on 0f),
iJ
where v = (n1,n9,--- ,ny) is the unit outward normal vector field to

Q.
For further material on unilateral problems see [18], [19], [38], [37],
[44].
4.5 Quasilinear inequalities
4.5.1 Set-up

We now consider the case of more general inequalities of the form

(A(u) — fv—u)+j(v) —j(u) >0, YveE, (4.24)
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here
A:E—E*, feE*

and
j: E— RU{oo}

is a convex lower semicontinuous functional which is bounded below
and such that

D(j) ={ve E|j(v) < oo} #0,

and which is such that (there is no loss in generality in making this
assumption)

7(0)=0, j: E— [0,00]
Concerning A we shall assume:
e A is monotone, i.e.

(Au — Av,v —u) >0 Yo,u € E.

e A is continuous on finite dimensional subspaces, i.e., for all finite

dimensional subspaces M of E, the mapping

u +— (Au,x)
M — R

is continuous Vx € E.
e A is a bounded mapping.
e Jug € D(j) such that

L (A o) + ()

1m
l[ul[ =00 ||

(a coercivity assumption).

We have the following theorem (see [7], [9], [61]):

THEOREM 4.2
Vf, Vj (4.24) has a solution. If A is strictly monotone, i.e.

(A(u) — A(v),u —v) >0, v#u,

only one solution exists.
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This will allow us to define
Taj: E* - E

as
Tajf =u,

where u is the unique solution of (4.24), and, if we are given F': E —
E*, to find the solutions of the inequality

(A(u) — F(u),v —u) + j(v) —j(u) >0, VYveE, (4.25)
is equivalent to finding solutions to
u=Ta;F(u). (4.26)

We sketch a proof of the existence of a solution to the equation (4.24)
in the case 7 = Ix, where

oo, v€K
I’“(”):{ 0 vi}{

is the indicator functional of a closed, convex set K in E.
Let Kg denote the following set

Kr={ue K||u| <R},
and consider the problems
(A(u),v—u) >0, YveK, (4.27)
and
(A(u),v —u) >0, VYve Kpg. (4.28)
We have the following lemma:

LEMMA 4.3

A necessary and sufficient condition that (4.27) have a solution is
that there exists R > 0 such that a solution ug of (4.28) exists with
lurll < R.
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Proof: If a solution of (4.27) exists with |lu|| < R, then u solves
(4.28).
Conversely, if ug solves (4.28) with ||ug|| < R, then given y € K,

w=1ugr + €(y — ugr) € Kg,
for € > 0, small. Consequently
up € Kr C K,

and
0 < (A(ur),w —ur) = e{A(ur),y —ur), Vy€ K.

Hence, since € > 0, the lemma, is proved.

4.5.2 Finite dimensional considerations

We next consider the case that the problem be finite dimensional and
K is a bounded convex set. Then the problem

(A(u),v—u) >0, YveK, (4.29)
is equivalent to the problem
(—A(u),v —u) <0, YveEK,

or
(uyv —u) > (u— A(u),v —u), W€K,

and hence by earlier considerations, it is equivalent to the fixed point
problem (here we have identified pairing with the inner product)

u="T(I - A)(u),

where T is the solution operator defined by the bilinear form a(u,v) =
(u,v) (the nearest point projection, cf. Section 4.3.2). On the other
hand, since

T(I—-A): K — K,

it has a fixed point.
If K is not bounded, we consider the problem

(A(u),v —u) >0, YveKpg. (4.30)
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This problem has a solution up € Kr. We now let R — oo and use
the coercivity condition, which reads that for some uy € K,

A _
lim (A(u),u —ug) _
JJul[ 00 (||

(4.31)

Let us then consider ||u|| >> 1, u € K. We then conclude from (4.31)
that
(A(u),u — ug) > 0.

Choosing R so that ug € Kg, we have
(A(u),up —u) <0 forlu|| >> R,

hence ||ug|| < R and we obtain the result.
To complete the proof we shall need the following result (cf. [49]).

THEOREM 4.4 (Minty)
Let A: E — E* be monotone, then u € K satisfies

(A(u),v —u) >0, YveK,

if and only if
(A(v),v —u) >0, VveK.

Proof: If
0 < (A(v) — A(u),v — u) = (A(v),v — u) — (A(u),v — u),

then
0 < (A(u),v —u) < (A(v),v — u).

Conversely, let w € K and set v = u + t(w —u), 0 <t < 1. Then
0 < (A(u +t(w—u)),v —u),

and thus
0 <{(A(u),w —u), YweK.

Let E be infinite dimensional and K be bounded. Then for v € K,
S() = fu € K | (A(v),v —u) > 0}

is weakly closed, hence compact with respect to the weak topology.

Therefore
) S)
vEK
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is a weakly compact set.
That this set is nonempty will follow from the finite intersection
property. Thus let {v1,..., v} C K. Then we claim

S(’Ul) N S(’Ug) n...N S('Um) # .

Let M be the finite dimensional subspace spanned by {v1, ..., v, } and
let Ky = K N M. Then, as before, there exists ups € Kps such that

(A(upr),v —upr) >0, Yo e Ky,
and by Theorem 4.4,
(A(v),v —upm) >0, Vv e Ky,
in particular
(A(vy),v; —up) >0, Vi=1,...m,

SO
Up € S(’Uz'), Vi=1,..,m.

Hence, there exists u € S(v) such that

(A(v),v —u) >0, Yve Ky

and using Theorem 4.4 once more, we obtain the result.
If K is unbounded, we employ the coercivity condition imposed on
A and argue as before.

4.5.3 Fixed points for non expansive operators

Let E be a Hilbert space and let K be a bounded, closed, convex
subset of F.
A mapping
F.:K—> K

is called non expansive (see [11]), whenever
|Fu— Fo|| < |lu—v|, Yu,v € K.

Using the above result we establish the following theorem.
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THEOREM 4.5
Let E be a Hilbert space, K a closed, bounded, convex subset and

F:K—= K

be a non expansive mapping. Then the set Fix F = {u € K | F(u) =
u} is a nonempty, closed, and convex subset of K.

Proof: The following calculation shows that the mapping I — F is
monotone:

(u—v—F(u)+ Fv),u—v) =
(u—v,u—v) —(F(u) + F(v),u —v) =
lu —v||* = [|1F(u) — F(v)||[lu—v]| > 0.
Let P be the projection operator associated with K, then
I-FP

is monotone also, and for any wug,

Using the results in the previous section with Au = u — F'P(u), one
concludes that there exists u € K such that

(u—FP(u),v—u) >0, VYveK,

and hence
(u—F(u),v—u) >0, VveK.

Letting v = F(u), we have
(u— F(u), F(u) —u) >0,

u=F(u).

That Fix F is closed and convex follows easily.
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4.5.4 Continuity of the solution operator

We return to inequality (4.24) and impose the following additional
conditions on A :

e A is strictly monotone.

e Jc > 0, 3p > 1 such that
(Au,u) > c||ulP.
e A belongs to class (S5), i.e., V{v,} € E such that v, — v and
lim(A(vy,), v, —v) =0,

it follows that
Uy —> V.

Define the solution operator
P:E*— E

by
Pf=u

where u is the unique solution of
(A(u) — f,ov—u)+j(v) —j(u) >0, YveE. (4.32)
We have the following theorem (see [44]):

THEOREM 4.6
P is a continuous operator.

Proof: Let {f,} be such that
fn— fin E*

and let u, = Pf,. Then it follows from (4.32) and the properties of A
that

cllun|[” < (fn, un)

and hence (since p > 1) that the sequence {u, } is a bounded sequence.
It therefore has a weakly convergent subsequence, say, after relabeling,

Up — W.
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A straightforward calculation shows (using Minty’s theorem and the
fact that solutions are unique) that w = u must solve (4.32). Le.,
all such subsequences must have the same limit and thus the whole
sequence converges weakly to u.

Again, using the form of (4.32), we obtain

(f = frsu—up) > (Aupn) — A(u), un — u)
and therefore by the monotonicity of A that
lim(A(u,) — A(u), up, —u) = 0.

And therefore
lim(A(up), un —u) = 0.

Since A belongs to class (S) we deduce that
Up —> U,
proving the continuity.

4.5.5 On the p-Laplacian

Let Q be a bounded open set, with smooth boundary ¢Q2, E = Wol’p(Q),
€ (1,00), E* = W~14(Q), where the dual space is given by

W) = {f [ f= D (-1) 400 : ga € LUQ)},

lal<1

and % + % = 1. The pairing (f,u) is given by

(fruy="" /ga</>“w
le|<1 g
Let AE — E* be defined by

(A(u),v) :/|Vu|p2Vu-Vv.
Q

Then for p > 2, N > 1,

(Au — Av,v —u) > cllu — v||P.
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Whereas for N > 1 and all p € (1, 00),
(Au — Av,v —u) > c(|[ulP~" = lolP~H) ([lull = [lv])-

These calculations show that A is a strictly monotone operator.
We may therefore conclude that for all f € W 14(Q) (e.g. f €
L1(Q) ), 3w € E such that

—div(|Vu[P2Vu) = f,

in the sense of distributions. On the other hand, if v, — v and
lim(Avy,, v, —v) = 0, then

(Avy, — Av, v = v) > c([|valP~ = [[olP~) (ol = lloll)
implies that (note p > 1)
[onll = lvll,
and since WO1 (Q) is a uniformly convex space,
vn=v  oall = o]l

implies
Up — 0,

and therefore A belongs to class () which has as a consequence that
the solution operator is a continuous mapping.

4.6 Existence results

Throughout we shall assume that V is a real Banach space with its
topological dual denoted by V*, and the pairing between V* and V,
by (-,-). Let

F:V 5 RU=zoo = [—00, ]

be a functional with effective domain
D(F) ={ue V| F(u) # £oo}.

A point u* € V* is called a subgradient for the functional F' at the
point u provided that u € D(F') and

F(v) > F(u) + (u*,v —u), Yv € V. (4.33)
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The set of all subgradients at a point u € D(F') is denoted by 0F (u)
and called the subdifferential of F at the point u. (Concerning the
properties of the subdifferential for convex functions, we refer the
reader to [54] and [62].)

We shall state and prove here, one of the basic results relating
minimization problems with variational inequalities. To this end we
shall assume that the functional F' has the following properties:

F,J,j:V — (—o0,]

where F' has the form
F=7J+j,

where J and j are functionals which are lower semicontinuous with
respect to a topology 7, i.e., the sets

{ul|J(u) <a}, {u]j(u) <a}

are closed with respect to 7 for each a € R. Further we assume that
F' is coercive, i.e., that

F(u) — oo, as ||lu|| = oo,

and that bounded subsets of V' are precompact with respect to the
topology 7.

The topologies 7 most frequently employed are the weak topology,
in case V is a reflexive space, or the weak star topology, in case V is
the dual of a separable space. In what is to follow, examples for both
cases will be of interest.

We have the following result. We also give a brief sketch of a proof.

THEOREM 4.7

Assume the above conditions and that J is convex and D(J) # 0, D(j) =
V, with j Gateaux differentiable, with Gateaux derivative j'(u). Then
there exists u € D(J) such that

F(u) = min F(v)

veV
and
0 € 0J(u) + 7' (u), (4.34)
or equivalently that
J(v) — J(u) + {§'(u),v —u) >0, Vo € V. (4.35)
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It follows from the assumptions on F' (particularly the assumption
of lower semicontinuity and coercivity) that F' is bounded below, say,

o0 < a:= inf F(v).
veV

We thus obtain a bounded sequence {u,} with
F(up) — a,

and therefore a subsequence {uy,; } such that, with respect to the topol-
ogy T,
Up; — U,

and
F(u) = a.

Therefore
F(u) = J(u) +j(u) < F(v) = J(v) + j(v), Vo e V.

Hence, for t > 0 and v € V' < we obtain

0<

o~ | =

(J(u+t(v—u) = J(u) + % (U (u+t(v —u)) = j(u)),

and, using the convexity of J and the differentiability of j, we obtain

0 < J(v) — J(u) + (' (u), v — u) + %o(t),

from which follows (4.35) and thus, by definition of the subdifferential,
—j'(u) € 0J (w),

i.e., we also have (4.34).
For monotone mappings we have another fundamental result ([45]),
known as the Browder—Minty Theorem. It is the following:

THEOREM 4.8

Let V be a reflexive Banach space, and let A : V — V* be a monotone
hemicontinuous mapping which is bounded. Let ¢ be a convex, lower
semicontinuous functional from V' to RU{oco} with nonempty effective
domain D(¢). Finally, suppose that A and ¢ satisfy the coercivity
condition

lim = o0, (4.36)




for some uy € D(¢). Then, for all f € V*, there exists a solution
u € V of the variational inequality

(Au—f,v—u)+¢d(v) —¢p(u) >0 YveV. (4.37)

The solution is unique, whenever A is strictly monotone.

We point out important special cases of the above theorems, when
in the case of Theorem 4.7 the functional j and in the case of Theorem
4.8 the functional ¢ are the indicator functionals of a convex set K in
V, ie.,

0, for ue K
lu) = { oo, for u¢gK,

with the set K closed with respect to either the topology 7 (Theorem
4.7) or the topology of V' (Theorem 4.8).

In these cases, the solution u of the variational inequality (4.37)
clearly belongs to the set K; such sets K typically correspond to ob-
stacles, unilateral constraints, or certain boundary conditions.

For more information on static variational inequalities, we refer to
(3], [13], [21], [26], [34], [35], [44], [43], [56], and the references which
they provide.

(4.38)

4.7 An example

Let us consider the boundary value problem

{—div(A(IVu|2)VU)+F($a“) = 0, in Q (4.39)

u = 0, on (Q,,)

where Q C RV is a bounded domain with smooth boundary.
Let
$:R =R, ¢(s) = A(s?)s.

Then, if ¢(s) = |s|P~Ls, p > 1, problem (4.39) is the stationary equa-
tion corresponding to some of the problems indicated in the previous
section, and is fairly well understood and a great variety of existence
results are available. These results are usually obtained using varia-
tional methods, monotone operator methods or fixed point and degree
theory arguments in the Sobolev space WO1 P(Q). If, on the other hand,
we assume that ¢ is an odd nondecreasing function such that:

$(0) =0, ¢(t) >0, t >0,
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lim ¢(t) = oo,

t—o0

and
¢ is right continuous,

then a Sobolev space setting for the problem is not appropriate. The
first general existence results using the theory of monotone operators
in Orlicz-Sobolev spaces were obtained in [20] and in [30], [31]. Other
recent work that puts the problem into this framework is contained in
the papers [15] and [27].

We assume that F' : 2 x R — R is a Carathéodory function that
satisfies certain growth conditions to be specified later.

A natural way of formulating the boundary value problem is a
variational inequality formulation of the problem in a suitable Orlicz-
Sobolev space. In order to do this we shall have need of some facts

about Orlicz-Sobolev spaces which we shall give now.
t

Let us put ®(¢) = / ¢(s)ds, t € R. Then @ is a Young (or N-)
0
function (cf. [1], [36], [39]). Also, following these references, we denote

by @ the conjugate Young function of @, i.e.,
®(t) = sup{ts — ®(s) : s € R},

and by ®* the Sobolev conjugate of @, i.e.,

. td=1(s)ds
(@) 1(t) = / 2 ()ds g (4.40)
0 s8N
provided that
© H—1
/ %fzdsds = 00. (4.41)
1 sN

Let ® be a Young function. The Orlicz class Lg := Lg(Q) is the
set of all (equivalence classes) of measurable functions u defined on 2
such that

/ O(|u(z)])dz < oo.
Q

The Orlicz space Ly := Lg(Q) is the linear hull of Lg, i.e., the set of
all measurable functions u on £ such that

/<I> (@) dxr < oo, for some k > 0.
Q
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Then Lg is a Banach space when equipped with the norm (the Lux-
emburg norm)

||u||q>:inf{k>0:/@(M>d$§1},
Q k

or the equivalent norm (the Orlicz norm)

lull(@) = sup{‘/ uvdz
Q

If ®; and @, are two Young functions, one writes

cve Ly, /5(|v|)dm§1}.
Q

D1 < @y,
provided there exist constants ¢y and k£ such that
®1(t) < Pa(kt), t > to,
and one says that ®; and ®9 are equivalent whenever
®; < Py and @5 < 4.

If ®; and @4 are equivalent, then they determine the same Orlicz
space. Also, it is the case that the imbedding

Lq,z — L<I>15

is continuous, whenever ®; < ®,.
The closure of L in Lg is denoted by E3, which is a separable
Banach space. The Orlicz-Sobolev space W!Lg := W!Lg(Q) is the set
(u,)

of allu € Lg such that the distributional derivatives ( i)u = i’ i=

Ty %
1,-++, N, are also in Lg. This is a Banach space with respect to the
norm

N
lullie = llulwir, = llule + Y I{iulle.
i=1
It is known (cf. [36], [53]) that Le is the dual space of Fg, i.e.,
Ly = (E5)*, and Lz = (Es)".

The space W'Eg is defined similarly.
We denote by W} Le the closure of C§°(2) with respect to the
weak* topology.
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We also mention a notion of relative growth of Young functions
which will play a role in our considerations (cf. [1], [36], [39]). A Young
function @, is said to grow essentially more slowly than another Young
function ®5, abbreviated by

D K Py,
if
D4(2)
im
t—00 CI)Q (kt)
Now, we formulate and extend (4.39) as a variational inequality in
a suitable Orlicz-Sobolev space.
Multiplying both sides of (4.39) by v € C§°(Q2) and integrating by
parts (provided these integrations may be performed), we see that the
weak form of (4.39) is

=0, Vk > 0.

/ A(|Vul|?)Vu - Vodz +/ F(z,u)vdz = 0. (4.42)
Q Q

A natural choice of the space of test functions v is, of course, W Le.
However, the mapping u — L(u), where

(L(u),v) = / A(Vul2)Vau - Vodz, v € Wi Lo,
Q

is not necessarily defined on the whole space, we, hence, formulate
(4.42) as a variational inequality.
Consider the functional

J:WyLe — RU {o0}, J(u) := /Q<I>(|Vu|)dac.

[0}
Since éf ’Z(|§|) = A(|¢]))&, i =1,..., N, we have, at least formally,
)

N
"(w),v) = wl?) () ul vdz = u|®)Vu - Vodz.
(' (), v) /QZZ_;A"V'”’”’” /QA<|V|)V Vod

Let us now assume that F' satisfies the growth condition
|F(z,8)| < B(z) + |¥4(s)], seR, €K, (4.43)

where U is a differentiable Young function such that Wy is strictly
convex,

Ty < 7, (4.44)
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and
B e L%. (4.45)

We then may, for u € W!Lg, define k(u) € (W'Lg)* by
(k(u),v) := / F(z,u)vdz, Vv € W!Ls.
Q

The following lemma holds (see [43]):

LEMMA 4.9
The mapping
k:WlLe - (W'Lg)*

is continuous.

In many situations, it is more convenient to work in an Orlicz space
which lies between Lg« and Ly,. We choose a Young function ¥ such
that

Uy < ¥ < P, (4.46)

We can replace, because of this ordering, ®* by ¥ in the proof of
Lemma 4.9 and obtain:

LEMMA 4.10
Ifu € Ly, then 1o(u) € Ly, and

F(-,u) € Lg, C Ly (4.47)
Moreover,
1EC,w)llg < CIFC,u)llg, < [1Blig, + lvo(lul)lig,-

We also have:

LEMMA 4.11
Ifu € Ly, then F(-,u) € Ly. The mapping

k:ur k(u)=F(,u)
is continuous and bounded from Ly to L.

Thus one may formulate (4.42) (at least formally) as the equation:

J' () + k(u) = 0. (4.48)
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However, J is not differentiable in general (J is not even defined on the
whole space Wi Lg, since J assumes, in general, finite values only on
a convex, nondense subset of W Lg ). On the other hand, since J is
convex and lower semicontinuous (as will be stated later), we replace
(4.48) by the inclusion

0 € 8J(u) + k(u), (4.49)

where dJ is the subdifferential of J; this, in turn, is equivalent to the
variational inequality

{ J(v) = J(u) + (k(u),v — u) > 0, Vv € Wy Lg (4.50)

u € W01L<p.

The advantage of this formulation is that solutions of (4.49) are in-
cluded in the effective domain of the functional J,

D) = {u € Wlle: J(u) = /Qé(\VuDd:v < oo}

We therefore may consider (4.50) as the variational inequality for-
mulation of (4.42) (and hence (4.39)).

We now proceed to discuss the existence of solutions of (4.50) and
more general inequalities. We first provide some properties of the
functional J, (see again [43]).

LEMMA 4.12
The functional J is convex and lower semicontinuous on W'Lg. If ®
is strictly convex, then J is strictly convex on W{ Le.

In what follows, we consider the following variational inequality
associated with the boundary value problem (4.50):

{ J(v) = J(u) + (k(u),v —u) >0, Vo € K (4.51)

u € K,

where K is a convex subset of Woqu), closed with respect to the weak*
topology and 0 € K (in the case K = W} Lg, (4.51) reduces to (4.50)).
We consider the problem that & is independent of wu:

{ Jw)—Ju) + (k,v —u) >0, Vv € K

LEK, (4.52)

with k € Ly, (k,v) = [, kvdz, v € W{Ls.
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We may rewrite (4.52) as

{ J() + (k,v) > J(u) + (k,u), Vv € K
u € K,

and see that u solves (4.52) if and only if u is a minimizer of the
problem

Umellr(l[J(v) + (k,v)]. (4.53)

We will indicate why (4.53) has a solution.
To accomplish this we shall, in what follows, make the additional
assumption:

e O satisfies a Ay condition at infinity (cf. [36]), which has as a
consequence that Lz = E5.

It follows from the work in [30] that in the space W L a Poincaré
inequality holds and consequently that |||Vu||l¢ furnishes an equiva-
lent norm for Wochp. Thus for u € W01L¢, we shall henceforth use

[ull = [[1Vullle-
We have the following lemma ([43)):

LEMMA 4.13
The functional J is sequentially lower semicontinuous with respect to
the weak* topology of W} L and is coercive in the sense that

J(u)

Tl — 00, as ||lul]| = oc. (4.54)
u

From this lemma, and Theorem 4.7 we obtain the following result:

THEOREM 4.14

For each k € Ly (C (WyLe)*), the set Uy of solutions of (4.53) (and
thus of (4.52)) is nonempty, convex, and bounded in W Lg, and thus
precompact in Ly. The solution set is a singleton, whenever ® is
strictly convex.

In case k is dependent upon w, various assumptions may be im-
posed on k in order that Theorem 4.7 may be applied to deduce the
existence of a solution of (4.51). We remark that conditions have been
given in [15] guaranteeing that k = j' for some functional j.
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5 Parabolic Variational Inequalities

Rothe’s Method ([33], [50], [63]), also known as the method of lines
or the method of semidiscretization, is an extension of the backward
Fuler scheme for initial value problems for ordinary and parabolic
parabolic partial differential equations and is a powerful tool in both
the theoretical and numerical analyses of evolution problems. To illus-
trate the method, we use it to solve the sample parabolic variational
inequality (2.13) discussed in Section 2.2.

5.1 The problem
Let us recall the problem posed: Let H = L?() and

Ve H<=V"

where V = H} (). Furthermore let K be a closed convex set in V.
Find u € K with u(0) = up € H and such that

(u'(t), v(t) —u(t)) + a(u(t),v(t) —u(t)) >0,
Vve K, ae. t€(0,7), (5.1)
where
K={veV|v(x)>0 for z€T}, (5.2)

and K consists of those v € V such that v(t) € K for a.e. t € (0,7),
and a(-,-) is the form

a(u,v):/Vu-Vvdx for u,veV.
Q

As mentioned earlier, this problem models diffusion in a domain with
a semipermeable boundary.

5.2 Rothe’s method
The first step of Rothe’s method is to partition the time interval [0, 7]

into n equal subintervals [¢t;_1,%;], where i = 1,2,...,n, t; =1h, and

h is the mesh width —. For each ¢ = 1,2, ..., we consider the problem
n

of finding a solution u; € K of

U — Uj—1

( 7 , U —u;) +a(u,v—u;) >0, Vv e K. (5.3)
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with
uy = up(x), z € Q.

Rewriting inequality (5.3) in the form

%(ui,v—ui)+a(ui,v—ui) > %(ui_l,v(t)—ui(t)), Vo e K, (5.4)

and observing that u;_; is known at each step, we see that (5.3) is an
elliptic variational inequality for the bilinear form

1
u,vr—>—/uvdx+/Vu-Vvdx (5.5)
h Ja Q

defined on V' x V. For n large, the coefficient 1/h is large, so the
form (5.5) satisfies the coercivity condition (4.36) with vy = 0. Our
basic existence result (4.8) therefore applies to the elliptic variational
inequality (5.3) to guarantee a solution u; € K.

We thus obtain n autonomous functions u; € K, ¢ =1,...,n, that
may be combined to form Rothe’s function, a proposed approximate
solution of the original parabolic variational inequality:

(2, ) = w1 () + © _}f"*l (wa(2) — w1 (z), t € [tiog,ti] (5.6)

Observe that Rothe’s function u, (x, t) is linear in time over each subin-
terval [t;_1,1;]; the time variable plays the role of a homotopy param-
eter connecting u;_1 at time ¢;_; to w; at time ¢;.

To show that u,(z,t) converges to a solution u(z,t) of (5.1) as
n — 00, we establish some necessary estimates and then apply the
Arzeld—Ascoli Theorem. Thus, for j > 2, we take v = u; in the
inequality (5.3) for ¢ = j — 1 and v = u;_; in the inequality for i = j
to produce

Uj—1 — Ui
( % s uj — uj—1 ) +a(uj_1,uj —uj_1) >0, (5.7)
U; — U;—
(jT“ s uj1 — uj) + a(ug,uj 1 —uj) > 0. (5.8)
Adding inequalities (5.7) and (5.8) yields
EII uj—uj 1 ||°+|| V(uj—uj1) [|° < E(uj,l—uj,% uj—uj-1), (5.9)

from which we obtain

uj—uj— [[P+2R || V(uj—uj—1) |* < [Jujo1—uj—2 | §>2 (5.10)
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by applying the Cauchy—Schwarz inequality and using the elementary
inequality 2ab < a2 + b%. The norm || - || being used here is the norm
of H = L?().

For the case j = 1, we choose v = ug in (5.3) to get

1
EHul —ug [|” + || V(w1 —uo) [|* < |{ Vuo, V(ur — uo))|-

If the initial datum ug belongs to H2(Q) N H{ (), integration by parts
reveals that

[(Vuo, V(ur —uo) )| < [(Aug, ur —uo)| < || Aug || || ur —uo [,

so that we have the basic bound

[t
h

<1l Aug |- (5.11)

Combining this estimate with inequality (5.10) shows that

Ui — Uj—1

M= <0, =12, (5.12)

for some constant C that is independent of n. Upon choosing v = u;
in (5.3), a similar uniform bound involving the norm of V follows:

||Uz||VSC ’i:l,?,...,n. (513)

These bounds provide a uniform estimate on the derivative u/,,

since
Ui — Ui—1

!
" h

U
Thus, (5.12) says that
|u, || <C for tel0,T], (5.14)
which immediately gives the equicontinuity result
lun(t) —un(r)| < Clt—7|, for t,7€0,T]

for the family {u,}, n € N. The Arzela—Ascoli Theorem and the
compact embedding of Hj(f2) into L?(€2) then guarantee that u, con-
verges to some function u in the space C ([0,T], L*(2)). In fact, u
is Lipschitz continuous and therefore differentiable almost everywhere
in [0, 7).
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It remains to show that the limit u solves the parabolic variational
inequality (5.1). To accomplish this, we next define %, () to be the
step function

ﬂn(t) =u; for te€ [ti—lati]- (515)

It follows from (5.13) that {@,} has a subsequence that converges
weakly in H}((2), which we relabel as {%,}. Moreover, (5.12) yields

the bound c
[un(t) —un(t)] < —,
n
from which it follows that the weak limit of this sequence is u. By ex-
ploiting the bound (5.14) in a similar fashion, we see that u), converges
weakly to u' in L2 (0, T; L%(12)).
In terms of u, and %,, the elliptic variational inequality (5.3) is

(un, (t), v(t) —Un(t)) + a(@n(t),v(t) —un(t)) >0, Vo e K, (5.16)

which holds almost everywhere in [0,7]. For arbitrary points 71 and
79 in [0,T], integrating (5.16) from 71 to 7o gives

/72 (. (2) , 0() = Tn(t) ) + a(Tn(t), v(t) — Tn(t)) dt > 0, Vo € K.

1
(5.17)
Taking lim inf as n — oo in this inequality, we have

T2
/ (u'(t), v(t) —u(t)) +a(u(®),v(t) —u(t))dt >0, Vv € K, (5.18)
T1
since U, — u and u), — u in L? (0,7;L*(2)) and the bilinear form
a(-,-) is weakly lower semicontinuous. As (5.18) holds for any 7 and
T9, the parabolic variational inequality (5.1) follows, proving that u is
the desired solution.

Rothe’s method for parabolic variational inequalities (3.10) may
thus be summarized as the following algorithm:

e For a given integer n, divide the time interval [0,7] into equal

intervals of width h = P

e For each 1 = 1,...,n, obtain a solution u; € K of the elliptic
variational inequality

<%_f,v—uz')+a(uiav—ui)20 Vo € K, (5.19)

where u; 1 € K is known.
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e Construct Rothe’s function u,(z,t) (5.6) and prove that {uy}
converges to a solution u of (3.10) as n — oo.

The first two steps of this procedure are simple, as long as there
are existence results for elliptic variational inequalities involving the
particular operator A and the function spaces in question. The de-
tails of the third step, however, will depend heavily on the particular
problem under consideration. A general result that follows from an
application of Rothe’s method is the following ([33]):

THEOREM 5.1
Let the spaces V, H, V, and H be as described before. Suppose
that the pseudomonotone operator A : V — V* and the convex lower
semicontinuous functional ¢ : V. — RU {+o0}, with D(¢) nonempty,
satisfy the coercivity condition

fim AU+ E) (5.20)

l[o]] =00 o]l

for some vy € D(¢), and suppose that there exists zg € H satisfying
(20, v) +aluo,v) + ¢(v) — dluo) = (f(0),v—uo)VveV (521)

for the initial datum ug € H. Finally, suppose that f : [0,T]|x H — H
is Lipschitz. Then there exists a uniqueu € L* (0,T;V)NC ([0,T]; H)
with u' € L™ (0,T; H) such that

(u'(t) — f(t,u(t), v(t) —u(®)) +a(u(t),v(t) —u(t))
+ d(v(t) — p(u(t)) > 0, Vo €V, ae. t€(0,T) (5.22)

and u(0) =up € H.

We remark that Kagcur,[33], actually proves this theorem for the
more general case of a maximal monotone operator A. Operators of
this type arise in many evolution problems and are much more general
than the pseudomonotone operators considered here. For instance,
maximal monotone operators, such as the fundamental example pro-
vided by the subdifferential of a convex function, are generally multi-
valued, whereas we have only considered single-valued operators from
V to V*. We refer to [7] for a thorough treatment of such operators
and their fundamental role in evolution problems on Hilbert spaces.

Although this technique and the translation method of the pre-
vious section both employ a difference approximation of ', we em-
phasize that the two approaches are quite different. Rothe’s method
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produces strong solutions u € C([0,T]; H), whereas the translation
method only provides weak solutions, whose regularity must then be
investigated. In addition, the constructive nature of Rothe’s method
renders it effective in numerical analysis and computation. For more
on this aspect of the method, as well as applications to a wide variety
of evolution problems, we refer the reader to [33], [63].
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