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1 The k-Hessian Operators

We will work in a bounded, connected and open subset of R™, denoted 2.
For simplicity, we assume that 0€2, the boundary of €2, is smooth and strictly
convex, although many of the following results hold under less restrictive
hypotheses.

We use the standard notation C™(2) (where m is a nonnegative inte-
ger) to indicate the space of real-valued functions defined on (2 all of whose
derivatives of order less than or equal to m are continuous on Q. C™()
is the space of functions in C™(f2) all of whose derivatives have continuous
extensions to Q. Let 0 < o < 1; a function u defined on € is said to be

uniformly Holder continuous with exponent « on 2 if

Ulgo = sup ————7—
[ ]a, T,y€Q,xAYy |$ - y|a

is finite. The space C™%((2) is the subset of C™((2) for which all derivatives
of order m or less are Holder continuous. We will use the following norms on
these spaces:

n
om(@) =
[l sup |u| + ) _ sup sup | D%yl
Q j=1 |,3|:j Q

[[ullgmaga) = [lullom@y + sup [Dula o
Bl=m
These spaces equipped with these norms are Banach spaces. The theorem of
Arzela-Ascoli implies that a sequence bounded in C™%(Q) has a subsequence
that converges in C™.
For any function u € C?(Q) and z € 2, we can construct the symmetric

. 2 . .. . 02y
n X matrix D?u(xz), the Hessian of u at x, whose i, j entry is B, (x),
ie.

D*u(z) = ( afjng (x))ij
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Because D?u(z) is symmetric, all of its eigenvalues are real.
A polynomial of n variables is symmetric if

P(zy,...,2,) = P(o(x1,...2,))



where ¢ is any permutation of n letters.
Examples:
P(zy,...,2,) =21+ 20+ -+ 1z,
Q(zy,...,xp) =23+ 25+ -+ 22
Py(x1,...,mp) = z1Zo+ X123+ -+ XX + ToXg + -+ ToXy + -+ Ty 12y
Py(x1,...,2,) = 2129 Ty
In general, the k-th elementary symmetric polynomial of n variables is
Py(z1,...,2,) = Z Tiy - Ty
i1 <<,

Note that Py(z) (where z = (x1,...,z,)) is homogeneous of degree k meaning
that Py (tz) = t*Py(z) for any ¢t > 0.

We can now define the k-Hessian operators. For 1 < k < n, define
Se(D*u)(x) = Po(Mi (@), (), ..., Aa(2))

where the \;(z) are the eigenvalues of D*u(x). Equivalently, Sx(D?u) can be
defined as the sum of the k£ x k principal minors of the Hessian matrix.
There are two well-known cases:

S1(D?u) = Py(A1, Aoy ooy Ap) = A1+ - -+ A\, = sum of eigenvalues. The sum
of the eigenvalues of a matrix is the same as the trace, so
"L 0%u

S D2 =1 D2 = _— =
1(D*u) = trace (D"u) 2 27

Au.

In other words, the operator S;(D?u) is the same as the Laplacian.

Sn(D*u) = P,(A1,---,An) = Ar--- A\, = product of eigenvalues. The
product of the eigenvalues of a matrix is the same as the determinant, so

S, (D*u) = det(D?u).

So the case k& = n coincides with the Monge-Ampere operator.



2 k-convexity and Ellipticity

In studying k-Hessian equations of the form Si(D?u) = f(z,u, Du), it is
desirable (as we will see below) to work not in the space of C? functions, but
in a smaller set of functions, the cone of k-convex functions.

2.1 k-convexity

A function u € C?(Q) is called (uniformly) k-convex if S;(D?u) > (>
YO for j = 1,...,k. Equivalently, a C? function is k-convex if all of the
eigenvalues of its Hessian matrix lie in the convex cone I'y in R" defined by

Te={\eR':P;(\)>0,j=1,....k}

The set of k-convex functions on  will be denoted ®*(Q2), and ®£(Q) stands
for the set of k-convex functions that vanish continuously on 0f2. As an
immediate consequence of the definition, we see that ®F(Q) c ®/(Q) for
[ < k. Note also that 1-convex functions are subharmonic; further, n-convex
functions are convex in the usual sense.

If u € ®F(Q), then u is negative in €2, unless u = 0. This is because if
u is k-convex then it is subharmonic, so by the strong maximum principle,
u cannot attain its maximum in the interior of Q. Since u|sq = 0, we must
have u < 0 in €.

Because the k-Hessian operators are homogeneous, if u € ®F(Q) (or
% (Q)), then so is tu for any ¢ > 0. Furthermore, if u; and uy are in ®*(Q),
then for 1 < j <k, and any 0 <t <1,

1
J

(D2(tU1 + (1 — t)UQ)) = Sj

S/

; (tD*uy + (1 — t) D%uy)

l_
In [2] it is proved that Sj is a concave function on &% so the quantity on
the previous line is

> ¢S] (D%uy) + (1 — ¢)S] (D%uz) > 0

so tuy + (1 — t)uy is k-convex. This proves that ®* and ®f are convex cones

in C*(Q).



2.2 Ellipticity of Second Order Operators

A second order linear partial differential operator (with real coefficients) has
the form

n

Lu(z) = ; aij (2) s 833, ax] Z bi(x &Ck + c(z)u(z)
where a;;, b, and c¢ are real-valued functions defined on €, and a;; = a;;.

Such an operator is called elliptic if the symmetric matrix (a;;(z)) is
positive-definite at every z € . This means that the matrix (a;j(x)) has
only positive eigenvalues at every x.

The Laplace operator (S;(D?u)) is linear with a;; = &;; and by = ¢ = 0.
It is also elliptic because the matrix (a;;(z)) is the identity matrix, which is
positive-definite. The other k-Hessian operators are nonlinear.

We now define ellipticity for nonlinear second order operators. A second
order partial differential equation can be written as F[u] = F(x, v, Du, D*u) =
0, where F' = F(z,z,p, ) is a function defined on 2 x Rx R" x R?*" | where
the last set in the product is the set of symmetric n x n real matrices. For
example, the k-Hessian equation Si(D?u) = f(z,u, Du) can be written as
Fy[u] = Sx(D*u)— f(x,u, Du) = 0. The operator F is elliptic with respect
to the function u if for every = € 2, the matrix

oF
(Fy) = ( ari,-)i,j

is positive-definite at (z, u(z), Du(z), D?u(z)). If F is linear (F};) = (asj),
so this new definition covers the special case of linear operators.

In [2] it is shown that if u is k-convex, then Fj is elliptic with respect to
u. This is the reason for working with k-convex functions. The advantage
of ellipticity is that there is a well-developed theory for elliptic equations.
Many of the techniques used for linear elliptic equations have generalizations
to nonlinear elliptic equations. The basic idea is that for elliptic operators,
one can prove maximum and comparison principles which lead to a prior:
estimates (inequalities that solutions of must satisfy that depend on the
operator and the right-hand side of the equation, but not on the solution
itself). These estimates can be used to establish the existence and regularity
of solutions to many problems. We will see the application of elliptic theory
in some of the arguments below.




3 Optimal Transport and the Monge- Ampere
Equation

An equation of Monge-Ampere type arises in the problem of optimal trans-
port. In this section, we introduce the discrete version of the problem first,
then present the continuous analog and show the connection with the Monge-
Ampere equation. Two references for this problem not mentioned below are
[1] and [10].

3.1 The Discrete Case: The Shipper’s Dilemma

A shipper has n identical packages located at n sources z1, ..., x, that need
to be sent to n destinations ¥, ..., 4,. The x; and the y; need not be distinct.
The shipper knows c(x;,y;), the cost of transporting a package from z; to y;
for each 7 and j. To maximize profit, the total cost of shipping the packages
should be minimized. Let S be the set of bijections of {z;} to {y,}. Each o €
S represents one possible plan for getting the packages to their destinations.
The cost associated with o is

Clo) =) clai, o(z)).
i=1
The problem then is to find o* € S such that C(0*) < C(o) for all 0 € S.
Since S is a finite set, this problem clearly has a solution.

3.2 The Continuous Case: The Monge-Kantorovich
Problem

Let X and Y be compact subsets of R* and let f and g be non-negative,
integrable functions with supp f = X and supp g = Y, and satisfying the
mass-balance condition:

/}(f(-’r)dl":/yg(y)dy

The problem is to determine what is the most efficient way of moving f
to g with reference to a given cost function. The function f describes the
original distribution of some quantity and g describes the desired distribution.
Monge considered the problem of moving a pile of soil (located on the set X,

6



with height f(z) at € X) and filling an excavation or a hole (the set Y,
with depth at y equal to g(y)). The mass balance condition means that the
rearrangement preserves the total amount of the quantity. We are given the
cost function ¢: X x Y — [0,00), where ¢(z,y) is the cost of moving a unit
mass from z to y. We want to minimize the total cost of the rearrangement
over the set of measure-preserving maps:

S= {s: X—)Y:sisl—land/Xh(s(a;))f(ac)dx:/

Y

h(y)g(y) dy for h € C(Y)} )

The total cost associated with s € S is

C(s) = /X c(z, s(x)) f(z) dx.

The problem then is to find s* € S, such that C(s*) < C(s), foralls € S. A
consequence of a map s being in S is that

[, S = [ s

for all Borel sets B C Y. This can be seen by approximating g by contin-
uous functions and using the dominated convergence theorem. Then by the
formula for change of variables, we obtain for any s € S:

z)dr = dy = s(z)) | det Ds(z)| dx
[, fde= [ o= [ giste)|deeDs)
so f(z) = g(s(z))|det Ds(z)| a.e.

3.3 The Monge-Kantorovich Problem and the Monge-
Ampere Equation

We fix the cost function c(z,y) = |z — y|>. Monge considered the cost
function ¢(z,y) = |x — y|. These are the two most important cost functions
in applications.

We now demonstrate the connection with the Monge-Ampere equation,
following [6]. Suppose s* is a minimizer of C over S. Fix a positive integer
m and choose {z;}7, C X, such that there exist disjoint balls

By, = B(xk, ) C X such that fl@)de=¢k=1,...,m.
By,
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Let y, = s*(x)) and By, = s*(By). Note that the By, are disjoint. Because s*
is measure-preserving,

/}9 o)ty = [ fe)ds =

Now define a new map s € S by permuting the By:

S(zk) = Yr+r Ymt1 = Y1
5(Bg) = B By = By
s=s"on X\~ Bs

By assumption, C(s*) < C(3). So we have:

/X |z — s*(2)]* f(z)dz < /X \z — 5(z)? f(z) du.

Now, since s* and 5 agree on X\ J;—, B, and the By are disjoint, the last
inequality implies that

Z/B (le = s"(@)]* = |z = 5(2)[) f() do < 0

By expanding and simplifying, we obtain

Z/B (Is* (@) + 2{z, 5(2) — 5"(2)) — [5(2)]") f () dz < 0

Because s* and 5 are in S, we also have that

m

S st @) fz)de =) i 5(2)? f(z) da.

k=1 " Bx
This holds because [, |s*(z)[” f(z)dz = [; |y[* g(y)dyand [, [5(z)|* f(z)dz =
) B ly|? g(y) dy, so summing over k we obtain equality. Therefore:

m

Z/B (,5(x) = s™(2)) f(x)dz < 0.



Divide by € (which is the f(z) dz measure of By) so that the integrals become
averages, then let ¢ — 0, to obtain by differentiation,

m
Z(iﬂk, Yrs1 — Yr) < 0.
k=1

This means that the graph {(z,s*(z)) : z € X} is cyclically monotone. A
result of Rockafellar then implies that s* = D¢* a.e. for a convex function
@*. Since ¢* is convex, it has second derivatives a.e. From the end of Section
3.2, we have for any s € S

f(z) = g(s(z))| det Ds(z)|.
So ¢* satisfies

f(@) = g(D¢"(z)) det(D*¢" (x)).

Therefore, an optimal map s* is the gradient of a convex function that
satisfies (in a weak sense) the following Monge-Ampere problem:

{ det D*¢(z)g(D¢(z)) = f()
Dé:X =Y

Notice that since f and g are non-negative, this is an elliptic problem. There
are some technical issues involved here regarding the sense in which ¢ satisfies
the Monge-Ampere equation. However, if we make some additional assump-
tions, the equation will be satisfied in the classical sense. More precisely, the
following theorem holds:

Theorem 1 (see [3]) IfY is conver and 0 < v < f, g < f < oo, and f
and g are C® for some a € (0,1], then ¢ is locally C**.

4 Eigenvalues

Knowledge of the eigenvalues of a differential operator has many applications.
Examples include Fourier series, bifurcation theory and variational methods.
In this section, we discuss the (Dirichlet) eigenvalue problem for the k-Hessian
equations.



4.1 Eigenvalues of —A

A real number ) is called an eigenvalue of —A (for the Dirichlet problem
on () if there exists a nontrivial solution (called an eigenfunction corre-
sponding to \) to the problem:

—Au = Auin €
u‘aQ = 0.
If )\ is an eigenvalue and w is a corresponding eigenfunction, then any nonzero

constant multiple of w is also an eigenfunction corresponding to A because
of the linearity of the Laplacian, i.e.

—A(aw) = a(—Aw) = a(Aw) = AMaw).

We now list some facts about the eigenvalues for this operator. These
can be found in [5] for example. All eigenvalues are positive and there are
countably many of them. The smallest eigenvalue, denoted A, is simple,
meaning that if w is an eigenfunction for A;, then any other solution of

{ —Au = M\uin
u‘aQ =0

is a constant multiple of w. Each eigenfunction corresponding to A\; does not

change sign, and is in C*°(£2) if 02 is smooth. Finally, \; is given by the
following variational principle, known as Rayleigh’s Formula:

. — JouAu
A = min —2——
wzo [ u?
where the min is taken over a suitable function space. The min is attained
by an eigenfunction corresponding to A;.

4.2 Eigenvalues for the k-Hessians

Consider the problem

{ Sk(D?u) = |Aul¥ in Q
’U,|ag =0.

The question is for which positive numbers A does this problem have a non-
trivial k-convex solution. Such a number A is called an eigenvalue (for the

Dirichlet problem on ) for the operator Sy.
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The exponent k is required to preserve scaling, so that if w is an eigen-
function corresponding to A, so is aw for any o > 0.

Sp(D*w) = of Sy (D*w) = o Aw|* = |A(aw)|*.

Theorem 2 There exists a unique positive constant Ay so that the above
etgenvalue problem has a nontrivial k-conver solution. Moreover, this eigen-
value is simple, so that if u; and us are k-conver eigenfunctions, then us =
auy for some positive constant .

This result was first proved by Wang in [11], but see [8] for an alternate
proof. Wang also proved the following generalization of Rayleigh’s Formula:

M = min — fQ USk(DQU)
1 u0 fQ |u|k+1

where the minimum is taken over all functions in ®f, and is attained by an
eigenfunction.

4.3 An Example

The following result (see [4]) illustrates the importance of the eigenvalue in
studying these equations.

Theorem 3 Consider the problem
Sy(D?*u) = ¥(x,u) in
ulan =0,

where U € C(QAx R )NCH(Q x R™) and ¥(z,2) > 0 for z < 0. Suppose
also that

T
lim (#:2)

2——00 |z|k

< A and

v
lim (2, 2)

> A\ uniformly in 2.
z—0-  |z|

Then there erists a nontrivial k-convez solution in C>*(Q) N C(Q) for some
0<a<l.

This theorem is proved using a variant of the mountain pass theorem.
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4.4 Proof of the Rayleigh type formula for the k-Hessians
4.4.1 Preliminary Results

In this section we collect some results that are needed for the proof. We start
with a comparison principle.

Theorem 4 ([7], Theorem 17.1) Suppose u, v € ®*(Q) N C(Q) satisfy

Si(D?*v) < Sy(D?u) in Q
ulan < vlaq.-

Then u < v in Q.
The next result we will need is a uniqueness theorem.

Theorem 5 (Lemma 5.1 in [11]) Suppose f(z,u) > 0 is nonincreasing
for uw < 0, and that [f(z,u)]* € CYY(Q x R) and is strictly concave with
respect to u. Then there exists at most one nonzero solution to

{ Sk(D?u) = f(x,u)in Q 1)

u‘ag =0.

The next result comes from Wang’s proof of the existence of the eigenvalue
for the k-Hessians ([11], p. 35).

A1 = sup{Si(D?*u) = (1—Au)* in Q and u|sq = 0 has a C*(Q2) solution} (2)

A>0

Before presenting the next result, we need to introduce some terminology.
The function w € ®* is a subsolution ( resp. supersolution) of (1) if

{ Sk (D?*w) > (L) f(z,w) in
wlan < (>)0.

Theorem 6 (Theorem 3.3 in [11]) Suppose f € C(Q x R), D,(f¥) €
CHQ X R), D2(f%) > —C > —o0 and f(x,u) > 0 for u < 0. Then if there
exists a subsolution w and a supersolution v with w|sq < 0 and v|sq = 0,

then problem (1) has a solution u € C3*(Q) N CH(Q) with v > u > w.

The last result in this section concerns the regularity of solutions.
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Theorem 7 (Theorem 4.3 in [4]) Suppose u solves (1), where f € C(Q x R™)
and is bounded below by a positive constant. Then

ullgsa@ < C

for some 0 < o < 1 and a constant C depending on n, k, S0, supq |u| and
second order estimates on f.

4.4.2 The Proof

Let ¢ be an eigenfunction corresponding to A;. Then

_ 2\ _ _y\k k_ \k k+1
/Qqssk(D 9) A1/Q¢|¢| A1/Q\¢|

so if it can be shown that — [, uSy(D*u) > Af [, [u[*" for all u € ®f, we
are done.

Let A € (0, A1) and p € [0, k). By Theorem 5, there is at most one solution
to

(3)

The theorem applies because f(x,u) = (1 + |Au|)? > 0 and is nonincreasing
for u < 0 and we also have that (1 + |\u|)¥ is strictly concave (because
0<p<k)andis ChL.

Define the functional

{ Sk(D?u) = (1+ |Au|)? in Q
’LL|3Q =0.

Ip,,\(u):/ﬂ [—ﬁuSk(DQU)—ﬁ(lﬁ—Mquﬂ de.

A critical point of I, is the solution of (3); see the appendix of Jacobsen’s
lecture notes for the derivation. We claim that inf I, , over ®f is attained
by some function wu, . This is the longest and most difficult part of the
argument, so we postpone the proof of this claim to the end.

Because A < \j, by (2), there exists ¢, € C?(f2) solving

{ Sk(D?u) = (1 = du)* = (1 + [du|)* in Q
ulaq = 0,

13



Since k > p, Si(D?*¢y) > (1 + |\u|)?, so ¢, is a subsolution of (3). The zero
function is a supersolution, so by Theorem 6, there is a solution w, of (3) in
C*¢. By the uniqueness theorem, we must have wy = uy ).

Then by the regularity result, Theorem 7, the u,  are uniformly bounded
in C*%(Q) for p € [0, k). To see this we apply the theorem to

{ Sk(D?*u) = (1 = Mu)? = fp(u) in Q2
u|ag = 0.

The function u,  solves this problem, and sup, |u, x| is uniformly bounded
by supg, |¢a|. Further, we have uniform estimates for the f,. Hence the u,
are uniformly bounded in C%%(().

Now choose a sequence {p,} that increases to k. By Arzela-Ascoli, the
sequence {u,, } has a subsequence, also denoted {u,, »} that converges in
C3(Q) to a function uy,y. Now

1 1
I = R S, (D? - (1+ A Patl| do.
A (Up, ) /Q[ e 1) e k(D Up, 1) (pn+1)( |Up, Al) T

The right-hand side of this equation converges to

1
S D? 1 b1 gy = ] _
/[ k+1 Uk Sk (D ug,p) — (k+1)( + Muga)" ] do = T\ (ug,2)

Since up, » minimizes I, \ over <I>’(§, Ij » attains its minimum at ug . To

see that ug ) minimizes Iy ), suppose that there is a u € ®F with Iy ,(u) <

Iy A(ug,»). Since I, A(u) — Iy a(u), for large n we must have that I, ,(u) <

I a(ugn), but I, A(up,n) — Ipa(ugn), so again for large n, I, \(u) <

I, A(up, »), but this contradicts the fact that I, \ is minimized by u,, .
We now claim that this implies that

— [, uSk(D?u) d
min Jo uSk(Du) dz > Ak
wedh(@) o [ulftdz
Suppose not; then there exists 4 € ®%(2) such that

—/ﬂSk(DZE) dr < /\’“/ aFt d.
Q

Q
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Without loss of generality, we may assume that A > 1 (If the inequality is
satisfied for A < 1, it also holds for A > 1). By homogeneity, the same
inequality will hold for tu for any ¢ > 0. Then:

1
(k+1)

Ta(t7) = /Q [— (kil) (t@) Sp(D?(ta)) — (1+A\tﬂ|)’“+1] dz

</ |: tk+1 S (D2_) 1 )\k+1tk+1|_|k+1:| d
- ) — — a T
ol (B+1) F (k+1)
A e k+1
<(1-X)+——t U < 0.
=Nt [ e
By taking ¢ large, we get that Ij x(tu) < Ir (uk,x), which contradicts the fact
that u; ) minimizes Iy, ).
It remains to prove that the inf of I, \(u) over ®f is attained. Let M > 1
and let fy/(¢) be a smooth, positive function such that

_ e <M

and [t|72 < far(t) < 2(1+]t])? for |t| € (M,2M). We now define the following
functional on ®f:

Tur(u) = /Q {(k%l)usk(mu)—FM(u) da,

where Fy(u) = &

= J,  fum(t)dt. Then critical points of Jy(u) are solutions of
S(D?*u) = fa(u) with zero boundary data.

Our first observation is that Jy(u) is bounded below. Since u € ®f, u < 0
and Sy(D?%u) > 0, the first term in the integral defining J is bounded below
by 0. Because of the decay of fy/(¢) at infinity, Fj; is bounded above, and
therefore, because €2 is bounded, the second term in Jj; is bounded below as
well. Let dpy = inf{Jps(u) : u € ®L}.

Our next task is to show that d,; is attained. Let € > 0, and let ¢} €
kN C*(Q) be such that Ju(¢!) < dy + 5. (We can do this by choosing a
minimizing sequence and using the density of smoother functions in C?(Q)).

Let ¢, solve the following problem:

15



Se(D*u) =1 — 1 +nSk(D?(¢7)) in Q
{ ulon =0 @)
N )
where n € C°(©2), 0 < np < 1, and n = 1 in the set Q5 = {z € Q :
dist(z,082) > §}. This problem has a solution because the right-hand side of
the equation is strictly positive and regular. See [9] for a statement of this
result.
Then Si(D?*¢,) = Sy(D?*@?) in Q5. By the comparison principle, Theorem
4, we have that

sup [c(z) — ¢¢(z)| < sup[oe(z) — ¢ (). (5)
Qs 0y
We use the comparison principle in the following way. For any x € 0€;,

¢c(z) < ¢F(x) + sup (pe(x) — o7 (x)].

Now note that Sp(D?(¢})) = S(D?(¢: + C)) for any constant C. So by the
comparison principle, with u = ¢, and v = @} + supyq, [¢(v) — &} (z)|, we
have for any = € €,

de(z) < ¢l (z) + Sup pe(x) — ¢ ()]

Now we can reverse the roles of ¢, and ¢ to get inequality (5).
Now observe that

Sup |e() — ¢ (2)] < 581(12p(|D¢e(96)| +|Dc(x)]).

To see this let x € 0Qs and take Z € 09 such that |[x — Z| = §. Then since
¢, and ¢} are zero on 0f},

|0c(2) = d(2)] < |9e(x) — @c(Z)] + |9 (z) — ¢2(T)|.
Now we can use the mean value theorem to get the previous estimate.
Since we can find a bound for | D¢| that is independent of § (see appendix
below), by choosing § small, we can guarantee that Jy(pe) < dp + €. Why
is this estimation possible? First, the ¢, are uniformly bounded below by qz,
the solution to the problem:
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{ Se(D?u) =1+ Si(D*¢?) in Q
u‘ag =0.

Then ¢ is a subsolution of (4) for any &, and 0 is a supersolution. Now the
problem (4) has a unique solution (by the comparison principle). Therefore
the solution guaranteed by Theorem 6 must be identical with ¢., and we
must have 0 > ¢, > ¢. Then |Ju(¢e) — Jur(6?)| can be made as small as we
like by choosing ¢ small. This is easiest to see by writing out the integrals
defining Jj; and then splitting them into an integral over {5, where Si(D?@,)
and Sy(D?¢?) are identical and supg, [@c(z) — ¢} ()| is small, and an integral
over 2\, where the integrands are bounded and the measure of the domain
is small. The claim follows when we recall that Ju (¢}) < dp + 5.

The next step in the argument is to introduce a time-dependent problem:

uy — log(Sk(D?u)) = —log far(u) in Q@ = Q x (0,00)

u(z,0) = ¢, (6)
u =0 on 0 x (0,00).

By Theorems 9 and 10 (in the appendix), there exists w,(z, ) € C3t*2+/2(Q)
and ||we||gs+a.2rar20) < C, that solves problem (6). Notice that w,(z,0) =
be(z).

We now compute 4 Jy(we(-,t)), and use the fact that w, solves (6).

iJM(wE(-,t)) = —/Q [Se(D2we) — far(we)] %we(aﬁ,t) dx

dt
= /Q[sszwe) — far(w)] log <%) "

This is less than or equal to zero because if Si(D?w.)(z) > fur(we(z)), then
the log term is positive, and if Sg(D2w.)(z) < fu(we(z)), the log term is
negative. Hence the integrand is nonnegative.

This implies that dy < Ja(we(-,t)) < dy + € for all ¢ > 0. By the
definition of dyr, dar < Ju(we(+,t)), because for each fixed ¢, w.(x,t) € ®k.
We also have that J(we(-, t)) is nonincreasing in t and Jys(w(+,0)) < dpr+e.

Therefore, there must be a sequence t; — oo such that 4 Jy (w (-, t;)) = 0
as j — oo. If this were not true, then there would exist an ¢y > 0 such that
for every positive integer N, there exists tx > N such that %JM(wE(-, tn)) <
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—¢€p, but this would imply that for ¢ sufficiently large, Jus(we(-,t)) < dar,
contradicting the definition of dy;.

Because of the bound on w,, we can extract a subsequence we(-,t;) that
converges to a function @ (z) in C3(2). We claim that 9, solves the problem:

{ Sp(D?u) = far(u) in Q

u|39 =0

and we have that dy < Jy (%) < dy + €. The latter statement is true
because it is true for Jy(wc(-,t)), and we have convergence in C3(Q2). A
similar observation shows that 0|sn = 0. To see that the differential equation
is satisfied, note that:

0= lim [ [Sk(Diwe(z,t;)) — fu(we)(z,t;)] log (

t;—>00 Q

Su(D2w,(z, 1))
Frt (e, 1)) ) g

but, the integrand is nonnegative for all ¢ > 0, so it must go to zero. By the
convergence, we have Si(D2w(z,t;)) — Sk(D?*(x)), and far(we(z,1;)) —
fM(f)e(ﬂi)) Hence, Sk(D21~)€) = fM(f)e)

Since fj; is a bounded function, the v, are uniformly bounded. To see
this let K > 0 be an upper bound for f;, and let ux solve

{ Sp(D?*u) = K in Q
u|39 = 0.

Then by Theorem 4, 0 > o.(x) > ug(x). We also have that fu(0.(x)) is
bounded below by a positive constant. Therefore by Theorem 7, ||7c||cs.0(q) <
C, where C is a constant that does not depend on e. We can therefore select
a subsequence from the @, that converges (as € — 0) in C3(f2) to a function
vpr, Which satisfies:

(7)

We also have that dyr = Jar(var), so we have finally established that the inf
of Jys over ®F is attained.

The next step is to show that the v, are uniformly bounded for M > 1.
This claim is proved by contradiction. If the claim is not true then we can
find a subsequence for which Ry, = —infquy — oo as M — oo. Define
Uy = ;’2—1‘;. By the homogeneity of the k-Hessian, u,, satisfies

{ Sp(D*vpr) = far(vyr) in Q

UM|3Q =0.

18



/U:M‘aQ =0.

Now since

2(1 + Rualun)?
Ry

R]T/[ka(RMUM) < <2(1+ RM)pRI_Mk

which goes to zero as M — oo (because p < k), we get that R} far(Raruar)
converges to zero uniformly. This implies that uy; — 0 uniformly, as well,
contradicting the fact that supg |up| = 1. To show that uy, converges uni-
formly to zero, we use the comparison principle. Let p > 0. Then for
all M large enough, Ry fu(Rpup) < p. Let @ be the unique solution of
Sp(D?u) = 1, u|gq = 0. Then p'/*4 is the unique solution of

{ S (D*u) = pin Q
u|ag = 0.

By the comparison principle, 0 > uy; > p/*4. Letting p — 0, we get the
uniform convergence of the u,, to zero. But this is a contradiction, because
supgq |ua| = 1 for all M.

We have just shown that the vy, are uniformly bounded, say |vy| < C.
For any M > C, fay(var(z)) = (1 + |var(z)|)P. Since each vy solves (7), this
means that for M large, each vy, solves the problem

{ Sk(D*u) = (14 |ul)? in Q
’U,‘aQ =0.

But by Theorem 5, this problem has a unique solution. Therefore, for M > C,
all of the vy, are identical to the solution of this problem, which we denote
up. For all M, Jy(var) = dar, so for M large enough, dy = Jar(up).

We next claim that u, is a minimizer for I, = I, ;. We compute

1
dy = Ju(up) = /Q _k—HupSk(Dzup) — Fu(up).

When M > supq |up|, far(t) = (1 + t)? on the interval (0, |u,|), so

lup(2)]
Pul) = [ (47 dt = (1 iyl = 1),

so that for M large enough,
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dy = Ju(up) = / -

[ SiDH) - — (1 @)y~ 1)

+1

1
:Ip(“p)+m|9|-

By modifying the functional we may ignore the constant term Iﬁ|§2| To

complete the argument, let v be any function in ®. Then for any M,
Ju(var) < Jur(u). For M large enough, Jar(var) = Ip(uyp), so Ip(uy) < Jar(u).
By the same argument used above, for M > supg |u(z)|, Ju(u) = I,(u).
Therefore, I,(u,) < I,(u), proving the claim. The same argument can be
used for the functional I, ,.

4.4.3 Appendix

In this section we list some additional auxiliary results used in the proof of
the theorem.

We first show that |D¢.| can be bounded independently of 6. We use
Theorem 3.4 from [4]:

Theorem 8 Suppose a k-convex u satisfies:
Sy (D?u) = ¢ (x, u, Du) in
/U,‘QQ = 0

where ¥ = Y(x, z,p) > 0 and is Lipschitz continuous. Then:

Du| < C(n, k, h,sup [u], 9)
Q

where h is a nonnegative function satisfying @ — 0 ast — oo, and

[Wal + (2 - [Pl + [l - oI < (P T)

as |p| — oc.

We can use this theorem to show that |D¢,| is uniformly bounded if we
can find such a function A that is independent of §. Note in our case, the
right-hand side of the pde depends only on z. We use h(t) = t'/2. Now ¢,
solves
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{ Sk(D*u) =1 —n+nSg(D?*¢}) = f,in Q
U‘ag =0

We may assume that |Dn| < C3, so |Df,| < C3. Then for any 6, [Df,| <
h(|p|?**1) = |p|F+1/2 for |p| large. So the theorem gives us a uniform bound
on |D¢,|.

We now turn to the results used for the time-dependent problem. See
Appendix A of [11] for the proofs.

Suppose that 2 C R” is bounded, smooth and strictly convex. Let ) =
Q2 x (0,00) and Qr = QN {0 <t < T}. Consider the problem

{ Lu = uy — log(Sk(D2u)) = g(z,t,u) in Q
ulog = ¢
where ¢ € C*3(Q) and g € C?(Q x R).

(8)

Theorem 9 Suppose ¢(z,0) € ®(Q), Lo = g(z,t,¢) on IQ x ({t = 0}),
and there exist nonnegative constants Cy; and Cy such that

g(z,t,u) > —Cy — Calul.
Then, if u € C*(Q) N C3*(Q) solves (8),

HU’HCQ’I(QT) S C= C(Qa T7 H¢HC’4’3(QT)7 Cla CQag)'
Furthermore, if Cy = 0, |[¢||ca3g) s finite, and g is independent of t, then
C 1is independent of T.

Theorem 10 Under the same hypotheses of Theorem 9, there exists a solu-
tion u € C*+*2+2/2(Q). Furthermore, if g is bounded below, then u satisfies

| |u| |C3+a,2+a/2(Q) S C
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