
THE HOMOLOGICAL CONJECTURESPAUL ROBERTS1. IntroductionThe term \Homological Conjectures" is used here to refer to a certain set of related conjecturesabout homological properties of commutative rings. While there are numerous conjectures in thisarea, the ones discussed here are those collected in a monograph of Mel Hochster in 1975 entitled\Topics in the homological theory of modules over commutative rings" [24], as well as severalones that have developed out of them. In this monograph Hochster stated a number of earlierconjectures, added a few of his own, and solved several of them. Since then new ones have beenadded and some of them have been settled. It is the aim of this article to outline this history,starting at the beginning and ending by giving an idea of the present situation. We will attemptto give some idea of the methods and concepts behind the various advances, and give referencesto more complete accounts.The article is organized as follows. In each of the �rst few sections we discuss a set of relatedconjectures on Hochster's diagram and follow their development up to the present. These sec-tions follow a roughly chronological order as far as the origins of the conjectures are concerned,beginning with Serre's multiplicity conjectures which were one of the major inuences behindthe whole subject. However, there has been recent progress even on some of the earliest con-jectures, and we will discuss, for example, recent developments on Serre's original conjecturesbefore getting to generalizations of these conjectures which came much earlier. In addition tothe major advances, we will mention many other developments, but there are a lot of them andwe have not attempted to cover them all.We give Hochster's 1975 diagram below. The conjectures appearing in the diagram will thenbe stated in the following sections. We give a table of contents below, including the numbersfrom the diagram that are de�ned in each section. Those denoted M0, M1, and M2 are parts of(8), the Serre Multiplicity Conjectures, and (9), the Strong Multiplicity Conjectures.Here is the outline.(1) The Serre Multiplicity Conjectures ((1),(8)).(2) The Peskine-Szpiro Intersection Conjecture ((2),(3),(4),(5)).(3) Generalizations of the Multiplicity Conjectures ((9),(12),(13)).(4) The Monomial, Direct Summand, and Canonical Element Conjectures ((10),(11))(5) Cohen-Macaulay Modules and Algebras ((6),(7)).(6) The Syzygy Conjecture and the Improved New Intersection Conjecture.(7) Tight Closure Theory(8) The Strong Direct Summand Conjecture.(9) Almost Cohen-Macaulay Algebras.(10) A Summary of Open Questions.There have been several summaries of progress on these conjectures over the years, includingtwo in the last decade. Jan Strooker [63] has an book on the state of the Homological Conjecturesin 1990; it also includes a lot of the necessary background in Commutative Algebra. There isalso a set of notes coming from a Minicourse on Classical Questions in Commutative Algebra atThis research was supported by NSF grant 0500588.1



2 PAUL ROBERTSthe University of Utah which covered many aspects of the subject. These notes can be found athttp://www.math.utah.edu/vigre/minicourses/2004.html#b. Hochster also has a summaryfrom the conference in honor of Phil Gri�th which talks about some of the recent developments[30].Here is Hochster's diagram of conjectures from 1975:(1) Rigidity (10) Direct Summand (2) Zero Divisor(11) Monomial (3) Intersection(6) Small C-M Modules (7) Big C-M Modules (5) Bass(4) Homological Height(12) Strong IntersectionM0 of (9) + (13) Codimension (M1 ) M2), regular caseM0 of (9)(9) Strong Multiplicities (8) Serre2. The Serre Multiplicity ConjecturesAmong the earliest conjectures in this subject were those of Jean-Pierre Serre which arosefrom his theory of intersection multiplicities using homological methods. The idea was to extendthe algebraic theory from classical methods that worked, say, for intersections of curves in theplane, to a more general situation.We look briey at the case of the intersection of two curves in the a�ne plane over an alge-braically closed �eld k. In this case each curve is de�ned by one polynomial in two variables, sayx and y, so we have polynomials f and g de�ning the two curves. The condition that a point p inthe plane corresponding to a maximal ideal m of A = k[x; y] is an isolated point of intersectionmeans that the ideal (f; g) generated by f and g is primary to the maximal ideal of the localring Am. The intersection multiplicity is then de�ned simply to be the length of the quotientAm=(f; g), or, equivalently, its dimension over the �eld k.There is more than one way to generalize this to an arbitrary dimension d. First, one can takethe intersection of d hyperplanes; in the case of a�ne space, for example, this can be done in



THE HOMOLOGICAL CONJECTURES 3the same way as curves in the plane. One can also de�ne the intersection of two subvarieties (orsubschemes). These subvarieties will be de�ned locally by ideals I and J at a point of intersectioncorresponding to a maximal ideal m. However, in this case, de�ning the intersection multiplicityto be the length of Am=(I; J) does not work; for example, B�ezout's Theorem in projective spacewould not hold with this de�nition. What Serre did was to correct this de�nition by taking anEuler characteristic involving higher Tor modules. He de�ned the intersection multiplicity forany pair of modules M and N over a regular local ring A such that M 
N has �nite length asfollows. �(M;N) = dXi=0 (�1)ilength(TorRi (M;N)):The case of subvarieties above is where M = Am=I and N = Am=J . In this case, lettingAm = R, we have TorR0 (M;N) = TorR0 (R=I;R=J) = R=I 
R R=J = R=(I; J), a so that theprevious de�nition appears as the �rst term in this alternating sum. Serre's de�nition has manynice properties, such as additivity in each variable, but now some conditions which were clearbefore, such as the fact that it is nonnegative, are not so clear. Serre stated three conjectureswhich are equivalent to the four we give here. The notation Mi refers to Hochster's diagram.Conjecture 1. (1) (M0) dim(M) + dim(N) � dim(R).(2) (M1: Vanishing) If dim(M) + dim(N) < dim(R), then �(M;N) = 0.(3) (Nonnegativity) �(M;N) � 0.(4) (M2: Positivity) If dim(M) + dim(N) = dim(R), then �(M;N) > 0.Serre's original conjectures, as stated in Serre [62], V.B.3 and V.B.4, were nonnegativity, M0,and that dim(M) + dim(N) = dim(R) if and only if �(M;N) > 0. The reason for stating themthe way we did comes from later developments.Before continuing, it will be good to go over some of the issues that arose in studying thesequestions, since they have been part of this subject ever since. First, there are three basic cases.Since R is a regular local ring it is an integral domain and has a maximal ideal m and residue�eld k. The cases are(1) Characteristic zero: R contains a �eld of characteristic zero.(2) Positive characteristic: R contains a �eld of positive characteristic p for some p.(3) Mixed characteristic: R has characteristic zero but k has positive characteristic p forsome p.The �rst two cases are called the equicharacteristic case. The mixed characteristic case canbe further divided into the unrami�ed case, in which the prime p is not in m2, and the rami�edcase, in which it is in m2. The most di�cult case for these conjectures and many others is therami�ed case in mixed characteristic.The method of proof used by Serre in the equicharacteristic case, called \reduction to thediagonal", goes roughly as follows. First, one shows that the statments hold if one of themodules, say M , is of the form R=I, where I is an ideal generated by a regular sequence (seeSerre [62], IV.A.3). If R is a complete equicharacteristic regular local ring, the Cohen structuretheorem says that it is a power series ring over a �eld. If we now have arbitrary modules Mand N over a power series ring k[[X1; : : : ; Xd]], we think of N as being a module over anotherpower series ring k[[Y1; : : : Yd]] and consider the \complete tensor product" M
̂kN as a moduleover k[[X1; : : : ; Xd; Y1; : : : ; Yd]]; notice that the tensor product is taken over the sub�eld k. Let Idenote the ideal of k[[X1; : : : ; Xd; Y1; : : : ; Yd]] generated by (X1�Y1; : : : ; Xd�Yd); these elementsform a regular sequence and de�ne the diagonal subscheme in Spec(k[[Xi; Yi]]. Then one shows



4 PAUL ROBERTSthat M 
R N �= (M
̂kN)
k[[Xi;Yi]] (k[[Xi; Yi]]=I)and similarly for higher Tors. This reduces the question to one of the form a regular ring moduloa regular sequence, where it all works. Needless to say there are a lot of details omitted here;the complete story can be found in Serre [62].In addition to the equicharacteristic case, Serre proved these results in the case of an unrami�edring of mixed characteristic, and he proved the �rst statement for general regular local rings.Serre also stated conjectures about partial Euler characteristics; that is, sums of the form�i(M;N) = dXj=i (�1)j�ilength(Tori(M;N)):We note that this gives the alternating sum of lengths of Tor, starting now with Tori(M;N) witha positive sign instead of Tor0(M;N) = M 
R N . Serre proved that in the equicharacteristiccase, we have �i(M;N) � 0 for all i � 0, and, in fact, if Tori(M;N) 6= 0 and i > 0, then�i(M;N) > 0. This implies in particular the following for equicharacteristic rings in the casewhereM
RN has �nite length. In fact, this was a result of Auslander [1] for all pairs of modulesover unrami�ed regular local rings, and it was conjectured to be true in general.Conjecture 2. (The Rigidity of Tor (1)) Let M and N be �nitely generated modules over aregular local ring. Then if Tori(M;N) = 0 for some i > 0, then Torj(M;N) = 0 for all j � i.The general case of Rigidity (R is still assumed regular) was proven by Lichtenbaum in [43].He also extended Serre's results on partial Euler characteristics to the unrami�ed case for i � 2or when M and N are torsion-free; Hochster [26] completed the proof in the unrami�ed case.The conjecture on partial Euler characteristics is still open for rami�ed regular local rings ofmixed characteristic.In the remainder of this section we discuss later developments on these conjectures. R is alwaysassumed to be a regular local ring.2.1. The Vanishing Conjecture. The �rst of the multiplicity conjectures to be proven wasthe Vanishing Conjecture. This was proven independently in ROberts [51] (see also [53]) andby Gillet and Soule in [18] (see also [19]). Both of the proofs involved new machinery in eitherAlgebraic Geometry or K-theory. Before discussing these developments we put them into a morerecent context.Let A be a local ring, and let M be a module of �nite projective dimension. Then M has a�nite free resolution 0! Fk ! Fk�1 ! � � � ! F0 !M ! 0:It is often more convenient to replace M with its resolution0! Fk ! Fk�1 ! � � � ! F0 ! 0:This is a perfect complex, which means a bounded complex of �nitely generated free modules.If M and N are both modules of �nite projective dimension, and0! Gt ! Gt�1 ! � � � ! G0 ! Nis a free resolution of N , then the tensor product of complexes F� 
 G� gives a complex withhomology Tori(M;N). Since all modules over a regular local ring have �nite projective dimension,this means that Serre's multiplicity conjectures can be formulated in terms of perfect complexes.We now let K0(A) denote the K-group of perfect complexes over a local ring A. K0(A) isde�ned to be the free abelian group with generators isomorphism classes [F�] of perfect complexeswith relations given by



THE HOMOLOGICAL CONJECTURES 5(1) [F�] = [F 0�] + [F 00� ] if there is a short exact sequence of complexes0! F 0� ! F� ! F 00� ! 0:(2) [F�] = [G�] if there exists a map of complexes F� ! G� that induces an isomorphism onhomology modules.A map of complexes that induces an isomorphism on homology modules is called a quasi-isomorphism.In addition to its structure as an abelian group, K0(A) has a product de�ned by the tensorproduct of complexes, which we have already seen is related to intersection multiplicities. Wede�ne the support of a complex to be the union of the supports of its homology modules, or,equivalently, the set of prime ideals p for which the localization of the complex at p is not exact.If F� is a perfect complex with support W and G� one with support Z, then it is not hard toshow that the support of F� 
G� is W \ Z. Putting this together, we can see that K0(A) has a�ltration by support and this �ltration is compatible with the product structure.As mentioned above, the Vanishing Conjecture for regular rings was proven around 1985; therewere two independent proofs using di�erent methods. However, in both cases the main idea wasto replace the above �ltration by a grading with good properties. Suppose that we could giveK0(R), for a regular local ring R, a grading by codimension, so that we had K0(R) = �di=0Gi,where Gi gave the component representing elements with support of codimension i, and satisfyingthe condition that the intersection pairing mapped Gi�Gj to Gi+j�Gi+j+1�� � � : Then ifM andN were modules (or perfect complexes) with dimM+dimN < dimR, they would be representedby sums of elements of Gi and Gj respectively with i+ j > d, so the intersection product wouldbe zero. This, roughly, is what each of the proofs did.In the proof be Gillet and Soul�e the grading was given by eigenspaces of Adams operations onK0(R); see [19] for details.In Roberts [51] the grading was given by a map to the rational Chow group, which we de�nebriey. For a Noetherian ring A, we de�ne the ith graded piece of the rational Chow group,denoted CHi(A)Q, to be the Q vector space on generators [p], where p is a prime ideal such thatthe dimension of A=p is i modulo an equivalence relation called rational equivalence. Rationalequivalence is de�ned by setting div(q; x) to zero in CHi(A), where q is a prime ideal such thatA=q has dimension i + 1, x is an element of A not in q, and, letting B = A=q,div(q; x) =X
p

length(Bp=xBp)[p];where the sum is over p with dim(A=p) = i. There is then a map � from K0(A) to operators onCHi(A)Q. If A is a regular local ring, we can replace dimension by codimension and obtain agrading with the properties above. For details see Fulton [16] and Roberts [53] and [56].These techniques allowed one to prove the Vanishing Conjecture also in the case in which Mand N are modules of �nite projective dimension over a complete intersection. We will discussother generalizations in a later section.2.2. Gabber's proof of the Nonnegativity conjecture. The third of Serre's conjectures,Nonnegativity, was proven by Gabber around 1996. Gabber never published the proof, but abrief summary appears in Berthelot [3], and more extensive versions can be found in Hochster[27] and Roberts [57]. Again there was a new ingredient; this time it was a theorem of de Jongon the existence of regular alterations [39]. We give here a special case of this theorem whichapplies to this problem.



6 PAUL ROBERTSTheorem 1. (A. J. de Jong) Let A be a local integral domain which is essentially of �nite typeover a discrete valuation ring. Then there exists a scheme X with a projective map X ! Spec(A)such that(1) X is an integral regular scheme (that is, all the local rings of X are regular).(2) The �eld of rational functions k(X) is a �nite extension of the �eld of fractions of A.There is some work involved in reducing to the case in which A is essentially of �nite type overa discrete valuation ring, and even in this case the proof is quite nontrivial. We mention brieywhere de Jong's theorem is applied. It su�ces to show that �(A=p; A=q) � 0 for prime ideals
p and q such that (p; q) is primary to the maximal ideal. The theorem is applied to one of thequotients, say A=p. The machinery of intersection theory must be extended to perfect complexeson schemes and projective morphisms as well as over commutative rings. One curious feature ofthe proof is that at one point it is necessary to assume that the original local ring is rami�ed;it is easy to reduce to this case but unexpected that it would be useful. The proof also gives anew proof of the Vanishing Conjecture. We refer to the references above for descriptions of theproof.2.3. The Positivity Conjecture. The positivity conjecture remains open. There have beenseveral approaches to it, and we mention two.One approach is based on the following. Let M and N be two modules over a regular localring R such that dimM + dimN = dimR. If M is Cohen-Macaulay, its minimal free resolutionhas length dimR � dimM , and if N is also Cohen-Macaulay, then the condition on the lengthof the resolution of M implies that Tori(M;N) = 0 for i > 0. Thus �(M;N) is the length ofM 
R N , which is clearly positive. Hence if we can reduce to the case in which M and N areCohen-Macaulay, we are done.A method for reducing to this case is, �rst, to reduce to the case where M and N are of theform A=p by taking �ltrations with quotients of this form; since the Vanishing Conjecture holds,we can reduce to modules of this form. If we could now �nd an A=p-module of the dimension ofA=p which was Cohen-Macaulay for any p, we could, again using vanishing, reduce to the case inwhich M and N are Cohen-Macaulay and complete the proof. The missing fact is the existenceof what are called \small Cohen-Macauly modules"; these will be discussed in a later section.(What we have just described is the arrow from \Small C-M Modules" to \(M1 ) M2), regularcase" in Hochster's diagram.)The other, more recent, attempts to prove the Positivity Conjecture use Gabber's construction.Kurano and Roberts [42] give a criterion for positivity to hold using this construction. Dutta[10] gives a formula for intersection multiplicities using the blow-up of the maximal ideal of aregular local ring, again using Gabber's ideas. It is not clear whether any of these methods willlead to a proof of positivity, however, and that conjecture remains open.3. The Peskine-Szpiro Intersection ConjectureSerre's introduction of homological methods into intersection theory created much more in-terest in questions on homological algebra, and, in particular, properties of modules of �niteprojective dimension. The Auslander-Buchsbaum-Serre theorem states that every R-module has�nite projective dimension if and only if the ring R is regular, so one point of view is that proper-ties of modules over regular local rings should extend to properties of modules of �nite projectivedimension over arbitrary local rings. One direction was to generalize the multiplicity propertiesthemselves; this will be considered in the next section. A di�erent direction was started byPeskine and Szpiro with their \Intersection Theorem". This was a main theorem of their paper



THE HOMOLOGICAL CONJECTURES 7Dimension projective �nie et cohomologie locale, which was one of the most important papers inthe development of the Homological Conjectures.The Peskine-Szpiro Intersection Conjecture states:Conjecture 3. Let A be a local ring, let M be an A-module of �nite projective dimension, andlet N be a module such that M 
 N has �nite length. Then the Krull dimension of N is lessthan or equal to the projective dimension of M .They stated this result as a theorem rather than a conjecture, since it was a theorem for ringsof positive characteristic and rings essentially of �nite type over a �eld of characteristic zero. Wediscuss this in more detail below.In some ways this conjecture is analogous to Serre's conjectures. By the Auslander-BuchsbaumTheorem, the depth of a module is related to the projective dimension (if �nite) byprojdimM + depthM = depthA:or projdimM = depthA� depthM:Thus the Peskine Szpiro Theorem can be stated thatdimN + depthM � depthA:This is analogous, but certainly not equivalent, to the Serre theorem. Its interest lies in thefact that it implies several other conjectures from that time, of which we state two.Conjecture 4. (Bass). If a ring A has a �nitely generated nonzero module of �nite injectivedimension, then A is Cohen-Macaulay.Conjecture 5. (Auslander) Let M be a �nitely generated module of �nite projective dimension.If a 2 A is a nonzerodivisor on M , then a is a nonzerodivisor on A.We refer to the paper of Peskine and Szpiro [47] for proofs that these conjectures are impliedby the Intersection Conjecture.A newer version of the Intersection Conjecture was introduced shortly thereafter; it is in thespirit of generalizing from modules to complexes referred to in the previous section.Conjecture 6. The New Intersection Conjecture Let A be a local ring of dimension d. If0! Fk ! Fk�1 ! � � � ! F0 ! 0is a complex of �nitely generated free modules such that Hi(F�) has �nite length for each i andH0(F�) 6= 0, then k � d.That this implies the original conjecture can be seen by applying the New Intersection Con-jecture to a projective resolution of M tensored with a suitable module of the form A=p for p aprime ideal of A in the support of N .In addition to stating this conjecture and several others, Peskine and Szpiro introduced twomethods that are still very much in use in this area. Perhaps the most important is the use ofthe Frobenius map and reduction to positive characteristic. We briey recall how this works.Let A be a ring of positive characteristic p. Then the Frobenius map, which we denote F , isthe ring homomorphism de�ned by F (a) = ap; it is a ring homomorphism since p = 0 on A so(a+ b)p = ap + bp for all A and b in A. The basic idea of using this map to prove conjectures isto assume that there is a counterexample, and then to take a limit over powers of the Frobeniusmap to obtain a contradiction. A simpler method, which works sometimes, is to show that ahigh enough power of the Frobenius map produces an example that can be shown not to exist.



8 PAUL ROBERTSThe second step in this process is to reduce the characteristic zero case to the case of positivecharacteristic. Peskine and Szpiro introduced this method for this kind of problem, and it wascompleted by Hochster.The procedure is fairly complicated, but one step, reduction from �nitely generated over a�eld to positive characteristic, goes something like this. Given a counterexample over a ringthat is a �nitely generated ring over a �eld of characteristic zero, one �rst, using the fact thatthere are only �nitely many elements to consider, reduces to the case of a ring that is �nitelygenerated over the rational numbers, and then one reduces further to an example over a ring�nitely generated over the integers. Finally, one shows that for all but �nitely many primes p,the reduction modulo p and gives a counterexample in characteristic p. Peskine and Szpiro usedthis method to prove the Intersection Conjecture in the case of a local ring essentially of �nitetype over a �eld of characteristic zero, and they also used the Artin approximation Theorem toextend this to the case of a ring whose completion was the completion of a ring essentially of�nite type over a �eld of characteristic zero. Shortly thereafter Hochster was able to extend thismethod to the general equicharacteristic case.3.1. Hochster's Metatheorem. One of the main results of Hochster [24] was the following.Theorem 2. Let � be a system of polynomial equations in d+ q variables X1; : : : ; Xd; Y1; : : : ; Yqover Z, say F1(X1; : : : ; Xd; Y1; : : : ; Yq) = 0� � �F1(X1; : : : ; Xd; Y1; : : : ; Yq) = 0:Suppose that � has a solution in a local ring R which contains a �eld of characteristic zerosuch that dim(R) = d and the values x1; : : : ; xd for X1; : : : ; Xd is a system of parameters for R.Then there exists a local ring S containing a �eld of characteristic p > 0 such that dim(S) = dand there is a solution of � such that the values x01; : : : ; x0d for X1; : : : ; Xd is a system of parametersfor S.The proof of this theorem used Artin Approximation, and it �nished the characteristic zerocase of several of the conjectures, including the Intersection Conjecture and various others thatwe will discuss below.The case of mixed characteristic was proven in Roberts [52]. Like the Serre vanishing theorem,this used the theory of local Chern characters. Another essential ingredient was a theoremrelating Chern characters in positive characteristic to limits over the Frobenius map. Details ofthis and more can be found in Roberts [53].The other main technique introduced in the paper of Peskine and Szpiro was local cohomology.As this is a topic that is still extremely important in this area, we will review some of theimportant points. For more complete introductions to the subject we refer to Brodman andSharp [5] and Twenty-Four Hours of Local Cohomology [38].Let A be, as usual, a commutative Noetherian ring, and let I be an ideal of A. For anyA-module M , we de�ne the submodule �I(M) to be the set of m 2M that are annihilated by apower of I. It is easy to see that this is indeed a submodule of M and that �I de�nes a left exactfunctor from the category of A-modules to itself. The functor is not right exact, however, and theright derived functors of �I applied to a module M , denoted H iI(M), are the local cohomologymodules of M with support in I.The most important case as far as the Homological Conjectures are concerned is the case inwhich A is local and I is the maximal ideal m. We note that if I and J are ideals with thesame support, so that we have Jn � I and Im � J for some m and n, then it is clear that



THE HOMOLOGICAL CONJECTURES 9�I(M) = �J(M) for all modules M , and thus the local cohomology modules with supports inI and J are the same. If m is the maximal ideal of a local ring A of dimension d, we can thusreplace m by an ideal I generated by a system of parameters (x1; : : : ; xd). Now given a set ofgenerators for I, there are two standard methods for computing the local cohomology modules.First, we let C� denote the complex0! A!Yi Axi !Yi<j Axixj ! � � � ! Ax1x2���xd ! 0;where the A at the left has degree zero and the Ax1x2���xd at the right has degree d. The mapsare given be the inclusions with appropriate signs. Then it can be shown thatH iI(M) = H i(M 
A C�)for any A-module M .The second method is as a direct limit. For each n we take the Koszul complex K�(xn1 ; : : : xnd).For m > n there is a map of complexes from K�(xn1 ; : : : xnd) to K�(xm1 ; : : : xmd ). The limit of theseis, in fact the above complex and tensoring with M again gives local cohomology.For a ring of positive characteristic one can also de�ne local cohomology as a limit over powersof the Frobenius map, and this was one of the methods introduced by Peskine and Szpiro. Wewill not discuss this further here, but we will return to the topic of local cohomology in latersections.One of the facts that is used over and over in studying these conjectures is the following. Ifwe assume that A is a complete domain of dimension d, then there is an element c 6= 0 thatannihilates the local cohomology modules H im(A) for i < d. This was proven in Roberts [50],where the element c was taken to be in a product of annihilators of the cohomology of a dualizingcomplex, and in Hochster and Huneke [31], where c was taken to be an element such that thelocalizationAc = A[1=c] is Cohen-Macaulay. Keeping in mind that the ring A is Cohen-Macaulayif and only if the local cohomology modules H i
m
are zero for i < d, it is not surprising that thisfact is useful for approaching these conjectures in the non-Cohen-Macaulay case; this methodworks especially well when combined with the use of the Frobenius map.To conclude this section we note that Avramov, Buchweitz, and Iyengar have formulated ageneralization of the New Intersection Conjecture, called the \Class Inequality", to di�erentialmodules. A complex is a special case of a di�erential module; the di�erential module is the directsum of the modules in the complex with di�erential given by the sum of the boundary maps.They prove this inequality in the equicharacteristic case; the case of mixed characteristic is stillopen. We refer to [2] for details.4. Generalizations of the Multiplicity ConjecturesAs has already been mentioned, one direction of research on these conjectures was to generalizeSerre's conjectures to nonregular rings. We recall that we had de�ned the intersection multiplicity�(M;N), where M and N are two �nitely generated modules over a regular local ring R withM 
R N of �nite length to be�(M;N) = dXi=0 (�1)ilength(Tori(M;N)):As stated, this would be de�ned over any local ring; however, the fact that R is regular impliesthat higher Tors are zero, which, using the long exact sequence of Tors, implies that �(M;N) isadditive in M and in N . Over a nonregular ring we need an extra condition, and the weakest



10 PAUL ROBERTScondition which makes this work is that one of the modules, say M , has �nite projective dimen-sion; its projective dimension will still be at most d. We now restate the conjectures with thisassumption.Conjecture 7. Let A be a local ring, and let M and N be �nitely generated modules such thatM has �nite projective dimension and M 
A N has �nite length. Then(1) (M0) dim(M) + dim(N) � dim(A).(2) (M1: Vanishing) If dim(M) + dim(N) < dim(A), then �(M;N) = 0.(3) (M2: Positivity) If dim(M) + dim(N) = dim(A), then �(M;N) > 0.It is a rather remarkable fact that the �rst of these conjectures, which appears to be the mostbasic, is still open in this generality. It holds for many examples of modules of �nite projectivedimension, and there are many easy counterexamples if neither module has �nite projectivedimension, but it is not known in the case stated here, in spite of the fact that it is a rathersimple statement about the nature of the support of a module of �nite projective dimension.4.1. The graded case. One of the remarkable results of Peskine and Szpiro was a ComptesRendus article [48] in which they proved some of the conjectures for the graded case. Moreprecisely, they assumed that A is a standard graded ring over an Artinian local ring (such as a�eld), M is a graded module of �nite projective dimension, and N is another graded module. Inthis case, M has a �nite free resolution by modules that are direct sums of A[nij], the gradedmodule A with grading shifted by nij, for various n. They gave a formula which allows one tocompute the intersection multiplicities in terms of the nij in such a way that they could proveall three parts of this conjecture.In addition, they proved the following conjecture in the graded case:Conjecture 8. Let M be an A-module of �nite projective dimension. Thengrade(M) = dim(A)� dim(M):. We recall that the grade of a module is the longest possible length of a regular sequencecontained in the annihilator of M . This is the Codimension Conjecture (13) of Hochster's 1975diagram; the word codimension was once used for what we now call grade. This conjecture is astatement about the prime ideals in the support of a module of �nite projective dimension andholds, for example, for an equidimensional ring, but it is still open in general. For a discussionof this conjecture we refer to [55].We make one �nal remark about the methods of this paper on the graded case. The authorssaid at the time that their method of computing intersection multiplicities through numericalinvariants was a kind of \Riemann-Roch Theorem". This was in fact one of the main inspirationsfor later work on �nding a Riemann-Roch Theorem in general. On the other hand, the questionof whether this is really a version of the Riemann-Roch Theorem of Hirzebruch was not raiseduntil later, and a direct proof that they agree was only given recently (see [58]).We now return to the main topic of the Strong Multiplicity Conjectures.As mentioned above, the �rst of these conjectures is still open. The second two, however,are false. This was an example of Dutta, Hochster, and McLaughlin [11] which was one of theturning points in research in this area. We present an outline of this example, leaving out thedetails.Let k be a �eld, and let A be k[X; Y; Z; Y ]=(XY � ZW ) localized at the maximal ideal(X; Y; Z;W ) (or k[[X; Y; Z;W ]]=(XY � ZW ) if you prefer). Let N = A=(X;Z). We note thatsince (X;Z) contains XY � ZW , N has dimension 2. The problem is to construct a module



THE HOMOLOGICAL CONJECTURES 11of �nite length and �nite projective dimension such that �(M;N) 6= 0. This is carried out bya detailed computation of a set of matrices representing the action of X; Y; Z; and W on a �-nite dimensional vector space; the authors determine the precise conditions these matrices mustsatisfy and produce a set of large matrices satisfying them.This counterexample also had inuence on the theory of local Chern characters, showing thatthey did not vanish where predicted. More on this approach to the question can be found inSzpiro [65] and Roberts [53] and [56].We mention a result of Sather-Wagsta� [61] which is similar to statement M0 above but wherethe hypothesis of �nite projective dimension is replaced by a condition on multiplicity.Theorem 3. Let A be an excellent quasi-unmixed Cohen-Macaulay local ring that contains a�eld. Let p and q be prime ideals such that A=p
A A=q has �nite length and the multiplicity ofAp is equal to the multiplicity the multiplicity of A. Then dim(A=p) + dim(A=q) � dim(A).The interesting point here is that the condition on multiplicities is automatic for regular localrings, since the localization of a regular local ring is regular so both multiplicities are one, likethe condition in M0 that M have �nite projective dimension.We now return to a discussion of further developments on counterexamples to this general-ization of the Vanishing Conjecture. As mentioned above, the example of Dutta, Hochster, andMcLaughlin had implications for local Chern characters. Let A be a local domain of dimensiond which is either complete or essentially of �nite type over a �eld (this is su�cient so that Chowgroups and local Chern characters are de�ned). Associated to A are two elements of the Chowgroup of CH�(A). The �rst is the class [A]; since A is a domain, 0 is a prime ideal and thisde�nes an element of CHd(A). The second is the local Todd class, denote �(A), which is equalto [A] up to elements of lower dimension, and which is what is used in formulas for multiplicities.If A is a complete intersection, it can be shown that �(A) = [A]; there are no lower terms. Thecounterexample to vanishing enables one to construct an example of a Cohen-Macaulay domainA of dimension 3 for which the dimension 2 component of �(A), denoted �2(A), is not zero and(more important), there is a module of �nite length and �nite projective dimension whose localChern character does not vanish on �2(A). This left open the question of whether there was asimilar example where A is Gorenstein. If A is Gorenstein of dimension d, then it can be shownthat �d�1(A) = 0, so any nonvanishing component would have to be of higher codimension.First Kurano [41] provided an example of a Gorenstein ring of dimension 5 for which �3(A) 6= 0.C. Miller and Singh [46] then gave an example, also Gorenstein of dimension 5, for which thereexists a module of �nite length and �nite projective dimension whose local Chern character doesnot vanish on �3(A). In Roberts and Srinivas [60], a general theorem was proven for local rings Awhich are localizations at the maximal ideal of a standard graded ring such that the associatedprojective scheme X is smooth (this includes all the above examples). In the nice case in whichthe Chow group of X is essentially the same as the cohomology of X (which is also true in theabove examples), the main theorem states that if � is any cohomology class that is zero whenintersected with the hyperplane section, intersection with � can be represented by a module of�nite length and �nite projective dimension. This implies in particular the there is such a modulefor Kurano's example. It also means that counterexamples of this sort are quite natural whenseen from the point of view of intersection theory in Algebraic Geometry.In all of the discussion in this section, we have only assumed that one of the modulesM and Nhas �nite projective dimension. If we assume that both modules have �nite projective dimension,the conjectures are still open. If the ring is a complete intersection, then the Vanishing Conjectureis known in this case. There is an example in Roberts [54] of two perfect complexes which de�nepositive cycles for which the intersection multiplicity is negative (this cannot happen over regularlocal rings), which may suggest that the Positivity Conjecture does not hold in this generality.



12 PAUL ROBERTSHowever, there are no indications that the Vanishing Conjecture for two modules of �niteprojective dimension is not true, and this is one of the main open questions in this area atthe present time. In the counterexamples described above, the module M of �nite projectivedimension has �nite length and the module N has dimension less than the dimension of the ring.If N also has �nite projective dimension, the fact that its dimension is less than that of the ringimplies that the alternating sum of ranks of modules in its resolution is zero, and it follows that�(M;N) = 0. Thus one must look elsewhere if one hopes to �nd a counterexample to vanishingwith both modules of �nite projective dimension.4.2. The generalized Rigidity Conjecture. The conjecture on the Rigidity of Tor was alsogeneralized from the regular case to the case in which one module had �nite projective dimension.This was disproven by Heitmann in [20].It could be thought that with the regular case proven and the generalized case false, that wouldbe the end of the story for the question of Rigidity of Tor. However, there have been severalfurther results in this area, particularly for modules over hypersurfaces. We give two examples.First, we have the following theorem due to Huneke and R. Wiegand [37] (their actual theoremis a little stronger than this).Theorem 4. Let A = R=(f) be a hypersurface of dimension d, where R is an unrami�ed regularlocal ring of dimension d+ 1. Let M and N be A-modules such that(1) M 
A N has �nite length.(2) dim(M) + dim(N) � d.Then if Tori(M;N) = 0 for some i � 0, then Torj(M;N) = 0 for j � i.A more recent result on this topic is due to Hailong Dao [6]. This uses a construction ofHochster for hypersurfaces which had been introduced earlier to study these conjectures. LetA = R=(f) be a hypersurface, and suppose also that A is an isolated singuarity. Then a resolutionof a �nitely generate module is eventually periodic of period 2 by results of Eisenbud [12], and theTori(M;N) are eventually of �nite length since A has an isolated singularity. Hochster de�ned�(M;N) = length(Tor2i(M;N))� length(Tor2i+1(M;N)):Dao proved the following theorem. Here A is a hypersurface of the form R=(f), but in additionto R being regular, it must also be a power series ring over a �eld or a discrete valuation ring,so that in particular all of Serre's multiplicity conjectures hold.Theorem 5. Let A be as above, and let M and N be two �nitely generated A-modules. Assumethat �(M;N) = 0. If Tori(M;N) = 0 for some i � 0, then Torj(M;N) = 0 for j � i.We also want to mention an example of Dutta [9], which shows that the partial Euler character-istic �2(M;N) can be negative for two modules of �nite projective dimension over a Gorensteinring. While the original counterexample to vanishing shows that Serre's conjectures on partialEuler characteristics cannot be extended in general, Dutta's example is interesting in that itshows that they can fail even in a case where vanishing holds.5. The Monomial, Direct Summand, and Canonical Element ConjecturesThe �rst two of these conjectures, the Monomial and Direct Summand Conjectures, wereintroduced by Hochster and are listed in his diagram as consequences of the existence of bigCohen-Macaulay modules (which we will discuss below). They can all be proven in the equichar-acteristic case by reduction to positive characteristic as outlined in the previous section.The Direct Summand Conjecture states:



THE HOMOLOGICAL CONJECTURES 13Conjecture 9. (Direct Summand Conjecture) If R is a regular local ring and S is a module-�niteextension of R, then R is a direct summand of S as an R-module.The Monomial Conjecture states:Conjecture 10. (Monomial Conjecture) If x1; : : : ; xd is a system of parameters for a local ringR, then xt1xt2 � � �xtd 62 (xt+11 ; : : : ; xt+1d ):It is not too di�cult to show that these two conjectures are equivalent. Shortly thereafterHochster formulated the Canonical Element Conjecture. There are several versions of this con-jecture, and we state three. The �rst shows why it is called the \Canonical Element" conjecture,and the second and third are easier to compute. In all three statements we let A be a local ringof dimension d with maximal ideal m and residue �eld k.Conjecture 11. (Canonical Element Conjecture I) Let syzd(k) be the dth syzygy module of k,so that there is an exact sequence0! syzd(k)! Fd�1 ! � � � ! F0 ! k ! 0;where the Fi are free modules. Using the Yoneda de�nition of Ext, this d-fold extension de�nesand element of Extd(k; syzd(k)), and hence, mapping to the limit, an element � oflim n Extd(A=m
n; syzd(k)) = Hd

m
(syzd(k)):Then � 6= 0. (� is the \canonical element").(Canonical Element Conjecture II)Let x1; : : : ; xd be a system of parameters for A. Let K� be the Koszul complex on x1; : : : ; xdand let F� be a free resolution of k. Suppose we haveK� ! A=(x1; : : : ; xd)# �� #F� ! k:Then �d 6= 0:(Canonical Element Conjecture III) Let x1; : : : ; xd be a system of parameters for A. Let K� bethe Koszul complex on x1; : : : ; xd and let F� be a free resolution of A=(x1; : : : ; xd). Suppose wehave K� ! A=(x1; : : : ; xd)# �� #F� ! A=(x1; : : : ; xd):Then the image of �d is not contained in mFd.These three are not obviously equivalent, and proofs of their equivalence and the fact that theyare also equivalent to the Direct Summand and Monomial Conjectures can be found in Hochster[25] and Dutta [7]. It should be pointed out that the fact that the Monomial Conjecture orDirect Summand Conjecture implies the Canonical Element Conjecture is quite nontrivial forrings of positive or mixed characteristic; in characteristic zero the Direct Summand Conjecture istrivial and holds for any normal domain since the trace map can be divided by the degree of theextension of quotient �elds. It is equivalent to the Canonical Element Conjecture in characteristiczero only in the sense that both are known to be true.These three conjectures have been among the most seriously studied during the years sincetheir formulation. They all follow from the existence of big Cohen-Macaulay modules, and they



14 PAUL ROBERTScan be proven directly by the method of reduction to positive characteristic outlined above inthe equicharacteristic case. Since Cohen-Macaulay modules exist in dimension at most two, theconjectures have been known since the beginning in any characteristic in dimension less thanthree. The reference Hochster [25] also contains many more interesting results on this topic, andit includes the fact that to prove the direct summand conjecture it su�ces to prove it in the casein which R is an unrami�ed regular local ring, a condition that is often assumed in studying theproblem.Although the canonical element of the conjecture looks somewhat mysterious, there are anumber of conjectures similar to the ones we are discussing that involve the canonical moduleor, more generally, the dualizing complex of a local ring. For examples, we refer to Strookerand St�uckrad [64] and Dutta [8], where the Monomial Conjecture is related to properties of adualizing module.A major breakthrough on these conjectures came in 2003, when Heitmann [22] proved theDirect Summand Conjecture (and therefore several others) in dimension three in mixed charac-teristic. This proof did not involve new machinery, but rather it showed, by prodigious compu-tations, that if one had a non-Cohen-Macaulay ring of mixed characteristic of dimension threefor which p; x; y is a system of parameters, and if we have a relation apN 2 (x; y), then for anyinteger n, in some �nite extension we have that ap1=n 2 (x; y). Thus we do not get a 2 (x; y)(which would of course be true in a Cohen-Macaulay ring), but something close, and Heitmannproved that this is enough to prove the Direct Summand Conjecture. A little later Heitmann[23] showed that the system of parameters p; x; y can be replaced by any system of parameters;it is not necessary to assume that one of them is p. We will discuss this further below.6. Cohen-Macaulay Modules and AlgebrasThe importance of �nding Cohen-Macaulay modules was clear from the beginnings of thissubject. Serre had already shown, as we mentioned above, that ifM and N are Cohen-Macaulayin the situation of his positivity conjecture, then Tori(M;N) = 0 for all i > 0, so that �(M;N)is simply the length of M 
 N , which is clearly positive. It is also not di�cult to show thatmost of the conjectures we have discussed over a ring A of dimension d will follow if there existsa �nitely generated Cohen-Macaulay module of dimension d. Such a module is called a \smallCohen-Macaulay module" (it is also sometimes called a \maximal Cohen-Macaulay module",which admittedly is not terribly consistent terminology).There are rings which cannot have small Cohen-Macaulay modules, such as non-catenaryrings, but these can be considered pathological. In addition, most of the conjectures we havebeen discussing can be reduced to the complete case, and it would su�ce to show that smallCohen-Macaulay modules exist for complete domains.Conjecture 12. Every complete local domain has a small Cohen-Macaulay module.This conjecture is easy if the dimension of A is at most two, since in dimension one anydomain is Cohen-Macaulay, and in dimension two one can take the normalization, which isCohen-Macaulay. However, very little is known beyond that case. There is an example forgraded rings attributed independently to Peskine and Szpiro, Hartshorne, and Hochster; theyshowed that small Cohen-Macaulay modules exist for graded domains of positive characteristicin dimension three (for a proof see Hochster [29]). Dan Katz [40] proved that there is such amodule for extensions obtained by adjoining a pth root to an unrami�ed regular local ring. Onthe other hand, there are non-Cohen-Macaulay unique factorization domains, which cannot havesmall Cohen-Macaulay modules of rank one [4]. But basically this question is completely open.One of the new developments in Hochster's 1975 paper was to introduce a weaker versionof Cohen-Macaulay modules, called \big" Cohen-Macaulay modules. Their existence does not



THE HOMOLOGICAL CONJECTURES 15imply the implication in Serre's conjecture, but it does imply the Intersection Conjecture, theCanonical Element Conjecture, and several others.Let A be a local ring with system of parameters x1; : : : ; xd. A big Cohen-Macaulay module isan A-module M such that(1) x1; : : : ; xd form a regular sequence on M .(2) M=(x1; : : : ; xd)M 6= 0:The second condition is crucial; there are numerous in�nitely generated modules that satisfythe �rst condition but not the second, and without this condition none of the stated implica-tions hold. If M is a small Cohen-Macaulay module, however, Nakayama's Lemma implies thatcondition 2 holds.Conjecture 13. Every local ring has a big Cohen-Macaulay module.Like the conjectures in the previous section, this conjecture is known in the equicharacteristiccase and for rings of dimension at most 3. The basic method used by Hochster in [24] was tokill any bad relations as follows. If M is not Cohen-Macaulay, there exists an element m 2 Msuch that xim 2 (x1; : : : ; xi�1) but m 62 (x1; : : : ; xi�1) for some i. We then extend M to M 0 =M � Ai�1 modulo the relation (m; x1; : : : ; xi�1); this puts the image of m into the submodule(x1; : : : ; xi�1)M 0. We then take a huge and carefully constructed limit, and it is then easy to seethat the limit will satisfy the �rst condition. The problem is to show that the second conditionalso holds. The original proof in the equicharacteristic case involves the Frobenius map andHochster's Metatheorem. The proof in dimension 3 uses Heitmann's results.6.1. Weakly Functorial Big Cohen-Macaulay algebras. A further development in thisarea was the introduction of big Cohen-Macaulay algebras. One method for construction suchan algebra is similar to that of big Cohen-Macaulay modules mentioned earlier, but instead oftaking a free module in the extension and dividing by the relation as above, one takes a freecommutative algebra; that is, a polynomial ring and again divides by an appropriate relationand takes a limit. For the applications one would like it to be functorial; this does not seempossible, but when they exist they can be made \weakly functorial", which is enough for manyapplications. We give the de�nitions.Let R be a local ring with system of parameters x1; : : : ; xd. A big Cohen-Macaulay algebra isan algebra module A such that(1) x1; : : : ; xd form a regular sequence on A.(2) A=(x1; : : : ; xd)A 6= 0:\Weakly Functorial" means that given R! S, one can �nd Cohen-Macaulay algebras A andB and a diagram R ! S# #A ! BConjecture 14. Every local ring has a big Cohen-Macaulay algebra, and for any map of localrings they can be chosen to be weakly functorial in the sense given above.It can be seen that this is a considerably stronger conjecture than the existence of big Cohen-Macaulay modules, which in turn is stronger than the conjectures of the previous section. How-ever, it has so far been the case that once methods had been developed to prove one of theseconjectures, it can be applied to prove the existence of weakly functorial big Cohen-Macaulayalgebras. An example is the case of dimension 3 in mixed characteristic, where the results of Heit-mann's proof of the Direct Summand conjecture were used by Hochster to prove this conjectureas well [28].



16 PAUL ROBERTSA remarkable theorem appeared in 1990, with the proof by Hochster and Huneke that R+ isCohen-Macaulay for R a domain of positive characteristic [33]. Here R+ is the absolute integralclosure of R, which means the integral closure in the algebraic closure of its quotient �eld. Thiswas later given a much simpler proof by Huneke and Lyubeznik [36]. This is better than justthe existence, since it gives a speci�c construction in the positive characteristic case.The existence of weakly functorial big Cohen-Macaulay algebras has many applications; forexample, they imply the conjectures on the vanishing of maps of Tor and that direct summandsof regular local rings are Cohen-Macaulay that we will state below. For more details on theexistence and applications of such algebras we refer to Hochster and Huneke [34].7. The Syzygy Conjecture and the Improved New Intersection ConjectureEvans and Gri�ths proved the following theorem for rings containing a �eld [13].Theorem 6. Let A be a Cohen-Macaulay local ring containing a �eld, and let M be a �nitelygenerated kth module of syzygies that has �nite projective dimension. If M is not free, then Mhas rank at least k.In proving this conjecture it turned out that a stronger version of the Intersection Conjec-ture was one of the key points in the proof. This was named the \Improved New IntersectionConjecture".Conjecture 15. Let A be a local ring of dimension d, and let0! Fk ! � � � ! F1 ! F0 ! 0be a complex of �nitely generated free modules such that Hi(F�) has �nite length for i � 1 andthe cokernel of F1 ! F0 has a minimal generator annihilated by a power of the maximal ideal.Then k � d.The original New Intersection Conjecture is the case where the cokernel of F1 ! F0 is itself of�nite length (and nonzero). While this is a version of the Intersection Conjecture, it is in factstronger, and is equivalent to the Canonical Element Conjecture and the others in that group.Thus it is now known in the equicharacteristic case and in dimension at most 3.Recently Evans and Gri�th have proven their Syzygy Theorem for certain graded modulesof mixed characteristic ([15]). They also have a more extensive account of problems concerningsyzygies in [14]. 8. Tight closure TheoryIn 1985 Hochster and Huneke introduced the concept of tight closure. It is de�ned for equichar-acteristic rings; to keep the discussion simple we will give the de�nition for integral domains ofpositive characteristic.De�nition 1. Let I be an ideal of an integral domain A of positive characteristic p. The tightclosure of I, denoted I�, is the set of a 2 A for which there is an element c 6= 0 in A such thatcape 2 I [pe] for all e � 0.Here Ipe is the ideal generated by ipe for all i 2 I. Tight closure is also de�ned for rings ofcharacteristic zero using a method of reduction to positive characteristic. We refer to Huneke'snotes from the Fargo conference [35] and its bibliography for much more information about tightclosure. We will mention some connections to the problems we have been discussing here.First of all, tight closure made it possible to give nicer proofs of some of the HomologicalConjectures, such as the Monomial Conjecture and the existence of big Cohen-Macaulay modules,in the equicharacteristic case, although the basic idea, reduction to positive characteristic and



THE HOMOLOGICAL CONJECTURES 17the use of the Frobenius map, was similar to methods used earlier. One of the �rst ideas thatarose from this was to attempt to �nd a similar closure opration that would work in mixedcharacteristic. A list of the desired properties of such a closure operation can be found, forexample, in the Introduction of the notes of Huneke cited above; for the purposes of theseconjectures, one of the main ones is \colon-capturing", which states that if x1; : : : ; xd is a systemof parameters, and if axi 2 (x1; : : : ; xi�1) for some i, then a is in the closure of (x1; : : : ; xi�1). Aclosure operation with all the right properties has not been found; however, this did inspire somenew methods; in particular, Heitmann's proof of the Direct Summand Conjecture in dimensionthree was motivated in part by an attempt to show that \full extended plus closure" satis�esthe colon-capturing condition in mixed characteristic. In this part of the discussion we assumethat A is a complete local domain and recall that A+ is the integral closure of A in the algebraicclosure of its quotient �eld.De�nition 2. If x 2 A, then x is in the full extended plus closure of I if there exists c 6= 0 2 Asuch that for every positive integer n, c1=nx 2 (I; pn)A+. We write x 2 Iepf .A similar closure operation had been de�ned by Hochster and Huneke in [32]. They de�nedthe \dagger closure" to as follows (with the same assumptions on A). In this de�nition we �xa valuation v on A+ with values in Q [ f1g which is nonnegative on A+ and positive on themaximal ideal of A+.De�nition 3. If x 2 A, then x is in the dagger closure of I if there exist elements u 2 A+ ofarbitrarily small positive order with ux 2 IA+. We write x 2 Iy.It is easy to see that Iepf � Iy. The main result of Hochster and Huneke was that daggerclosure and tight closure are the same in positive characteristic, so it made sense to try to showthat dagger closure satis�es the colon-capturing property. Heitmann's results show that this istrue in dimension three.In addition to leading to these developments on the original homological conjectures, theconnections that tight closure demonstrated with other areas inspired some new conjectures.Conjecture 16. (Vanishing of Maps of Tors) Let R be a regular ring, A a module �nite torsion-free extension of R, and T a regular local ring with a map � from A to T . Then for everyR-module M and every i � 1, the map induced by � from TorRi (M;A) to TorRi (M;T ) is zero.This conjecture has a similar avor to some of the previous ones, particularly in the case whereT is a �nite A-module, and it implies several of them. However, this one is much more general;T could be an in�nite extension, or on the other hand it could be the residue �eld of A is Ais a local ring. It is known in the equicharacteristic case. We refer to Hochster [30] for a morecomplete discussion of this conjecture and its relation to other ones.Another result of tight closure was to give a simple proof in characteristic zero that invariantsof certain group actions on regular rings are Cohen-Macaulay. They proved, in fact, that a directsummand of a regular ring in equal characteristic is Cohen-Macaulay; it is a conjecture in mixedcharacteristic.Conjecture 17. A direct summand of a regular ring is Cohen-Macaulay.If we apply this to the R-module M = R=(xt+11 ; : : : xt+1d ; xt1xt2 � � �xtd) where R is (regular) localof dimension d and x1; : : : xd is a system of parameters, it is not hard to see that this conjectureimplies the Monomial Conjecture and hence also the Direct Summand Conjecture. In fact, it isequivalent to a stronger version of this conjecture.



18 PAUL ROBERTS9. The Strong Direct Summand ConjectureIn this section we discuss several recent variations on conjectures related to Direct Summands.Conjecture 18. (Strong Direct Summand Conjecture) Let R be a regular local ring and let Abe a �nite extension of R. Let Q be a height one prime ideal of A containing xR, where x is aminimal generaator of the maximal ideal of R. Then xR is a direct summand of Q.At �rst sight this appears to be a rather gratuitous generalization of the Direct SummandConjecture. It is indeed a generalization, since if this holds, then since xA is contained in Q, thesplitting map from Q to xR induces one from xA to xR, and dividing by x we obtain one fromA to R. Its importance comes from the surprising fact that it is equivalent to the VanishingConjecture for maps of Tors. This was proven by N. Ranganathan in [49].She also had a strong version of the Monomial Conjecture:Conjecture 19. (Strong Monomial Conjecture): Let A be a local domain with system of param-eters (x1; : : : ; xd). Let Q be a height one prime of A containing xi. Thenx1(x1x2 � � �xd)t 62 (xt+11 ; : : : ; xt+1d )Qfor all t > 0.A much more complete discussion of the conjectures of the last two sections and relationsbetween them can be found in Hochster [29] and [30].Recent work on the Strong Monomial Conjecture conjecture can be found in McCullough [45].We include here the updated version of Hochster's diagram from the 2004 Minicourse at theUniversity of Utah. A Good Tight Closure Theory Weakly FunctorialBig C-M AlgebrasStrong Direct Summand Vanishing for Maps of Tor Big C-M Algebras Small C-MAlgebrasDirect Summandsof Regular Rings are C-M Big C-M Modules � > 0Direct Summand MonomialImproved New Intersection Canonical ElementSyzygy New IntersectionIntersection



THE HOMOLOGICAL CONJECTURES 1910. Almost Cohen-Macaulay AlgebrasAs outlined above, Heitmann's proof of the Direct Summand Conjecture in dimension threeintroduced a new method for attacking many of the Homological Conjectures in mixed char-acteristic. In this section we will go into more detail about this method and questions that itraised.What Heitmann showed originally was that ifA is a complete normal local domain of dimension3 and of mixed characteristic, if p; x; y is a system of parameters, and if apN 2 (x; y) for somea 2 A, then for any integer n > 0, there is a �nite extension B of A such that ap1=n 2 (x; y)B.This implies that the local cohomology H2
m(A+) is annihilated by p1=n for all n > 0, where, asusual, A+ is the integral closure of A in the algebraic closure of its quotient �eld. In a later paper([23]) he extended this to show that p can be replaced by any u in the maximal ideal of A, and,using the fact that the condition that A is a normal domain of dimension 3, so that H2

m
(A) has�nite length, it is easy to see that this implies that H2

m
(A+) is annihilated by the maximal idealof A+. Thus it is a vector space over the �eld A+=mA+. It is still an open question whether it isactually zero.As we also described earlier, the result, for example that apN 2 (x; y) in A then ap1=n 2 (x; y)in A+ can be stated by the fact that certain closure operations have the colon-capturing propertyin this case. The closure operations are full extended plus closure of Heitmann [23] and daggerclosure of Hochster and Huneke [32]. While the fact that full extended plus closure has thisproperty is a stronger result, for the remainder of this section we will only consider daggerclosure, since the fact that it has the colon-capturing property is enough to prove, for example,the Direct Summand Conjecture. We describe this in more detail.Let A be a ring as above; we take a valuation v on A with values in the ordered abelian group

R of real numbers, Then v is a function from A to R [ f1g satisfying(1) v(ab) = v(a) + v(b) for a; b 2 A.(2) v(a+ b) � minfv(a); v(b)g for a; b 2 A.(3) v(a) =1 if and only if a = 0.We will assume also that v(a) � 0 for a 2 A and that v(a) > 0 for a in the maximal ideal ofA. The existence of such a valuation follows from standard facts on extensions of valuations, seefor example Zariski-Samuel [66], Chapter VI.If I is an ideal of a local domain A with a valuation v satisfying the above properties, then ais in the dagger closure Iy of I if there exist elements u 2 A+ of arbitrarily small positive order,with ux 2 aA+. It follows from Heitmann's result that in mixed characteristic in dimension threedagger closure has the colon-capturing property. It also follows that, still in dimension three,the local cohomology module H2
m
(A+) is annihilated by arbitrarily small elements. To generalizethis we make the following de�nitions.We say that an A-moduleM is almost zero with respect to v if for allm 2M and for all � > 0,there exists an a 2 A with v(a) < � and am = 0.This terminology comes from a paper of Faltings [16], where he proves that certain localcohomology groups are almost zero. The topic of almost zero modules was developed in muchmore detail by Gabber and Ramero [17].De�nition 4. An A-algebra B is almost Cohen-Macaulay if(1) H i(x)(B) is almost zero for i = 0; : : : ; d� 1.(2) B=(x1; : : : ; xd)B is not almost zero.An alternative de�nition of almost Cohen-Macaulay can be obtained by de�ning a sequencex1; : : : ; xd to be almost regular if fajaxi 2 (x1; : : : ; xi�1)g=(x1; : : : ; xi�1) is almost zero for i =1; : : : ; d and de�ning A to be almost Cohen-Macaulay if a system of parameters is almost regular



20 PAUL ROBERTS(together with condition (2)). Standard methods show that this de�nition implies the formerone (see for example Matsumura [44], Theorem 16.5 (i)).Question 1. Let A be a complete Noetherian local domain. Is A+ almost Cohen-Macaulay?Of course, the result of Hochster and Huneke and Huneke and Lyubeznik that we referred toabove says that if A has positive characteristic, then A+ is actually Cohen-Macaulay. However,this is not true in characteristic zero, since if we have a normal non-Cohen-Macaulay domain A,since A is a direct summand of every �nite extension using the trace map, a nontrivial elementof local cohomology cannot go to zero in A+. There is little evidence that this would be truein general, but there are some examples in characteristic zero in dimension 3 by Roberts, Singh,and Srinivas [59], and Heitmann, as we have seen, showed that it is true in mixed characteristicin dimension 3. As we have said, it is still open whether A+ is Cohen-Macaulay in that case.This question can also be generalized further. Instead of the class of almost zero modulesde�ned above, we can take other classes. To make the theory work we should take a class C ofalmost zero modules satisfying the following conditions.(1) If 0!M 0 !M !M 00 ! 0 is a short exact sequence, then M 2 C if and only if M 0 andM 00 are in C.(2) C is closed under direct limits.Question 2. Let A be a local ring. Does there exist an almost Cohen-Macaulay algebra over Afor some class of almost zero modules?11. A Summary of Open QuestionsWe summarize some of the main questions which remain open. Since they have varying degreesof likelihood of being true, we simply label them all as \Questions".11.1. The Serre Positivity Conjecture.Question 3. Let R be a rami�ed regular local ring of mixed characteristic, and let M and N beR-modules such that M 
R N has �nite length. If dimM + dimN = dimR, is �(M;N) > 0?This conjecture would follow from the existence of small Cohen-Macaulay modules. There hasbeen some recent work to attempt to use Gabber's proof of the Nonnegativity Conjecture toprove this, but so far it has not been successful.11.2. Partial Euler characteristics.Question 4. If R is a rami�ed regular local ring of mixed characteristic of dimension d and Mand N are R-modules such that M 
R N has �nite length, is�i(M;N) = dXj=i (�1)i+j length(Tor(M;N)) � 0?11.3. Strong Multiplicity Conjectures.Question 5. Let A be a local ring, and let M and N be A-modules such that M 
AN has �nitelength and M has �nite projective dimension. Is dim(M) + dim(N) � dim(A)?Question 6. Let A be a local ring, and let M and N be A-modules such that M 
AN has �nitelength and both M and N have �nite projective dimension.(1) If dim(M) + dim(N) < dimA, is �(M;N) = 0?(2) If dim(M) + dim(N) = dimA, is �(M;N) > 0?



THE HOMOLOGICAL CONJECTURES 21This question has been studied over the years, although it is still very much open. There arecomplexes which de�ne positive cycles for which the positivity part fails, which may be a signthat the positivity is not true in this generality.11.4. Cohen-Macaulay modules and related conjectures.Question 7. (Small Cohen-Macaulay modules) Let A be a complete local domain of dimensiond. Does there exist a �nitely generated A-modules of depth d?No one has yet succeeded in coming up with a way to approach this question in dimension 3or greater.Question 8. (Big Cohen-Macaulay modules) Let A be a local domain of mixed characteristic ofdimension d with system of parameters x1; : : : ; xd. Does there exist an A-module M for which(1) x1; : : : xd is a regular sequence on M .(2) M=(x1; : : : ; xd)M 6= 0.As discussed at length, there are numerous conjectures which follow from this one, many ofwhich are equivalent. Out of these we will state two, one because it is quite concrete, and theother because it is the strongest of these conjectures. Both of these are open in the case whereA has mixed characteristic and dimension greater than three.Question 9. (Monomial Conjecture) Let A be a local ring with system of parameters x1; : : : ; xd.Is xt1xt2 � � �xtd in the ideal (xt+11 ; xt+12 ; : : : ; xt+1d )?Question 10. Can one construct weakly functorial big Cohen-Macaulay algebras?We refer to section 6.1 for a precise statement of what this means.11.5. Almost Cohen-Macaulay algebras.Question 11. Let A be a local ring. Does A have an almost Cohen-Macaulay algebra?We refer to the previous section for a precise statement of this question.References[1] M. Auslander, Modules over unrami�ed regular local rings, Proc. Int. Congress Stockholm (1962), 230{233.[2] L. Avramov, R. Buchweitz, and S. Iyengar, Class and rank of di�erential modules, Invent. Math. 169 (2007),1{35.[3] P. Berthelot, Alt�erations de vari�et�es alg�ebriques [d'apr�es A. J. de Jong], S�eminaire Bourbaki, expos�e 815(1996).[4] M.-J. Bertin, Anneaux d'invariants d'anneaux de polynomes, en caractristique p, C. R. Acad. Sci. Paris Sr.A-B 264 (1967), A653A656.[5] M. P. Brodman and R. Y. Sharp, Local cohomology: an algebraic introduction with geometric applications,Cambridge Studies in Advanced Mathematics 60, Cambridge University Press, Cambridge (1998).[6] H. Dao, Decency and Tor-rigidity for modules over hypersurfaces, arXiv math.AC/0611568.[7] S. P. Dutta, On the canonical element conjecture, Trans. Amer. Math. Soc. 299 (1987), 803{811.[8] S. P. Dutta, A note on the monomial conjecture, Trans. Amer. Math. Soc. 350 (1998), 2871{2878.[9] S. P. Dutta, On negativity of higher Euler characteristics Amer. J. Math. 126 (2004), 13411354.[10] S. P. Dutta, Intersection multiplicity of Serre on regular schemes, J. of Algebra 319 (2008), 1530{1554.[11] S. P. Dutta, M. Hochster, and J. E. McLaughlin, Modules of �nite projective dimension with negative inter-section multiplicities, Invent. Math. 79 (1985), 253{291.[12] D. Eisenbud, Homological algebra on a complete intersection, with an application to group representations,Trans. Amer. Math. Soc. 260 (1980), 3564.[13] E. Graham Evans and P. Gri�th, The syzygy problem, Ann. of Math. (2) 114 (1981), 323{333.[14] E. Graham Evans and P. Gri�th, Syzygies, London Mathematical Society Lecture Note Series, 106. Cam-bridge University Press, Cambridge, (1985).
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