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The problem we consider is to try to set up acorrespondence between cycles over a regularlocal ring of mixed characteristic with cyclesover a regular local ring of positive character-istic.The motivation comes from Serre's conjec-tures on intersection mutiplicities, which arenot completely known in mixed charateristic.The method is to attempt to apply a construc-tion of Fontaine that goes between rings ofpositive and of mixed characteristic.



Let R = V [[X2; : : : ; Xd]], where V is a discretevaluation ring ring with maximal ideal gener-ated by the prime number p and perfect residue�eld k.R is a regular local ring of mixed characteristicof dimension d.Let S = k[[T1; : : : ; Td]].S is a regular local ring of positive character-istic of dimension d.We would like to set up a correspondence be-tween cycles over R and S. We show what wecan actually do in this direction.



The Fontaine ring of RLet R1 = [nR[[p1=pn; X1=pn1 ; : : : ; X1=pnd ]]. Wethen de�ne E(R1) = lim Rn;where Rn = R1=pR1 for all n, and the mapfrom Rn+1 to Rn sends r to rp, i.e. it is theFrobenius map.E(R1) is the Fontaine ring of R1.We denote an element of E(R1) by (r0; r1; : : :)with ri 2 R1 (taken modulo p) and rpi+1 � rimodulo p.Obvious facts:
1. E(R1) is a perfect ring of characteristic p.
2. The construction is functorial.



Some not so obvious facts:
1. E(R1) contains k.
2. LetT1 = (p; p1=p; p1=p2; : : :);Ti = (Xi; X1=pi ; X1=p2i ; : : :) for i = 2; : : : ; d.Then E(R1) contains the power series ringk[[T1; : : : ; Td]], which we denote S.Let S1 be the perfect closure of S, thatis, the ring obtained by adjoining all pnthroots of elements of S. Then

E(R1) �= lim S1=Tn1S1:



Going back from E(R1) to R1We can't quite reconstruct R1 from E(R1),but we can reconstruct the p-adic completionof R1, R̂1 = lim R1=pnR1:The �rst step is to take the ring of Witt vec-tors W(E(R1)); since E(R1) is a perfect ringof positive characteristic, this is a reasonableoperation.Then: There is a surjective mapW(E(R1))! R̂1with kernel generated by T1 � p. Thus the p-adic completion of R1 can be recovered fromE(R1).We now reformulate the question: is therea correspondence between cycles on E(R1).and cycles on R̂1?



The correspondence: to a prime ideal p in R̂1we take the kernel of E(R̂1) to E(R̂1=p) andtake the cycle it de�nes.Question: does it actually de�ne a cycle, canthe kernel be decomposed into a �nite sum ofprime ideals?
To a prime ideal in E(R1) we take the asso-ciated prime ideal in the ring of Witt vectorsthen divide by T1�p. Again we have the ques-tion of whether we get a �nite sum of primeideals.
The question remains whether this gives aninteresting correspondence.



Two simple examplesLet R = V [[X2; X3; X4]]First, take the ideal generated by X2�X3. Thisis a prime ideal in R, but not in R1 as it is divis-ible by X1=pn2 �Xpn3 for all n. This correspondsto the ideal in E(R1) generated by T2 � T3.Second, take the ideal generated by X2+X3+X4. This ideal is again clearly prime in R, andit is not hard to show that it remains prime inR1. It is not clear, however, that it remainsprime in R̂1; modulo p it of course has pnthroots for all p.
If one is really going to study intersection con-jectures. For this to give anything one wouldhave to study R̂1=pwhere p is a minimal prime ideal over the idealgenerated by an Eisenstein polynomial in R.


