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This is a very classical question, that has been successfully solved withfairly elementary methods (see for example [GH94], page 277). Here wepropose to approach it from a very modern and \technological" angle: wethink of lines in the projective plane as maps � : P1 ! P2 of degree 1.We mark two points p1 and p2 on P1 and keep track of their image viathe map �. We then construct the space of all such marked maps, andask ourselves: can we understand the locus B of all maps that are tangentto Z at the images of both p1 and p2? The answer fortunately is yes.The description of B allows us to produce a closed formula for NB in alldegrees.This brief description already reveals that there is something deep andinteresting going on here, and that the journey is much more importantthan the destination itself. Our major goal is to introduce the reader tothe rich and beautiful theory of Moduli Spaces in a hopefully \soft" way,with the �nal treat of seeing it concretely applied to solve our classicalproblem.It is our intention for this paper to be a very readable expository work.We designed it to be accessible to a �rst year graduate student who is con-sidering algebraic geometry as a specialty �eld. We emphasize geometricintuition and visualization above all, at the cost of silently glossing oversome technical details here and there.Outline of the PaperThis paper is divided into three sections, getting progressively more ad-vanced.The �rst section introduces some basic ideas and techniques in modernalgebraic geometry, necessary to develop and understand the later twosections and is intended for the unexperienced reader. We quickly treadthrough the most basic ideas in intersection theory; we introduce the con-cept of families of algebro-geometric objects; we discuss the speci�c ex-ample of vector bundles, and give a working sketch of the theory of Chernclasses. Finally, we describe two interesting constructions: the blow-upand jet bundles. 2



Entire books have been written on each of these topics, so we have nohope or pretense to be complete, or even accurate. Yet, we still thinkit valuable to present what lies in the back of a working mathematician'smind, in the �rm belief that a solid geometric intuition is the best stairwayto understand and motivate the technicalities and abstract generalizationsneeded to make algebraic geometry \honest".The second section is the development of most of the theory. After a quickqualitative introduction to moduli spaces, we discuss our main characters:the moduli spaces of rational stable curves, and of rational stable maps.Intersection theory on the moduli spaces of stable maps, commonly re-ferred to as Gromov-Witten Theory, is currently an extremely active areaof research.Finally, in the third section we apply all the theory developed so far tosolve the bitangent problem. We explore in further detail the modulispaces of rational stable maps of degree 1 to P2 , with one and two markedpoints. By intersecting appopriate cycle classes on these spaces we extractthe classical Plucker Formulas, expressing the number of bitangents as afunction of the degree d of the curve.ReferencesWe suggest here some canonical references for the reader in search ofmore rigor and completeness. For intersection theory, [Ful98] is a fairlytechnical book, but de�nitely it has the last word on it. It also presentsChern classes from an algebraic point of view. A discussion of Chernclasses from a geometric point of view can be found in [BT82].A good treatment of blow-ups can be found in any basic book in algebraicgeometry, for example [GH94] or [Har77].A very pleasant reference for jet bundles is [Vak98].Our presentation of moduli spaces follows the spirit of [KV99]; for any-body interested in getting serious, [HM98] is the way to go. Finally, agood introduction to  classes is [Koc01].3



AknowledgementsWe �rst of all owe the inspiration for this work to Joachim Kock, who out-lines this strategy for counting bitangents in his talk [Koc99], and is alsoresponsible, with Israel Vainsencher, for the best elementary introductionto Gromov-Witten Theory we know of, [KV99] . We also thank AaronBertram, Herb Clemens, Tommaso de Fernex, Hugo Rossi and Ravi Vakilfor their comments, suggestions and encouragement.1 Preliminaries1.1 Intersection TheoryIt will be helpful, but not essential, that the reader is familiar with theChow ring, A�(X), of an algebraic variety X . A�(X) is, in some loosesense, the algebraic counterpart of the cohomology ring H�(X), and itallows us to make precise in the algebraic category the intuitive conceptsof oriented intersection in topology.We think of elements of the group An(X) as formal �nite sums of codi-mension n closed subvarieties (cycles), modulo an equivalence relationcalled rational equivalence1. A�(X) = �dimX0 An(X) is a graded ring withproduct given by intersection.Intersection is independent of the choice of representatives for the equiv-alence classes.In topology, if we are interested in the intersection of two cohomologyclasses a and b, we can choose representatives a and b that are trans-verse to each other. We can assume this since transversality is a genericcondition: if a and b are not transverse then we can perturb them ever soslightly and make them transverse while not changing their classes. Thisbeing the case, then a \ b represents the class a [ b.1This is probably our greatest sloppiness. In order for this statement to betrue, we need to be able to assume Poincare' duality, and hence that our X issmooth and proper. Since the spaces we will actually work with satisfy thesehypoteses, we do not feel too guilty. 4



In algebraic geometry, even though this idea must remain the backboneof our intuition, things are a bit trickier. We will soon see examplesof cycles that are rigid, in the sense that their representative is unique,and hence \unwigglable". Transversality then becomes an unattainabledream. Still, with the help of substantially sophisticated machinery (theinterested reader can consult [Ful98]), we can de�ne an algebraic versionof intersection classes and a product that reduces to the \geometric" onewhen transversality can be achieved.Throughout this paper, a bolded simbol will represent a class, the un-bolded simbol a geometric representative. The intersection of two classesa and b will be denoted by ab.Example: the Chow Ring of Projective Space.A�(Pn) = C[H](Hn+1) ;where H 2 A1(Pn) is the class of a hyperplane H .1.2 Families and BundlesOne of the major leaps in modern agebraic geometry comes from theinsight that, to fully understand algebraic varieties, we should not studythem one by one, but understand how they organize themselves in families.We are all familiar, maybe subconsciously, with the concept of a family.When, in high school, we dealt with \all parabolas of the form y = ax2"or \all circles with center in the origin", we had in hand prime examplesof families of algebraic varieties.The idea is quite simple: we have a parameter space, B , called the baseof the family. For each point b 2 B we want an algebraic variety Xb withcertain characteristics. Further, we want all such varieties to be organizedtogether to form an algebraic variety E , called the total space of the family.A little more formally we could de�ne a family of objects of type P as amorphism of algebraic varieties E� #B5



where ��1(b) is an object of type P .A section of a family � : E ! B is a map s : B ! E such that � � s :B ! B is the identity map. Often, the section s is writtenE� #" sB:Notice that s(b) 2 ��1(b).Given a family � : E �! B and a map f : M ! B we can construct anew family f �E# �fM;called the pull-back of � via f :f �E = f(m; e) 2 M � E j f(m) = �(e)g:Intuitively, the �bre of �f over a point m 2M will be the �bre of � overf(m). An essential property of this construction is that it is functorial,up to isomorphism.1.2.1 Vector BundlesA vector bundle of rank n is a family � : E ! B of vector spaces over
C of dimension n which is locally trivial. By locally trivial we meanthat there is on open cover fU�g of B such that ��1(U�) �= U� � Cn .Our vector bundle is uniquely determined by how these trivial pieces gluetogether.A vector bundle of rank one is called a line bundle, as its �bers are(complex) lines.Given two vector bundles E1 E2�1 # and �2 #B B6



over the same base space, one can de�ne their Whitney sumE1 � E2� #B;where a �bre ��1(b) is the direct sum of the vector spaces ��11 (b)���12 (b).It can be easily veri�ed that this family satis�es the local triviality condi-tion.Similarly, one can de�ne the tensor product E1 
 E2 , the dual bundle E� ,the wedge product �p(E) and the bundle Hom(E1; E2) = (E2 
 E�1 ).1.2.2 Characteristic Classes of BundlesFor every vector bundle there is a natural section s0 : B ! E de�ned bys0(b) = (b; 0) 2 fbg � C
n:It is called the zero section, and it gives an embedding of B into E .A natural question to ask is if there exists another section s : B ! E whichis disjoint form the zero section, ie. s(b) 6= s0(b) for all b 2 B . The Eulerclass of this vector bundle (e(E) 2 An(B)) is de�ned to be the class ofthe self-intersection of the zero section: it measures obstructions for theabove question to be answered a�rmatively. This means that e(E) = 0if and only if a never vanishing section exists. It easily follows from thePoincare'-Hopf theorem that for M a manifold, e(TM) \ [M ] = �(M).That is, the degree of the Euler class of the tangent bundle is the Eulercharacteristic.The Euler class of a vector bundle is the �rst and most important exampleof a whole family of \special" cohomology classes associated to a bundle,called theChern classes of E . The k -th Chern class of E , denoted ck(E),lives in Ak(B). In the literature you can �nd a wealth of de�nitions forChern classes, some more geometric, dealing with obstructions to �nding acertain number of linearly independent sections of the bundle, some purelyalgebraic. Such formal de�nitions, as important as they are (because theyassure us that we are talking about something that actually exists!), arenot particularly illuminating. In concrete terms, what you really need to7



know is that Chern classes are cohomology classes associated to a vectorbundle that satisfy a series of really nice properties, which we are aboutto recall.Let E be a vector bundle of rank n:identity: by de�nition, c0(E) = 1.normalization: the n-th Chern class of E is the Euler class:cn(E) = e(E):vanishing: for all k > n, ck(E) = 0.pull-back: Chern classes commute with pull-backs:f �ck(E) = ck(f �E):tensor products: if L1 and L2 are line bundles,c1(L1 
 L2) = c1(L1) + c1(L2):Whitney formula: for every extension of bundles0! E 0 ! E ! E 00 ! 0;the k -th Chern class of E can be computed in terms of the Chernclasses of E 0 and E 00 , by the following formula:ck(E) = Xi+j=k ci(E 0)cj(E 00):Using the above properties it is immediate to see:(1) all the Chern classes of a trivial bundle vanish (except the 0-th, ofcourse);(2) for a line bundle L, c1(L�) = �c1(L).To show how to use these properties to work with Chern classes, we willnow calculate the �rst Chern class of the tautological line bundle over P1 .The tautological line bundle is
C ! S� #

P1;8



where S = f(p; l) 2 C2 � P1 j p 2 lg. It is called tautological because the�ber over a point in P1 is the line that point represents.Our tautological family �ts into the short exact sequence of vector bundlesover P1 0 ! S ! C� P1 ! Q ! 0& # .
P1where Q is the hyperplane bundle S? : the �bre in Q over a line l 2 P1is the hyperplane l? in C2 . Notice that Q is also a line bundle. From theabove sequence, we have that0 = c1(C� P

1) = c1(S) + c1(Q): (1)Since P1 is topologically a sphere, which has Euler characteristic 2, then2 = c1(TP
1) = c1(S�) + c1(Q) = �c1(S) + c1(Q): (2)The second equality in 2 holds because TP1 is the line bundle Hom(S;Q) =S� 
Q.It now follows from (1) and (2) that c1(S) = �1.1.3 Blow-upLet us begin by discussing the prototypical example of the blow up of apoint on a surface: �rst o�, the blow up is a local construction and so weneed only understand the local picture.Consider the map � : C2 ! C(x; y) 7! y=x:This is a rational map and is not de�ned on the line fx = 0g. We may tryto �x this by modifying our target space to P1 . Still, � cannot be de�nedat 0 := (0; 0). In fact, along any line l through the origin, the limit of �at 0 is the slope of l . We would like to enlarge C2 to a smooth surfacebirational to it, where the map � can be de�ned everywhere. We wouldlike points outside 0 to remain \untouched" and 0 to be replaced by a P1whose points represent all tangent directions at 0.9



Here is how to do it: consider the graph of �, �� � C2�P1 . We have thecommutative diagram �� � C2 � P1(id;�) %. �1 # �2
C2 ��! P1The closure �� is what we are looking for. Indeed, it is birational to C2 ;the left projection �1j�� is an isomorphism onto C2�f0g and ��11 (0) = P1 .We de�ne the blow-up of C2 at 0 as Bl0(C2) := �� = �� [ P1 ; theprojective line ��11 (0) is called the exceptional divisor of the blow-up anddenoted E . We have obtained a new (smooth!) space by replacing, in aparticularly favorable way, a point with the projectivization of its normalbundle.
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Figure 1: the blow-up of C2 at the origin.In general, for Y � X a closed subvariety of codimension k � 0, one canconstruct a new space BlY (X) such that:(1) BlY (X) is birational to X ;(2) points outside Y are untouched;(3) a point in Y is replaced by Pk�1 , representing the \normal" direc-tions to Y at that point. 10



Before moving on, there is a cute example of an intersection that is some-what out of the ordinary. It can be easily shown that the class E ofthe exceptional divisor admits only one representative, namely E itself.It is therefore impossible to compute the self-intersection EE by meansof intersecting two transverse representatives of the class. Here is a wayto perform the computation by exploiting the property that intersectionproducts and pull-backs commute.Two generic lines l and l0 in C2 intersect at a single point. That is, ll0 = 1.Let us blow-up C2 at the point of intersection. Then ��1(l) = l [ E andsimilarly ��1(l0) = l0 [ E .2Since the two lines are transverse, their proper transforms are disjoint inthe blow-up and so they have intersection 0. Further, the intersections lEand l0E are both 1.
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C 2Figure 2: computing the self-intersection of the exceptional divisor.Finally, we can compute intersection numbers (omitting to mention everytime the fact that they are coe�cients in front of the class of a point):1 = ��(1) = ��(ll0) = ��(l)��(l0) == ll0 + lE+ l0E+EE = 0 + 1 + 1 +EE:2Here we identify the notation for the lines and their proper transforms.By proper transform we mean: take the preimage of the line and discard theexceptional divisor. 11



It follows that the self-intersection of the exceptional divisor is �1. Itturns out that having negative self-intersection is an extremely strongproperty, as it characterizes curves in a surface that can be contracted viaa regular morphism of surfaces, but this is another story...The total space of the blow-up of C2 at 0 admits a natural map to theexceptional divisor, consisting of projecting points along lines through theorigin. This realizes Bl0(C2) ! E as a line bundle over P1 . This is thetautological bundle. In particular, this should shed some light on why Eis rigid.1.4 Jet BundlesLet L be a line bundle over a variety, X . Then the local sections of thisline bundle form a vector space. In fact, locally, such a section is just acomplex valued function on some open set in X. We will now describe anew vector bundle over X whose �bre over x 2 X consists of all Taylorexpansions of these sections centered about x and truncated after degreek . To see how the locally trivial charts of this bundle glue together issimply a matter of shifting the center of a Taylor expansion. We callthis bundle the kth jet bundle of L and denote it by JkL. In particularJ0L = L.Notice that the �rst jet bundle keeps track of all locally de�ned functionsand di�erential forms and so there is an obvious surjection J1L ! L.This gives us the short exact sequence0! L
 
! J1L! L! 0which will be an essential tool later on.The previous statement is a particular case of what can be considered the\fundamental theorem of jet bundles".Theorem 1 For all n � 0, the sequence0! L
 Symn
! JnL! Jn�1L! 0 (3)is exact.For a slightly more rigorous and still enjoyable account of jet bundles,refer to [Vak98]. 12



2 Moduli Spaces2.1 A \High School" ExampleWhat is the idea of a moduli space? A moduli space of geometric objectsof a certain type is a space which \encodes" information about collectionsof geometric objects of such type, in the sense that:(1) points in the moduli space correspond bijectively to the desired ge-ometric objects;(2) the moduli space itself has an algebraic structure that respects howthe objects can organize themselves in families.For example, suppose that we would like to consider the space of all circlesin the plane. Since a circle is uniquely the zero locus of a second degreepolynomial of the form (x � x0)2 + (y � y0)2 � r2 , upon specifying thecoordinates of the center and its radius, we have completely identi�edthe circle. Thus, the space of all circles in the plane can be representedby M := R2 � R+ . This is indeed much more than just a set-theoreticcorrespondence.Consider the tautological family U# �Mwhere U := f((x0; y0); r; (x; y)) j (x�x0)2+(y�y0)2 = r2g � M�R2 and� is the projection onto the �rst factor. This family enjoys the followingproperties, that clarify the vague point 2 above:(1) for any family of circles in the plane p : E ! B , there is a mapm : B !M de�ned by m(b) = p�1(b);(2) to every map m : B ! M there uniquely corresponds a family ofcircles parameterized by B , i.e.m�Up #Bsuch that the �bre p�1(b) is the circle m(b).13



This is the best that we could have hoped for. In this case we say thatM is a �ne moduli space with U as its universal family.Often, due to the presence of automorphisms of the parametrized objects,it is impossible to achieve this perfect bijection between families of objectsand morphisms to the moduli space. If only property 1 holds we call themoduli space coarse.2.2 Moduli of n Points on P1Let us now consider the moduli space M0;n of all isomorphism classes ofn ordered distinct marked points pi 2 P1 . The subscript 0 is to denotethe genus of our curve P1 . Since the automorphism group Aut(P1) =PSL2(C) allows us to move any three points on P1 to the ordered triple(0; 1;1), the space M0;n reduces to a single point for n � 3.Going one step up, M0;4 = P1�f0; 1;1g : given a quadruple (p1; p2; p3; p4),we can always perform the unique automorphism of P1 sending (p1; p2; p3)to (0; 1;1); the isomorphism class of the quadruple is then determinedby the image of the fourth point.The general case is similar. Any n-tuple p = (p1; : : : ; pn) is equivalentto a n-tuple of the form (0; 1;1; �(p4); : : : ; �(pn)), where � is the uniqueautomorphism of P1 sending (p1; p2; p3) to (0; 1;1). This showsM0;n = n�3 timesz }| {M0;4 � :::�M0;4 nfall diagonalsg:If we de�ne Un := M0;n � P1 , then the projection of Un onto the �rstfactor gives rise to a universal familyUn� #" �iM0;nwhere the �i 's are the universal sections:� �i(p) = (p; �(pi)) 2 Un .This family is tautological since the �bre over a moduli point, which isthe class of a marked curve, is the marked curve itself.14



With Un as its universal family, M0;n becomes a �ne moduli space forisomorphism classes of n ordered distinct marked points on P1 .This is all �ne except M0;n is not compact for n � 4. There are many rea-sons for which compactness is an extremely desirable property for modulispaces. As an extremely practical reason, proper (and if possible projec-tive) varieties are much better behaved and understood than non compactones. Also, a compact moduli space encodes information on how our ob-jects can degenerate in families. For example, what happens when p1 ! p2in M0;4?In general there are many ways to compactify a space. A \good" compacti-�cation M of a moduli space M should have the following characteristics:(1) M should be itself a moduli space, parametrizing some natural gen-eralization of the objects of M.(2) M should not be a horribly singular space.(3) the boundary MnM should be a normal crossing divisor.(4) it should be possible to describe boundary components combinatori-ally in terms of simpler objects. This point may appear mysterious,but it will be clari�ed by the examples of stable curves and stablemaps.In the case of rational n-pointed curves there is a de�nite winner amongcompacti�cations.2.3 Moduli of Rational Stable CurvesWe will discuss the simple example of M0;4 ; this hopefully will, withoutsubmerging us in combinatorial technicalities, provide intuition on theideas and techniques used to compactify the moduli spaces of n-pointedrational curves.A natural �rst attempt would be to just allow the points to come together,i.e. enlarge the collection of objects that we are considering from P1 withn ordered distinct marked points to P1 with n ordered, not necessarilydistinct, marked points.However, this will not quite work. For instance, consider the familiesCt = (0; 1;1; t) and Dt = (0; t�1;1; 1):15



For each t 6= 0, up to an automorphism of P1 , Ct = Dt , thus correspondingto the same point in M0;4 . But for t = 0, C0 has p1 = p4 whereas D0has p2 = p3 . These con�gurations are certainly not equivalent up to anautomorphism of P1 and so should be considered as distinct points in ourcompacti�cation of M0;4 . Thus, we have a family with two distinct limitpoints (in technical terms we say that the space is nonseparated). Thisis not good.Our failed attempt was not completely worthless though since it allowedus to understand that we want the condition p1 = p4 to coincide withp2 = p3 , and likewise for the other two possible disjoint pairs. On theone hand this is very promising: 3 is the number of points needed tocompactify P1 n f0; 1;1g to P1 . On the other hand, it is now mysteriouswhat modular interpretation to give to this compacti�cation.To do so, let us turn carefully to our universal family, illustrated in Fig-ure 3. The natural �rst step is to �ll in the three points on the base, tocomplete U4 to P1 � P1 and extend the sections by continuity.
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1PI Figure 3: �rst attempt at compactifying U4We immediately notice a bothersome asymmetry in this picture: the pointp4 is the only one allowed to come together with all the other points: yetcommon sense, backed up by the explicit example just presented, suggeststhat there should be democracy among the four points. This fails wherethe diagonal section �4 intersects the three constant ones, i.e. at the three16



points (0; 0), (1; 1), (1;1). Let us blow-up P1�P1 at these three points.This will make all the sections disjoint, and still preserve the smoothnessand projectivity of our universal family.The �bres over the three exceptional points are P1 [ Ei : nodal rationalcurves. These are the new objects that we have to allow in order to obtaina good compacti�cation of M0;4 .Let us �nally put everyting together, and state things carefully.De�nition 1 A tree of projective lines is a connected curve with thefollowing properties:(1) Each irreducible component is isomorphic to P1 .(2) The points of intersection of the components are ordinary doublepoints.(3) There are no closed circuits, ie., if a node is removed then the curvebecomes disconnected.These three properties are equivalent to saying that the curve has arith-metic genus zero. Each irreducible component will be called a twig. Wewill often draw a marked tree as in �g 4, where each line represents a twig.

Figure 4: stable marked trees.De�nition 2 A marked tree is stable if every twig has at least threespecial points (marks or nodes).This stability condition is equivalent to the existence of no nontrivial au-tomorphisms of the tree that �x all of the marks.17



De�nition 3 M0;4 �= P1 is the moduli space of isomorphism classes offour pointed stable trees. It is a �ne moduli space, with universal familyU4 = Bl(P1 � P1).These results generalize to larger n.Fact: The space M 0;n of n-pointed rational stable curves is a �ne modulispace compactifying M0;n . It is projective, and the universal family Un isobtained from Un via a �nite sequence of blow-ups. (In particular all thediagonals need to be blown up in an appropriate order) .One of the exciting features of this theory is that all these spaces arerelated to one another by natural morphisms. Consider the map�i :M 0;n+1 !M 0;n;de�ned by forgetting the ith mark. It is obviously de�ned if the ith markdoes not belong to a twig with only three special points. If it does belongto such a twig, then our resulting tree will no longer be stable. In thiscase, we must perform what is called contraction.Contraction: We need to consider two cases:(1) The remaining two special points are both nodes. We make thetree again stable by contracting this twig so that the two nodesare now one.
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Figure 5: contracting a twig with only two nodes.18



(2) There is one other mark and one node on the twig in question.We make the tree stable by forgetting the twig and placing themark where the node used to be.
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Figure 6: contracting a twig with one node and one mark.We would like to construct a section �i of the familyM 0;n+1�k #" �iM 0;nby de�ning the kth mark to coincide with ith one. It should trouble youthat in doing so we are not considering curves with distinct marked points,but we can get around this problem by \sprouting" a new twig so that thenode is now where the ith mark was. The kth and the ith points nowbelong to this new twig.This process of making stable a tree with two coinciding points is calledstabilization.Finally, we may now identify our universal familyUn M0;n+1� # with the family �i #M 0;n M0;nas follows.The �bre ��1([(C; p1; � � � ; pn)]) � Un is the marked curve itself. So anypoint p 2 Un belonging to the �bre over C is actually a point on the stablen-pointed tree C , and may therefore be considered as an additional mark;19
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Figure 7: stabilizationstabilization may be necessary to ensure that our new (n+1)-marked treeis stable. Vice-versa, given an (n + 1) pointed curve C 0 , we can thinkof the (n + 1)st point as being a point on the n-marked curve obtainedby forgetting the last marked point (eventually contracting, if needed);this way C 0 corresponds to a point on the universal family Un . Theseconstructions realize an isomorphism between Un and M0;n+1 .2.3.1 The boundaryWe de�ne the boundary to be the complement of M0;n in M 0;n . It consistsof all nodal stable curves.Fact: the boundary is a union of irreducible components, correspondingto the di�erent possible ways of arranging the marks on the various twigs;the codimension of a boundary component equals the number of nodes inthe curves in that component. See [KV99] for more details.The codimension 1 boundary components of M 0;n , called the boundarydivisors, are in one-to-one correspondence with all ways of partitioning[n] = A[B with the cardinality of both A and B strictly greater than 1.A somewhat special class of boundary divisors consists of those with onlytwo marked points on a twig. Together, these components are sometimescalled the soft boundary and denoted by Di;j . We can think of Di;j asthe image of the ith section, �i , of the j th forgetful map, �j (or viceversa).20
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Figure 9: irreducible components of the boundary of M 0;521



There is plenty more to be said about the spaces M0;n , their relationships,and their boundaries, but we will leave our treatment of M 0;n here, sug-gesting [KV99] as an excellent reference for beginners. In Figures 8 and 9we draw all boundary stratas for M0;4 and M 0;5 .2.4 Moduli of Rational Stable MapsLet us now move on to the moduli spaces of greatest interest for solvingthe bitangent problem. We would like to study, in general, rational curvesin projective space. The characteristic property of an irreducible rationalcurve is that it can be parameterized by the projective line, P1 . For thisreason, it is natural to study maps � : P1 ! Pr .When we talk about the degree of such a map we mean the degree of��[P1] as in homology. Be careful, the degree of the map may be di�erentfrom the degree of the image curve! For example the map� : P1 ! P2(x0 : x1) 7! (x20 : x21 : 0)has degree two, but its image is a line.De�ne W (r; d) as the space of all maps from P1 to Pr of degree d. Amap in W (r; d) is speci�ed, up to a constant, by r + 1 binary forms ofdegree d that do not all vanish at any point. It can then be seen thatdimW (r; d) = (r + 1)(d+ 1)� 1.We also have the family W (r; d)� P1 �! Pr#W (r; d)where �(�; x) = �(x). This family is tautological in the sense that the�bre over the map � is the map � jf�g�P1= �. In fact, this is a universalfamily. Thus, W (r; d) is a �ne moduli space for maps P1 ! Pr of degreed.However, W (r; d) is not the moduli space that we would like to study.For one, it is not compact. For another, reparameterizations of the sourcecurve are considered as di�erent points in W (r; d). To �x the latter prob-lem, let us simply consider the space M0;0(Pr; d) := W (r; d)=Aut(P1).22



Another way to eliminate automorphisms is to consider n-pointed maps(maps � : C ! Pr with an n-marked source C ' P1). It should beno surprise that there is a �ne moduli space M0;n(Pr; d) for isomorphismclasses of n-pointed maps P1 ! Pr of degree d, namely M0;n �W (r; d).But we still have not dealt with the non-compactness of this moduli space.The idea is to parallel the construction that led us to stable curves.De�nition 4 An n-pointed stable map is a map � : C ! Pr , where:(1) C is a n-marked tree.(2) Every twig in C mapped to a point must have at least three specialpoints on it.Fact: Moduli spaces of n-pointed rational stable maps to Pr of degreed (denoted M 0;n(Pr; d)) can be constructed; they compactify the modulispaces of smooth maps. It is straightforward to verify that an n-pointedmap is stable if and only if it has only a �nite number of automorphisms.Unfortunately, there is no way to eliminate all nontrivial automorphism.Example: An element � 2M0;2(P2; 2) that is the double cover of a line,marking the rami�cation points, admits a nontrivial automorphism ex-changing the two covers. This allows us to construct a nontrivial family ofmaps �t that maps constantly to one point in the moduli space. Consider:�t : [0; 1]=f0 = 1g � P1 �! P2(t; (x0 : x1)) 7! (0 : x20 : e2�itx21):Because of this phenomenon there is no universal family associated to thespaces M 0;n(Pr; d), and the corresponding moduli spaces are only coarse.Since M0;n(Pr; d) is dense in M 0;n(Pr; d), the latter has dimension(r + 1)(d+ 1)� 1 + (n� 3) = rd+ r + d+ n� 3:Example: in particular, M 0;n(Pr; 0) =M 0;n � Pr:There are some useful maps among the spaces M0;n(Pr; d). For instance,as with the spaces M 0;n , we have the forgetful maps �i de�ned by simply23



forgetting the ith mark and the sections, �j , of the familyM 0;n+1(Pr; d)�i #" �jM 0;n(Pr; d)de�ned by declaring the j th and the ith mark to coincide. Contractionand stabilization are performed to make these maps de�ned everywhere.In addition, there are evaluation maps�i :M 0;n(Pr; d)! P
rde�ned by �i(�) = �(pi) where pi is the ith mark on the source curve C .The forgetful and evaluation morphisms allow us to identify M 0;n+1(Pr; d)as a tautological family for M0;n(Pr; d):M 0;n+1(Pr; d) �n+1�! Pr�n+1 #M0;n(Pr; d):This way we can think of points of M 0;n+1(Pr; d) either as n + 1 pointedmaps or as points on an n-marked curve mapped to Pr . Being comfortablewith this identi�cation comes in very handy when making computations.2.4.1 The BoundaryThe boundary consists of maps whose domains are reducible curves. Infact, its description is very similar to that of M0;n . Boundary componentsare determined now not only by the combinatorial data of the arrangementof the marks, but also by the degree the maps restrict to on each twig.Boundary divisors are in one to one correspondence with all ways of par-titioning [n] = A [ B and d = dA + dB such that:� #A � 2 if dA = 0;� #B � 2 if dB = 0. 24



2.5 Psi classesConsider a family of curves admitting a section.C� #" �BWe can de�ne the cotangent line bundle, L� , as the line bundle on Bwhose �bre at a point b 2 B is the cotangent space of Cb = ��1(b) at thepoint �(b). We call the  class of the family the �rst Chern class of thisline bundle. Observe that, for a trivial family of curves with a constantsection, the  class vanishes.This construction can be extended in a natural way to the moduli spaceM 0;n(Pr; d).Informally, we have a sheaf on the tautological family M0;n+1(Pr; d) whoselocal sections away from nodes are di�erential forms on the curves. Weobtain it by considering 1-forms on the tautological family and quotientingby forms that are pulled back from the moduli space. This sheaf is calledthe relative dualizing sheaf3 , and denoted by !�n+1 .Consider now the ith tautological section �i . If we restrict !�n+1 to thissection, we obtain a line bundle on the moduli space whose �bres arenaturally identi�ed with the cotangent spaces of the curves at the ithmarked point. Then we can de�ne the class: i := c1(��i !�n+1) 2 A1(M 0;n(Pr; d)):The construction of  i is natural in the sense that if we have a familyof pointed stable maps, inducing a morphism to the moduli space, the  iclass of the family is the pull-back of the  i class on the moduli space.It may seem that there is no di�erence between the information carried by i 2 A1(M0;n+1(Pr; d)) and  i 2 A1(M 0;n(Pr; d)). We have a natural map3The word relative refers to the fact that we are quotienting by everythingcoming from downstairs. In other words, we are constructing a sheaf on theuniversal family of the moduli space by \gluing" together sheaves de�ned onthe curves. 25



between these two spaces, the tautological family �n+1 : M 0;n+1(Pr; d)!M 0;n(Pr; d). It may seem that Li;n+1 := ��i !�n+1 and ��n+1Li;n are thesame line bundle, thus yielding the relation  i = ��n+1 i . In reality, thisis almost true. Surely these line bundles agree o� the component Di;n+1of the soft boundary. From this consideration, we conclude
Li;n+1 = ��n+1Li;n 
O(mDi;n+1) (4)for some integer m.Next, observe that Li;n+1 restricted to Di;n+1 is a trivial line bundle: weare looking at curves with a twig having only three special points; thenode, the ith and the (n + 1)st mark. By an automorphism of the twig,we can assume that the node is at 0 and the two marks are at 1 and 1.Therefore, this line bundle restricted to Di;n+1 is the cotangent space ata single unchanging point of P1 . This impliesODi;n+1 = Li;n+1jDi;n+1 == (��n+1Li;n 
O(mDi;n+1))jDi;n+1 = Li;n 
O(mDi;n+1)jDi;n+1:By the adjunction formula ([GH94], page 146), the line bundleO(Di;n+1)jDi;n+1 is the normal bundle of the divisor Di;n+1 .But the normal directions to a section in the moduli space are preciselythe tangent directions to the �bres. Hence O(Di;n+1)jDi;n+1 is the dual tothe relative cotangent bundle Li;n . It follows that m must be 1.Finally, by taking Chern classes in (3), we can deduce the fundamentalrelation:  i = ��n+1 i +Di;n+1: (5)The above pull-back relation can be used to describe explicitly  classesfor moduli spaces of rational stable curves in terms of boundary compo-nents. A closed formula can be found in [KV99].3 Counting Bitangents3.1 The StrategyWe now have all the necessary machinery to tackle our problem of countingbitangents. Before we start digging deep into details and computations,26



let us outline our strategy.Let Z := ff = 0g be a projective plane curve of degree d:� we consider the moduli space M 0;2(P2; 1), of two-pointed, rationalstable maps of degree one;� we construct a jet bundle on this space with the property that thezero set of a section of this bundle consists of stable maps having atleast second order contact with Z at the image of the ith markedpoint; we name this cycle �i(Z);� we represent �i(Z) in the Chow ring in terms of  classes and othernatural classes;� we step by step compute the intersection �1(Z)�2(Z);� we identify and clean up some garbage that lives in that intersectionand corresponds to maps that are not bitangents;� �nally, we have counted two pointed maps that are tangent to Z ateach mark; we just need to divide by 2, since we are not interestedin the ordering of the marks.Easy enough? Now let us start over slowly and do everything carefully.3.2 M 0;1(P2; 1)This space has dimension 3, and it is explicitly realized by the followingincidence relation:M 0;1(P2; 1) = f(p; l) 2 P
2 � �P2 j p 2 lg =: I � P

2 � �P2:There are two projections of I onto P2 and �P2 , that we will denote q and�q . The latter makes I into a tautological family of lines in P2 :
P1 �! I# �q�P2:This family is tautological in the sense that the �bre over l 2 �P2 is l itself.A �bre over p 2 P2 under q is the pencil of lines in P2 passing throughp and so this projection also gives rise to a P1 bundle over P2 . Observethat q is precisely the evaluation map �x .27



Notation: We denote by x the unique mark in the space of one-pointedmaps, and add the subscript x to any entity (class, map ...) related toit. We do so to keep track of the conceptual di�erence from the markedpoints on the two-pointed maps, which will be numbered 1 and 2.De�nition 5 We identify and name two natural divisors on M 0;1(P2; 1).�(p) : Let us look at the hyperplane divisor �p � �P2 of all lines passingthrough a point p, and consider the cycle of its pull-back �q�(�p) :=�(p).�x(l) : Similarly, we look at the hyperplane divisor l � P2 and de�ne�x(l) := q�(l) as its pull-back under q .In general, de�ne �x(Z) := q�(Z) = ��x(Z) as the cycle of maps whosemark is sent into Z .There is only one class of a line and only one of a point in A�(P2), hence�x := [�x(l)] and � := [�(p)] are independent of l and p respectively.Since M 0;1(P2; 1) is a P1 bundle over P1 , it follows that � and �x , i.e. thepull-backs of hyperplane divisors in the base and in the �ber, generateA1(M 0;1(P2; 1)). It is therefore useful to know all intersections of the twoclasses.It is a good exercize to construct a picture verifying each of the followingstatements about classes.� �x = [f(p0; l0) j p0 2 l; l0 2 �p0 with l �xedg]� � = [f(p0; l0) j l0 2 �p; p0 2 l0 with p �xedg]� �2x = [f(p; l0) j l0 2 �p with p �xedg]� ��x = [f(p0; l0) j p0 2 l; l 2 �p with p and l �xedg]� �2 = [f(p0; l) j p0 2 l with l �xedg]� ��2x = [f(p; l0) j l 2 �p \ �p0 with p; p0 �xedg] = pt since there isexactly one line passing through two distinct points.� �x�2 = [f(p0; l) j p0 2 l \ l0 with l; l0 �xedg] = pt since there isexactly one point in the intersections of two distinct lines.� �3x = [f(p0; l0) j l0 2 �p1 \ �p2 \ �p3; p0 2 l0 with p1; p2; p3 �xedg] = 0since in general three points do not lie on a common line.28



� �3 = [f(p0; l0) j p0 2 l1 \ l2 \ l3; p0 2 l0 with l1; l2; l3 �xedg] = 0 sincein general three lines do not share a common point.The following two lemmas prove identities that will be crucial for our latercomputations.Lemma 1 �x� = �2x + �2: (6)Proof: We construct a one-paramater family of cycles, parameterized by[0; 1], with the lefthand side of our identity as one endpoint of this familyand the righthand side as the other.To choose a representative of the class �x�, one must specify a �xed pointp and a �xed line l . Let us �x l once and for all and let pt be a path in
P2 such that pt 2 l if and only if t = 0. Our one parameter family �t isde�ned as follows: �t = f(p0; l0) j p0 2 l; l 2 �ptg:Notice that [�t] = �x� for t 6= 0.
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Figure 10: �x� = �2x + �2:We now examine what happens as t! 0.p0 6= p0 : necessarily, l0 = l and our resulting one dimensional class isparameterized solely by p0 2 l and is therefore �2 .29



p0 = p0 : Then l0 is only required to be in �p0 and so such l0 's in �p0 pa-rameterize our resulting one dimensional class. We have arrived at�2x .We now have that �0 = �2x + �2 , which allows us to conclude (6).Lemma 2  x = �� 2�x: (7)Proof: As  x 2 A1(M 0;1(P2; 1)), it is possible to express  x = a� + b�xfor some integers a and b. Let us determine these two integers.a: intersecting  x with �2x we obtain x�2x = a��2x + b�3x = a:Consider ��x!�2 restricted to �2x = f(p; l0) j p is �xed and l0 2 �pg. Itis the line bundle over �2x whose �bre over a point (p; l0) 2 �2x is thecotangent space of l0 at the �xed point p.It is worth convincing yourself that this is the dual of the tautologicalline bundle
C ! S# �

P1 = fl � C2 j p 2 lg = �2x:We computed (section 1.2.2) that c1(S) = �1 and so a = 1.b: similarly, b is the product  x�2 . To �nd this intersection we mustconsider the line bundle ��x!� restricted to �2 = fp 2 l j l is �xedg.A �bre of this line bundle over a point p 2 l is the cotangent spaceof our �xed l at p. This is simply the cotangent bundle of l .Since l = P1 = S2 has euler characteristic 2, then the degree of the�rst Chern class of the cotangent bundle is �2. We thus have thatb = �2.3.3 M 0;2(P2; 1)First o� note that dimM 0;2(P2; 1) = 4. The description of M0;2(P2; 1) isslightly more complicated largely due to the existence of its only boundarydivisor which we call � . 30



β:
=0A

dB 1=

p
1 p

2 A

B

�
�
�
�

�
�
�
�

d

Figure 11: the boundary divisor in M 0;2(P2; 1)For a two-pointed map � not in the boundary, �(p1) 6= �(p2). Since weare considering maps of degree 1, i.e. isomorphisms of lines, �(p1) and�(p2) completely determine our map �. It follows thatM0;2(P2; 1) n � = P
2 � P

2 n�:On � , �(p1) = �(p2): for any line l through p, there is a map in �that contracts the twig with the marks to p and maps the other twigisomorphically to l .So for our description to be complete, we need to replace (p; p) 2 � �
P2 � P2 with a P1 worth of maps. We arrive atM 0;2(P2; 1) = Bl�(P2 � P

2):Consider the tautological familiesM 0;2(P2; 1)�1 ## �2M 0;1(P2; 1):Both families have a natural common section � := �1 = �2 . The image of� is the unique boundary divisor � in M 0;2(P2; 1).De�ne �i(Z) := ��i (Z) It's easy to check the following identities:(1) ��(�x(Z)) = ��1(Z) = ��2(Z).(2) ��(�i(Z)) = � .(3) ��i �x(Z) = �i(Z). 31



3.4 Tangency ConditionsLet us de�ne �i(Z) 2 A�(M0;n(P2; 1)) as the cycle of maps tangent to aplane curve Z = ff = 0g at the image of the ith marked point. Formally,�i(Z) = f� 2M 0;n(P2; 1)j��f vanishes at pi with multiplicity � 2g:We now want to obtain an expression for �x(Z) 2 A�(M 0;1(P2; 1)) interms of �x , � , and  x .Consider the tautological familyM 0;2(P2; 1) �2�! P2� "# �2 % �xM 0;1(P2; 1):Let us pull-back the line bundle O(Z) via �2 , and consider the �rst jetbundle J1�2��2O(Z) relative to �2 . Relative here means that we quotientout by everything that can be pulled back from M 0;1(P2; 1). Let Z bede�ned by the vanishing of the polynomial f , and let us consider thezero locus of the section � := ��2f + (@1�2��2f)dt 2 �(J1�2��2O(Z)); whatwe obtain is the locus of maps in M 0;2(P2; 1) such that the pull-back off at the second marked point vanishes to second order. If we interpretM 0;2(P2; 1) as the universal family for M 0;1(P2; 1) 4, it follows that toobtain �x(Z), the locus in M 0;1(P2; 1) of lines tangent to Z at the uniquemarked point, we need to pull-back via the section � .In formulas, this translates to�x(Z) = e(��J1�2��2O(Z)):Since the rank of the bundle in question is 2, the Euler class is the secondChern class.To calculate c2(��J1�2��2O(Z)) we use the following short exact sequencediscussed in section 1.4.0! ��2O(Z)
 !�2 ! J1�2��2O(Z)! ��2O(Z)! 0:4this is true because one pointed maps of degree one have no nontrivialautomorphisms! 32



Notice that the �rst and last terms of this sequence are line bundles. Wethen want to consider the pull-back along � of this exact sequence. Usingthe Whitney formula, we now have that�x(Z) = c1(����2O(Z))c1(����2O(Z)
 ��!�2) = d�x(d�x +  x)in M 0;1(P2; 1).The last equality follows from the two facts:� [Z] = dH 2 A1(P2), where H is the hyperplane class generatingA�(P2) and d = degf ;� �x = �2� , and �x is by de�nition ��x(H).Now we want to consider the case when we have more than one markedpoint: let us say we want to compute �1(Z) in M 0;2(P2; 1). The obviousguess is �1(Z) = d�1(d�1 +  1). We need to be careful, though: for mapsin ��1(Z) � d�1(d�1 +  1), the whole twig containing the two marks ismapped to Z . So, for � such a map, ��f vanishes identically along thecontracting twig and thus to all orders. We do not want to consider thesemaps as tangents to Z .Fact: This simple correction works. The formula in M 0;2(P2; 1) is�1(Z) = d�1(d�1 +  1 � �): (8)Lastly, note that ��1(Z) = ���x(Z).Remark: It would be nice to use higher order jet bundles to describe cy-cles of maps having higher order contact with our curve Z . Unfortunatelyin general it is quite di�cult, as fairly complicated problems of excessintersection arise.For our application, we only need to push our luck a little further: weneed to describe the cycle �(3)x (Z) of in
ection tangents to Z . Luckily,thanks to the fact that M0;1(P2; 1) has no boundary, the argument carriesthrough: �(3)x (Z) can be computed as the Euler class of the bundle E 0 :=��J2�2��2O(Z). Here, rankE 0 = 3. By the exact sequence (3) and theWhitney formula:�(3)x (Z) = c3(E 0) = �x(Z)(�x(Z) +  x)(�x(Z) + 2 x):33



Using our previous calculations,�(3)x (Z) = (3d2 � 6d)pt: (9)We will abuse notation from now on and leave o� the class of a pointin our calculations. When writing a dimension zero class we will simplywrite its integral over the fundamental class.3.5 The ComputationLet us �nally get down to business. We de�ne in general�Z(m1p1 +m2p2) �M0;2(P2; 1)as the cycle of maps �, such that ��Z � m1p1 + m2p2 . Note that�Z(2p1) = �1(Z).Our ultimate goal is to compute �Z(2p1 + 2p2), i.e. the class of maps inM 0;2(P2; 1) which are tangent to Z at both p1 and p2 .Note that dim�Z(2p1 + 2p2) = 0 since we are imposing 4 independentconditions in a space of dimension 4. This tells us that our enumerativeproblem makes sense.On �rst thought, one might suggest �Z(2p1 + 2p2) = �1(Z)�2(Z). Af-terall, �1(Z) is the class of all maps tangent to Z at p1 and similarly for�2(Z) at p2 so their intersection seems to be what we are after. However,one must be careful: for example, ��1(Z) is in this intersection and wedon't want to consider such maps.We will proceed in two steps and obtain �Z(2p1+2p2) from �1(Z)�2(Z)by throwing away the spurious maps.Step 1: We consider the intersection �1(Z)�2(Z), consisting of all mapstangent to Z at p1 that intersect Z at p2 . What we get are two parts:� �Z(2p1 + p2), in which p1 and p2 do not lie on the same twig ofdegree zero;� ��1(Z) = ���x(Z), corresponding to maps with both marked pointson a degree 0 twig. 34



Set theoretically,�2(Z)�1(Z) = �Z(2p1 + p2) [ ���x(Z):The correct multiplicities are 1 and 2 respectively, giving:�Z(2p1 + p2) = �2(Z)�1(Z)� 2���x(Z):Step 2:We now intersect �Z(2p1+p2) with �2(Z)+ 2�� . This imposessecond order vanishing at the second marked point.Again, this intersection gives one part with multiplicity 1, which is not onthe boundary � , and another part with multiplicity 2 in � . The �rst iswhat we are looking for: �Z(2p1+2p2). To �nd the other part, rememberwe are already working inside �Z(2p1+p2), so to lie in � means p2 ! p1 .We thus obtain ��Z(3p1) = ��(3)1 with multiplicity 2.Note: To explain these multiplicities rigorously is a subtle business whichwe will not go into here. The intuition behind these 2's is that the bound-ary contribution can be carried by either of the classes we are intersecting,and hence shows up twice in the intersection.Finally, we have identi�ed�Z(2p1 + 2p2) = �2���(3)x (Z) + (z�2 +  2 � �)�Z(2p1 + p2)= �2���(3)x +�1(Z)�2(Z)� 2���x(Z)(z�2 +  2 � �):(10)Now all that stands in our way of calculating bitangents are substitutionsand computations.Before we move on, take a second to remember or derive the followingeasy facts, that we will use in the forthcoming computations:(1) ��2x = �2�x = 1(2) ��x = �2x + �2(3)  x = �� 2�x(4) �3i = 0(5)  1 = ��2 x + � 35



(6) � i = 0(7) �2 = ����i  x(8) ��1 = ��2(9) ���x(Z) = ��1(Z) = ��2(Z)(10) �1��2� = ��2(��x) for any class � 2 A�(M 0;1(P2; 1)).Let us expand the �rst term in (9), ���(3)x . We have already found�(3)x (Z) = (3d2 � 6d) in M 0;1(P2; 1). Since pushing forward preservesdimension and �i is injective, thus sending the class of a point to the classof a point, then our �rst term becomes���(3)x = 3d2 � 6d:Now for the second and third terms.�1(Z)�2(Z) = d�1(d�1 +  1 � �)d�2(d�2 +  2 � �)= d4(�21�22) + d3(�21�2 2 + �1�22 1) + d2(�1�2 1 2 + �21�2):���x(Z)(d�2 +  2 � �) = �((d�x)(d�1 +  1 � �))(d�2 +  2 � �)= �2d2(�21�2) + d(�1�3):We must now compute each intersection in the above expressions5.� �21�22 = 1, as seen from the �gure 12 illustrating the fact that thereis exactly one line passing through two prescribed points.� �21�2 (6)= �21�(���2 x) (9)= ����2(�2x x) (2+3)= ����2(1) = ��[fibre].But � is the image of a section, hence it intersects all �bres transversely.Thus, �21�2 = �1.� �1�3 (6)= ��1�2��2 x (6)= �1�(��2 x)2 = �1�(��2 2x) (9)= ���2( 2x�x) (1+2+3)=���2(�3) = �3.� �21�2 2 (4)= �21�2(��1 x + �) (9)= �21��1(�x x) (1+2)= �21��1(�2 � �2x).Notice �rst of all that �21��1�2x = �21�22 = 1, as shown in �gure 12.Next, we claim that �21��1�2 = 0. In fact �21 is the class of all two-pointedlines passing through a �xed point, where the �rst mark is at the �xedpoint while the second mark is free to move.5the little numbers over the equal signs refer to the identities from page 35that are used at each step. 36
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Figure 12: the intersection �21�22 .
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Figure 13: the intersection �21��1(�2).
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Intersecting with ��1(�2) means to require that our �xed point intersectsour �xed line transversely, which is to say that they don't intersect at all.This is illustrated in �gure 13.Thus, �21�2 2 = �1; by symmetry, we also have �22�1 1 = �1.� Finally,�1�2 1 2 (4)= �1(��2 x + �)�2(��1 x + �)(9)= (��2( x�x) + ��1)(��1( x�x + ��2)(1+2)= ��1(�2 � �2x)��2(�2 � �2x) + ��2��1(�2 � �2x) + ��1��2(�2 � �2x) + �2�21= ��1(�2)��2(�2)� ��1(�2)��2(�2x)� ��1(�2x)��2(�2) + ��1(�2x)��2(�2x)+���1(�2�x) + ���2(�2�x) + �2x�2:Via our previous calculations, the last three terms can be easily seen as1; 1; and �1 respectively. So we must now �nd the �rst four terms above.We do so by recalling pictures.��1(�2) is the class of a �xed line and all ordered pairs of points on it.To intersect two such classes is to require that our line is �xed as twotransverse lines, which is impossible. Thus ��1(�2)��2(�2) = 0.��1(�2x) = �22 , and notice that now symmetry implies that �22��2(�2) =�21��1(�2) = 0, as shown in �gure 13. Similarly, ��2(�2x)��1(�2) = 0.Lastly, let us intersect ��2(�2x) with ��1(�2x). But it's clear that ��2(�2x)��1(�2x) =�21�22 , and we have shown in �gure 12 that this intersection is 1.We have then found�1�2 1 2 = 0 + 0 + 0 + 1 + 1 + 1� 1 = 2:Putting this all together, we have now calculated�Z(2p1 + 2p2) = �2(3d2 � 6d) + (d4 � 2d3 + d2)� 2(�2d2 � 3d)= d4 � 2d3 � 9d2 + 18d= d(d� 2)(d� 3)(d+ 3):38



After the dust has settled, we now know that a generic plane curve Z ofdegree d has NB(d) = 12d4 � d3 � 92d2 + 9dbitangents. Remember we are dividing by 2 because we do not care aboutthe order of the marked points.Notice that for d = 2 and d = 3 we get that there are no bitangents asshould be the case. For d = 4 we �nd 28 bitangents, the �rst interestingresult.References[BT82] Raoul Bott and Loring Tu. Di�erential Forms in Algebraic Topology.Springer, 1982.[Ful98] William Fulton. Intersection Theory. Springer, second edition, 1998.[GH94] Phillip Gri�ths and Joseph Harris. Principles of Algebraic Geometry.Wiley, 1994.[Har77] Robin Hartshorne. Algebraic Geometry. Springer, 1977.[HM98] Joseph Harris and Ian Morrison. Moduli of Curves. Springer, 1998.[Koc99] Joachim Kock. Counting bitangents of a smooth plane curve via stablemaps. talk at GAeL, 1999.[Koc01] Joachim Kock. Notes on psi classes. Notes, 2001.[KV99] Joachim Kock and Israel Vainsencher. Kontsevich's formula for ratio-nal plane curves. IMPA, 1999.[Vak98] Ravi Vakil. A beginner's guide to jet bundles from the point of viewof algebraic geometry. Notes, 1998.Department of MathematicsStanford University450 Serra Mall, Bldg. 380Stanford, CA 94305-2125andDepartment of MathematicsUniversity of Utah155 South 1400 East, Room 233 39
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