Yet More Power Series
Math 1220 (Spring 2003)

I

Not only can we “do calculus” on power series. We can also “do algebra.’

Algebraic Properties of the Power Series Functions: Let

@) =S aa* and g(a) = Y byt
k=0 k=0

then:

(i)

o

f(@)+g(@) = (ax + b)a"

k=0
as we can see by adding them as you would add polynomials:

Qo + ayx + CEQ.ZEQ +
+ bo + biw + byx? +

(a0+b0) + (a1+b1)$ + (a2+b2):r2 +

(i)

f(z)g(x)
is seen by multiplying the power series as you would multiply polynomials.
Qo + ayx + CLQJZ‘Q +
X b[] + bl.iE + bQ.ZEQ +
agby + arbyx + asbox? + -
(Lgblﬂ'f + (lel.'L‘Q + a2b11‘3 +

(Lgbz.’I)Q + (lezl‘g +

(aobo) + ((leg + aobl)l‘ + ((Lgbo + (lel + (Lgbg)l‘2 +

(iii) The reciprocal of 3272, bpz* is another power series whenever by # 0.
You get the reciprocal:

1 [e.e] [e.e]
—=—— by solving (3 apz®) (- bprt) =1
ko i k=0 k=0



Example: To find the power series for

1
1 — x4+ 22

we solve:

ag -+ a|xr + (LQ.’I)Q + (1/3.7/'3 +

2
ag -+ ayxr + asx + 031'3 +
—agl — (Ll.'L'Q — (1,2.7/'3 -
apr? + ax® +

1
Now we solve for all the a;’s (or rather as many as we feel like).
ag =1
a; —ag =0 gives a; =1
as —ay +ag =0 gives ag =0
a3 —as +a; =0 gives ag = —1
as —az +ay =0 gives a4 = —1
as —ag + a3 =0 gives a; =0

and if you care to go further, you will eventually find a pattern developing.
But we will be happy with writing:

m:1+x—x3—x4+

and knowing that we could furnish more terms if they were needed.



