
In�nite SequencesMath 1220 (Spring 2003)A sequence is one real number followed by another one forever:a1; a2; a3; :::Many sequences have a pattern, which allows us to infer the rest:1; 3; 5; 7; :::is clearly the sequence of odd natural numbers, which has a formula:an = 2n� 1Here are some more:� 0; 12 ; 23 ; 34 ; ::: has the formula an = 1� 1n� 0; 12 ; 34 ; 78 ; ::: has the formula an = 1� 12n�1� 1;�12 ; 13 ;�14 ; ::: has the formula an = (�1)n�1 1nDe�nition: The sequence a1; a2; a3; ::: converges to L if for every � > 0,we can �nd an integer N such that:jan � Lj < � whenever n � Nand in that case we write: limn!1an = LThe sequence diverges if it doesn't converge to any limit L.A useful fact: If an = f(n) is a formula for the sequence a1; a2; a3; :: and:if limx!1 f(x) = L then limn!1 an = Lso we can use limits of functions to deduce limits of sequences. For example,we can use l'Hôpital's rule when it is useful!Another way to write a sequence: It is useful shorthand to write:fang for the sequence a1; a2; a3; :::1



Some more useful facts:1. The Squeeze. If fang; fbng and fcng are sequences with:an � bn � cn for all n � N and limn!1an = L = limn!1 cnthen limn!1 bn = LLiterally, the sequence fbng is eventually squeezed between fang and fcng.2. Hitting the Ceiling. If fang is a nondecreasing sequence, whichmeans: a1 � a2 � a3 � :::and if fang has an upper bound, that is:an � U for all nthen fang has a limit which is (obviously) less than or equal to U .Similarly, if fang is a nonincreasing sequence with a lower bound,then it has a limit, which is greater than (or equal to) the lower bound. Thiswould be hitting the 
oor(!)
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