
The Basic Maclaurin SeriesMath 1220 (Spring 2003)Here are the basic Maclaurin Series from which you can build most anyMaclaurin series you'd ever need by doing algebra or calculus.1. The Maclaurin series of the exponential has convergence set (�1;1),ex = 1 + x1! + x22! + x33! + ::: = 1Xk=0 xkk!2. The Maclaurin series of sine and cosine have convergence set (�1;1),cos(x) = 1� x22! + x44! � x66! + ::: = 1Xk=0(�1)k x2k(2k)!sin(x) = x� x33! + x55! � x77! + ::: = 1Xk=0(�1)k x2k+1(2k + 1)!3. The Maclaurin series of cosh and sinh have convergence set (�1;1),cosh(x) = 1 + x22! + x44! + x66! + ::: = 1Xk=0 x2k(2k)!sinh(x) = x+ x33! + x55! + x77! + ::: = 1Xk=0 x2k+1(2k + 1)!4. The Maclaurin series of ln(1 + x) has convergence set (�1; 1],ln(1 + x) = Z x0 11 + xdx = x� x22 + x33 � x44 + ::: = 1Xk=0(�1)k xk+1k + 15. The Maclaurin series of tan�1(x) has convergence set (�1; 1],tan�1(x) = Z x0 11 + x2dx = x� x33 + x55 � x77 + ::: = 1Xk=0(�1)k x2k+12k + 1
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There is one more important Maclaurin series you need to know:Remember the binomial theorem:(1 + x)0 = 1(1 + x)1 = 1 + x(1 + x)2 = 1 + 2x + x2(1 + x)3 = 1 + 3x + 3x2 + x3(1 + x)4 = 1 + 4x + 6x2 + 4x3 + x4...(1 + x)p = 1 + px + p(p� 1)2! x2 + p(p� 1)(p� 2)3! x3 + :::+ p!p!xpWe can see this as a Maclaurin series (or polynomial):f(x) = (1 + x)pf(0) = 0; f 0(x) = p(1 + x)p�1f 0(0) = p; f 00(x) = p(p� 1)(1 + x)p�2f 00(0) = p(p� 1); f 000(x) = p(p� 1)(p� 2)(1 + x)p�3...so a0 = 1; a1 = p; a2 = p(p�1)2! ; a3 = p(p�1)(p�2)3! and so on. If p is a positiveinteger, then this stops at ap = p!p! because all future derivatives are zero.But if p isn't a positive integer, then this goes on forever, and produces theMaclaurin series for (1 + x)p.6. The \binomial" Maclaurin series of (1 + x)p, for any p, is:(1 + x)p = 1 + px+ p(p� 1)2! x2 + ::: = 1Xk=0 p(p� 1):::(p� k)k! xkand this has a convergence set that always includes (�1; 1), but can be bigger!
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Examples: (a) The Maclaurin series of 11+x = (1 + x)�1 is, as we've seen:1� x + x2 � x3 + ::: = 1 + (�1)x+ (�1)(�2)2! x2 + (�1)(�2)(�3)3! x3 + :::(b) The Maclaurin series of (1 + x) 12 = p1 + x is:1 + 12x+ (12)(�12)2! x2 + (12)(�12)(�32)3! x3 + ::: = 1 + 12x� 18x2 + 116x3 � :::(c) The Maclaurin series of (1� x2)� 12 = 1p1�x2 is:1 + (�12)(�x2) + (�12)(�32)2! (�x2)2 + (�12)(�32)(�52)3! (�x2)3 + :::= 1 + 12x2 + 38x4 + 516x6 + :::(d) The Maclaurin series of sin�1(x) = R x0 1p1�x2dx is:x+ 16x3 + 340x5 + 5102x7 + :::(the integral of the Maclaurin series in (c)).(e) Here's an amusing one. The Maclaurin series of (1� x)�2 is:1 + (�2)(�x) + (�2)(�3)2! (�x)2 + (�2)(�3)(�4)3! (�x)3 + ::: =1 + 2x+ 3x3 + 4x3 + :::It is also possible to see this one from the geometric series:(1� x)�1 = 1 + x+ x2 + x3 + :::and then di�erentiating:(1� x)�2 = ddx(1� x)�1 = 1 + 2x+ 3x2 + 4x3 + :::
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