
First Order Linear Di�erential EquationsMath 1220 (Spring 2003)You've already seen how to solve di�erential equations of the form:dydt = f(y)g(t)Namely, you separate the variables and solve for y using:Z 1f(y)dy = Z g(t)dtThis is called the change of variables technique. We've just seen this used,for example, in solving: dydt = ryto get: y = y0ertbut of course it would solve other things, like:Example: To solve: dydt = tyWe separate variables: Z 1ydy = Z tdtln(y) = t22 + Cy = y0e t22But if we are given the di�erential equation:dydt = ty + 1then we cannot separate the variables! What to do? Well, in this case thereis something to do! In fact, any di�erential equation of the form:dydt = f(t)y + g(t)is called a �rst order linear di�erential equation and here is how to solve it:1



Step 1: Bring the linear f(t)y term to the left, leaving g(t) on the right:dydt � f(t)y = g(t)Step 2: Multiply both sides by the integrating factor eR �f(t)dt:dydt eR �f(t)dt � f(t)yeR �f(t)dt = g(t)eR �f(t)dtStep 3: Rewrite the left side, using the product rule:ddt(yeR �f(t)dt) = dydt eR �f(t)dt � f(t)yeR �f(t)dtso ddt(yeR �f(t)dt) = g(t)eR �f(t)dtStep 4: Integrate out both sides:yeR �f(t)dt = Z g(t)eR �f(t)dtdtStep 5: Multiply both sides by the inverse of the integrating factor:y = eR f(t)dt Z g(t)eR �f(t)dtdtand that's the answer!The key point is Step 2. Multiplying both sides by the integrating factormakes the left side into a derivative, and this makes all the di�erence!Example: Let's do our old example:dydt = ty + 1Let's go through the steps:Step 1: dydt � ty = 1Integrating factor: eR �tdt = e� t222



Steps 2 and 3: ddt(ye� t22 ) = dydt e� t22 � tye� t22 = e� t22Step 4: ye� t22 = Z e� t22 dtStep 5: y = e t22 Z e� t22 dtConfession Time: The answer has to stay like this, because it is impossibleto perform this improper integral! But let's check the answer:dydt = ddt(e t22 ) Z e� t22 dt+ e t22 ddt(Z e� t22 dt)= te t22 Z e� t22 dt+ e t22 e� t22 = ty + 1Whew! Such a complicated solution to such a simple di�erential equation!!More Examples: Di�erential equations of the form:dydt = k1y + k2 (where k1 and k2 are constants)can be solved two ways:By Separation of Variables:Z 1k1y + k2dy = Z 1dt1k1 ln(k1y + k2) = t+ ck1y + k2 = ek1(t+c)y = ek1(t+c)k1 � k2k1 = eck1 ek1t � k2k1 = Cek1t � k2k1
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By the Integrating Factor:Step 1: dydt � k1y = k2Integrating factor: eR �k1dt = e�k1tSteps 2 and 3: ddt(ye�k1t) = k2e�k1tStep 4: ye�k1t = k2 Z e�k1tdt = k2(� 1k1 e�k1t + c)Step 5: y = �k2k1 + ck2k1 ek1t = Cek1t � k2k1Same answer! We can solve for C by plugging in t = 0:C = y0 + k2k1and we get: y = (y0 + k2k1 )ek1t � k2k1There are many examples of di�erential equations of this form:Example 1: Gravity with air resistance. The velocity of an object fallingthrough the air is given by the di�erential equation:dvdt = �av � gwhere g > 0 is the acceleration due to gravity, and a > 0 is the drag coe�cientcoming from the air resistance. Thus the solution is:v = (v0 + ga)e�at � gaand notice that as t ! 1, this has a limit of � ga . In other words, in thepresence of air resistance, an object does not increase its speed inde�nitely,but rather approaches its \terminal velocity" of � ga .4



Example 2: Mixtures. Start with 120 gallons of salt water containing 75pounds of salt. Add salt water containing 1.2 pounds of salt per gallon at arate of 2 gallons per minute, and allow salt water to 
ow out of the solutionat the same rate. Assuming that the salt water is being constantly stirred,so that the salt water 
owing out has the same concentration of salt as theoverall mixture, how much salt will there be in the mixture after 1 hour?The di�erential equation governing the amount of salt is:dsdt = � 160s+ 2:4 pounds/minutewith initial condition s0 = 75. From this we get:s = (75� (2:4)(60))e� t60 + (2:4)(60) = 144� 69e� t60and then: s(60) = 144� 69e�1 � 118:62 poundsNotice that as t ! 1, the amount of salt approaches 144 pounds, which isthe amount of salt as 1.2 pounds per gallon. That is, the mixture approachesthe concentration of the salt that is being added to it.Example 3: The current I(t) in a simple electrical circuit consisting of aresistor (with resistance R ohms), an inductor (with inductance L henrys)and a battery (supplying a voltage of E(t) volts) satis�es the equation:LdIdt +RI = E(t)This is known as Kirckho�'s Law. If we 
ip a switch in the circuit to \on"and assume constant voltage E(t) = E, then I0 = 0 and:dIdt = �RLI + ELhas solution: I(t) = (I0 + EL�RL )e�RL t � EL�RL = ER � ERe�RL tso the current approaches the ratio ER as t!1.5


