Math 5090, Assignment 3, Chapter 12, Exercises 17, 18, 22, 24.

17. (a) For o3 > o1 > 0 the likelihood ratio is

(2m03) "2 exp{—(1/03) Sy a?} _ (03N s oo
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which is increasing in 21 . By the MLR theorem, a UMP test of Hy : 0 = 09
vs. H, : 0 > o0¢ has the form. Reject Hyp if > x2 > k, where k is chosen
to assure size a. Under Hy, Y 22/0 is x?(n), so we reject Hy if 7 2? >
2.2

o5X1—a(n)-

(b) 7(0) = Py(X7a? > 0Bx3_o(m)) = POE(n) > (03/0)x3_o(n)). Note
that this is o when o' = cro

(0) T2) = POA(20) > (1/4)x3005(20) = P(3(20) > (1/4)40.00) =
P(x*(20) > 10) = 1 — 0.032 = 0.968.

18. Let #1 < 6y. First consider Hg : 6 = 0y vs. H, : 6 = ;. Then the NP

statistic is
(1/90>n1(0,00)($n:n)
(1/01)n1(0,01)(xn:n)

We reject Hy if this is < k, or equivalently if 1/\(x;6p,60,) > 1/k. Notice that
1/A(x; 09, 061) is nonincreasing in x,,.,, o a nearly equivalent rejection criterion
i8 Zp. < k1. Under Hy, Zp.n /00 has CDF Py, (2. /00 < x) = z™, which is « if
z = a/™. So our critical region is ., < fpat

Now this critical region does not depend on 6; (only on the fact that 6; < 6p),
so the test is UMP for Hy : 0 = 0y vs. H, : 0 < 0.

To extend to the composite null hypothesis, we need only show that the
power of the test for § > 6 is maximized at 6. For this, 7(0) = Py(zp., <
Ooa/™) = Py(n:n /0 < (00/0)a™™) = [(80/6)a/"]" = (6y/0)"a, from which
the desired result follows.

Xa; 09,01) =

22. (a) For 0 < 6; < 63, the likelihood ratio is

(B5T() (12 exp{= S/} (0)" »
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which is increasing in >} ;. This has the MLR property, so a UMP test is of
the form: Reject Hy if Y.} #; > k. Now, if 6 = 6, then Y | z; has distribution
GAM(0y, nk), so (2/90) ST a; is GAM(2,2nk/2) or x%(2nk). We reject Hy if
(2/00) 227 i = X7 (205).

(b) m(0) = Po((2/00) 327 i > X3 _o(2nk)) = Po((2/0) 324 w1 > (60/0)x1_o(215)) =

P(x*(2nk) 2 (00/0)x3 _o(205)).
(C) m(2) = P(x*(16) > (1/2)x5.99(16)) = P(x*(16) > (1/2)32.00) = P(x*(16) >
16) = 1 — 0.547 = 0.453.



(d) If 0 < K1 < kg, the likelihood ratio is

(0721 (k2))~" (1 - - @n)2 " exp{— 3 @i/0} _ (62T (r2)) ™"
(02T (k1)) =" (wr - - an)™~ exp{=3_xi/0} (01 T(k1))~"

which is an increasing function of z ---x,. This has the MLR property, so a
UMP test is of the form: Reject Hg if z1 ---x, > k. Unfortunately, we cannot
go any further with this because we do not know the distribution of the product
of n independent GAM(6, ko) random variables.

(a’:l . xn)KQ_Kl’

24. For 0 < 01 < 65, the likelihood ratio is

TS B O e SO

which is an increasing function of E" x?. This has the MLR property, so a
UMP test is of the form: Reject Hy if 21 z? < k. If X is WEI(6,2), then X2
has density EXP(6?). Hence, if 6 = 6y, >} 27 is GAM(G%, n) and (2/63) > 7 x?
is GAM(2,2n/2) = x*(2n). We reject Hy if (2/62) 37 27 < x2(2n).



