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2 ROBERT W. BELL1. IntroductionGeometric group theory is concerned with the study of groups viatheir actions on geometric or topological spaces. Of particular inter-est is the class of groups which act on \non-positively curved metricspaces".A.D. Aleksandrov [A] formulated the following de�nition of a non-positively curved metric space: Let (X; d) be a geodesic metric space,i.e. a metric space with the property that any two points may be joinedby a length minimizing path. Such a path is called a geodesic segment.By analogy with the Euclidean and hyperbolic planes, non-positivecurvature is characterized by a thin triangle condition. A triangle inX is set of three geodesic segments joining three distinct points; acomparison triangle is a Euclidean triangle with the same edge lengths.If a triangle � in X is such that for every pair of points p; q 2 � thefollowing inequality holds:(1) d(p; q) � j�p� �qj;where �p and �q denote the corresponding points of in a comparisontriangle �� � E 2 , then we say that � satis�es the CAT(0) inequality.(These letters honor the geometers Cartan, Aleksandrov, and Topono-gov who �rst studied the curvature of Riemannian manifolds in termsof comparison triangles.) If every triangle in X satis�es the CAT(0) in-equaltiy, then X is a CAT(0) space. A CAT(0) space should be thoughtof as a metric space with global non-positive curvature. If X is locallyCAT(0), then X is said to have curvature � 0.The class of groups which act geometrically (properly discontinu-ously, cocompactly, and by isometries) on a CAT(0) space share a num-ber of notable group theoretic properties. For instance, these groupsare �nitely presented, have solvable word and conjugacy problems, andevery solvable subgroup is virtually abelian. We will call such a groupa CAT(0) group. (The book by M. Bridson and A. Hae
iger [BH] isan excellent reference.)In spite of their well-understood properties, it remains a di�cultproblem to construct interesting examples of CAT(0) groups, especiallyif the group is expected to act on a CAT(0) space (typically a piecewiseEuclidian polyhedral cell complex) of dimension � 3. The purpose ofthe present article is to provide interesting examples of CAT(0) groupsin dimension three and to demonstrate the e�ectiveness of the \cur-vature testing" techniques for polyhedral cell complexes proposed by



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 3M. Elder and J. McCammond [EM]. As per the title, we will show thatcertain \three dimensional" Artin groups are CAT(0).In general, it is unknown whether or not every Artin group actsgeometrically on a CAT(0) space. The answer is not even known forthe braid groups on more than four strings. An a�rmative answerto the CAT(0) question would give a geometric proof of a number ofgroup-theoretic properties which conjecturally hold for all Artin groups,including solvable word and conjugacy problems.There are, however, some partial answers to the CAT(0) question.R. Charney and M. Davis [CD] have shown that each Artin group actsgeometrically on its \Salvetti complex". This is a piecewise Euclideancube complex, which is CAT(0) if and only if the Artin group is \right-angled".More recently, T. Brady and J. McCammond [BM] approached theCAT(0) problem by �nding new presentations for \two dimensional"Artin groups. They showed that many of the associated presentation2-complexes admit locally CAT(0) metrics. It follows from the Cartan-Hadamard theorem for locally CAT(0) spaces that the universal coverof such a complex is (globally) CAT(0); so, the fundamental group isacting geometrically on a CAT(0) space via deck transformations. So,these two-dimensional Artin groups are CAT(0) groups.T. Brady [Br1] continued this line of investigation for the �nite typeArtin groups with three generators. These are the \three dimensional"Artin groups whose associated Coxeter group is an essential �nite re-
ection group on R3 ; there are precisely three such Coxeter groupswhich do not split as a direct product, namely the symmetry groups ofthe tetrahedron, the cube, and the dodecahedron. To each such Artingroup, G, Brady associated a three dimensional, connected, piecewiseEuclidean complex K with a single vertex v0 such that �1(K; v0) �= G.He then showed that K is a locally CAT(0) space by cleverly verify-ing the \link condition", i.e. that the geometric link of v0 is a CAT(1)space. (A geodesic metric space is CAT(1) if every triangle of perimeter< 2� satis�es the inequality in Equation 1 with respect to a sphericalcomparison triangle.) It follows that the universal covering space of Kis CAT(0) and that G acts geometrically via deck transformations. AsCAT(0) spaces are contractible, he has also shown that K is a non-positively curved K(G; 1). Inspired by this last result, we will provethe following:Main Theorem. Every three dimensional FC Artin group is CAT(0).The complex we will consider is an amalgamation of the spaces con-sidered by Brady. However, unlike Brady's complex, verifying the link



4 ROBERT W. BELLcondition does not reduce to 1-dimensional computation. In Brady'scase, the link is the (spherical) suspension of a 1-complex. Thus, itsu�ced to check that a certain 1-complex was CAT(1). (This is es-sentially a combinatorial condition.) However, in the complexes wewill consider, the link is not a suspension. The di�culty, then, is tocheck that a given piecewise spherical 2-complex is CAT(1). Withthe exceptions of Gromov's \all-right" criterion for all-right piecewisespherical complexes [G] and Moussong's Lemma for piecewise sphericalcomplexes with polyhedral cells of with edge lengths � �=2 [M], thereare no known combinatorial characterizations of CAT(1) 2-complexes.We will overcome this di�culty by using gluing arguments for CAT(1)spaces and by using the curvature testing techniques of [EM]. Whencombined with some deep results of B. Bowditch on locally CAT(1)spaces [Bow], we will demonstate that curvature testing is an e�ectiveway to study piecewise spherical 2-complexes.The construction of the complex we will consider is closely related tothe structure of special subgroups in Coxeter groups. Thus, we beginwith an overview of Artin groups and their associated Coxeter groups.2. Artin groups and Coxeter groupsDe�nition. Let S be a �nite set of cardinality n. A Coxeter matrixfor S is an n � n symmetric matrix with entries mij 2 f1; 2; : : : ;1gsuch that mij = 1 () i = j. Fix a Coxeter matrix M , and let A bethe group given by the following presentation:A = hS j hsi; sjimij = hsj; siimij i;where hsi; sjimij means the string sisjsi � � � having mij letters whenmij < 1. Such a relation will be called an Artin relation of lengthmij. If mij = 1, the relation hsi; sjimij = hsj; siimij is omitted fromthe presentation. The pair (A; S) is called an Artin system and thegroup A is called an Artin group.Similarly, we can de�ne a group W by the following presentation:W = hS j (sisj)mij = 1i;where, again, we omit the relation if mij = 1. The pair (W;S) iscalled a Coxeter system, and the group W is called a Coxeter group.We will refer to (W;S) as the Coxeter system associated to (A; S).If the associated Coxeter group W is �nite, we say that the Artinsystem is spherical. Likewise, a spherical Coxeter system is one inwhich the Coxeter group is a �nite group. If the associated Coxetergroup is in�nite, then the Artin or Coxeter system is of in�nite type.



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 5(Note that it is common in the literature to use the term \�nite typeArtin group" instead of \spherical Artin group".)Example. Let M be the n � n Coxeter matrix with entries mij = 2if ji � jj > 2, mi;i+1 = 3, and mii = 1. Then the presentation for Ais exactly the usual presentation of the braid group on n + 1 strings.The generator si represents the braid which crosses the (i+1)-st stringover the i-th string and which leaves the other n� 1 strings �xed. Thebraid relations are exactly those appearing in the presentation for A,namely si and sj commute if ji � jj > 2 and si and si+1 satisfy therelation sisi+1si = si+1sisi+1. The associated Coxeter group W is thesymmetric group on n + 1 letters. As the symmetric group is a �nitegroup, the braid group is an example of a spherical Artin group.The associated Coxeter group W is naturally a quotient of its Artingroup. There is a surjective homomorphism � : A ! W sending eachgenerator s 2 S � A to the generator denoted by the same letter inW .The kernel of this map is referred to as the pure Artin group. In theexample above, the kernel of the map from Braid(n+1) to Sym(n+1)is the pure braid group| those braids whose strings begin and end atthe same node.De�nition. Given a (possibly empty) subset T � S. De�ne AT andWT to be the subgroups of A and, respectively, W generated by T .These subgroups are called special subgroups. The spherical specialsubgroups will be called, simply, spherical subgroups. They are indexedby the spherical subsets of S:S = fT � S jWT is �nite g:For any subset T � S, one can de�ne a new Artin system, (A(T ); T ),or a new Coxeter system, (W (T ); T ), by forming the Coxeter matrixMT whose entries are those entries ofM indexed by pairs (i; j) 2 T�T .There are obvious homomorphisms A(T ) ! AT and W (T )! WT . Infact, these maps are isomorphisms; and, for T; T 0 2 S, AT\AT 0 = AT\T 0and WT \WT 0 = WT\T 0. The proofs for Coxeter groups can be foundin Bourbaki [Bo], while the proofs for Artin groups appear in van derLek's Ph.D. thesis [L].De�nition. There is another, more visual, way to specify an Artinsystem or Coxeter system: let S be a set of cardinality n and let M bea Coxeter matrix for S. Let G be the labeled graph with vertex set Shaving a single edge labeledmij joining si to sj whenever 1 < mij <1.The graph G is called a Coxeter graph. The Coxeter graph containsprecisely the same information as a Coxeter matrix.



6 ROBERT W. BELLRemark. Note that what we call a Coxeter graph is not the same asthe \Dynkin diagrams" encountered in the study of Lie algebras. InLie theory, the graph has, again, S as its vertex set; but its edges jointhose vertices for which mij > 2. Such an edge is labeled by mij ifmij > 3 and no label is given if mij = 3.De�nition. Let � have vertex set S. Say that a nonempty set ofvertices T � S spans a simplex in � whenever T 2 S. We will referto � as the link complex of the Artin or Coxeter system. As the onlytwo generator spherical Coxeter groups are the �nite dihedral groups(mij < 1), the graph G (without labels) is precisely the 1-skeleton of�.De�nition. The dimension of an Artin system (A; S) is max fjT j :T 2 Sg. It follows that dim (A; S) = dim � + 1, where � is the linkcomplex of (A; S). When the context is clear, we say that dim(A; S) isthe dimension of the Artin group.Remark. It is conjectured and, in many cases, known that the dimen-sion of an Artin group is the same as its cohomological dimension [CD].To each Artin system, there is an associated complexi�ed hyperplanecomplement Q. The Artin group acts freely on the universal cover eQ,and the quotient space is conjectured to be a K(A; 1) space. Thosefamiliar with this work will recognize the cone on the link complex asthe fundamental chamber of the Deligne complex| a piecewise Eu-clidean cell complex which is homotopy equivalent to eQ. For manyArtin groups, it is known that the Deligne complex is CAT(0). How-ever, this does not answer the CAT(0) question for Artin groups| thegroups do not act properly on this complex.De�nition. An Artin system is said to satisfy the FC condition if foreach T � S we have T 2 S () mij < 1 for all si; sj 2 T . This isequivalent to the requirement that the link complex � be a 
ag complex(FC), i.e. a subset T � S spans a simplex of � if and only if everydistinct pair of vertices si; sj 2 T spans an edge. When the context isclear, we say that the group is FC.Example. Let (A; S) be the Artin system with S = fs1; s2; s3g andwith mij = 3 for i 6= j. Geometrically, the associated Coxeter group,W , can be realized as a subgroup of isometries of the Euclidean planegenerated by a�ne re
ections across three lines which meet pairwise,forming an equilateral triangle. The product of two such re
ections isa rotation by 2�=3. So, each special subgroup with two generators is adihedral group of order six. But, the group W is not �nite| the W -orbit of any equilateral triangle covers the entire plane. So, in terms of



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 7the complex �, we have that each distinct pair fsi; sjg spans a simplex;but fs1; s2; s3g does not| the subgroup, namely all of W , is not �nite.Thus, (A; S) is not FC.We brie
y recall some of the theory of Coxeter groups. The readeris referred to the books by N. Bourbaki [Bo], K. Brown [Bro], andJ. Humphreys [H].De�nition. Let (W;S) be a Coxeter system. The re
ections of (W;S)are the elements of the set R = fwsw�1 2 W j w 2 W; s 2 S g. Given1 6= w 2 W , de�ne its re
ection length or simply its length, denoted by`(w), to be the smallest k 2 f 1; 2; : : :g such that w = r1 : : : rk, whereeach ri is a re
ection. By convention, `(1) = 0.Similarly, given T � S, we de�ne RT := fwtw�1 2 W j w 2 WT ; t 2T g: In fact, R \WT = RT . If w 2 WT , we denote its re
ection lengthwith respect to RT by `T (w). Let R denote the union of all RT suchthat T 2 S. We refer to these re
ections as the re
ections of sphericaltype.Remark. In the standard references on Coxeter groups, `(w) denotesthe length of w with respect to the Coxeter generating set S. As we willhave no need to use this length function, there should be no confusion.The term \re
ection" is justi�ed by the following fundamental the-orem on Coxeter groups.Theorem 2.1. (Geometric Representation) Let (W;S) be a Coxetersystem. Let V be a vector space of dimension jSj. Then there is acanonical faithful linear representation � : W ! GL(V ).A proof of this theorem can be found in any of the references onCoxeter groups. As in [Bo], the geometric representation is used tostudy the relationship between W and its special subgroups WT . Pass-ing to the contragredient representation of �, W acts on the dual spaceV �. There is a polyhedral cone �C which is a strict fundamental do-main for the action of W on a W -invariant subset U � V � calledthe Tits cone. �C is the disjoint union of its open faces fCTgT2S, andCT 0 � �CT () T � T 0. The stabilzer of any point in the open face CTis precisely the special subgroup WT . The maximal open face, C = C;,is called the fundamental chamber.If (W;S) is a spherical Coxeter system, thenW can be faithfully rep-resented as a discrete subgroup of O(V ), where O(V ) is the subgroupof GL(V ) preserving a positive de�nite bilinear form. Moreover, thematrix which represents the form with respect to the standard basisis (� cos (�=mij)), where M = (mij) is the Coxeter matrix for (W;S).



8 ROBERT W. BELLThe set of elements of W which act as orthogonal re
ections with re-spect to this form is precisely the set of re
ections de�ned above. Infact, the �nite Coxeter groups are precisely the �nite subgroups of O(n)generated by re
ections. For this reason, the �nite Coxeter groups areoften called �nite re
ection groups.When (W;S) is an in�nite type Coxeter system, this form is no longerpositive de�nite. Still, each re
ection r 2 R acts by a \re
ection" inthe sense that �(r) �xes a codimension 1 hyperplane in V , has a simple(�1) eigenvalue, and �(r)2 = 1.Coxeter groups admit other interesting geometric interpretations too.Every Coxeter group W acts geometrically on its Coxeter-Davis com-plex X ([DM] is a good survey). It was shown by Moussong [M] thatX admits a very natural CAT(0) metric wherein the elements of R areacting by re
ections in the \walls" of X. Thus, Coxeter groups areexamples of CAT(0) groups.De�nition. Let (W;S) be a Coxeter system, where S has cardinalityn. An element x 2 W of the form x = si1 : : : sin , where f i1; : : : ; in g isa permutation of f 1; : : : ; n g, is called a Coxeter element.The construction of a non-positively curved K(A; 1) complex for athree dimensional FC Artin group is closely related to a partial orderingof the associated Coxeter group with respect to a family of Coxeterelements indexed by the spherical subsets. We describe this partialordering in the next section.3. Allowable elements and allowable expressionsDe�nition. Let (W;S) be a spherical Coxeter system. Let R be theset of re
ections. Then the re
ection length ` de�nes a relation � onW as follows: w � w0 () `(w) + `(w�1w0) = `(w0):Regarding R as a generating set for W , we say a word, r1 : : : rk, isreduced if `(r1 : : : rk) = k. A pre�x of a reduced word r1 : : : rk is asubword of the form r1 : : : ri for some i; 1 � i � k. The empty word isalso considered a pre�x.Proposition 3.1. Let (W;S) be a spherical Coxeter system, let R bethe set of re
ections, and let � be the relation as above. Suppose w;w0 2W . Then w � w0 if and only if w is pre�x of an R-reduced wordrepresenting w0. Thus, the relation, �, de�nes a partial order on W .Proof. Exercise. �



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 9Now, suppose (W;S) is an arbitrary Coxeter system. For each T 2 S,we have a partial order �T and a length function `T de�ned onWT withrespect to the re
ections RT . We will show that these partial orders andlength functions agree on the intersection of any collection of sphericalsubgroups. The proof relies on a theorem of R. Carter (refer to Lemma2.8 in [Ca] for a proof). The theorem in its stated form (below) can befound in [Be]. We also recommend reading Proposition 2.2 in [BW] foran independent proof.Theorem 3.2. (Carter's Lemma) Let (W;S) be a �nite Coxeter systemwith re
ections R and re
ection length function `. Suppose � : W !GL(V ) is a faithful linear representation of W on a �nite dimensionalvector space V �= Rn such that, for every w 2 W , codim(ker(�(w) �Id)) = 1 () w 2 R. Suppose w 2 W . Then the re
ectionlength of w is equal to the codimension of its �xed subspace: `(w) =codim(ker(�(w)� Id)).Remark. For any Coxeter group, the geometric representation � :W !GL(V ) has the stated property: a non-trivial w 2 W �xes a codimen-sion one hyperplane in V if and only if w is a re
ection. However,the conclusion of Carter's Lemma does not hold for arbitrary in�niteCoxeter groups. For instance, the Coxeter group W with the Coxetergraph consisting of three disjoint vertices acts on R3 via its geometricrepresentation. But the square of the product of the three generatorshas re
ection length four. However, Carter's Lemma does hold for the~An Coxeter groups [BW], and likely holds for all Euclidean Coxetergroups.The following theorem is due to R. Charney and the author. It isinspired by a similar result for spherical Coxeter groups in [CP].Theorem 3.3. Let (W;S) be a Coxeter system and let R be the set ofre
ections. Suppose that w = r1 : : : rk is R-reduced. If w 2 WT andT 2 S, then ri 2 RT for all i.Proof. Let n = jSj and consider the geometric representation � :W !GL(V ). Pass to the contragredient representation, so that W actson V �. Each re
ection of W acts by a re
ection in a hyperplane ofV � �= Rn . Let w 2 WT and write w = r1 : : : rk as an R-reduced word.Assume that T 2 S so thatWT is a �nite Coxeter group. Write w as anRT -reduced word: w = q1 : : : ql, where each qi 2 RT . Necessarily, k � l.Let F := \ki=1Hi, where each Hi is the codimension one hyperplane�xed by ri. Let Fix(w) := f v 2 V � : w:v = v g. Carter's Lemma,applied to � restricted to WT , tells us that l = `T (w) is equal to the



10 ROBERT W. BELLcodimension of Fix(w) � V �. On the other hand, w �xes the subspaceF ; so F � Fix(w). As codim(F ) � k � l, we must have equality:F = Fix(w). In particular, each ri �xes every point in Fix(w). Choosea point x 2 CT , the open face of the fundamental chamber C. Thestabilizer of x is WT . So, x 2 Fix(w) = F , and, hence, each ri �xes x.Thus, each ri belongs to WT ; and so, each ri 2 R \WT = RT . �The following is an easy corollary:Corollary 3.4. Let (W;S) be a Coxeter system, let R be the set ofre
ections, and let ` denote the re
ection length. If w 2 WT and T 2S, then `(w) = `T (w). In particular, the re
ection length functions,f`TgT2S, and the partial orders, f�TgT2S, agree on the intersection ofspherical subgroups.Proof. Exercise. �Proposition 3.5. Let (W;S) be a Coxeter system and let ` denote there
ection length with respect to R. Then W is a poset via the relationw � w0 () w;w0 2 WT and w �T w0 for some T 2 S. Moreover,w � w0 () w is a pre�x of some R-reduced expression for w0 andw;w0 2 WT for some T 2 S.Proof. The only non-trivial veri�cation is that the relation is transitive.Suppose w � w0 and w0 � w00, then there exists T; T 0 2 S such thatw �T w0 2 WT and w0 �T 0 w00inWT 0 . By Proposition 3.1, w is anRT reduced pre�x of w0. But w0 2 WT 0 , so, by Theorem 3.3, eachre
ection appearing in this reduced word also belongs to RT 0 . And, as`T (w) = `T 0(w), the word is RT 0-reduced. Substituting this word forthe pre�x representing w0 in an RT 0-reduced word for w00, we see thatw �T 00 w00. �De�nition. Let (W;S) be a Coxeter system together with a total or-dering � on S. For each T 2 S, let xT := t1 : : : tk where T = ft1 �� � � � tkg. Thus, a total ordering chooses a Coxeter element xT for eachCoxeter system (WT ; T ).For each T 2 S, de�ne the xT {allowable elements thus:Allow(xT ) := fw 2 WT j 1 6= w �T xT g:De�ne the allowable elements of W to be the setAllow(W ) := [T2SAllow(xT ):By Proposition 3.1, the xT -allowable elements are precisely the non-trivial elements of WT which can be represented as a pre�x of an RT -reduced expression of xT . In particular, by repeated application of the



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 11move x = r1r2 : : : rn = r2(r�12 r1r2)r3 : : : rn, it is easy to deduce thatT � Allow(xT ). In fact, as we shall prove later (Corollary 5.2), everyre
ection in RT is allowable, i.e. RT � Allow(xT ).The following is an easy consequence of Proposition 3.5:Proposition 3.6. Let (W;S) be a Coxeter system together with a totalordering of S. ThenAllow(W ) = fw 2 W : 1 < w � xT for some T 2 Sg:Proof. Exercise. �The total ordering of S makes a consistent choice of Coxeter elementsin the following sense:Proposition 3.7. Let (W;S) be a Coxeter system together with a to-tal ordering of S. Suppose T; T 0 2 S are such that T � T 0. ThenAllow(xT ) � Allow(xT 0) is an inclusion of posets.Proof. This is immediate from Proposition 3.5 and the fact that xT �xT 0. �Remark. These partial orders have been studied by a number of otherresearchers in the case where (W;S) is a spherical Coxeter system, cf.D. Bessis [Be]; D. Bessis, F. Digne, J. Michelle [BDM]; J. Birman,K. Ko, & J. Lee [BKL]; T. Brady [Br2]; T. Brady & C. Watts [BW];and M. Picantin [P]. Our notation is consistent with [Be]. In each ofthese articles, the object of study is a \dual braid monoid". D. Bessis,building on the other authors' partial results, proves that if the Coxeterelement xS is correctly chosen, then the group of fractions of the dualbraid monoid is isomorphic to the associated Artin group. However,it is unclear how or if this result generalizes to an in�nite type Artingroup.De�nition. We say a sequence of allowable elements (w1; : : : ; wk) inAllow(xT ) de�nes an allowable expression of length k, k > 0, if theproduct w1 � � �wk 2 Allow(xT ) and Pki=1 `(wi) = `(w1 : : : wk). De-note the allowable expressions of length k by Expr(xT ; k) and all theallowable expressions by Expr(xT ).We de�ne allowable expressions in W to be the setExpr(W ) = [T2SExpr(xT ):In particular, the allowable expressions of length jT j in Expr(xT )correspond to all the R-reduced words which represent xT . It alsonoteworthy that, equivalently, an allowable expression is a sequence



12 ROBERT W. BELL(w1; : : : ; wk) of elements ofAllow(W ) such that �ki=1`(wi) = `(w1 : : : wk),and w1 : : : wk 2 Allow(W ). For, by de�nition w1 : : : wk � xT for someT 2 S. It follows that each wi � xT , as well. Thus, (w1; : : : ; wk) 2Expr(xT ; k).Proposition 3.8. If T � T 0 2 S, then Expr(xT ) � Expr(xT 0).Proof. If (w1; : : : ; wk) 2 Expr(xT ; k), then, by Proposition 3.7 each wibelongs to Allow(xT 0) and so does the product w1 : : : wk. Now use thefact that `T 0 agrees with `T on WT . �The next two propositions address the question of whether there areallowable elements in WT which are not xT -allowable.Proposition 3.9. Let (W;S) be a Coxeter system of dimension � 3together with a total ordering of S. Let T; T 0 2 S and let w 2 W .Suppose w � xT ; xT 0. If `(w) = jT \ T 0j, then w = xT\T 0. Moreover,for each nonempty T 2 S, there is a unique allowable element w oflength jT j belonging to WT .Proof. First, observe that if w � xT ; xT 0 , then w 2 WT \WT 0 = WT\T 0.If T � T 0, then `(w) = jT \ T 0j = jT j. But `(w)+ `(w�1xT ) = `(xT ) =jT j. So, w = xT = xT\T 0 . Everything so far is true regardless of thedimension.Now suppose that neither T nor T 0 is a subset of the other. If theintersection has cardinality one, then w belongs to WT\T 0| a groupwith only one non-trivial element. So w 2 T \ T 0 and the conclusionholds. The only remaining possibility is that w has length two and Tand T 0 have have three elements. Write w = r1r2, where r1; r2 2 RT\T 0.Suppose T = ft1 � t2 � t3g and T \ T 0 = fti � tjg. Then, by shifting,we can write xT = titju, reduced, for some u 2 R. But u cannot belongto RT\T 0, because xT =2 WT\T 0. As w � xT has length two, so thereexists a q 2 R such that r1r2q = xT = titju. So, uq = tjtir1r2 2 WT\T 0.By Theorem 3.3, uq cannot be reduced| u would belong to RT\T 0 . So,uq = 1. Thus, w = r1r2 = titj = xT\T 0.For the second statement, suppose w 2 Allow(W ; jT j) \WT , whereT 2 S is nonempty. So, w � xT 0 for some T 0 2 S; and we can �nd areduced word for w = r1 : : : rk as a product of k = jT j re
ections. ByTheorem 3.3, each ri belongs to RT\T 0. Consequently, jT \ T 0j = jT j;and so, T � T 0. If T = T 0, then, as above, w � xT and `(w) = jT j implythat w = xT . So, we may assume that T ( T 0. Now, consider cases:If jT j = 1, there is only one nontrivial element in WT ; so, w = xT .If jT j = 2, then jT 0j = 3. Again, there is an R-reduced expressionxT 0 = wq = titju, where q and u are re
ections and T = fti � tjg � T 0.We must have that uq = 1. So, w = titj = xT . �



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 13Proposition 3.10. Let (W;S) be a Coxeter system of dimension � 3together with a total ordering of S. Suppose T 2 S. Then Allow(W )\WT = Allow(xT ) and Expr(W ; k)\ (WT )k = Expr(WT ; k) for each k.Proof. Suppose w 2 Allow(W )\WT . If `(w) = 1, then w is a re
ectionin RT . Corollary 5.2 (proof in the next section) implies that w 2RT � Allow(xT ). Suppose `(w) = 2 and w � xT 0 for some T 0 2S. By Proposition 3.7, we may assume T is minimal. So, T � T 0.Either jT j = 2, forcing y = xT , or T = T 0. In either case, w 2Allow(xT ). Finally if `(w) = 3, then w = xT . Thus, Allow(W ) \WT � Allow(xT ). The opposite inclusion is immediate. Similarly,there is only one nontrivial inclusion for the second statement. Suppose(w1; : : : ; wk) 2 Expr(W ; k) \ (WT )k. Then, each wi 2 Allow(W ) \WT = Allow(xT ). By subgroup closure, the product w1 : : : wk belongsto Allow(W ) \WT . It follows that (w1; : : : ; wk) 2 Expr(xT ; k). �Remark. Propositions 3.9 and 3.10 probably admit generalizations toall dimensions. However, the brute force arguments given here providelittle insight. The work of D. Bessis [Be] is particularly recommendedto those who may want to generalize these statements.We are now ready to de�ne the proposed non-positively curvedK(A; 1)space for a three dimensional FC Artin group A. This complex is de-�ned purely in terms of a three dimensional Coxeter system togetherwith a total ordering of its generating set.4. Brady's complexLet � be a link complex of dimension together with a total orderingof its vertices. � de�nes a Artin system (A; S) together with a totalordering of its generating set S. To emphasize its origin, we may denotethe Artin group by A� and its associated Coxeter group byW�. We willassume that � is a simplicial complex of dimension � 2. Let K = K�be the cell complex (Brady's complex ) de�ned as follows:� 0-skeleton K(0): a single vertex labeled v0.
v

w

v0 0Figure 1. A labelled, oriented 1-cell.� 1-skeleton K(1): a labelled, oriented edge for each allowableelement, w 2 Allow(W ), with both ends attached at v0.



14 ROBERT W. BELL� 2-skeleton K(2): a two simplex for each allowable expression oflength two: (w1; w2) 2 Expr(W ; 2). The edges of the simplexare labeled by w1; w2, and w1w2, viewed as elements of W , notas words. The boundary of this 2-simplex is attached to the1-skeleton according to its labeling and orientation. Refer toFigure 2.
v

0v0v

w1 w2

w1 w2

0Figure 2. A 2-cell.� 3-skeleton K(3): a three simplex for each allowable expressionof length three: (w1; w2; w3) 2 Expr(W ; 3). It's six edges arelabeled by the following elements of W :w1; w1w2; w2; w2w3; w3; w1w2w3:Their orientation and adjacency is shown in Figure 3. Theboundary of this 3-simplex is attached to the 2-skeleton ac-cordingly.
v

0v0v

w1 w2

w1 w2

0v

w
w

2
3 w3

w 3

w 1
w 2

0Figure 3. A typical 3-cell in K.From the description of the the 2-skeleton, it follows that the funda-mental group of K is presented thus:�1(K; v0) = hf[w] : w 2 Allow(W )g j f[w1][w2] = [w1w2] : (w1; w2) 2 Expr(W ; 2)gi;or, informally, �1(K) = hAllow(W ) j Expr(W ; 2)i. The generator [w]is called a lift of the allowable element w 2 W . The brackets are usedto distinguish an element of the fundamental group from an element ofthe Coxeter group.



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 15If A� is a spherical Artin group with generators S = fb � a � cg suchthat mac = 2, then K is exactly the complex considered by T. Brady[Br1]. If A� is a spherical Artin group with two generators, this is the2-complex considered by T. Brady and J. McCammond in [BM]. Andif A� is a sperical Artin group with one generator (A �= Z), then K� isjust a circle with a single vertex.In the case of a three dimensional Artin group, each T 2 S givesrise to one of these Brady complexes above. De�ne KT to be theBrady complex associated to the Coxeter system (WT ; T ) together withthe total ordering of S restricted to T . Each KT is a subcomplex ofK�. This follows from Proposition 3.10. Similarly, it follows fromPropositions 3.7 and 3.8 that KT\T 0 = KT \K 0T , whenever T; T 0 2 S.The goal of the next two sections is to prove that �1(K�; v0) �= A�.5. The fundamental group of K�If A� is a spherical Artin group of dimension � 3 and W� is its asso-ciated Coxeter group, then, regardless of the choice of total ordering,the cell complex K� always has the same fundamental group:Theorem 5.1. Let (W;S) be a spherical Coxeter system. Let x and ybe two Coxeter elements for (W;S). Then there is an element w0 2 Wsuch that w0yw�10 = x in W . The automorphism of W , �, mappingw 7! w0ww�10 restricts to a bijection Allow(y) ! Allow(x). This,induces a bijection Expr(y)! Expr(x). Moreover, if W has three orfewer generators, � induces an isomorphism � : �1(Ky)! �1(Kx), byde�ning �([a]) := [�(a)], where Ky and Kx are the Brady complexesde�ned by their respective Coxeter elements.Proof. The �rst statement, that all Coxeter elements in a �nite Coxetergroup are conjugate, is classical [Bo]. That � is a bijection follows fromthe fact that it permutes the re
ections and preserves the re
ectionlength of any element of W .In the special case of length two expressions, we see that the relation[�(a1)][�(a2)] = [�(a1a2)] holds in �1(Kx). Hence,�([a1][a2]) = [�(a1)][�(a2)] = [�(a1a2)] = �([a1a2]):Thus, � takes relators to relators, and so, � is a well-de�ned grouphomomorphism. Moreover, � is clearly invertible and, hence, is anisomorphism. �As a corollary, we deduce that all the re
ections in a spherical Cox-eter system are allowable, regardless of the choice of Coxeter element:



16 ROBERT W. BELLCorollary 5.2. Let (W;S) be a spherical Coxeter system and let x bea Coxeter element. Then every re
ection is x-allowable.Proof. The hard work has already been done by D. Bessis. He provesthat every spherical Coxeter system admits a \chromatic" Coxeter ele-ment y for which the set of re
ections are y-allowable (use Lemma 1.3.4in [Be]). Now, apply the bijection between Allow(x) and Allow(y)from the theorem above. The bijection preserves the set of re
ections.Hence, every re
ection is x-allowable. �To establish an isomorphism between an (in�nite type) Artin groupA� and the fundamendal group of its Brady complex K�, we seek com-patible isomophisms AT ! �1(KT ; v0) for each T 2 S. As A� will beassumed to have dimension � 3, the spherical subgroups will have atmost three generators. Each case is treated separately. Recall that� : A!W denotes the natural map.If A = AT is a spherical Artin group with one generator, s, and Wis its associated Coxeter group, then:(1) A = h s j i �= Z,(2) W = h s j s2 = 1 i �= Z=2Z, and(3) �1(K) = h [s] j i �= Z:So, the map � : s! [�(s)] de�nes an isomorphism A! �1(K).If A = AT is a spherical Artin group with two generators, s1 and s2,and W is its associated Coxeter group, then there is an integer m > 1such that(1) A = h s1; s2 j< s1; s2 >m=< s2; s1 >m i,(2) W = h a; b j (ab)m = 1 i, a dihedral group of order 2m, and(3) �1(K) = h [x]; [r1]; : : : ; [rm] j [x] = [r1][r2]; : : : ; [x] = [rm][r1] i:The last statement appears in [BM]:Proposition 5.3. (T. Brady, J. McCammond [BM]) Let (A; S) be thetwo generator spherical Artin group with generating set S = fs1; s2g,and let (W;S) be the associated Coxeter system. Fix a Coxeter ele-ment: either x = s1s2 or x = s2s1. In either case, we have �1(K) =h [x]; [r1]; : : : ; [rm] j [x] = [r1][r2]; : : : ; [x] = [rm][r1] i; where K is theBrady complex of (W;S) with respect to x.As in the one generator case, the fundamental group of the Bradycomplex is naturally isomorphic to the Artin group:Proposition 5.4. (T. Brady, J. McCammond [BM]) Let (A; S) be thetwo generator spherical Artin group with generating set S = fs1; s2g,and let (W;S) be the associated Coxter system. Then, for either choice



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 17of Coxeter element, the map �, which takes each generator si 2 S to theallowable element [�(si)], de�nes an isomorphism of A onto �1(K; v0).Refer to [BM] for a proof of Proposition 5.4. Bascially, consider thecases of when m is odd or even separately, and then directly verify thatthe desired relations hold in both presentations.Theorem. Let (A; S) be a spherical three generator Artin group andlet W be its associated Coxeter group. Then, regardless of the choiceof Coxeter element in W , the map � : A ! �1(K; v0) sending eachgenerator s to [�(s)] is an isomorphism.We will prove this theorem in the next section (Theorem 6.2). As-suming this result, we now prove that the fundamental group of K� isisomorphic to A�.Theorem 5.5. Let � de�ne an Artin group of dimension � 3 togetherwith a total ordering of the generating set. Then �1(K�; v0) �= A�.Proof. Let (A; S) be the Artin system de�ned by � and let (W;S) be theassociated Coxter system. Suppose T ( T 0 2 S. Let i : AT ! AT 0 bethe map induced by the inclusion T � T 0. Then i is injective. (This isresult is due to van der Lek [L] in general, though inclusions of sphericalArtin groups were known to be injective by the earlier work of Brieksorn& Saito [BS] and Deligne [De].) Let j : �1(KT )! �1(KT 0) be inducedby the inclusion Allow(xT ) � Allow(xT 0 . This is well-de�ned becauseExpr(xT ; 2) � Expr(xT 0 ; 2). Now consider the following diagram:AT ���! AT 0??y ??y�1(KT ) ���! �1(KT 0)The horizontal maps are the maps i and j above; the vertical maps arethe maps �T and �T 0 which map t 7! [�(t)].We have shown that �T and �T 0 are isomorphisms when jT 0j � 2.Assuming Theorem 6.2, these maps are also isomorphisms when jT 0j =3. To check the diagram commutes, it su�ces to chase the generatingset T . By construction, these maps restrict to the identity on T . So, thediagram commutes. As the vertical maps are isomorphisms, it followsthat the bottom horizontal map is also injective. Taking colimits overT 2 S, we get an isomorphismcolimT2S AT �= colimT2S �1(KT ):By examining the presentation for �1(K�), we see that we have de�nedthe desired isomorphism. �



18 ROBERT W. BELL6. Three generator spherical Artin groupsLet (A; S) be an Artin system. Let W be the associated Coxetergroup, and let R � W be the set of re
ections. Let � : A!W be thenatural map.De�nition. Given S 0 � A, we say that S 0 is equivalent to S if� S 0 generates A� there is a bijection S $ S 0, and� the corresponding Artin relations, < s0i; s0j >mij=< s0j; s0i >mij ,are a set of de�ning relators for A.We specialize to the case where (A; S) a three generator sphericalArtin group. Let S = fs1; s2; s3g. We can choose m = m12; n = m23;and 2 = m13. This group is �nite if m = 2 and 2 � n < 1 or whenm = 3, and n 2 f3; 4; 5g.Suppose S 0 = fs01; s02; s03g � A generates A as an Artin group, wheresi $ s0i. Let x0 = s01s02s03. We emphasize that x0 is the product of theelements of the Artin generating set in a particular order; speci�cally,the �rst two generators satisfy an Artin relation of lengthm and the lasttwo generators commute. Denote the corresponding Coxeter elementby y0 := �(x0). We may then construct Brady's complex; we denoteit by Ky0 . In particular, we can describe the fundamental group asfollows (refer to [Br1]:�1(Ky0) = h f[y0]g[f[r] : r 2 Rg j f[y0] = [r1][r2][r3] : r1r2r3 =W y0; ri 2 Rg i:T. Brady has shown that the map �S0;x0 : A ! �1(Ky0) taking s0 7![�(s0)] is an isomorphism. The inverse map is obtained by noting thatthe set of re
ections is the closure of �(S 0) � W under the action ofconjugation by y0. Given r 2 R, we can thus writer = (y0)�k�(s0i)(y0)k = �((x0)�ks0i(x0)k)for some integer k. The inverse map sends [r] 7! (x0)�ks0i(x0)k 2 A:That this map is well-de�ned is the main content of Brady's proof.We wish to extend this result to the case where Ky is de�ned by anarbitrary Coxeter element y 2 W .Remark. Given an arbitrary Coxeter element y in a spherical Coxetersystem (W;S), it need not be true that the re
ections are the closureof S under the action of conjugation by y. D. Bessis [Be] has shownthat this is the case provided y is a \chromatic" Coxeter element, i.e.2-color the Coxeter diagram of W (the Coxeter diagram of a sphericalCoxeter group is a forest with at most one vertex of valence three inany component) by say `red' and 'blue'; then a Coxeter element which



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 19is a product of the red generators followed by the product of the bluegenerators is called chromatic. However, in the case of an in�nite typeCoxeter system, it is not always possible to make a consistent choice ofchromatic Coxeter elements for each spherical subgroup. Nonetheless,as we argue below, given y, one can �nd an alternate Coxeter generat-ing set for which y is chromatic. We only have a case by case proof forthe three generator spherical Coxeter groups. It is reasonable to ex-pect that this could generalized in a uni�ed way by, perhaps, viewingalternate generating sets as di�erent chambers in the Coxeter-Daviscomplex.
b

2

nm

caFigure 4. The Coxeter graph of (W;S).Let S = fa; b; cg so that the Coxeter graph is as shown in Figure4. Let x = abc 2 A, and let y := �(x) 2 W be the Coxeter element.De�ne S 0 := aSa�1 = fa0 := a; b0 := aba�1; c0 = cg � A. Then, asconjugation by a is an automormism of A and c0 = aca�1, we see thatS 0 is equivalent to S. Let x0 := b0a0c0 and y0 := �(x0). Then (S 0; x0; y0)has the form of Brady's setup, namely x0 is de�ned to be the productof the elements of an Artin generating set in the prefered order. So, themap �S0;x0 : A! �1(Ky0) is an isomorphism. To simplify our notation,we use the following convention: if g 2 A, then [g] := [�(g)].Lemma 6.1. The map �S;x : A ! �1(Ky) sending s 7! [s] is anisomorphism. In fact, �S;x = �S0;x0:Proof. The second statement makes sense because �1(Ky0) = �1(Ky):The choice of x0 is such that x0 = (aba�1)(a)(c) = abc = x. So,y0 = y and the presentations of the fundamental groups are identical.It su�ces to prove that �S0;x0(s0) = �S;x(s0) for every s0 2 S 0. If s0 = a0or c0, there is nothing to prove. If s0 = b0, then�S;x(b0) = �S;x(aba�1) = [a][b][a]�1:On the other hand, as y = �(abc) = �(aba�1)�(a)�(c), the relation[a][b][c] = [b0][a][c]



20 ROBERT W. BELLholds in �1(Ky). Solving the equation in the group, we �nd that[b0] = [a][b][a]�1:Hence, �S0;x0(b0) = �S;x(b0), as claimed. �The cases where the Coxeter elements are de�ned by other permu-tations of the set S = fa; b; cg are similar. Given x = permutation ofS, we de�ne a corresponding element g 2 A:� if x = bac or bca, let g = 1� if x = abc, let g = a (this is the case above)� if x = cba, let g = c� if x = acb or cab, let g = acLet S 0 := gSg�1. Then a0 := gag�1 = a; b0 := gbg�1, c0 := gcg�1 = cand S 0 is equivalent to S. Let x0 = b0a0c0. Then x0 = gbacg�1 = x:In particular, x and x0 de�ne the same Coxeter element. Moreover,(S 0; x0) takes the form of Brady's theorem.The Brady complexes have identical fundamental groups. To showthat �S0;x0 = �S;x, we check that this holds for each generator s0 2 S 0.As a0 = a and c0 = c, we need only check that �S0;x0(b0) = �S;x(b). So,we write b0 in terms of the generating set S: b0 = gbg�1. So, �S;x(b0) =(�S;x(g))[b](�S;x(g))�1. To see that this equals �S0;x0(b0) = [b0], we onlyneed to verify that that the relation (�S;x(g))[b] = [b0](�S;x(g)) holds in�1(K). We return to cases:� if g = 1, then �S;x(g) = 1 and the relation follows from b0 = b.� if g = a, this is the case above� if g = c, then �S;x(g) = [c] and the relation follows from[x] = [c][b][a] = [cbc�1][c][a] = [b0][c][a]� if g = ac, then �S;x(g) = [a][c] and the relation follows from[x] = [a][c][b] = [acbc�1a�1][a][c] = [b0][a][c]Thus, we have proven the desired theorem:Theorem 6.2. Given a three generator spherical Artin system (A; S)and given a Coxeter element y 2 W chosen by any total ordering of S,the map � : A! �1(Ky) sending s 7! [�(s)] is an isomorphism.7. The geometry of Brady's complexLet � de�ne an Artin group of dimension � 3 together with a totalordering of the generating set. De�ne a piecewise Euclidean structureon K by assigning a length of pk to each edge labelled by an allowableelement of length k. The metric on each cell is then determined. Themodel polyhedral 3-cell is shown below.
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(1,1,1)

(1,1,0)

(1,0,0)
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23w
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Figure 5. A model metric 3-cell in K.Above is the 3-cell corresponding to the allowable expression (w1; w2; w3).It is isometric to the tetrahedron f(x; y; z) 2 R3 j 0 6 z 6 y 6 x 6 1g.In Figure 5, the allowable rotations (length two allowable elements)are denoted by w12 := w1w2 and w23 := w2w3; a Coxeter element isdenoted by w123 := w1w2w3.We will study the geometry of K within the formal framework ofM�- polyhedral and simplicial complexes. LetMn� denote the completesimply connected Riemannian manifold of constant curvature � anddimension n. Thus, Mn0 is Euclidean n-space, Mn1 is the unit n-sphere,and Mn�1 is the hyperbolic n-space.Roughly speaking, an M�-complex is cell complexes constructed bygluing convex polyhedral cells (in M�) along isometric faces. If X isan M� complex, we will denote an n-dimensional cell by Cn� and itsattatching map by q� : Cn� ! X. M. Bridson proved that every M�complex having only �nitely many isometry classes of cells (referred toas �nite shapes) is a geodesic metric space with respect to the intrisiclength metric. The the reader is refered to [BH] for precise de�nitionsand for a proof of this theorem. Using these de�nitions it is not hardto see that K�, with its cells metrized as above, is an M0-polyhedralcomplex.An important class of these complexes are the M� simplicial com-plexes. In this case, cells are required to be simplices and the attatchingmaps are required to be injective. Note that the attatching maps ofK� are not injective. However, as we will see in the next section, thelink of K� is an M1-simplicial complex.



22 ROBERT W. BELL8. The link of v0 in K�Let L = L� := Lk(v0; K�) be the geometric link of v0 in K. By de�-nition, this is the cell complex de�ned by the unit tangent vectors basedat vertices in each of the convex polyhedral cells which are attatchedto the vertex v0 in K�. With this cell structure, L is an M1-polyhedralcomplex.Each 1-cell of K contributes exactly two vertices to L. Suppose thata 1-cell C1� is oriented from a vertex v1 to a vertex v2 and that its edgeis labelled by the allowable element w. The attaching map q� mapsboth vertices to v0 in K. Thus, Lk(v0; C1�) consists of two vertices|one for the initial tangent vector of the geodesic path from v1 to v2and one for the initial tangent vector of the reverse path. We label thevertex in the link contributed by the path from v1 to v2 by (w; 1); theother vertex is labelled (w;�1). (Refer to Figure 6.) As every vertexof L arises in this way, we deduce that the vertices of L are in bijectivecorrespondence with the set Allow(W )� f�1g. Given a vertex (w; �)of L, we say it has length `(w) and sign �.Remark. We regard Allow(W ) � f�1g as a poset via reverse lexico-graphic ordering: (w1; �1) � (w2; �2) () �1 < �2 or �1 = �2 andw1 � w2. We can use this discription to uniquely label the cells of Lin terms of their vertices.
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Figure 6. Each vertex contributes a 1-cell in L.Suppose C2� is a 2-cell in K. C2� is isometric to a Euclidean trian-gle and indexed by an allowable expression � := (w1; w2) of length 2.Suppose the vertices of C2� are v1; v2; and v3, and suppose the directededge from vi to vi+1 be labelled by wi for i = 1; 2. Label the directededge from v1 to v3 by w12 := w1w2 2 W . The attaching map q� mapsall of the vertices to v0 and maps each directed edge to the 1-cell of Kwith the same label and orientation. Thus, the link of of a 2-cell of K



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 23consists three disjoint arcs (refer to Figure 6):Lk(v0; q�(C2�)) = Gi=1;2;3Lk(vi; C2�):The vertices of a 1-cell in L are related by the reverse lexicographicordering on Allow(W ) � f��g. Making the convention that verticesare listed in ascending order, we can list the 1-cells according to theirvertex set as follows:[(w1; 1); (w12; 1)]; [(w1;�1); (w2; 1)]; and [(w2;�1); (w12;�1)]:This is a complete list if we range over all ordered pairs (w1; w2) 2Expr(W ; 2).Proposition 8.1. Let w1; w2 2 Allow(W ).(1) The vertices f(w1; 1); (w2; 1)g or f(w1;�1); (w2;�1)g, span a 1-cell in L () w1; w2 2 Allow(xT ), for some T 2 S and eitherw1 < w2 or w2 < w1.(2) The vertices f(w1;�1); (w2; 1)g span a 1-cell in L () (w1; w2) 2Expr(W ; 2).Notation. Henceforth, we will use the convention that the re
ectionswill be indicated by the letters p; q; r; s or t. Likewise, the rotations(i.e. elements in W of length two) will be indicated by the letters y orz. Lastly, we will reserve the letter x or xT for elements of length threein W .In Figure 7, we list the three di�erent oriented, metric 2-cells of K.They correspond to expressions of the form (r; s); (y; t), and (q; y) inExpr(x; 2). Recall that the lengths of the edges are 1 for a re
ection,p2 for a rotation, and p3 for and element of length three. The �rsttriangle is an isoceles right triangle. The angles in the second twotriangles are indicated, where � = arctan (p2) and � = arctan (1=p2).So, 0 < � < �=4 < � < �=2.The left 2-cell contributes the following 1-cells to the link:� [(r; 1); (y; 1)] of length �=4; (algebraically: r < y)� [(r;�1); (s; 1)] of length �=2; (rs = y is a reduced expression)� [(s;�1); (y;�1)] of length �=4; (s < y)The middle 2-cell contributes:� [(y; 1); (x; 1)] of length �; (y < x)� [(y;�1); (t; 1)] of length �=2; (yt = x is reduced)� [(t;�1); (x;�1)] of length �; (t < x)And the right 2-cell contributes:� [(q; 1); (x; 1)] of length �; (q < x)
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βFigure 7. The metric 2-cells of K.� [(q;�1); (y; 1)] of length �=2; (qy = x is reduced)� [(y;�1); (x;�1)] of length �; (y < x)Thus, if we consider all unordered pairs of vertices f (w; �); (w0; �0) gup to their length and signs f (`(w); �); (`(w0); �0) g, we get exactly ninedi�erent 1-cells in L. This list is complete because every 1-cell in Lnecessarily arises from a link of one of the three di�erent oriented,metric 2-cells in Figure 7 .We repeat this analysis for the 2-cells of L. Each 2-cell of L is asimplex. Each such simplex arises from the link of v0 in a 3-cell of K.The 3-cells of K are in one to one correspondence with the al-lowable expressions of length three. For each allowable expression� := (r; s; t), we get four 2-cells in L by considering Lk(v0; q�(C3�)) =Fi=1;:::;4 Lk(vi; C3�). (Refer to Figure 8.)
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Figure 8. Each vertex of a 3-cell contributes a di�erent2-cell to the link.We enumerate the 2-cells of L (refer to Figure 9). Counter-clockwisefrom the upper left corner, they are, respectively, the links of v1; v3; v4,and v2. These are illustrated in the order shown so as to suggest howthe 2-cells will �t together in L. Two 2-cells are glued along a face
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Figure 9. The metric 2-cells of L.if and only if they have the same vertices (labelled by the same al-lowable element and sign). In particular, such vertices must have thesame length. We have illustrated the length of a vertex as follows: are
ection is symbolized by a solid circle, a rotation by an open circle,and an element of length three by a solid triangle. When convenient,we indicate the sign of the vertex by adding a + or � symbol to thediagram as in the list to the right.In the right column, there is a list of the lengths of the edges. Wecan recover our complete listing of 1-cells in L (up to length and signof the vertices) if we change all the + signs to � signs. Note that thebottom 1-cell does not give rise to a new 1-cell if we change the signs|it is characterized as a pair of vertices of length one with opposite signs.The 2-cells in L are spherical triangles. From the spherical law ofcosines or by considering the dihedral angles between the faces of themodel polyhedral 3-cell of K, one can compute their angles. The mea-sures of the angles in each spherical triangle is indicated beside eachvertex. The unlabelled angles are understood to be �=2.Again, we can list the vertices of each 2-cells in ascending order withrespect to the ordering on Allow(W )� f�1g:� Lk(v1; C3) = [(r; 1); (y; 1); (x; 1)]; (algebraically: r < y < x)� Lk(v2; C3) = [(r;�1); (s; 1); (z; 1)]; (rz = x and s < z)� Lk(v3; C3) = [(s;�1); (y;�1); (t; 1)]; (s < y and yt = x)� Lk(v4; C3) = [(t;�1); (z;�1); (x;�1)]; (t < z < x)



26 ROBERT W. BELLProposition 8.2. Given vertices f(w1; �1); : : : ; (w3; �3)g. These ver-tices span a 2-cell in L ()(1) all the vertices have the same sign and the vertices are totallyordered: wi � wj � wk for some permutation (i; j; k) of (1; 2; 3),or(2) exactly two vertices, wi � wj, are positive and wkwj = xT forsomexT 2 Allow(W ; 3), or(3) exactly two vertices, wi � wj, are negative and wjwk = xT forsomexT 2 Allow(W ; 3).In each of the last two, the negative vertex right multiplied by the pos-itive vertex gives an allowable element.Proposition 8.3. L is an M1-simplicial complex.Proof. We have seen that every cell of L is a simplex. The simplices areglued according to the labelling of their vertices. Each simplex injectsinto L as none of the faces of a given simplex have the same vertex set.From the classi�cation of all such cells, we see that the intersection oftwo simplices is another simplex. Moreover, the metric on each simplexis compatible along the intersection. �Corollary 8.4. Let T 2 S and let KT be the Brady complex of (WT ; T )together with the total ordering of S restricted to T . Denote the linkof v0 by LT . Then LT is subcomplex of L; moreover, the inclusionLT ! L restricts to an isometry on each face.9. CAT(0) spaces and the link conditionLet � be a real number. Let D� := �=p� if � > 0 and let D� = 1if � � 0. A metric space, (X; d), is D�-geodesic if every two pointsx; y 2 X of distance less than D� may be joined by a geodesic seg-ment. (Though these geodesics, in general, are not unique, we willconveniently denote such a segment by [x; y].) Note that each modelspace, Mn� , is D�-geodesic.De�nition. Let (X; d) be a D�-geodesic metric space. A triangle � =[x; y] [ [y; z] [ [x; z] satis�es the CAT(�) inequality if for each point pin the arc [y; z], d(x; p) 5 j�x � �pj, where �x and �p are the comparisonpoints on a comparison triangle �� � M2� . If every triangle in X ofperimeter < 2D� satis�es the CAT(�) inequality, we say that X is aCAT(�) space.



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 27A geodesic metric space (X; d) is said to bee locally CAT(�) if eachpoint has a open neighborhood in which all triangles satisfy the CAT(�)inequality. Locally CAT(�) spaces are said to have curvature � �.By the comparison theorems of Riemannian geometry, if X is a Rie-mannian manifold of non-positive sectional curvature and d is the in-trinsic length metric, then X is a locally CAT(0) space. The study ofCAT (0) spaces, thus, extends the study of non-positive curvature tothe more general setting of metric spaces.We will show that the universal covering space of K� is a CAT(0)space whenever � de�nes a three dimensional FC Artin group. Thus,A� �= �1(K�) will act geometrically on fK� by deck transformations,proving the Main Theorem.The followin two key theorems reduce the question of whether fK� isCAT(0) to the question of whether the link L� is CAT(1).Theorem. (Local to Global) AnM�-polyhedral complexK, with Shapes(K)�nite, is (globally) CAT(�) if and only if K is locally CAT(�) and con-tains no isometrically embedded circles of length less than 2D�. In par-ticular, an M0-polyhedral complex is CAT(0) if and only if it is locallyCAT(0) and simply connected.Theorem. (Link Condition) AM�-polyhedral complexK, with Shapes(K)�nite, is a locally CAT(�) space if and only if for every vertex v of K,the geometric link, Lk(v;K), is CAT(1) space.The Local to Global theorem is analagous to the Cartan-HadamardTheorem of di�erential geometry. The Link Condition, on the otherhand, is essentially the statement that the �-cone (in the sense ofBerestovski) on the link of a vertex is CAT(�) () the link is CAT(1);so, in particular, a (su�ciently small) neighborhood of the vertex isCAT(�) () the link is CAT(1). We refer the reader to [BH] forproofs of the above theorems.Together, these theorems reduce the question of whetherK� is locallyCAT(0) to the question of whether the link L� contains any isometri-cally embedded circles of length < 2�. Such circles are parametrizedby closed (local) geodesics:De�nition. Let X be a geodesic metric space. A path 
 : [a; b] ! Xis a local geodesic if it is locally an isometric embedding. This pathde�nes a closed local geodesic if 
(a) = 
(b) and the induced map from[a; b]=(a � b) ! X de�nes a local isometric embedding with respectto the quotient metric. The image of a closed local geodesic of length< 2� is called a short loop.



28 ROBERT W. BELLIn the case of a �nite M�-complex X, a path de�nes a local geodesicif and only if for each a � t � b, the distance in Lk(
(t); X) betweenthe incoming and outgoing unit vectors is � �. This is a practical wayto decide if a given path is locally geodesic because such a path mustnecessarily \look" like a geodesic in Mn� when restricted to an opencell.Remark. When the context is clear, we will blur the distinction betweenthe the path 
 : [a; b] ! X and its trace, 
([a:b]) � X. So, given asubspace Y � X, we might say that 
 \intersects" or \meets" Y .Likewise, we may say that 
 \ Y = ; if 
 does not meet Y .10. Outline of the proof of the Main TheoremSuppose � de�nes a three dimensional FC Artin group. Let K = K�be its Brady complex. We argue that K is a locally CAT(0) space:First, verify that L� is locally CAT(1). According to the Link Con-dition, this will follow if the link of every vertex in L� is CAT(1). Usingthe Local to Global theorem, this reduces to a one dimensional com-putation; namely, we should check that the link of every vertex of L�does not contain any short loops.Second, verify that L� is (globally) CAT(1). Again, using the Localto Global theorem, this reduces to arguing that L� does not containany short loops.Finally, by the Link Condition, K� is locally CAT(0); and, so, bythe Local to Global theorem, its universal covering space is (globally)CAT(0). Thus, A� �= �1(K) acts geometrically (via deck transforma-tions) on a CAT(0) space. In other words, A� is CAT(0).As noted before, the di�culty is to understand the geodesics in L�.We begin with a study of its local geometry.11. Links of edgesLemma 11.1. Suppose (w; �) is a vertex of L� and suppose Ew is theedge in K labelled by the allowable element w. Then Lk((w; �); L) isisometric to Lk(Ew; K), the geometric link of the edge Ew.The geometric link of an edge in an M0-complex K is, by de�ni-tion, the M1-complex determined by all initial unit tangent vectors ofgeodesics in K which are orthogonal to the edge. More formally, it isthe M1-complex whose cells are de�ned as follows: Suppose C� is con-vex polyhedral cell of K which contains an edge E� that is attatchedto E. Then there is a (possibly empty) cell, C?� , of Lk(E;K) which is,by de�ntion, the convex M1-cell determined by the inital unit tangent



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 29vectors of geodesic rays from x 2 int(E�) into C� which are orthogonal(in Mn0 ) to E�. (Here, we choose x to be some interior point of E�.)Every cell of Lk(E;K) arises in this way. Two such cells C?�(1) and C?�(2)are glued along the common face (C�(1) \ C�(2))? whenever C�(1) andC�(2) are both attached to the edge E � K. The metric on Lk(E;K)is de�ned by the intrinsic pseudometric.Proof. (of 11.1) Let (w; 1) 2 L. Let Ew � K be the edge of K labelledby the allowable element w. The initial unit tangent vector of a geodesicray based at v0 that traverses Ew with the same orientation (� = 1)de�nes (w; 1). Choose a point x in the interior Ew which lies in theinitial segment of the geodesic ray. The points of Lk(Ew; K) correspondto initial unit tangent vectors of rays based at x which are orthogonal toEw. If x is su�ciently close to v0, then we may regard these vectors astangent to the spheres of radius d(v0; x) centered at v0 appearing in eachcell that attaches to the edge Ew. Dilating these spheres until they haveradius one, we can identify these vectors (points in Lk(Ew; K)) with theinitial unit tangent vectors of geodesics in Lk((w; 1); L) based at (w; 1).This de�nes a continuous map Lk(Ew; K)! Lk((w; 1); L). This mapis easily seen to have a continuous inverse by reversing the process|given an initial tangent vector of a geodesic ray in Lk((w; 1); L), foreach cell that attaches to Ew, regard the vector as being tangent tothe unit tangent sphere at v0. Then shrink the unit tangent sphereuntil it meets an interior point of the edge attaching to Ew. The scaledsphere, regardless of how much it is scaled, determines the same pointin Lk(Ew; K).To see that this map is an isometry, it su�ces to check that cor-responding edges are assigned the same (spherical) length. A pair ofadjacent vertices in Lk(Ew; K) occurs whenever there are two faces F1and F2 of cell C which are attached at Ew: F1\F2 is glued to Ew. Thedistance in C between these two vertices is de�ned to be the dihedralangle between the faces. On the other hand, if we consider the hyper-planes supported by each Fi (C �Mn0 ) and consider their intersectionwith the appropriate unit tangent sphere, we can see that the corre-sponding vertices of Lk((w; 1); L) are separated by a distance equal tothis dihedral angle. The argument for � = �1 is the same. In particular,we have shown that Lk((w; 1); L) �= Lk(Ew; K) �= Lk((w;�1); L). �Notation. The link L is a simplicial complex; so, the vertices in Lk((w; �); L)are naturally labelled by another vertex in L, i.e. they can be labelledby an element (w; �) 2 Allow(W )� f�1g. This, in turn, de�nes a la-belling of the vertices in the link of an edge of K: Given Ew � K, thelabel of a vertex of Lk(Ew; K) is chosen to be the same as the label on



30 ROBERT W. BELLthe corresponding vertex of Lk((w; 1); K). This is illustrated in Figure10.
length = dihedral angle
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Figure 10. Labeling the vertices in the link of an edgeof K.Now we begin an analysis of the link of an edge Ew. There are threecases according to the length of w.Case 1: Let w 2 Allow(W ) have length one. So, w is a re
ection;write w = r. We can enumerate the vertices of Lk(Er; K) by �ndingall the 2-cells which are attached to Er. These 2-cells correspond toprecisely those allowable expressions of length two (w1; w2) for whichr = w1 or w2. Thus, (r; w2) gives rise to the vertex (rw2; 1) 2 Lk(Er; K)and (w1; r) gives rise to the vertex (w1;�1) 2 Lk(Er; K). We have thefollowing characterization:(1) (w; 1) 2 Lk(Er; K) () r < w, and(2) (w;�1) 2 Lk(Er; K) () wr is allowable.Similarly, we can enumerate all the edges of Lk(Er; K) by consideringall three cells which are attached to Er. These correspond to allowableexpressions (w1; w2; w3) in which r = wi for some i. As we will be mostinterested in which edges share a common vertex, we will use a moresuitable notation. The allowable expression (w1; w2; w3) is a productof three re
ections, one of which is r. Their product is an allowableelement x = xT , for some T 2 S. To understand the general picture,it su�ces to consider three overlapping R-reduced words: x = pqr =qrs = rst. These words de�ne allowable expressions (p; q; r), etc. Theedges in Lk(Er; L) corresponding to these expressions are listed below(refer to Figure 11):(1) (p; q; r) gives rise to an edge from (pq;�1) to (q;�1) in the linkof Er, i.e. an edge from (xr;�1) to (q;�1), where q < xr. Thisedge has length �=4.
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Figure 11. The edges of Lk(Er; L).(2) (q; r; s) gives rise to an edge from (q;�1) to (rs; 1) in the link ofEr, i.e. an edge from (q;�1) to (y; 1), where qy = x and r < y.This edge has length �=2.(3) (r; s; t) gives rise to an edge from (rs; 1) to (rst; 1) in the linkof Er, i.e. an edge from (y; 1) to (x; 1), where r < y < x. Thisedge has length �=4.Lemma 11.2. Let (W;S) be three dimensional Coxeter system with atotal ordering S. Let T 2 S have cardinality three. Suppose r < xT .Then Lk(Er; KT ) is isometric to the spherical suspension f(xT ; 1); (xr;�1)g�fp1; : : : ; pkg, where each pi corresponds to a unique allowable rotationy 2 Allow(xT ; 2) such that r < y.X�Y denotes the spherical join of twoM1-complexes. (Refer to [BH]for precise de�nitions.) When X has just two elements this is calledthe spherical suspension. The spherical join of two CAT(1) spaces is aCAT(1) space. So, as a corollary, we have the following:Corollary 11.3. Let (W;S) be a three dimensional Coxeter systemwith a total ordering of S and let T 2 S. Then Lk(Er; KT ) is CAT(1).Proof. (of Lemma 11.2) There is a unique allowable element of lengththree, namely x = xT ; and there is a unique allowable element oflength two y such that yr = x, namely y = xr. Among the verticesin Lk(Er; KT ), (x; 1) is the only vertex of length three and (xr;�1) isthe only negative vertex of length two. There are no positive verticesof length one. So, the remaining vertices are of the form (y; 1) wherer < y < x or (q;�1) where qr 2 Allow(xT ). Given r < y < x, we canwrite x = rst, reduced, where y = rs. By shifting, we get a reducedword x = (rstsr)(r)(s); let q = rstsr = xy�1. So, the vertices (y; 1)and (q;�1) arise in pairs; and qy = x. From the reduced expressionsx = rst = qrs = pqr, where pq = xr, we obtain edges in Lk(Er; KT )from (x; 1) to (y; 1) to (q;�1) to (xr;�1). (Refer to the characterizationof the edges in Figure 11. In Figure 12, we have illustrated an alternate



32 ROBERT W. BELLpoint of view: the link of the link). These are all the edges. If (w; �)is adjacent to (x; 1), then, by the characterization above, r < w < xand � = 1. Suppose r < y; then (w; �) is adjacent to (y; 1) if and onlyif y < w and � = 1 or wy = x and � = �1. So, w is, respectively,either x or xy�1. The vertices adjacent to (yr;�1) or (xr;�1) can becharacterized by similar arguments.Now, let py be the midpoint of the edge from (y; 1) to (xy�1;�1).The distance from py to (x; 1) or to (xr;�1) is exactly �=2. Thus,Lk(Er; KT ) is the spherical suspension over these points with poles(x; 1) and (xr;�1). �
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−1(xy   ,−1)

(x,1)

(y,1)
(r,1)

Lk( (r,1) , L )  = 

(x,1)

−1Figure 12. The link of the link is isometric to the linkof the edge.To describe the link of Er in the entire complex K, we consider theintersections of subcomplexes.Lemma 11.4. Let T; T 0 2 S be distinct and of cardinality three. Sup-pose r < xT ; xT 0 . Then Lk(Er; KT )\Lk(Er; KT ) is empty if jT\T 0j < 2and is equal to f(xT\T 0; 1); (xT\T 0r;�1)g if jT \ T 0j = 2 . In the lattercase, the two vertices in the intersection lie distance � apart in each ofthe links.Proof. Suppose (w; 1) belongs to each link. As xT 6= xT 0 , w must havelength < 3. By the characterization of vertices, we have that r < wand w < xT ; xT 0 . So, by Proposition 3.9, w = xT\T 0 and `(w) = 2.In particular, jT \ T 0j = 2. On the other hand, if (w;�1) is a vertexcommon to each link, then wr has length = 2 and wr < xT ; xT 0. Again,by Proposition 3.9, wr = xT\T 0.To see that these two common points lie distance � apart in eachlink, simply observe that they are not joined by an edge. (The product



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 33xT\T 0rxT\T 0 would have to equal both xT and xT 0). Thus, the twopoints lie on di�erent great arcs in the suspension. From the descriptionof the suspension, it is easy to see that they are joined by a geodesicof length �. �Theorem 11.5. Let (W;S) be a three dimensional FC Coxeter systemtogether with a total ordering of S. Suppose r 2 Allow(W ; 1) is anallowable re
ection. Then Lk(Er; K) is CAT(1).Proof. As Lk(Er; K) is a 1-complex, it su�ces to show that it containsno short loops (length < 2�). Suppose that 
 is a geodesic loop. If 
is contained in a subcomplex Lk(Er; KT ) for some T 2 S, then 
 haslength equal to 2�. This follows from Lemma 11.2. So, we may assumethat 
 meets the interior of two or more subcomplexes of the formLk(Er; KT ), where jT j = 3 and T 2 S. The loop 
 consists of two ormore segments which join vertices common to these subcomplexes. (Wede�ne a segment to be any edge path which joins two vertices whichcould possibly belong to two distinct complexes of the form Lk(Er; KT )with jT j = 3 and T 2 S. The vertices common to these subcomplexeswill be called singular to refelect the fact that geodesics do not admitunique continuations through them.) The segments in Lk(Er; K) takeone of the following three forms:(1) an edge path from (y; 1) to (xT ; 1) to (y0; 1), where y; y0 < xT(2) an edge (path) from (y; 1) to (xTy�1;�1), where y < xT(3) an edge path from (xTy�1;�1) to (xT r;�1) to (xT y0�1;�1),where y; y0 < xT .All of these edge paths have length �=2. So, we only need to rule outloops consisting of two or three segments. (One segment cannot forma loop| the path would not be geodesic.)An edge path of two segments must consist of segments of the sameform, and these segments must lie in a distinct subcomplexes. The �rstand third are not possible (use Proposition 3.9| the common verticeswould be the same). The second would not be geodesic| it traversesthe same edge twice.An edge path of three segments must lie in either two or three distinctsubcomplexes. In the �rst case, let the complexes be indexed by T andT 0. There are two common singular vertices along the path, and eachis labelled by an element of WT\T 0. The vertices cannot have the samesign (as before, use Proposition 3.9). Then the negative vertex rightmultiplied by the positive vertex de�nes an allowable element of lengththree. This is impossible| the product belongs to WT\T 0.In the second case, there are three spherical subsets, T; T 0, and T 00,and there are three common vertices. These subsets intersect pairwise



34 ROBERT W. BELLin subsets of cardinality two (Lemma 11.4). In light of the FC conditionand the hypothesis of dimension three, the link complex spanned byT; T 0; and T 00 2 � must form a complex consisting of three triangleswith a common edge. (Refer to Figure 13 where we have illustratedthe ways in which T; T 0, and T 00 might intersect.) It follows that jT \T 0 \ T 00j = 2. An edge loop which consists entirely of segments ofthe �rst type or entirely of segments of the second type gives rise tothree common rotations: xT\T 0 ; xT 0\T 0; xT 0\T 00 . But the indices are allthe same. So, the path cannot be geodesic. And edge loop whichuses di�erent segments must join either two positive and one negativecommon vertex or two negative and one positive vertex. In the case oftwo positive common vertices, they are each labelled by some xT (i)\T (j);but jT \T 0\T 00j = 2, so they are the same. So, the path is not geodesic.In the other case, the vertices are labelled by elements of the formxT (i)\T (j)r. Again, they are the same, and the path cannot be geodesic.Thus, every edge loop must consist of at least four segments, i.e. ev-ery geodesic loop has length � 2�. So, by the Local to Global theorem,Lk(Er; K) is CAT(1). �Remark. Observe that if we omit the FC condition, the K, with itsgiven metric, need not be locally CAT(0). For instance, let W� bede�ned by a link complex � which is the boundary of a three simplex.There is a short loop of length 3�=2 in Lk(Er; K) which consists ofsegments of the �rst form.Case 2: Now we turn to the second type of edge in K, where Ewis labelled by an allowable element of length 2 (a rotation). Writew = y. As before, we characterize the vertices and edges in the complexLk(Ey; K). Each vertex corresponds to a 2-cell labelled by an allowableexpression (w1; w2) which is attached to Ey. Thus, y = w1; w2; orw1w2. The 2-cell labelled by (y; w2) contributes the vertex (yw2; 1) 2Lk(Ey; K). Similarly, (w1; y) contributes (w1;�1), and (w1; w2), wherey = w1w2 contributes (w1; 1). So, the vertices fall into exactly one ofthe following categories:(1) (x; 1) 2 Lk(Ey; K) () y < x,(2) (q;�1) 2 Lk(Ey; K) () qy 2 Allow(W ; 3).(3) (r; 1) 2 Lk(Ey; K) () r < y.As usual, the letters q; r; s, and t represent re
ections and x repre-sents an allowable element of length three (a Coxeter element for someT 2 S such that jT j = 3).Edges correspond to allowable expressions (w1; w2; w3) of length threefor which y = w1w2 or y = w2w3. It su�ces to consider two R-reduced



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 35expressions of length three: x = qrs = rst, where y = rs. The lengthsof the edges are determined by the dihedral angles between faces. Thecorresponding 3-cells inK give rise to the following edges in Lk(Er; K):(1) A reduced expression x = qrs = qy corresponds to an edge from(q;�1) to (r; 1), i.e. and edge from (xy�1;�1) to (r; 1) wherer < y < x. This edge has length �=2.(2) A reduced expression x = rst = yt corresponds to an edge from(r; 1) to (x; 1), where r < y < x. This edge has length �=2.Lemma 11.6. Let (W;S) be a three dimensional Coxeter system witha total ordering of S. Let T 2 S have cardinality three. Suppose y < xTis an allowable rotation. Then Lk(Ey; KT ) is isometric to the sphericalsuspension f(xT ; 1); (xTy�1;�1)g � f(r; 1) : r < yg. Thus, Lk(Ey; KT )is CAT(1).Proof. (w; 1) 2 Lk(Ey; KT ) if and only if w < y or y < w. Only w = xTsatis�es the second condition, and only re
ections w = r < y satis�esthe �rst. (w;�1) 2 Lk(Ey; KT ) if and only if (w; y) is an allowableexpression of length three if and only if w = xT y�1; so this vertexis unique. We have already enumerated all the edges between suchvertices: there is an edge of length �=2 from (xT ; 1) to each (r; 1) suchthat r < y and there is an edge of length �=2 from each (r; 1) to (xTy�1because r < y < x. Thus, we have described Lk(Ey; KT ) as a sphericalsuspension with poles (xT ; 1) and (xTy�1;�1). It is the suspension oftwo CAT(1) spaces (discrete sets); so it is CAT(1). �The singular points in Lk(Ey; K) are easy to describe:Lemma 11.7. Let (W;S) be a three dimensional Coxeter system to-gether with a total ordering of S. Let T; T 0 2 S be distinct and of car-dinality three. Suppose y < xT ; xT 0. Then Lk(Ey; KT )\Lk(Ey; KT 0) =f(r; 1) : r < yg = RT\T 0. These common points lie distance � apart ineach of the links.Proof. As xT 6= xT 0 , the common vertices must have the form (r; 1)where r < y. These points lie at the equator of the suspensions; thus,two such points are always distance � apart. In fact, by Proposition 3.9,we have that y = xT\T". Every re
ection in RT\T 00 is y-allowable. �Theorem 11.8. Let (W;S) be a three dimensional Coxeter system to-gether with a total ordering of S. Suppose y 2 Allow(W ; 2) is an al-lowable rotation. If y is a maximal element (@w 2 Allow(W ) such thatw > y), then Lk(Ey; K) is the discrete set f(r; 1) : r < yg and y = xTfor some T 2 S of cardinality two. If y is not a maximal element, then



36 ROBERT W. BELLLk(Ey; K) �= f(xT ; 1); (xTy�1;�1) : y < xTg � f(r; 1) : r < yg. Ineither case, Lk(Ey; K) is CAT(1).Proof. The case of y maximal is obvious from the characterization ofvertices. A discrete space is CAT(1). If y is not maximal, then thereare subcomplexes Lk(Ey; KT ) such that y < xT . The union of thesesubcomplexes is Lk(Ey; K). Their common intersection is preciselythe set fr < y : r 2 RTg. The description of Lk(Ey; K) as a sphericalsuspension follows. In particular, the complex is CAT(1). �Remark. We have shown that if y is not maximal, then Lk(Ey; K) hasdiameter �. That is, every pair of points in the complex lie distance� � apart. This follows from the fact that the complex is a sphericalsuspension. If y is maximal, then Lk(Ey; K) is discrete. These obser-vations will be useful later on for describing the paths in L which arelocally geodesic at the vertex (y; �) 2 L.
T(j)T(i) T(i) T(i) T(i)T(j) T(j) T(j)Figure 13. How three (maximal) spherical subsets cande�ne a three dimensional FC Artin group.Case 3: Finally, consider the third type of edge in K, where Ew islabelled by an allowable element of length three, i.e. w = xT for somespherical subset of cardinality three. Write xT = x. The vertices ofLk(Ex; K) correspond to allowable expression of length two (w1; w2)such that w1w2 = x. So, the vertices have the form (w1; 1), wherew1 < x. These vertices are labelled by either a re
ection r < x or arotation y < x. There is an edge from (r; 1) to (y; 1) if and only ifr < y < x; the length of this edge is �=3. Observe that Lk(Ex; K) =Lk(Ex; KT ).Theorem 11.9. Let (W;S) de�ne a three dimensional FC Coxetersystem together with a total ordering of S. Let x = xT 2 Allow(W ; 3).Then Lk(Ex; K) is CAT(1).Proof. As the link is equal to the subcomplex Lk(Ex; KT ), the argu-ment is identical to T. Brady's argument in [Br1]. Brady's observationis that the complex is bipartite graph all of whose edges have length�=3. So, it su�ces to eliminate short loops which are made up of two



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 37or four edges. A loop of two edges would not be geodesic. A loop offour edges corresponds to the algebraic problem r; q < y; z < x. There
ections, r and q, and the rotations, y and z, belong to the �nitethree generator Coxeter group WT . Considering geometric representa-tion � : WT ! O(R3), we see that the intersection of the hyperplanescorresponding to r and q is the axis of rotation for both y and z. Thereis only one such allowable rotation; so y = z and the path is not ge-odesic. Thus, every loop is made up of at least six edges, and, hence,has length � 2�. �Thus, we have veri�ed that the link of each edge in K is a CAT(1)space. By Lemma 11.1 and the Link Condition, we conclude thatTheorem 11.10. Suppose � de�nes a three dimensional FC Artingroup together with a total ordering of the generating set. Then L�is locally CAT(1).The remainder of the paper is dedicated to proving that L� is globallyCAT(1) whenever � de�nes a three dimensional FC Artin group. First,we show that there do not exist short loops inside the 1-skeleton ofL. Next, we will show that if 
 is an isometrically embedded loop ofminimal length in L, then it can be \rotated", preserving it's length,into the 1-skeleton of L. Thus, the analysis of the 1-skeleton of L issu�cient to rule out all short loops that might occur in L.12. Basic gluing of CAT(1) spacesRecall that a subspace Y of a geodesic metric space (X; d) is r-convexif every pair of points x; y 2 Y � X such that d(x; y) < r may be joinedby a geodesic segment, and, moreover, every such segment lies in Y .Theorem 12.1. (Basic Gluing of CAT(1) Spaces) Let X1 and X2 beCAT(1) spaces and let Y be a complete metric space. Suppose we aregiven �-convex subspaces Ai � Xi and isometries �i : Y ! Yi � Xifor i = 1; 2. Then the space obtained by gluing X1 and X2 along Y ,denoted by X := X1 tY X2, is CAT(1).The proof may be found in [BH]. The idea is to use Aleksandrov'sLemma. Basically, the lemma says that if two triangles satisfy theCAT(1) inequality, then so does a triangle obtained gluing the twogiven triangles together along an isometric edge. The hypotheses ofTheorem 12.1 guarantee that every triangle in X of perimeter < 2�may be decomposed into two triangles which each lie in either X1 orX2.



38 ROBERT W. BELLBy applying Basic Gluing, we will prove that L� is CAT(1) wheneverthe Coxeter graph � is su�ciently simple. For such a Coxeter graph,it will be relatively easy to decide that the subcomplexes Yi are �-convex. More precisely, successive application of either of the followingtwo lemmas will apply:Lemma 12.2. Let Xi be CAT(1) and let Yi � Xi, i = 1; 2. Assumethat Y1 and Y2 are �nite discrete sets of the same cardinality. If everypair of points x; y 2 Yi are distance � � apart in Xi, then Basic Gluingapplies to X1 tY1=Y2 X2.Proof. Each Yi is trivially a �-convex subspace of Xi. Apply BasicGluing. �Lemma 12.3. Let Y and X1 be connected CAT(1) spaces. Supposewe are given a continuous bijection �1 : Y ! Y1 � X1 which takeslocal geodesics to local geodesics. If Y has diameter � � then �1 is anisometry and Y1 is a �-convex subspace of X1.Proof. Let x; y 2 Y . Let � parameterize a geodesic segment from x toy. Then �1 �� parameterizes a locally geodesic segment in X of length� �. As X is CAT(1), this segment is, in fact, a geodesic. (In a CAT(1)space, local geodesics of length � � are (global) geodesics.) Hence, � isan isometry. So, every pair of points in Y1 may be joined by a geodesicwhich lies in Y1. As geodesics in a CAT(1) space of length < � areunique, every geodesic, which joins a pair of points in Y1 which aredistance < � apart in X1, is contained in Y1. Hence, Y1 is a �-convexsubspace of X1. �13. Simple three dimensional FC Artin systemsWe will prove that if � is su�ciently simple, then L� is CAT(1). Webegin by recalling what is known about the (global) curvature of LT ,the link of the Brady complex KT associated to a spherical Coxetergroup WT .Theorem 13.1. (T. Brady, J. McCammond) If (WT ; T ) de�nes aspherical Coxeter group with one, two, or three generators, then LTis CAT(1).The one generator case is trivial, the two generator case was studiedby T. Brady and J. McCammond in [BM], and the three generator caseis the subject of T. Brady's article [Br1]. Each link decomposes as aspherical suspension:If jT j = 2, then LT �= f (y; 1); (y;�1) g � f pr : r < y g, where y =xT . Thus, LT is CAT(1). The point pr is the midpoint of the edge



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 39[(yr;�1); (r; 1)]. The longitudinal arcs in the suspension are the unionof three edges: [(y;�1); (yr;�1)] [ [(yr;�1); (r; 1)] [ [(r; 1); (y; 1)]. Inparticular, LT has diameter �.If jT j = 3, then LT �= f(x; 1); (x� 1)g � Lk(Ex; KT ), where x = xT .Thus, LT is CAT(1).Now, consider the intersection of such subcomplexes in L:Lemma 13.2. Let (W;S) be a Coxeter system of dimension � 3. Sup-pose T; T 0 2 S are distinct and T \ T 0 6= ;. Then the vertices commonto LT and LT 0 are the elements of Allow(xT\T 0)� f�1g.Proof. Suppose (w; �) is a vertex of LT and LT 0 . Then w � xT ; xT 0.If `(w) = jT \ T 0j, then, by Proposition 3.9, w = xT\T 0 . Otherwise,`(w) < jT \ T 0j � 2; so w is a re
ection in RT \ RT 0 = RT\T 0 . Everysuch re
ection is xT\T 0-allowable. �Lemma 13.3. Let (W;S) be a Coxeter system of dimension � 3. Sup-pose T; T 0 2 S are distinct and jT \ T 0j = 2. Then the edges commonto LT and LT 0 are precisely the edges of LT\T 0. If jT \ T 0j < 2, thenthere are no common edges.Proof. The second statement is just a dimension count. For the �rststatement, we only need to show that there are no more edges thanthose in LT\T 0 . If there is an edge [(w; �); (w0; �)] in common, thenw;w0 � xT\T 0 . So, each is either a re
ection in RT\T 0 or equal toxT\T 0. Let y := xT\T 0 . According to the characterization of edges,there are, naively, �ve possible types:[(r;�1); (y;�1)]; [(r;�1); (q; 1)]; [(r; 1); (y; 1)][(y;�1); (q; 1)]; [(r;�1); (y; 1)];where r; q � y. The �rst three (left to right) necessarily lie in LT\T 0 andthe �nal two are not possible. (The product of the negative multipliedon the right by the positive de�nes an allowable element of length three;but the product belongs to WT\T 0.) �Combining the above two lemmas, we conclude that the subcomplexLT \ LT 0, with its intrinsic metric, is isometric to LT\T 0 .Lemma 13.4. Let (W;S) be an FC Coxeter system of dimesion � 3.Totally order S, and let K be the Brady complex and L its link. LetT 2 S and let LT be the link of KT . Assume that L is CAT(1).(1) If jT j = 1, then LT is a �nite discrete set and every pair ofpoints x; y 2 LT � L are distance � � apart.(2) If jT j = 2, then LT has diameter � � and the inclusion LT ! Ltakes local geodesics to local geodesics.



40 ROBERT W. BELLThe two cases in the Lemma 13.4 correspond to the two cases wherewe can apply basic gluing (Lemmas 12.2 and 12.3). At �rst glance,Lemma 13.4 is only applicable in the base cases where (W;S) is aspherical Coxeter system of three or fewer generators; for, only in these,cases do we know that the links are CAT(1). But, given two such links,LT1 and LT2 with jT1 \ T2j = 1 or 2, we can apply Basic Gluing alongthe subcomplex LT1\T2 . Thus, we deduce that LT1[T2 is CAT(1). Thisprocess can continue, but only if we glue along a common sphericalsubset with one or two generators. In terms of link complexes, if weknow that L�1 and L�2 are CAT(1) and �1 \ �2 is a single vertex ora single edge, then we can deduce that L�1[�2 is CAT(1). The linkcomplex of an arbitrary three dimensional FC Artin group cannot beso easily described; for instance, the link complex might be the coneon a loop with four or more edges. Nonetheless, this method will besu�cient to detect all short loops in L.De�nition. Let (W;S) be a Coxeter system. We say that T 2 S is amaximal spherical subset if it is not a proper subset of any T 0 2 S. Asubcomplex indexed by a maximal spherical subset is called a maximalsubcomplex. This descriptor may be applied to the complexes LT orLk(Ew; KT ).Proof. (of Lemma 13.4) Let L be the link of the Brady complex of anFC Coxeter system (W;S) of dimension � 3. Let T 2 S have a singleelement: T = frg. Then, LT = f(r; 1); (r;�1)g. We need to showthat these points lie distance � � apart from one another inside L.As we are assuming that L is CAT(1) and as every local geodesic oflength � � is a (global) geodesic, it su�ces to �nd a locally geodesicsegment from (r; 1) to (r;�1). If T is maximal, then (r; 1) and (r;�1)are connected components of L, and, so, they lie distance � � apart.Suppose T � T 0 = fr; sg. Let y := xT 0 .If T 0 is maximal, then the connected component of LT 0 is a 1-complex.Every path along the edges which does not double back on itself is alocal geodesic. We �nd a path 
 consisting of the following adjacentedges: [(r; 1); (y; 1)] [ [(ry; 1); (y; 1)][ [(r;�1); (ry; 1)]:This path has length �=4 + �=4 + �=2 = �. Note that as r < y, `(ry).(Either y = rs or y = sr according to the total order; thus, ry = s orry = rsr.)If T 0 is not maximal, then we consider T 00 = fr; s; tg. The connectedcomponent of LT 00 is a piecewise spherical 2-complex. In fact, the samepath above remains locally geodesic. We only need to verify that thepath 
 is locally geodesic at vertices (y; 1) and (ry; 1): We appeal to



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 41our analysis of the links Lk((y; 1); L) �= Lk(Ey; K) and Lk((ry; 1); L) �=Lk(Ery; K):There is a (locally geodesic) path in Lk(Ey; K) of length � whichjoins (r; 1) to (ry; 1). As Lk(Ey; K) is CAT(1), this path is a geodesic.Thus, the distance between (r; 1) and (ry; 1) is equal to �. Thus, 
 islocally geodesic at (y; 1).Likewise, there is a locally geodesic path in Lk(Ery; K) of length �which joins (y; 1) to (r;�1). As Lk(Ery; 1) is CAT(1), this path is ageodesic. Thus, the distance between (y; 1) and (r;�1) is equal to �.Thus, 
 is locally geodesic at (ry; 1). We conclude that 
 is a geodesicin L; and, hence, (r; 1) and (r;�1) are distance � apart in L.Now suppose that T 2 S has two elements: T = fr; sg. As we havealready remarked above, LT has diameter �. To show that the inclusionLT ! L takes local geodesics to local geodesics, it su�ces to computedistances in the links of the link or, equivalently, in the links of theedges. Let (w; �) be a vertex of LT . We want to show that if (w0; �0)and (w00; �00) are vertices adjacent to (w; �) in LT , then the distancebetween (w0; �0) and (w00; �00) in Lk(Ew; K) is equal to �. As Lk(Ew; K)is CAT(1), it su�ces to �nd a locally geodesic path from (w0; �0) to(w00; �00) of length �. There are several cases, but the computations arestraightforward and similar to the above calculations. �De�nition. Let � de�ne a three dimensional FC Artin group A� to-gether with a total ordering of the generating set S. We say that � issimple if there are at most three maximal spherical subsets in S.Theorem 13.5. Let � de�ne an FC Artin group of dimension � 3. If� is simple, then L� is CAT(1).Proof. Let T1; : : : ; Tk be the maximal spherical subsets, where k � 3.Each maximal spherical subset de�nes a top dimensional simplex in�. As � has dimension � 2, these subsets de�ne either a vertex, anedge, or a 2-simplex. If every simplex is a vertex, then L is discreteand, hence, trivially CAT(1). Suppose that � has least one simplexof dimension > 0 and assume that � is connected. We observe thatL� = SLTi . Moreover, L� may be constructed by gluing (in someorder) the Ti's so that each gluing occurs along either a single vertexor a single edge. This follows from the FC hypothesis. Refer to Figure13 to visualize all such possibilities. There are at most two such stagesof gluing, and at each stage, the pieces which are glued are of the formLTi or LTi[Tj . These are glued along intersections of the form LTi\Tj orLT1\T2\T3 . The links arise from Coxeter systems of dimension � 3 withat most two maximal spherical subsets. The intersections arise fromspherical Coxter groups with one or two generators. Thus, we may



42 ROBERT W. BELLapply Lemma 13.4 at each stage of the gluing. The resulting complex,namely L�, is CAT(1). If � has more than one connected component,then the links of these components are disjoint in L�. A disjoint unionof CAT(1) spaces is obviously CAT(1). �Lemma 13.6. If L and L0 are M1-simplicial complexes and L0 � L isa subcomplex, then every closed geodesic 
 : S1 ! L such that 
(S1) �L0 de�nes a closed geodesic in L0 with respect to its intrinsic metric.Therefore, if L0 is CAT(1) with respect to its intrinsic metric, then 
has length � 2�.Proof. A path in L0 � L which minimizes the distance in L betweenpoints in its image clearly minimizes the distance between these pointsin L0. Thus, a geodesic in L with image in L0 de�nes a geodesic in L0.In particular, if L0 is CAT(1) with respect to its intrinsic metric, thenthe length of this geodesic must be � 2�. �We will use this lemma to rule out the existence of short loops in L�.Applying Lemma 13.6 in conjuction with Theorem 13.5, we see thatno short loop can be contained in any subcomplex L�0 � L� such that�0 is simple. 14. Locally geodesic edge loops in L�By a locally geodesic edge loop, we mean the image of a locally iso-metrically embedded loop which lies entirely in the 1-skeleton of L. Webegin by proving that certain certain edge paths in L(1) are not locallygeodesic.Lemma 14.1. A locally geodesic edge path in L cannot contain a sub-path of the form xT (1) ! y1 ! xT (2) ! y2 ! xT (3);where each T (i) 2 S has cardinality 3 and each yi is allowable of length2.The signs of the vertices of this path are all the same; strictly speak-ing, we mean (xT (1); �), etc. In the proof, we assume that all the verticeshave positive sign. Thus, we have only labelled the vertices by theirallowable element. The argument for the case where the vertices havea negative sign is the same.Proof. As L is a simplicial complex, there are unique edges joining thevertices. Clearly, a local geodesic cannot \double back" along an edgejust traversed. So, we must have that xT (1) 6= xT (2) and xT (2) 6= xT (3).



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 43Using the same reasoning, we see that y1 and y2 must be distinct.According to Proposition 3.9, y1 = xT (1)\T (2) and y2 = xT (2)\T (3).Suppose that T (2) = fa � b � cg and xT (2) = abc. Then each yimust be one of ab; bc or ac. These �t together to make the following2-cell in LT (2):
(x,1)

(ab,1) (b,1)(a,1)

(c,1)

(ac,1) (bc,1)

Figure 14. The 2-cells of L form an all-right spherical triangle.y1 and y2 must be di�erent allowable rotations of length two fromamong ab; bc, and ac. Regardless of which particular rotations they arein WT2 , the path y1 ! xT (2) ! y2 makes an angle of 2�=3 at xT (2);and so, this path is not locally geodesic. So, this con�guration cannotappear as a subpath of a locally geodesic edge path in L. �Lemma 14.2. Let L = L�, where � de�nes a three dimensional Cox-eter system together with a total ordering of its generating set. Suppose
 is a local geodesic in L which passes through a vertex (y; �), wherey is an allowable rotation. Then, either y is not contained in any WTsuch that T 2 S and jT j = 3, or the distance between incoming andoutgoing unit tangent vectors is equal to �.Proof. This follows from the fact that Lk(Ey; K) is a suspension| thelink has diameter � or is discrete (Theorem 11.8). �Lemma 14.2 implies that every local geodesic in L which extends anedge from (w; �) to (y; �0) (and through this vertex) must �rst traverseanother edge in L. Moreover, if w is a re
ection and � = �0, then theother edge lies in the same subcomplex, LT , which contained the initialedge. In particular, an edge path of the form [(r; �); (y; �)][[(r0; �); (y; �)]stays within any subcomplex LT , where y � xT . Thus, in some sense,the vertices in L of length two are not \singular".Remark. There are several di�erent ways to extend a path geodesicallythrough a vertex (r; �) of length one or a vertex (x; �) of length three;



44 ROBERT W. BELLfor, the links Lk(Er; K) and Lk(Ex; K) do not have diameter �. Thesevertices will be called singular vertices.By a segment in L, we mean one of the geodesic edge paths appearingin Figure 15.
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Figure 15. The six segments in L(1).The black squares denote vertices of length one (re
ections), thewhite squares denote vertices of length two (rotations), and the whitetriangles denote vertices of length three. We have displayed the signof the vertices. Four of the segments have vertices with the same sign;two have vertices of opposite sign. These polarities may be reversed,changing all positive signs to negative signs. Note that � + � = �=2.It is also helpful to keep in mind the following estimates: � < �=4 <� < �=2, 4� > �=2, and � + � = �=2.Proposition 14.3. Every locally geodesic edge loop in L can be de-composed into segments which meet only at vertices.Proof. Every possible edge path consisting of two adjacent edges can beformed by using the list of segments with the exception of the followingtwo:(1) � � � � 4; all the vertices in this con�guration have the samesign. The two edges make a right angle at the center vertex.(The path belongs to the boundary of the 2-cell [(r; 1); (y; 1); (x; 1)].)(2) � � � � ��; the two ends have opposite signs and the doubledash denotes an edge of length �=2. The two edges make a rightangle at the center vertex. (The edges belong to the boundaryof the 2-cell [(q;�1); (r; 1); (y; 1)].)So, neither of these edge paths can appear in a locally geodesic edgeloop. �We now try to list all locally geodesic edge loops which have length< 2�. Observe that each segment in Figure 15 which contains a vertex



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 45x of length three is entirely contained in the subcomplex LT , wherex = xT . Similarly, the segment � � � � � where the middle vertex isthe allowable rotation y, is entirely contained in the subcomplex LT (y),where T (y) is the smallest spherical subset T 2 S such that y 2 WT .Finally, the remaining two segments are labelled by vertices of oppositesign. Suppose the negative vertex is labelled by the allowable elementw1, and the positive vertex is labelled by the allowable element w2.Then w := w1w2 is allowable and the segment is contained in thesubcomplex LT (w). Thus, given a locally geodesic edge loop 
, we canstudy the subcomplexes which it meets by decomposing this loop intosegments.Applying Lemma 13.6 in conjuction with Theorem 13.5, we deducethat 
 cannot be a short loop in L unless it consists of at least foursegments. If there are three or fewer segments, then the Artin systemde�ned by the union of the subsets T corresponding to the segmentswould de�ne a simple Artin system. A short loop of at least foursegments must contain at least on one segments of the form ��N��.But now consider what happens along the path 
 at the end verticesof ��N��. Suppose that the middle vertex of length three is labelledby xT and that the end vertices are labelled by y1 and y2. At eachend vertex, (yi; �), either the next segment of the path lies in the samemaximal subcomplex LT or it lies in a distinct maximal subcomplexLT 0, where T 0 2 S and jT 0j = 3.If the segment of 
 issuing from y2 lies in a di�erent maximal subcom-plex, then 
 contains the edgepath ��N���N��. Applying Lemmas14.1 and 14.2, we see that the segments of 
 issuing from the ends ofthis edgepath are forced to be edges of length �=2 with vertices of signopposite to y2. So, 
 contains the edgepath �����N���N�����.The length of this edgepath is � + 4�. But, this path cannot form aloop{ it is contained in the subcomplex determined by two maximalcomplexes (those indexing the vertices of length three). So, there mustbe at least one more segment. But, the next segment must have length�=2. Thus, gamma has length > 3�=2 + 4� > 2�.In the other case, the segments of 
 which issue from y1 and y2 lie inthe same maximal subcomplex determined by xT ; and 
 contains theedge path � � � � �N � � � ��. The end vertices have sign oppositeto that of xT . 
 must contain at least three more segments, else it liesin a subcomplex de�ned by a simple Artin group. But, the length ofsuch a loop must be > 2�. This completes the proof of the followingtheorem:



46 ROBERT W. BELLTheorem 14.4. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set. Let L� be the linkof Brady's complex K�. Then L� does not contain any short loops inits 1-skeleton.15. Developing galleries onto the sphereThe following de�nitions are due to M. Elder and J. McCammond[EM] and [EM2].De�nition. Let 
 : [a; b] ! X de�ne a local geodesic in an M1-simplicial complex X. Let (�1; : : : ; �k) be the sequence of closed sim-plices � � X such that �� \ 
 6= ; (if � is a vertex, then we de�ne�� = �). These simplices are ordered according to the order in which 
meets each one. Let G(
) denote the M1-simplicial complex de�ned bygluing �i to �j if �i is a proper face of �j and j = i� 1 or i+ 1, where1 � i; j � k. This complex is called the linear gallery determined by
. If 
 de�nes a closed local geodesic, then we give the sequence of closedsimplices (�1; : : : ; �k) a cyclic ordering and de�ne an M1-complex asbefore but allow the �rst and last cells to be glued along their commonface. Such a gallery is called a circular gallery.To each circular gallery G there is an associated linear gallery G0obtained by \cutting open G along �i". Consider the cyclically orderedsequence of closed cells, (�1; : : : ; �k). Choose a �xed �i, and considerthe sequence (�i; : : : ; �k; �1; : : : ; �i�1; �i). We de�ne G0 to be the lineargallery de�ned by this sequence.For each gallery G, there is a unique locally geodesic path (or loop)de�ned by gluing the maps 
jsigmai. The resulting path is called thelift of 
.Theorem 15.1. (M. Elder, J. McCammond) Let 
 be a local geodesicpath (or loop) in a 2-dimensional M1-complex X. Then the interiorof the linear (or circular) gallery 
 immerses into X and retracts ontothe lift of 
.The proof of Theorem 15.1 can be found in [EM2].De�nition. (Developing a circular gallery onto the sphere) Let 
 :[0; h] ! X de�ne a closed local geodesic. Choose a parametrizationso that 
(0) belongs to an edge or vertex of X. Let G be the gallerydetermined by 
, and let G0 be the linear gallery obtained by cuttingopen G along the closed cell containing 
(0) in its interior. Denotethe lift of 
 by 
̂. Fix a point p (pole) in the unit sphere and �x anoriented great arc from p to the antipodal point �p. Let � : G0 !M21



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 47be de�ned by mapping 
̂(0) onto the midpoint of the oriented greatarc. If we insist that 
̂ de�ne a local geodesic and that it make an(oriented) angle of 90 degrees with the oriented great arc, then themap � is uniquely determined. � is called a developing map. We saythat � develops G onto the sphere.The key fact about a the developing map is that, by construction,the lift of 
 is mapped to a great arc (or circle) on the unit sphere. Inparticular, if �(
̂) meets any other great arc in two points, then 
 musthave length � �.Local geodesics in L = L� develop in a very special way onto the2-sphere. Let S2 denote the unit 2-sphere, M21 , together with the fol-lowing simplicial structrure: First divide the sphere into eight sphericaltriangles by intersecting with the usual coordinate planes. Each of thesetriangles is a spherical triangle with all lengths and angles measuring2� (an all-right triangle). Then, pass to the barycentric subdivision.The resulting M1-simplicial complex has 48 spherical triangle, each ofwhich is isometric to the 2-cell of L with edge lengths �; �=4, and �(the 2-cells labelled by allowable elements satisfying r < y < x). Theother 2-cells of L are isometric to subcomplexes of S2 (refer to Figure16). The 2-cells with edge lengths �=4; �=2; �=2 are isometric to onehalf of an all-right triangle; it is isometric to a subcomplex of S2 formedby three adjacent 2-simplices.Recall that the vertices of L of length one or three are called singularvertices. The link of these vertices in L have diameter > �.Proposition 15.2. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set, and let L = L�be the link of Brady's complex K�. Suppose 
 : [0; h] ! L is a localgeodesic. Assume that either 
 does not meet any singular vertices orthat such vertices only occur at its endpoints. Then 
 determines agallery which develops onto a subcomplex of S2.Proof. Let G be the gallery determined by 
. If 
 is closed, then let G0be the linear gallery obtained by cutting open G along the closed cellcontaining 
(0) in its interior. Choose a point p (pole) in S2 and anoriented great arc from p to the antipodal point �p so that the initialcell of the gallery maps to a simplex. We may adjust the choice ofpole and oriented arc so that the �rst top dimensional cell crossed by 
develops onto an isometric simplex in S2. (The dimensions of the cellsin G alternate going up and down. Insist that the larger of the �rst twocells be mapped to a simplex).Once this choice is made, the developing map is determined by thecondition that the lift of 
 be geodesic in S2. But as 
 does not meet
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Figure 16. A top view of the simplicial complex S2. Tothe right are shown the two types of spherical 2-simpliceswhich occur in L. Each simplex is isometric to a subcom-plex of S2any singular points between time 0 and h, the gallery G0 develops ontoa subcomplex of S2. This follows from the fact that the link of any non-singular point in L has components which are discrete or of diameter�. We have already observed that the link of a vertex labelled by anallowable rotation has this property (Theorem 11.8). And it is easy tosee that the link of an interior point of an edge or 2-cell of L has thisproperty. �Remark. If 
 meets a singular vertex in its interior, it may well makean angle larger than � at this vertex. The resulting cells in gallery nearthis vertex need not develop onto a subcomplex of S2.Every geodesic which does not lie entirely in the 1-skeleton of L ad-mits a parametrization so that it begins in one of the following generalpositions:(1) There exists a � > 0 such that 
(0) is a vertex of length threeand 
(t) =2 L(1) for all 0 < t < �.
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(0) belongs to a segment oftype � � � � � or � � �� and 
(t) =2 L(1) for all 0 < t < �.In Figure 17, we have sketched the intial few cells of galleries (cut-open and developed onto S2) determined by local geodesics of L begin-ning in general position. Either we develop the local geodesic beginningat a vertex of length three or we develop beginning at one of the pointsin the large boundary arc (a great arc of the sphere).
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end

Figure 17. Typical galleries of local geodesics in gen-eral position. 16. Extra-short loopsDe�nition. A closed local geodesic is called an extra-short loop if ithas length 5 �.Suppose 
 is an extra short closed geodesic in L, parametrized sothat it begins in general position. Then, the gallery of 
 develops ontoat most three all-right triangles as depicted in Figure 18. Fix one suchall-right triangle �. Then, the simplices in L which develop onto �all belong to the same maximal subcomplex LT for some T 2 S. Thisfollows from the fact that the only edges which are common to twodistinct maximal subcomplexes belong to a segment of type � � � � �or ���� (use Lemma 13.3). The spherical subset T is determined byeither a vertex of length three or by the product of a length one and alength two vertex with opposite sign.
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positive
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start

All-rightAll-right
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Figure 18. The all-right triangles encode the maxi-mal subcomplexes LT which contain the local geodesic
. A local geodesic beginning on the boundary meetsat most 3 all-right triangles before traveling distance �(right sphere). A vertex of length 3 determines a uniquemaximal spherical subcomplex; the product of a length1 vertex and a length 2 vertex of opposite sign also de-termines such a subcomplex.Proposition 16.1. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set, and let L = L� bethe link of Brady's complex K�. Suppose 
 is a closed local geodesicwhich does not lie entirely in the 1-skeleton of L. Then, 
 has length> �.Proof. Choose a parametrization of 
 so that it is in one of the generalpositions. As in the above discussion, either 
(0) is a vertex of lengththree or 
(0) belongs to an edge of the form ����� or ����. Thencut-open and develop the gallery onto S2. If 
 had length � �, then,the lift of 
 lies in at most three all right triangles, corresponding to,at most, three maximal spherical subcomplexes in L. So, by Theorem13.5, 
 must have length � 2�. �Theorem 16.2. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set, and let L = L� bethe link of Brady's complex K�. Suppose 
 : [0; h]! L is a closed localgeodesic. Then, 
 has length > �. In other words, L� does not containany extra-short loops.



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 51Proof. By Theorem 14.4, we may assume that 
 does not lie entirelyin the 1-skeleton of L. Thus, Proposition 16.1 applies. �Proposition 16.3. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set, and let L = L� bethe link of Brady's complex K�. Suppose 
 is a local geodesic whichjoins two singular vertices in L. If 
 is not an edge path, then it haslength � �.Proof. We are assuming that 
(0) is a singular vertex and that 
 is notan edge path. Thus, 
 begins in general position. Develop its galleryonto S2. Then observe, using Figure 16 as aid, that the only geodesicswhich join (potentially) singular vertices are either edge paths or havelength = �. (Use the fact that the lift of 
 must be a great arc inS2.) �17. Shrinking and rotating local geodesicsIt remains to show that L does not contain any isometrically embed-ded circles of length < 2� which do not lie entirely in the 1-skeleton.The arguments are inspired by an alternate characterization of CAT(1)spaces due to B. Bowditch [Bow]. We would like to thank J. McCam-mond for �rst bringing Bowditch's work to our attention. The actualimplementation of Bowditch's ideas are in the spirit of the curvaturetesting techniques in [EM] and, especially, the more recent paper byM. Elder, J. McCammond, and J.Meier [EMM].The following theorems of B. Bowditch [Bow] apply to X = L�:Theorem 17.1. (Bowditch) Let X be a compact locally CAT(1) space.If X is not CAT(1), then there exists a minimal length closed geodesicof length < 2�. Moreover, a closed local geodesic of minimal length is,in fact, a closed geodesic.Theorem 17.2. (Bowditch) Let X be a compact locally CAT(1) space.If 
 is a closed local geodesic in X of length < 2�, then 
 may be freelyhomotoped via non-length increasing paths to constant loop. 
 is saidto be shrinkable.Theorem 17.3. (Bowditch) Let X be a compact locally CAT(1) space.If 
 is a loop in X, then either 
 is shrinkable or 
 freely homotopedvia non-length increasing paths to closed geodesic �.Remark. The above three theorems use a reformulation of the locallyCAT(1) condition in terms of the length of a minimal closed geo-desic. He de�nes a space to be �-CAT(1) if every triangle of perimeter< 2� satis�es the CAT(1) inequality. (So, �-CAT(1) is equivalent to



52 ROBERT W. BELLCAT(1).) To prove Theorem 17.1, he shows that X is �-CAT(1) andcontains an isometrically embedded circle of length 2�. (The analogous2� in di�erential geometry is the systole.) For Theorems 17.2 and 17.3he uses the Birkho� curve shortening process. This process takes aclosed loop and iterates the process by which we subdivide the loopinto segments, join the midpoints of adjacent segments by geodesics,and consider this new loop as the next input. The di�culty is to decidewhen this process converges.We apply Bowditch's theorems to a minimal length local geodesic 
in L�. If L� is CAT(1), we are done; otherwise, by Theorem 17.1, suchminimal closed geodesic exists and has length < 2�. We will derive acontradiction.De�nition. Let 
 be a closed local geodesic of length � � in L�.Suppose � � 
 is an arc of length equal to �. A rotation of � is aconstant length homotopy of � which leaves endpoints �xed. The loop
0 obtained by removing the arc � and replacing it by the rotated arcis said to be obtained by rotating the arc �. In particular, 
 and 
0 havethe same length.

at the endpoints

rotation of
an arc rel endpoints

generally, rotation does not
preserve local geodesityFigure 19. An arc � � 
 of length � may be rotated.Let L� be the link of a Brady complex K� for a three dimensionalFC Artin group. Suppose 
 is a minimal length closed geodesic oflength < 2�. By Theorem 14.4, we may assume 
 is not contained inthe 1-skeleton of L. By Theorem 16.2, we may assume that the lengthof 
 is greater than �. Choose an arc � in 
 of length � which is



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 53not contained in the 1-skeleton. This is possible because the singularvertices are distance at least distance � apart (Proposition 16.3). Thesingular vertices are the only points in L where a locally geodesic pathmay switch from an arc contained in the 1-skeleton to an arc whichis an edge path. Moreover, we may choose an arc � which admits aparametrization which begins in general position.If one of the endpoints of � is not a singular point, then we mayrotate the arc � by a small amount. First, developing the gallerydetermined by � onto the two sphere. Then rotate the lift of � bya small amount within the developed gallery. Length is preserved bythis homotopy because the lift of � is, by construction, a great arcin S2. This rotation induces a rotation of � in L because the gallerydetermined by � immerses into S2 (Theorem 15.1).But, the loop 
0 obtained by rotation fails to be geodesic at thesingular endpoint of �. (This need not be the case if the endpointswere singular!) Choose small balls about each endpoint so that 
0 meetseach ball in two points. Then join each pair of points by geodesics. Theresulting loop has length strictly less than the length of 
0. Moreover,we may realize this reduction by a sequence of homotopies which donot increase length and leave the endpoints �xed. Composing thesehomotopies, we see that we have homotoped 
 through non-lengthincreasing paths to a path of strictly smaller length. This contradictsthe minimality of 
.On the other hand, if we have chosen an arc � in 
 which joinssingular points, then the path may be rotated into the 1-skeleton. (UseFigure 16 as a visual aid.) If �(0) is a vertex of length one, then we mayrotate � into the central line or the boundary arc, whichever is closer.(By general position, the lift of � begins at a vertex in the boundary.)Both the central line and the boundary arc in S2 correspond to anedge in L. (Figure 17 is particularly instructive.) As the cells of thegallery are developed onto the sphere, the central arc lies in the image.There are other cases besides the gallery shown there. However, bysymmetry, the arc begins along the boundary in the region labelled\start". Because the arc is great arc, it must terminate in the oppositeregion of the boundary labelled \end". If �(0) is a vertex of lengththree, then we may rotate � into either of the arcs which bound thetypical gallery as shown in Figure 17.The only possible obstruction to continuing to rotate an arc occurswhen a rotated arc meets a vertex. If the rotated arc is already an edgepath, there is no need to rotate further. We never have need to rotatethrough a singular vertex; for we have already observed that the onlypaths which join singular vertices which are less than � apart are in



54 ROBERT W. BELLfact edge paths. In the present case, �(0) is singular; if the rotation�0 ever met a singular point in its interior, then all of �0 would be anedge path. So, we would stop rotating.On the other hand, it is possible that a rotated arc meet a vertexof length two. This is okay, however| the link is either discrete ora suspension. In the �rst case, the arc must be an edge path; in thesecond case, it is clear that rotation may be continued (see Figure 20).
(y,1)

(q,-1)

(r,1)

Figure 20. Rotating a locally geodesic arc through avertex of length two. The 2-cell in question always existsbecause qr is allowable.Now consider the rotated loop 
0. If 
0 is not geodesic at the end-points, is may be shortened, contradicting minimality. So, instead wehave obtained a geodesic loop which now contains an arc of length �which is contained in the 1-skeleton of L. If there were an arc of 
0which was not contained in the 1-skeleton, then the arc must join sin-gular vertices. But, then 
0 must have length at least 2�. Whereas, if
0 is contained in the 1-skeleton, it must have length at least 2�. Thus,we have shown that L� does not contain any short loops.Theorem 17.4. Let � de�ne a three dimensional FC Artin systemtogether with a total ordering of the generating set. Then the link L�is CAT(1). 18. Results and concluding remarksThe proof of Theorem 17.4 was the �nal ingredient in the outline ofthe proof of the Main Theorem:Theorem 18.1. Let � de�ne a 3 dimensional FC Artin system, and�x a total ordering of S = vert(�). Then the link L� = Lk(K�; v0) is



THREE DIMENSIONAL FC ARTIN GROUPS ARE CAT(0) 55CAT(1); and, moreover, the Artin group, A� �= �1(K�; v0), is CAT(0):it acts geometrically on the universal cover of K� by deck transforma-tions.The proof given also works for FC Artin systems of dimension lessthan three. Two dimensional FC Artin groups were shown to beCAT(0) by T. Brady and the same cell complex K, but with a dif-ferent metric: every edge was assigned length one, so that boundaryof every 2-cell was an equilateral triangle. Checking the link conditionwas equivalent to deciding if L contained any edge loops of fewer thansix edges (in the link, the edges have length �=3).Our study of the partial ordering on W by re
ection length left sev-eral open questions. Related to these questions is the idea of a \dual"theory of Coxeter groups. The question of whether Coxeter groupsadmit a classi�cation purely in terms of re
ection length was asked byD. Bessis in [Be]. For �nite Coxeter groups, he de�nes an abstract �nitere
ection group to be a group W together a generating set R and afaithful linear representation � : W ! V �= Rn . The generating set R(re
ections) is characterized as precisely those elements w 2 W suchthat codim(ker(�(w)� Id)) = 1. But, it is unclear what is the correctde�nition of an in�nite abstract re
ection group. The natural questionto ask in the present context, is whether such a clari�cation is relatedto �nding K(�; 1) spaces for Artin groups. In spite of these prospectsfor future research, the question of whether Artin groups are CAT(0)remains open. References[A] A.D. Aleksandrov, A theorem on triangles in a metric space and some of itsapplications, Trudy Mat. Inst. Steklov, 38 (1951), 5-23.[Be] D. Bessis, Dual Braid Monoids, x-archiv preprint, 2002.[BDM] D. Bessis, F. Digne, J. Michelle. Springer theory in braid groups and theBirman-Ko-Lee monoid, to appear in Paci�c J. Math.[BKL] J. Birman, K. Ko, J. Lee, A New Approach to the Word and ConjugacyProblems in the Braid Groups, Advances in Mathematics, 139, no. 2 (1998),322-353.[Bo] N. Bourbaki Groupes et Algebres de Lie, Chapitres 4-6, Hermann, Paris, 1968.[Bow] B. Bowditch, Notes on Locally CAT(1) Spaces, in \Geometric Group Theory,Proceedings of a Special Research Quarter at The Ohio State University, Spring1992", ed. R.Charney, et. al., Walter de Gruyter, Berlin, 1995.[Br1] T. Brady, Artin Groups of Finite Type with Three Generators, MichiganMath. J. 47 (2000), no. 2, 313{324.[Br2] T. Brady, A Partial Order on the Symmetric Group and New K(�; 1)'s forthe Braid Group, Advances in Mathematics 161 (2001), 20-40.[BM] T. Brady and J. McCammond Three-generator Artin groups of Large Typeare Biautomatic, J. of Pure and Applied Algebra, 151 (2000), 1-9.
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