
A Surv ey of the Classical Theory of Constan t Mean

Curv ature Surfaces in R

3

Nic k Korev aar Jesse Ratzkin Nat Smale Andrejs T reib ergs

June 19, 2002

1 In tro duction

The study of mean curv ature extends bac k to the latter part of the 18th cen tury . Indeed, Lagrange

�rst found the minimal surface equation in 1761 when he lo ok ed for a necessary condition to

minimizing a certain in tegral. The notion of mean curv ature w as �rst formally de�ned b y Meusnier

in 1776. Throughout the 19th cen tury imp ortan t mathematicians suc h as Gau� and W eierstrass

dev oted m uc h of their studies to these surfaces. And y et constan t mean curv ature surfaces remain

somewhat m ysterious to this da y .

In these notes w e presen t some of the basic theorems from the �eld of constan t mean curv ature

surfaces, most of whic h date from the �rst �ft y y ears (or so) of the 20th cen tury . Ho w ev er, one

should not read these notes with the impression that the �eld is inactiv e; in fact, this is one of the

more activ e �elds relating geometry and analysis to da y . Most of the theorems b elo w ha v e more

mo dern (less than 20 y ears old) extensions all of whic h build from the ideas presen ted in these

notes. In addition, w e will not ev en touc h up on other exciting dev elopmen ts in this �eld. One

should think of these notes as a brief guided tour to some of our fa v orite theorems and tec hniques

from the �eld of constan t mean curv ature.

W e caution the reader that this is v ery far from a complete surv ey of constan t mean curv ature

surfaces (ev en in R

3

). F or a more complete treatmen t, refer to [CM], [DHK O], [O], [Ho], [C],

[Str], and [L ]. In addition, one should also consult a general text in di�eren tial and Riemannian

geometry , for instance [Sp], [Lee] or [G].

2 Notions of Mean Curv ature

In this section w e will presen t some basic notions of mean curv ature. W e will start from its v ari-

ational form ulation, con tin ue with a geometric in terpretation and �nally presen t some examples

of constan t mean curv ature surfaces and alternativ e c haracterizations of surfaces with constan t

(or 0) mean curv ature.

2.1 Geometric V ariational Problems

W e will start with some basic v ariational problems in di�eren tial geometry whic h giv e rise to the

concept of mean curv ature.

2.1.1 The Plateau Problem

Supp ose 
 is a closed Jordan curv e in Euclidean Space. The Plateau Problem is to a regular

immersed surface with least area ha ving 
 as its b oundary . If one do es not restrict the top ology of

the surface in question, it ma y happ en that one can c ho ose a sequence of surfaces with increasingly

complicated top ology suc h that their areas con v erge to 0. F or that reason, w e �x the top ological
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t yp e and try to minimize among parametric surfaces giv en b y maps of a �xed t w o-manifold with

b oundary X : � ! R

3

. The simplest case is to consider maps from the closed unit disc

�

D in

the plane. A mapping X :

�

D ! R

3

is called piecewise C

1

if it is con tin uous, and if except along

@ D and along a �nite n um b er of regular C

1

arcs and p oin ts in the in terior of D , X is of class

C

1

. A restricted v ersion of the Plateau problem is to �nd a

�

X :

�

D ! R

3

(where

�

X

�

�

@

�

D

is a

di�eomorphism on to 
 ) whic h minimizes the area of all suc h parameterized surfaces.

Then w e de�ne the area functional Area ( X ), when X :

�

D ! R

3

with X j

@

�

D

parameterizing 


b y the follo wing (generally improp er) in tegral:

Area ( X ) =

Z

�

D

q

det( g

ij

) dx

1

dx

2

Here ( x

1

; x

2

) 2

�

D are co ordinates in the disc and

X

i

=

@ X

@ x

i

; g

ij

= h X

i

; X

j

i (1)

where h� ; �i is the usual inner pro duct on R

3

. W e can orien t our surface b y using the normal

v ector

� =

X

1

� X

2

j X

1

� X

2

j

:

The map � : X (

�

D ) ! S

2

is called the Gau� map. Using the notation j V j

2

= h V ; V i to denote the

square length of a v ector, then the in tegrand can b e in terpreted as the area of the parallelogram

spanned b y X

1

and X

2

. If � = \ X

1

X

2

is the angle, then the squared area of a parallelogram is

j X

1

j

2

j X

2

j

2

sin

2

� = j X

1

j

2

j X

2

j

2

(1 � cos

2

� )

= j X

1

j

2

j X

2

j

2

�

1 �

h X

1

; X

2

i

2

j X

x

j

2

j X

y

j

2

�

= det ( g ) :

One m ust b e careful in c ho osing the b oundary con tour 
 , as it is p ossible to �nd Jordan curv es


 suc h that Area ( X ) = 1 for all X :

�

D ! R

3

with X j

@

�

D

parameterizing 
 . See [L] for suc h an

example.

The most signi�can t di�cult y in solving the v ariational problem arises from the fact that the

area is indep enden t of parameterization. Th us there is a loss of compactness for minimizers.

2.1.2 Constan t Mean Curv ature for Graphs

One w a y to eliminate the in v ariance under reparameterizations is to restrict atten tion to nonpara-

metric surfaces, those that can b e giv en as graphs of functions. Th us X ( x

1

; x

2

) = ( x

1

; x

2

; u ( x

1

; x

2

))

where u 2 C

1

(

�

D ). So X

1

= (1 ; 0 ; u

1

), X

2

= (0 ; 1 ; u

2

),

g =

�

1 + u

2

1

u

1

u

2

u

1

u

2

1 + u

2

2

�

and det ( g

ij

) = 1 + j D u j

2

. Also, the Gau� map is giv en b y � =

( � u

1

; � u

2

; 1)

p

1+ j D u j

2

. The area of X (

�

D ) is

giv en b y

Area( X ) =

Z

�

D

p

1 + j D u j

2

dx

1

dx

2

Consider v ariations of u whic h ha v e the same b oundary v alues on @ D , sa y u =  on @ D . Assume

that v 2 C

2

0

( D ) is a function with compact supp ort and consider the v ariation

X [ t ] = ( x

1

; x

2

; u ( x

1

; x

2

) + tv ( x

1

; x

2

)) :
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Then critical p oin ts of Area among v ariations that �x the v olume

V ol( X ) =

Z

D

udx

1

dx

2

= c;

where c is a constan t, also satisfy the Euler Lagrange equation. Therefore there is some constan t

� , the Lagrange m ultiplier, suc h that after in tegrating b y parts

0 =

d

dt

�

�

�

�

t =0

n

Area( X [ t ]) + � V ol( X [ t ])

o

=

Z

B

(

h D u; D v i

p

1 + j D u j

2

+ �v

)

dx

1

dx

2

=

Z

B

(

� div

 

D u

p

1 + j D u j

2

!

+ �

)

v dx

1

dx

2

:

Since v w as arbitrary , the constrained optimizers satisfy the constan t mean curv ature equation

(CMC equation.)

M ( u ) = div

 

D u

p

1 + j D u j

2

!

= �: on D ; (2)

f =  on @ D :

If � = 0 or if there w as no v olume constrain t, then the critical p oin ts for area satisfy the

resulting elliptic div ergence structure equation, whic h w e can rearrange to read

u

11

(1 + u

2

2

) + u

22

(1 + u

2

1

) � 2 u

1

u

2

u

12

= 0 : (3)

This equation is called the minimal surface equation.

2.2 Geometric In terpretation of the Second F undamen tal F orm

W e describ e a geometric in terpretation of mean curv ature, for arbitrary surfaces in Euclidean

space. Supp ose w e're giv en a parametric surface lo cally b y X ( x

1

; x

2

) near the p oin t p . F or

simplicit y w e can tak e p = X (0). W e assume that the surface is regular at all p oin ts, whic h

means that the tangen t v ectors X

1

and X

2

are indep enden t and span the tangen t plane to X (�)

at the p oin t X (0). W e can �nd orthonormal v ector �elds E

1

; E

2

that span the tangen t space at

X ( x

1

; x

2

) and whic h v ary in a C

1

fashion, for example b y applying the Gram-Sc hmidt algorithm

to the v ector functions X

1

and X

2

. W e can also let E

3

= E

1

� E

2

b e the unit v ector �eld normal

to the surface. Since the surface is regular, it can b e represen ted as a graph o v er the tangen t

plane. Near X (0), w e ma y write X (�) as a graph o v er T

X (0)

X (�) as

X ( �

1

; �

2

) = X (0) + �

1

E

1

+ �

2

E

2

+ u ( �

1

; �

2

) E

3

: (4)

By construction, D u (0) = 0 (otherwise the tangen t plane to X (�) at X (0) w ould not b e the span

of E

1

and E

2

). The second fundamen tal form ev aluated at X (0) is de�ned to b e the Hessian

matrix A

ij

= u

ij

(0 ; 0). The mean curv ature H is the trace and the Gau� curv ature K is the

determinan t. The eigen v alues �

1

, �

2

of the second fundamen tal form A

ij

at p are called the the

principal curv atures.

H = ( A

11

+ A

22

) = �

1

+ �

2

;

K = det ( A

ij

) = �

1

�

2

:
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Because H and K are symmetric functions of eigen v alues, they are de�ned indep enden tly of the

c hoice of the orthonormal basis at X (0). Th us they are w ell-de�ned ob jects on the em b edded

surface X .

Gau� pro v ed that one can express the Gau� curv ature as a function of the metric g

ij

and its

deriv ativ es.

F or example, if X (�) is a sphere of radius R , then the second fundamen tal form is the same at

all p oin ts b y a rotation of the sphere and equals R

� 1

�

ij

with resp ect to the inner normal. Hence

the mean and Gau� curv atures are H = 2 =R , K = 1 =R

2

.

Note that the quadratic form

1

2

A

ij

( p ) �

i

�

j

is a second order appro ximation to the surface in

the tangen t plane, and is sometimes called the shap e op erator. The squared length of the second

fundamen tal form is

j A j

2

=

X

i;j

h

2

ij

= �

2

1

+ �

2

2

= H

2

� 2 K : (5)

Remark 1 We c aution the r e ader that the ab ove expr ession for A is only valid at the p oint X (0) .

The formula for A in a neighb orho o d of X (0) is given by (se e [Ho])

A =

1

p

1 + j D u j

2

D

2

u:

A way fr om ( �

1

; �

2

) = 0 , the Gau� and me an curvatur es ar e given by

K =

u

11

u

22

� u

2

12

(1 + j D u j

2

)

2

; H =

u

11

(1 + u

2

2

) + u

22

(1 + u

2

1

) � 2 u

1

u

2

u

12

(1 + j D u j

2

)

3 = 2

:

Notic e that this expr ession for the me an curvatur e is pr e cisely the left hand side of e quation (2).

The r e ason for the mor e c omplic ate d formulas essential ly that the quadr atic surfac e

( �

1

; �

2

) 7! X (0) + u ( �

1

; �

2

) E

3

is a go o d appr oximation to X (�) only ne ar 0 .

Here is another w a y to visualize the principal curv atures. The unit v ector in the # direction

in the tangen t plane at p is E

#

= cos #E

1

+ sin #E

2

. If W

#

denotes the plane spanned b y E

#

and the normal v ector E

3

though t p , then it in tersects the surface in a curv e X ( M ) \ W

#

whose

curv ature as a plane curv e in W

#

in the E

#

direction at p is denoted � ( # ). By an elemen tary fact

ab out quadratic forms, the principal curv atures are the maxim um and minim um v alues of � ( # )

�

1

= max

0 � # � 2 �

� ( # ) ; �

2

= min

0 � # � 2 �

� ( # ) :

It is also true that it do esn't matter whic h direction is c hosen: H = � ( # ) + � ( # + � = 2). This can b e

in terpreted mec hanically as sa ying that if the surface denotes a mem brane under uniform tension,

then the normal force it exerts at p is prop ortional to the mean curv ature. In a soap bubble, for

instance, b ecause the air trapp ed inside is b eing squeezed b y the mem brane tension. Ho w ev er,

the di�erence in air pressures resisting the mem brane force is p ositiv e and constan t ev erywhere

along the surface at equilibrium, and so the bubble surface has constan t mean curv ature. One

only sees sphere shap ed singleton bubbles (other shap es o ccur if bubbles stic k together.) The fact

that the spheres are the only em b edded closed CMC surfaces w as pro v ed b y A. D. Alexandro v

(see section 3).

The Gau� curv ature can b e in terpreted geometrically as follo ws. Giv en p 2 X (�), let �

i

�

X (�) b e a sequence surfaces con v erging to p . If p = X ( q ) and U

i

� � is a decreasing sequence

of op en sets suc h that \

i

U

i

= f q g then w e can tak e �

i

= X ( U

i

). Then let

~

�

i

� S

2

b e the image

of �

i

under the Gau� map. The Gau� curv ature is giv en b y

K ( p ) = lim

i !1

� Area (

~

�

i

)

Area (�

i

)

;

with the sign b eing p ositiv e if � preserv es orien tation and negativ e if � rev erses orien tation.
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2.3 Delauna y surfaces

As an example, let us �nd all surfaces of rev olution with constan t mean curv ature. The general

surface of rev olution, if it is not an ann ulus in a plane, tak es the form

X ( t; � ) = ( h ( t ) cos � ; h ( t ) sin � ; t )

for some function h ( t ) > 0. Di�eren tiating

X

1

= (

_

h cos � ;

_

h sin � ; 1) ; X

2

= ( � h sin � ; h cos � ; 0)

whic h are orthogonal. W riting w = (1 +

_

h

2

)

� 1 = 2

,

E

1

= w (

_

h cos � ;

_

h sin � ; 1) ; E

2

= ( � sin � ; cos � ; 0) ; E

3

= w (cos � ; sin � ; �

_

h ) ;

whic h giv es (using equation (2))

� H = � w

3

•

h +

w

h

:

Setting c = � H constan t, w e can in tegrate. If c = 0 then it is a minimal surface of rev olution.

Hence

h

•

h = 1 +

_

h

2

Since this ODE is indep enden t of t w e regard � =

_

h as a function of h to get

•

h =

d�

dh

dh

dt

= �

d�

dh

=

1 + �

2

h

Separating v ariables and in tegrating implies,

ln

�

p

1 + �

2

�

= ln c

1

+ ln h

for some constan t c

1

> 0, or

dh

du

1

= � =

q

c

2

1

h

2

� 1 :

Another in tegration yields

h =

1

c

1

cosh ( c

1

t + c

2

)

for a second constan t c

2

. Hence this part of the surface is a catenoid, a catenary of rev olution.

If c 6= 0 the equation b ecomes

0 = ch

_

h �

_

h

p

1 +

_

h

2

+

h

_

h

•

h

�

1 +

_

h

2

�

3 = 2

=

d

dt

 

c

2

h

2

�

h

p

1 +

_

h

2

!

and has a �rst in tegral for c

2

some constan t

c

2

h

2

�

h

p

1 +

_

h

2

= c

2

These surfaces are kno wn as Delauna y surfaces b ecause he disco v ered that the function y ma y b e

giv en as the roulette of an ellipse. That means if an ellipse whose ma jor axis is 1 = j c

1

j and minor

axis is

p

2 j c

2

j is rolled without sliding along the t axis in the plane, then the fo cus of the ellipse

traces the curv e ( t; h ( t )). (See [Eells].)
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2.4 Complex Analysis and Isothermal Co ordinates.

(� ; ds

2

) can b e though t of as a Riemannian manifold, that is for eac h lo cal c hart there is a

symmetric, p ositiv e de�nite ds

2

= g

ij

dx

1

dx

2

. It turns out, that b y a (lo cal) di�eomorphism, it

is p ossible to c ho ose ( x

1

; x

2

) to b e isothermal co ordinates, i.e. so that the metric tak es the form

ds

2

= e

2 �

(( dx

1

)

2

+ ( dx

2

)

2

). This enables one to giv e � a lo cal complex structure.

Theorem 1 Supp ose � is a surfac e with b oundary, home omorphic to the unit disc

�

D in the

plane via the chart X :

�

D ! � . Supp ose the c o e�cients g

ij

de�ne d in this chart ar e b ounde d

me asur able functions with det( g

ij

) � c > 0 in D . Then � admits a c onformal r epr esentation

� 2 H

1 ; 2

\ C

�

(

�

B ;

�

D ) , wher e

�

B is the unit disc and � satis�es almost everywher e the c onformality

r elations

j �

1

j

2

= j �

2

j

2

; h �

1

; �

2

i = 0 :

Her e ( x

1

; x

2

) denote the c o or dinates in

�

B and the inner pr o duct is given by the metric of � so

in terms of g

ij

on

�

D . Mor e over � c an b e normalize d by the thr e e p oint c ondition, namely thr e e

pr escrib e d p oints on the b oundary of D c an b e made to c orr esp ond, r esp e ctively to thr e e p oints on

the b oundary of

�

B . F urthermor e, � is as r e gular as M , i.e. if � is of class C

k ;�

( k 2 N ; 0 < � < 1 )

or C

1

then � 2 C

k ;�

(

�

B ) or C

1

(

�

B ) , r esp. In p articular, if k � 1 then the c onformality r elations

ar e satis�e d everywher e and � is a di�e omorphism.

F or a pro of of this, see Jost [J]. The lo cal v ersion, kno wn as the Korn-Lic h tenstein theorem, w as

pro v ed b y La vrenitiev and Morrey for this generalit y . Morrey and Jost extended it a global result

on m ultiply connected domains. Their pro of is v ariational.

In general co ordinates w e can de�ne the Laplace-Beltrami op erator �

g

on a Riemannian

manifold b y (see [Sp])

�

g

f =

1

p

det( g

ij

)

�

@

i

g

ij

q

det( g

ij

) @

j

f

�

:

The Laplace-Beltrami op erator is often called the Laplacian and has the nice prop ert y that it

only dep ends on the metric g (in particular it is indep enden t of the c hoice of co ordinates). One

can c hec k that in isothermal co ordinates

�

g

f = e

� 2 �

( f

11

+ f

22

) :

Also, in these co ordinates the Gau� curv ature has the expression

K = e

� 2 �

( �

11

+ �

22

) :

F urthermore, one can also sho w that if X has constan t mean curv ature and ( x

1

; x

2

) are isothermal

co ordinates then the p osition v ector X satis�es

�

g

X = H � :

Therefore, a surface in R

3

is minimal if and only if its co ordinate functions are harmonic.

If x

1

and x

2

are isothermal co ordinates, one can de�ne a complex co ordinate b y z = x

1

+ ix

2

.

Then the metric ds

2

= e

2 �

j dz j

2

and the Laplacian 4� f = @

z

@

�z

f , where d f = @

z

f dz + @

�z

f d �z

where dz = dx

1

+ idx

2

, d �z = dx

1

� idx

2

and so 2 @

z

= @

1

� i@

2

and 2 @

�z

= @

1

+ i@

2

.

3 Alexandro v's Theorem

In this section w e presen t Alexandro v's theorem, whic h w e state no w.

Theorem 2 L et � � R

3

b e a c omp act, c onne cte d, emb e dde d CMC surfac e. The � is a r ound

spher e.
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The steps in Alexandro v's pro of of his theorem are:

1. Sho w that for all unit v ectors ~ u there is a plane � ? ~ u suc h that � is a plane of re
ection

symmetry for �.

2. Note that the cen ter of mass

�x =

1

Area (�)

Z

�

xd Area

is in eac h plane � (b ecause � is a plane of symmetry). Without loss of generalit y , set �x = 0.

3. Th us eac h plane � through 0 is a plane of re
ection symmetry for �.

4. Since an y rotation ab out 0 is a comp osition of an ev en n um b er of re
ections, � is in v arian t

under all rotations ab out 0. Therefore � is a round sphere.

The �rst step in Alexandro v's pro of is the k ey one, and the w a y in whic h he completed it

has come to b e kno wn as the metho d of mo ving planes. The idea b ehind this metho d is to mo v e

a plane p erp endicular to ~ u in its normal direction and compare � to its re
ection through the

plane using the maxim um principle. F or an y t 2 R let

�

t

= fh x; ~ u i = t g � R

3

; � = �

0

; �

t

= fh x; ~ u i � t g � R

3

:

Also, giv en t 2 R and an y subset G � R

3

let

G

t

= G \ �

t

~

G

t

= f p + ( t � r ) ~ u j p 2 � ; p + ( t + r ) ~ u 2 G

t

g :

Notice G

t

is the part of G ab o v e (or in) �

t

and

~

G

t

is its re
ection through �

t

.

Because � is compact and em b edded w e ma y write � = @ O for a b ounded region O in R

3

.

F or t su�cien tly large b oth �

t

and

~

�

t

will b e empt y . Start with suc h a v alue of t and decrease

it un til the �rst t = t

0

at whic h �

t

\ � is nonempt y . As t initially decreases from t

0

,

~

�

t

will b e

a subset of

�

O , and b oth

~

�

t

and �

t

will b e graphs in the ~ u direction. As t con tin ues to decrease

there m ust o ccur a critical time (lab eled t = t

1

in the \Mo ving planes" �gure, although t

1

has

a di�eren t meaning later and the critical heigh t is denoted b y t

3

) when

~

�

t

has �rst \tangen tial"

con tact with �, i.e. at t = t

1

w e still ha v e that

~

�

t

lies in

�

O and additionally there exist con tact

p oin ts P on

~

�

t

\ �

t

at whic h the tangen t planes are equal, T

P

�

t

= T

P

~

�

t

.
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T o mak e the concept of �rst touc hing precise, w e will de�ne the Alexandro v function for p oin ts

q 2 pro j

�

�. Let t

1

b e the suprem um of t suc h that q + t ~ u 2

�

O . Then P

1

= q + t

1

~ u is the p oin t

of highest con tact of the line f q + t ~ u g with �. If this �rst con tact is transv erse, let t

2

b e the

suprem um of t < t

1

suc h that q + t ~ u 62 O . Then P

2

= q + t

2

~ u is the p oin t where the line f q + t ~ u g

�rst lea v es O as t decreases from t

1

. In case the con tact b et w een line and surface at P

1

is not

transv erse, let P

2

= P

1

. Then (as in [KKS ]) w e de�ne

� ( q ) =

t

1

+ t

2

2

:

for p oin ts q 2 pro j

�

�. Note that � ( q ) is the t -v alue for whic h P

1

re
ects to P

2

. It is not hard to

sho w that � is upp er semicon tin uous, b y considering the cases of transv erse and non-transv erse

in tersection separately . Th us � attains its maxim um on the compact set pro j

�

�. In the �gures

b elo w w e sho w a particular surface � with a c hosen direction ~ u and the graph of its asso ciated

Alexandro v function � .

The maximal v alue t

3

of � is the v alue of t where

~

�

t

has �rst tangen tial con tact with �. Notice

that the �rst touc hing p oin ts ma y b e in terior or b oundary p oin ts of

~

�

t

. In the b oundary p oin t

case the tangen t plane T

P

� = T

P

~

�

t

3

b y construction. In the in terior p oin t case the tangen t

planes m ust coincide b ecause the con tact b et w een the t w o surfaces is one-sided.

Near suc h a �rst touc hing p oin t P w e can write

~

�

t

3

as the graph of u and � as the graph of

v o v er their common tangen t plane, in the direction of the inner normal to O . Notice that b y

construction w e ha v e

u � v

in the common domain of de�nition 
. Also if P has co ordinates p in the plane T

P

�, then

u ( p ) = v ( p ) ; D u ( p ) = D v ( p ) :

Belo w w e ha v e dra wn the t w o p ossibilities.
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Moreo v er, u and v satisfy the same nonlinear PDE, equation (2). Then w e apply the strong

maxim um principle (SMP) b elo w to conclude that

f P 2 � j the re
ection of P through �

t

3

is also in � g

is an op en set. Because �xed p oin t sets of re
ections are also closed, w e deduce that all of � is

preserv ed b y re
ection through �

t

3

.

Here is a v ersion of the strong maxim um principle whic h w e used ab o v e, along with the

auxillary w eak maxim um principle whic h w e will need to pro v e it.

Theorem 3 (Strong Maxim um Principle) L et 
 b e a smo oth (c onne cte d) domain, and supp ose

u; v : 
 ! R satisfy

1. �( x; u; D u; D

2

u ) = �( x; v ; D v ; D

2

v ) , wher e � is a uniformly el liptic op er ator and

2. u � v in

�


 .

If ther e exists p 2

�


 such that

u ( p ) = v ( p ) ; D u ( p ) = D v ( p )

then u � v .

Theorem 4 (W eak Maxim um Principle) Supp ose the line ar op er ator L de�ne d by

L ( u ) =

X

ij

a

ij

u

ij

+

X

k

b

k

u

k

is uniformly el liptic. L et

�


 b e c omp act, let u; v 2 C

2

(
) \ C

0

(

�


) and supp ose

� u < v implies L ( u ) < L ( v ) in 
 (r e al ly, L ( u ) � L ( v ) su�c es) and

� u � v on @ 
 .

Then u � v in

�


 .

Pro of of Theorem 4 : Let w = u � v and supp ose w has a negativ e minim um at p 2 
. Then

since p is an in terior p oin t,

D w ( p ) = 0 ; D

2

w ( e; e ) :=

d

2

dt

2

�

�

�

�

t =0

w ( p + t ~ e ) � 0 8 ~ e :

But the second item is

P

ij

w

ij

e

i

e

j

, and so at p (letting Q b e the orthogonal matrix with diago-

nalizes [ A ], with columns ~e

i

)

X

ij

a

ij

w

ij

= tr[ A ][ D

2

w ] = tr[ Q

t

AQQ

t

D

2

w Q ]
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= tr

2

4

�

1

0

� � �

0 �

n

3

5

[ Q

t

D

2

w Q ] =

X

�

i

D

2

w ( ~e

i

; ~e

i

) � 0 :

Therefore L ( w )( p ) � 0, whic h implies L ( u ) � L ( v ). This con tradicts our h yp otheses and pro v es

the w eak maxim um principle. 2 .

Before pro ving the strong maxim um principle w e will presen t a quic k but illustrativ e digression

in whic h w e apply the w eak maxim um principle to understand some geometry for constan t mean

curv ature graphs. The �rst place a studen t usually sees the w eak maxim um principle is in

the construction of barriers for solutions to semilinear equations, for example in studying the

b oundary b eha vior of P erron solutions to (the usual) Laplace's equation. So it shouldn't b e

surprising that the w eak maxim um principle has useful applications in other geometric situations.

Let � b e a graph o v er a plane � with constan t mean curv ature H suc h that @ � � � and �

lies ab o v e � (i.e. � is the graph of a non-negativ e function ha ving zero b oundary v alues). Orien t

� with the do wn w ard normal � to � (this c hoice mak es H p ositiv e). F or example, � could b e an

upp er hemisphere with equator in � and radius equal to 2 =H .

Recall the in trinsic Laplacian de�ned in section 2.4. Then

� ~ x = H ~ � ; � ~ � = �j A j

2

~ � :

Let u � 0 and v = H x

3

+ 2 �

3

. Then b y h yp othesis and since ( �

1

+ �

2

)

2

� 2 � ( �

2

1

+ �

2

2

),

u � v on @ � ; � v = ( H

2

� 2 j A j

2

) �

3

� 0 = � u on � :

Hence b y the w eak maxim um principle u � v . W e can rewrite this to read

H x

3

+ 2 �

3

� 0 ; or x

3

�

� 2 �

3

H

�

2

H

;

whic h is an a priori heigh t estimate. In fact, it is the in teresting fact that the north p ole of the

radius 2 =H upp er hemisphere maximizes the heigh t among all compact constan t mean curv ature

graphs with b oundary in � . W e can rearrange the inequalit y u � v to read

� �

3

�

H

2

x

3

;

with is a gradien t estimate. In fact, it sa ys the steepness of the upp er hemisphere at a giv en

heigh t is an upp er b ound for the steepness of an y of our comparison mean curv ature H graphs,

at corresp onding heigh ts. Heigh t and gradien t estimates suc h as these ha v e man y in teresting

applications b ey ond their in trinsic b eaut y .

W e return to the task of pro ving the the strong maxim um principle using the w eak maxim um

principle and a barrier function. F or simplicit y of exp osition w e will restrict to a uniformly elliptic

di�eren tial op erator of the form � = �( D u; D

2

u ) = �( p; r ). W e assume u � v on

�


, u ( p ) = v ( p )

and D u ( p ) = D v ( p ) for some p 2

�


. W e ha v e three cases to consider:

� u = v on 
, in whic h case w e are done,

� u > v on the in terior of 
 so p 2 @ 
 or

� u > v on a strict sub domain of 
, so there are in terior p oin ts p with u ( p ) = v ( p ) and (since

u � v in 
) D u ( p ) = D v ( p ).

W e wish to eliminate the last t w o or our three p ossibilities. In case t w o, w e use the smo othness

of 
 to pic k a closed ball

�

B

R

�

�


 whic h con tacts

�


 only at p . Then u > v on the op en ball,

so pic k an y 0 < r < R and de�ne the ann ulus A = B

R

n

�

B

r

� 
, where B

r

is concen tric to B

R

.

Then w e ha v e u � v on

�

A , u = v at p , and u � v � � on @ B

r

for some � > 0.
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In case three w e pic k an ann ulus with iden tical prop erties b y judicious c hoice of p : Pic k q 2 


so that the distance R from q to f u = v g is less than the distance from q to @ 
. Let p b e a

nearest p oin t to q in the set f u = v g , Let B

R

b e the ball cen tered at q . Then pro ceed as in case

t w o to de�ne the ann ulus A .

No w let w = u � v and

� ( t ) = �( tD u + (1 � t ) D v ; tD

2

u + (1 � t ) D

2

v )

then

0 = �( D u; D

2

u ) � �( D v ; D

2

v ) = � (1) � � (0) = �

0

( c ) =

X

ij

a

ij

w

ij

+

X

k

b

k

w

k

:= L ( w ) :

No w L is a uniformly elliptic linear op erator(i.e. � j � j

2

�

P

ij

a

ij

�

i

�

j

� � j � j

2

) (this is an h yp othesis

on �), and w e ha v e

w j

�

A

� 0 ; w j

@ B

r

� �; w ( p ) = 0 :

T o apply the w eak maxim um principle, w e only need to �nd a barrier function z suc h that

z j

@ B

r

= �; z j

@ B

R

= 0 ; L ( z ) > 0 :

W e can then deduce b y the w eak maxim um principle, applied to the ann ulus, that w � z . If

in addition our barrier z satis�es

@ z

@ �

( p ) < 0 for radial direction � on the ann ulus A , then also

@ w

@ �

( p ) �

@ z

@ �

( p < 0 :

Note that D w ( p ) 6= 0 con tradicts the w orking h yp othesis in the latter t w o cases w e w ere consid-

ering, namely that D u ( p ) = D v ( p ). Th us only the �rst case w as p ossible, and w e ha v e pro v ed

the strong maxim um principle. W e also pro v ed the Hopf b oundary p oin t lemma, the fact if u > v

in 
 then at b oundary p oin ts where u = v , w e cannot ha v e D u = D v . Belo w w e ha v e dra wn the

graphs of w and the barrier function z , although w e ha v e y et to pro v e the existence of z .

F or the barrier function, w e de�ne the cen ter of A to b e the origin, and tak e a radial function

z ( x ) = f ( j x j

2

= 2). Then

z

i

= f

0

x

i

; z

ij

= f

00

x

i

x

j

+ f

0

�

ij

;

and so

Lz = f

00

X

ij

a

ij

x

i

x

j

+ f

0

X

i

a

ii

+ f

0

X

k

b

k

x

k

� f

00

( �r

2

) � ( n � + C ) j f

0

j > 0
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pro vided f

00

>> j f

0

j . F or example,

f ( s ) =

� ( e

� M s

� e

� M R

2

= 2

)

e

� M r

2

= 2

� e

� M R

2

= 2

w orks for large M . Notice that z ( x ) = f ( j x j

2

= 2) satis�es all the barrier conditions, as w ell as

@ z

@ �

( p ) < 0. 2 .

W e will brie
y men tion some other applications of the metho d of mo ving planes. In the

compact case, one can apply the same result to sho w that closed h yp ersurfaces in R

n

with

an y constan t \elliptic" curv ature m ust b e a sphere (e.g. Gauss curv ature or the in termediate

curv atures for higher dimensional h yp ersurfaces). Gidas, Ni and Niren b erg [GNN] sho w ed that

p ositiv e solutions u to certain elliptic partial di�eren tial equations in balls, with zero b oundary

data, m ust b e rotationally symmetric. Here one uses v ertical planes only and considers the

compact region

�

O b ounded b et w een the graph of u and the ball. One deduces that the graph of

u is rotationally symmetric.

In the noncompact setting, there ha v e b een sev eral applications of Alexandro v's tec hnique.

Sc ho en [S] pro v ed that if � is a prop erly em b edded minimal surface with �nite total curv ature

( �

R

�

K d Area < 1 ) and t w o ends then � is a catenoid. There are sev eral results for prop erly

em b edded CMC (but not minimal) surfaces. Meeks [Me] sho w ed that there cannot b e an y one-

ended example. Korev aar, Kusner and Solomon [KKS ] sho w ed that if � has t w o ends and �nite

gen us then it m ust b e one of the Delauna y examples. They also sho w ed that if � has �nite

top ology then eac h end of � m ust b e asymptotic to some Delauna y surface. Ca�arelli, Gidas and

Spruc k [CGS] sho w ed that an y p ositiv e solutions to the PDE

� u +

n ( n � 2)

4

u

n +2

n � 2

= 0

on the whole of R

n

m ust b e radially symmetric with resp ect to some p oin t in R

n

. They also

sho w ed that p ositiv e w eak solutions to this equation with a p oin t singularit y at 0 are radially

symmetric. In this case one m ust replace re
ection through planes with re
ection through spheres

(i.e. the Kelvin transform). This particular semilinear equation has geometric meaning ha ving to

do with the in trinsic notion of constan t scalar curv ature. In fact the p ositiv e solutions on all of

R

n

corresp ond to the spherical metric, and the p ositiv e w eak solutions with p oin t singularities at

the origin (and in�nit y) are analogs to Delauna y surfaces. Solutions to semilinear elliptic P .D.E.'s

of form related to that exhibited ab o v e b eha v e in w a ys whic h are v ery similar to the geometry

of analogous surfaces of prescrib ed mean curv ature, despite the di�eren t elliptic op erators whic h

go v ern the t w o situations. A p ersisten t m ystery is wh y the analogy is as strong as it is.

4 Bernstein's Theorem

Bernstein's theorem states that an y minimal graph o v er the en tire plane m ust b e a 
at plane.

In this section w e presen t t w o di�eren t pro of of Bernstein's theorem. The �rst pro of w e presen t

is originally due to Leon Simon [Si], and has a more v ariational 
a v or; it relies on an in terior

estimate for

R

�

j A j

2

d Area

�

. The second pro of is more classical; after some manipulations it

follo ws from Liouville's theorem.

4.1 Simon's pro of

Along the w a y to pro ving Bernstein's theorem, w e will deriv e some in teresting b ounds for minimal

graphs. Throughout this section, w e will let u : 
 ! R b e a solution to the minimal surface

equation and w e will let �

u

� R

3

b e the graph of u .

The t w o imp ortan t ingredien ts in this pro of are
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� an a priori b ound on the area gro wth of a minimal graph and

� a relationship b et w een j A j and K for a minimal surface.

Before w e pro ceed, w e will �rst recall some of the facts men tioned previously . First recall that

�

u

is minimal if and only if

u

11

(1 + u

2

2

) + u

22

(1 + u

2

1

) � 2 u

1

u

2

u

12

= 0 :

Also, the normal to �

u

is giv en b y

� =

1

p

1 + j D u j

2

( � u

1

; � u

2

; 1)

and the Gau� curv ature is giv en b y

K =

u

11

u

22

� u

2

12

(1 + j D u j

2

)

2

:

Th us w e ha v e (using equation (5) and the fact that H = 0)

j A j

2

d Area = � 2 K d Area =

2 u

2

12

� 2 u

11

u

22

(1 + j D u j

2

)

3

2

dx

1

^ dx

2

:

Ho w ev er, one can c hec k that if

�

1

=

u

2

u

11

dx

1

+ u

2

u

12

dx

2

(1 + u

2

1

)

p

1 + j D u j

2

�

2

=

u

1

u

12

dx

1

+ u

1

u

22

dx

2

(1 + u

2

2

)

p

1 + j D u j

2

then

1

d�

1

= d�

2

=

u

11

u

22

� u

2

12

(1 + j D u j

2

)

3 = 2

dx ^ dy = K d Area :

Also,

j �

1

j

2

= g

ij

( �

1

)

i

( �

1

)

j

= �

K u

2

2

1 + u

2

1

j �

2

j

2

= g

ij

( �

2

)

i

( �

2

)

j

= �

K u

2

1

1 + u

2

2

:

Therefore, if w e let � =

1

2

�

1

+

1

2

�

2

, then d� = K d Area and

j � j

2

= j

1

2

( �

1

+ �

2

) j

2

� j �

1

j

2

+ j �

2

j

2

= �

K ( u

2

1

+ u

2

2

+ u

4

1

+ u

4

2

)

1 + u

2

1

+ u

2

2

+ u

2

1

u

2

2

� � 2 K = 4 j A j

2

:

Lemma 5 F or al l � 2 C

1

(
) with c omp act supp ort

Z

�

u

�

2

j A j

2

� 64

Z

�

u

j d� j

2

:

Pro of : First observ e that

�

2

j A j

2

d Area = � 2 �

2

K d Area = � 2 �

2

d�:

Cho ose an R > 0 large enough so that supp � � B

R

. Then

Z

�

u

�

2

j A j

2

d Area =

Z

�

u

\ B

R

�

2

j A j

2

d Area =

Z

�

u

\ B

R

� 2 �

2

d� =

Z

�

u

\ R

� 2 d ( �

2

� ) + 4 � d� ^ �

� 4

Z

�

u

\ B

R

j � jj � jj d� j � 8

Z

�

u

\ B

R

j � jj A jj d� j � 8

�

Z

�

u

\ B

R

�

2

j A j

2

�

1 = 2

�

Z

�

u

\ B

R

j d� j

2

�

1 = 2

:

1

Ho w did w e �nd �

1

and �

2

? The short answ er is w e used mo ving frames; a nice in tro duction to the metho d

of mo ving frames is in [Sp], V ol. I I, c hapter 7.
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The desired inequalit y follo ws b y squaring b oth sides of the inequalit y

�

Z

�

u

�

2

j A j

2

d Area

�

1 = 2

� 8

�

Z

�

u

j d� j

2

d Area

�

1 = 2

:

2

Remark 2 The same pr o of holds when � is pie c ewise C

1

, or even just Lipschitz.

Next w e will need the imp ortan t fact that the area of a minimal graph gro ws at most quadrat-

ically . T o mak e this precise, note that �

u

\ B

R

divides @ B

R

in to sev eral comp onen ts, one of

whic h has area at most 2 � R

2

(the area of a hemisphere of radius R ). Using the fact that �

u

\ B

R

is area minimizing (see the app endix) w e ha v e

Area(�

u

\ B

R

) � 2 � R

2

:

Corollary 6 If 
 c ontains a disc of r adius R c enter e d at the origin, then ther e exists a c onstant

c

1

indep endent of R such that

Z

B

p

R

\ �

u

j A j

2

�

c

1

log(

p

R )

:

Pro of : W e de�ne the cuto� function � : R

3

! R as follo ws:

� ( x ) =

8

>

<

>

:

1 j x j �

p

R

log ( R= j x j )

log

p

R

p

R � j x j � R

0 j x j � R :

Notice that

j D � j ( x ) =

(

0 j x j > R ; j x j >

p

R

1

j x j log (

p

R )

p

R < j x j < R :

Then b y the ab o v e lemma,

Z

B

p

R

\ �

u

j A j

2

�

Z

�

u

�

2

j A j

2

� 64

Z

�

u

j d� j

2

=

64

(log (

p

R ))

2

Z

�

u

\ ( B

R

n B

p

R

)

j x j

� 2

=

64

(log(

p

R ))

2

"

R

� 2

Area (�

u

\ ( B

R

n B

p

R

)) +

Z

�

u

\ ( B

R

n B

p

R

)

( j x j

� 2

� R

� 2

)

#

�

64

(log(

p

R ))

2

"

2 � + 2

Z

R

p

R

�

� 3

Area (�

u

\ B

�

) d�

#

�

64

(log(

p

R ))

2

"

2 � + 4 �

Z

R

p

R

�

� 1

d�

#

=

64

(log (

p

R ))

2

h

2 � + 4 � log R � 4 � log(

p

R )

i

=

64

(log(

p

R ))

2

h

2 � + 4 � log(

p

R )

i

�

64(4 � + 1)

log (

p

R )

:

Here w e ha v e used the iden tit y 2

R

R

j x j

�

� 3

d� = j x j

� 2

� R

� 2

. 2

The t yp e of cuto� function w e de�ned ab o v e is often referred to as a \logarithmic cuto�." It

can b e quite useful in obtaining b ounds for surfaces with (at most) quadratic area gro wth.

Theorem 7 (Bernstein's Theorem) If u : R

2

! R is a solution to the minimal surfac e e quation

then u ( x; y ) = ax + by + c for some c onstants a; b; c .

14



Pro of : By the ab o v e corollary , w e ha v e

Z

B

p

R

\ �

u

j A j

2

�

c

1

log(

p

R )

for all R > 1 and some constan t c

1

> 0. Letting R ! 1 , w e see that j A j

2

� 0, and so D

2

u � 0.

The theorem follo ws. 2

4.2 Another pro of

F or this pro of of Bernstein's theorem w e will need to kno w the follo wing fact.

Theorem 8 (J• orgen's Theorem) If f : R

2

! R is a C

2

function satisfying

det D

2

f = 1

then f is a quadr atic p olynomial.

W e will not pro v e J• orgen's theorem. Ho w ev er, the idea b ehind the pro of is the follo wing.

De�ne the function

� =

f

22

� f

11

+ 2 if

12

2 + f

11

+ f

22

: C ! C :

One can sho w that

� � is analytic (using the equation f satis�es),

� � is b ounded and

� one can solv e for f

11

, f

22

and f

12

in terms of �.

Then, b y Liouville's theorem � m ust b e constan t, whic h in turn implies D

2

f m ust b e constan t

as w ell. One can �nd a complete pro of in [Sp], v ol. 4, c hapter 7.

No w w e are ready to pro v e Bernstein's theorem (again). Let u : R

2

! R b e a global solution

to the minimal surface equation. Because

u

11

(1 + u

2

2

) + u

22

(1 + u

2

1

) � 2 u

1

u

2

u

12

= 0 ;

w e can �nd functions �; � : R

2

! R suc h that

�

1

=

1 + u

2

1

p

1 + j D u j

2

�

2

=

u

1

u

2

p

1 + j D u j

2

�

1

=

u

1

u

2

p

1 + j D u j

2

�

2

=

1 + u

2

2

p

1 + j D u j

2

:

Here is the only place w e are using the fact that u solv es the minimal surface equation in this

pro of. Because �

2

= �

1

w e can �nd a function � : R

2

! R suc h that

�

1

= � �

2

= � :

But then

det D

2

� = �

11

�

22

� �

2

12

= �

1

�

2

� �

2

2

=

(1 + u

2

1

)(1 + u

2

2

) � u

2

1

u

2

2

1 + j D u j

2

= 1 ;

and th us � is a quadratic p olynomial. Therefore

1 + u

2

1

p

1 + j D u j

2

1 + u

2

2

p

1 + j D u j

2

u

1

u

2

p

1 + j D u j

2

are all constan ts, from whic h it follo ws that u

1

and u

2

are constan t.
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4.3 Some generalizations

In this subsection w e presen t some generalizations of Bernstein's theorem and the in terior curv a-

ture estimates of the previous sections. F or most of this discussion w e will consider an em b edded

surface � in a 3-manifold M , where M p ossibly has some curv ature restrictions. Ho w ev er, this

discussion will all b e v alid for minimal surfaces in R

3

, and the reader ma y wish to only read this

section thinking of R

3

as the am bien t space.

First w e need to presen t the idea of stabilit y for a minimal surface. By de�nition, an em b edded

surface � � M is minimal if and only if

H

�

= 0 :

W e men tioned the lo cal form ulation of mean curv ature of a surface in R

3

bac k in section 2.2;

w e will not explicitly write do wn the form ulation of mean curv ature for a more general am bien t

space, but it is similar. Recall that w e arriv ed at the notion of mean curv ature b y seeking critical

p oin ts of the area functional. More precisely , let � � M b e an em b edded surface and let �

t

b e a

one-parameter family of surfaces whic h is a normal v ariation of �. In other w ords, w e can write

�

t

= exp

tu�

�

(�)

where u : � ! R is a compactly supp orted function and exp is the exp onen tial map of M . In

lo cal co ordinates, this means w e can write �

t

as the normal graph of tu o v er �.Then

d

dt

�

�

�

�

t =0

Area (�

t

) =

Z

�

uH

�

d Area

�

:

In this sense, H

�

is the �rst deriv ativ e of the area functional and minimal surfaces are the critical

p oin ts of the area functional.

T o �nd area minimizers w e m ust examine the second v ariation of the area functional in M .

One can think of the second v ariation as follo ws: again, tak e � to b e an em b edded surface in

M and u : � ! R to b e a compactly supp orted function. Let �

t

= exp

tu�

�

(�) b e the normal

v ariation of � asso ciated to u . Then the second v ariation of the area functional, ev aluated on u

is

d

2

dt

2

�

�

�

�

t =0

Area (�

t

) =

d

dt

�

�

�

�

t =0

Z

�

uH

�

t

d Area

�

:

Under the ab o v e conditions (b ecause u is compactly supp orted in �) one can di�eren tiate under-

neath the in tegral sign and just compute

d

dt

�

�

�

�

t =0

H

�

t

:

De�nition 1 The stability op er ator L

�

of an emb e dde d surfac e is given by

L

�

( u ) =

d

dt

�

�

�

�

t =0

H

�

t

= �

�

u + j A j

2

u + Ric( �

�

; �

�

) u:

A minimal surfac e � is c al le d stable if L

�

is a p ositive de�nite op er ator.

The stabilit y op erator is also often called the Jacobi op erator, and functions suc h that L

�

u = 0

are often called Jacobi �elds.

(Digression: the term Ric( �

�

; �

�

) in the ab o v e form ula is the Ricci curv ature of M ev aluated

on the unit normal to �. One should think of Ricci curv ature of a Riemannian manifold as

measuring ho w the v olume gro wth of a thin w edge ab out a giv en solid angle di�ers from that of

Euclidean space. The scalar curv ature R is the a v erage of the Ricci curv ature o v er all directions;

it determines ho w the v olume gro wth of small balls di�ers from that of Euclidean space. F or

16



instance, R

n

with its usual metric has Ricci curv ature 0 ev erywhere, S

n

with its usual metric has

Ricci curv ature n ev erywhere and n -dimensional h yp erb olic space with its usual metric has Ricci

curv ature � n ev erywhere. Some v ery nice in tro ductions to curv ature are [Sp ] and [Lee].)

One should think of stable minimal surfaces as surfaces whic h minimize area among all other

nearb y surfaces. The stabilit y condition is equiv alen t to asking that the second v ariation of the

area functional (ev aluated at the surface in question) is p ositiv e de�nite, whic h is precisely the

condition w e need for a surface to minimize area among all nearb y comp etitors. Indeed, most

minimal surfac es ar e not ar e a minimizing , b ecause their stabilit y op erators ha v e zero (or negativ e

n um b ers) is their sp ectra.

Recall that the b ottom of the ( L

2

) sp ectrum of an op erator of the form � � q on a domain 


is giv en b y

�

1

(
) = inf

�

Z




( j D u j

2

+ q u

2

) d Area




j supp( u ) � 
 ;

Z




u

2

d Area




= 1

�

:

In 1980 Fisc her-Colbrie and Sc ho en [F CS] pro v ed the follo wing theorem.

Theorem 9 When c onsidering the op er ator � � q , the fol lowing c onditions ar e e quivalent:

� �

1

(
) � 0 for every b ounde d domain in � .

� �

1

(
) > 0 for every b ounde d domain in �

� Ther e is a p ositive function u satisfying �

�

u � q u = 0

Note that an y graph in R

3

satis�es the last prop ert y for the op erator L

�

= �

�

+ j A j

2

. Indeed,

the Jacobi �eld one obtains from v ertically translating a graph is a p ositiv e Jacobi �eld.

Using this theorem, Fisc her-Colbrie and Sc ho en then pro v ed the follo wing theorem, whic h has

Bernstein's theorem as a corollary .

Theorem 10 L et M b e a c omplete oriente d 3 -manifold with non-ne gative sc alar curvatur e and

let � � M b e an oriente d, c omplete, stable, minimal surfac e.

� If � is c omp act, then � is c onformal ly e quivalent to the standar d S

2

or a total ly ge o desic


at torus. If the sc alar curvatur e of M is strictly p ositive then � must b e a spher e.

� If � is not c omp act then � is c onformal ly e quivalent to C or the cylinder. If � is a cylinder

with �nite total curvatur e then it is 
at and total ly ge o desic. If the sc alar curvatur e of M

is strictly p ositive then � c annot b e a cylinder with �nite total curvatur e.

Another generalization is the curv ature estimate of Choi and Sc ho en [CS]. In 1985 they pro v ed

the follo wing theorem.

Theorem 11 (Choi and Sc ho en) L et M b e an n -dimensional R iemannian manifold. Ther e exist

� = � ( M ) > 0 and � = � ( M ) > 0 such that if r

0

< � and � � M is a c omp act minimal surfac e

with @ � � @ B

r

0

( x ) , 0 < � < 1 and

Z

B

r

0

( x ) \ �

j A j

2

< � �

then for 0 < � � r

0

and y 2 B

r

0

� �

( x )

�

2

j A j

2

( y ) � � :
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One should think of this theorem as sa ying that if the Gau� curv ature of a minimal surface

is small on a v erage then it has to b e small uniformly . In particular, the Gau� curv ature of a

minimal surface cannot ha v e small L

2

-norm on a disc and y et collect to b e v ery large at some

p oin ts on that disc.

App endices

A Minimal Graphs are Area Minimizing

In this section w e presen t the result that minimal graphs are actually area minimizing in quite a

strong w a y . The easiest pro of of this fact in v olv es the idea of calibrations, whic h w e will presen t

in some generalit y .

De�nition 2 L et M b e an oriente d n -dimensional R iemannian manifold. A c alibr ation on M is

a close d k -form � such that

j �

p

( e

1

; : : : ; e

k

) j � 1

for al l orthonormal sets of tangent ve ctors e

1

; : : : ; e

k

in T

p

M , for al l p oints p 2 M . In addition,

a submanifold � � M is c alibr ate d by � if

� j

T �

= d V ol

�

:

Notice that an equiv alen t w a y to sa y that � is a calibration is to sa y that j �

p

( V ) j � d V ol

V

for an y

orien ted k -plane V in T

p

M . Also notice that if � is non v anishing then calibrated submanifolds

are automatically orien ted.

The �rst example of a calibration is the form � = dx

1

^ � � � ^ dx

k

on R

n

. Then calibrated

submanifolds are horizon tal k -planes (with the correct orien tation).

The k ey fact ab out compact calibrated submanifolds (with or without b oundary) is that they

are area minimizing in their homology class. Indeed, let � b e a compact calibrated submanifold

and

~

� b e another compact submanifold in the same homology class (so in particular @ � = @

~

�).

Then

V ol(�) =

Z

�

d V ol

�

=

Z

�

� =

Z

~

�

� �

Z

~

�

d V ol

~

�

= V ol(

~

�) :

The second equalit y uses the fact that � is calibrated b y � , the fourth uses the fact that � and

~

� are homologous and the �fth uses the fact that � is a calibration.

Let u : 
 ! R b e a solution to the minimal surface equation on some domain 
 � R

2

. T o

sho w that �

u

, the graph of u , is area minimizing among all homologous surface with the same

b oundary one only need to c hec k that

!

u

= (1 + j D u j

2

)

�

1

2

( dx

1

^ dx

2

� u

1

dx

2

^ dx

3

� u

2

dx

3

^ dx

1

)

is a calibration with �

u

as a calibrated submanifold. Chec king that �

u

is calibrated b y !

u

is

m uc h easier once one observ es that

!

u

( U; V ) = det( U; V ; �

�

u

)

for an y pair of v ectors U; V in R

3

.

B Hopf 's Theorem

Are all immersed closed C

3

surfaces of constan t mean curv ature in Euclidean space round spheres?

All the evidence w as p ositiv e for a long time. In 1900, Liebman sho w ed that it is true for con v ex
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surfaces. The minimizing solution of the isop erimetric v ariational problem w as kno wn to b e the

round sphere to Steiner in 1836, but he didn't pro v e compactness of the minimizing sequence.

P erron p oin ted out the 
a w and H. Sc h w artz ga v e the �rst rigorous pro of in 1884. F or not

necessarily minimizing closed CMC surfaces, some called this H. Hopf 's conjecture since Hopf

p ondered the question and sho w ed that it is true assuming that the surface is top ologically a

sphere in 1950. W e describ e Hopf 's argumen t follo wing ([Ho]), whic h in v olv es a bit of complex

analysis. A. D. Alexandro v pro v ed that an y em b edded CMC surface has to b e the round sphere

in 1958. His re
ection tec hnique is an imp ortan t metho d to pro v e man y uniqueness results in

PDE and geometry . A go o d source for v arious pro ofs of this and man y related results is Huc k,

et.al. [HRSV].

H. Hopf 's question w as resolv ed in the negativ e b y H. W en te in 1986. He found a CMC

immersed torus b y solving an elliptic problem and pro ving that the resulting solution forms a

closed surface.

Let X : � ! R

3

b e a CMC immersion of a closed surface �. It turns out that for H constan t,

� = e

2 �

( A

11

� A

22

� 2 iA

12

)

is a holomorphic function on

�

B . W e will not pro v e this fact; see [Ho] for a pro of. Actually

the holomorphic quadratic di�eren tial � dz

2

is a globally de�ned ob ject on � called the Hopf

di�eren tial.

The Hopf di�eren tial v anishes if and only if A

11

= A

22

and A

12

= 0, in other w ords when the

surface is um bilic.

Theorem 12 (H. Hopf 's Theorem) L et X : S

2

! R

3

b e a C

2

immersion with c onstant me an

curvatur e. The X ( S

2

) is the r ound spher e.

Pro of : The existence of isothermal co ordinates allo ws us to view the parameter sphere as a

Riemann surface. The Hopf di�eren tial is a quadratic holomorphic di�eren tial on the sphere,

hence iden tically zero, b y Lemma 13. Hence X ( S

2

) is totally um bilic, and th us a sphere ([G],

p.218.) 2

W e sho w that quadratic holomorphic di�eren tials v anish on the sphere. A di�eren t argumen t

ma y b e constructed b y considering the line �eld of imaginary directions whic h w ould exist if the

Hopf di�eren tial didn't v anish. The existence of suc h a line �eld w ould lead to a top ological

con tradiction [Ho], [HRSV ].

Lemma 13 [Ho ] On a c omp act R iemann surfac e S of genus zer o ther e ar e no holomorphic

quadr atic di�er entials � = � dw

2

other than the trivial one � � 0 .

Pro of : By the uniformization theory of Riemann surfaces, there is only one conformal t yp e of

a compact Riemann surface of gen us zero. Th us, after a conformal reparameterization w e ma y

assume S is co v ered b y t w o isothermal co ordinate c harts giv en b y t w o copies of C , sa y z 2 C and

w 2 C . The transition function for z 2 C nf 0 g ! C nf 0 g is giv en b y w = 1 =z . The quadratic

di�eren tial is therefore giv en as � = � dw

2

= 	 dz

2

where �( w ) and 	( z ) are en tire functions.

The transformation rule is

�( w ) = �( w ( z ))

�

dz

dw

�

2

=

	( z )

w

4

= 	( z ) z

4

:

No w Since 	( z ) is regular near z = 0 so �( 1 ) = 0 and �( w ) is b ounded. Therefore, b y Liouville's

Theorem, � � 0. 2

C Some recen t dev elopmen ts

In this section w e will men tion some of the more imp ortan t recen t dev elopmen ts. This list re
ects

the biases of the authors and is not mean t to b e an ywhere near complete. W e ap ologize in adv ance

to those whose recen t w ork w e ha v e not men tioned b elo w.
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First, Colding and Minicozzi ha v e greatly generalized the Choi and Sc ho en result. The main

part of their w ork (so far) has b een an understanding of ho w a sequence of minimal surfaces in

R

3

can degenerate. T o consider some to y mo dels for ho w this degeneration can o ccur, think of

rescaling a catenoid or a helicoid. Roughly stated, their w ork sa ys that if j A j is large at a p oin t

on the surface then it m ust lo ok something lik e a helicoid. See [CM2] and [CM3] for more details.

Using the Colding-Minicozzi curv ature estimates, Meeks and Rosen b erg ha v e recen tly pro v ed

the follo wing theorem (see [MR ]).

Theorem 14 A simply c onne cte d, c omplete, nonc omp act minimal without b oundary in R

3

is

either a 
at plane or a helic oid.

They ha v e some extensions of this theorem, whic h is still w ork in progress. Meeks, P � erez and Ros

ha v e also dev elop ed some uniqueness theorems regarding Riemann's minimal surface, see [P].

It is a classical result that an y em b edded minimal surface is � � R

3

has a cousin minimal

surface

~

� � R

3

(not necessarily em b edded) whic h is isometric to �. Geometrically , one can

obtain

~

� from � b y rotating the v ectors of eac h tangen t plane of � b y � = 2 in that tangen t

plane. In [Kar ] Karc her explored the relationship b et w een mean curv ature 1 surfaces in R

3

and

minimal surfaces in S

3

. Roughly sp eaking, the corresp ondence is the same as the classical one

for minimal surfaces (i.e. one can obtain one surface from the other b y rotating the tangen t

v ectors in their tangen t planes), but one needs to �rst mak e sense of that in S

3

. Using these

metho ds, Gro�e-Brauc kmann in [GB1] created new examples of mean curv ature 1 surfaces in R

3

.

Later Gro�e-Brauc kmann, Kusner and Sulliv an [GKS] used this tec hnique to classify all gen us

zero, three ended CMC surfaces in R

3

. Their result states that the mo duli space of suc h surfaces

(iden tifying congruen t surfaces) is the space of distinct triples of p oin ts on S

2

, mo dulo rotations.

Also, Cos � �n and Ros [CR] used the same tec hniques to classify prop erly immersed gen us zero

minimal surfaces of �nite total curv ature in R

3

. These surfaces turn out o b e classi�ed b y planar

p olygons whic h are the b oundary of an immersed disc. Gro�e-Brauc kmann wrote a nice surv ey

of these dev elopmen ts in [GB2 ].

Related to the classi�cation results for CMC surfaces, the searc h for explicit examples con-

tin ues. In a series of pap ers, Mazzeo, P acard and P ollac k construct man y new CMC surfaces

b y gluing together kno wn examples. In some sense, these kinds of constructions go bac k to

Kap ouleas [Kap], but the tec hniques of Mazzeo, P acard and P ollac k are new. In [MP] Mazzeo

and P acard construct CMC surfaces of gen us zero and with arbitrarily man y ends b y attac hing

Delauna y ends on to a cen tral core. In [MPP1 ] Mazzeo, P acard and P ollac k sho w that under cer-

tain conditions one can p erform the connected sum construction in the CMC category . In other

w ords, giv en t w o compact em b edded CMC surfaces with b oundary �

1

and �

2

�rst arrange them

so that they ha v e �rst order con tact at a p oin t, with their tangen t planes orien ted opp ositely .

Then one can �nd a one-parameter family of em b edded CMC surfaces �

�

suc h that a w a y from

the con tact p oin t �

�

con v erges to �

1

\ �

2

uniformly on compact sets. In [MPP2 ] Mazzeo, P acard

and P ollac k sho w that one can attac h a Delauna y end on to an y p oin t of a CMC surface. Using

this construction of adding an end to a CMC surface, they explore the top ology of the mo duli

space of CMC surfaces with �xed top ological t yp e. In particular, they sho w that (for k > 3 ends)

these mo duli spaces are not simply connected and that (in the gen us 0, k > 3 ends case) ev ery

conformal t yp e of a �nitely punctured sphere realized as a CMC surface. In related w ork, Kusner

(to app ear) has c haracterized the w a ys whic h a sequence of constan t mean curv ature surfaces in

R

3

can degenerate.
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