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Abstract

Let G be a connected, semisimple Lie group with finite center and let K be a
maximal compact subgroup. We investigate a method to compute multiplicities of
K-types in the discrete series using a rational expression for a generating function
obtained from Blattner’s formula. This expression involves a product with a char-
acter of an irreducible finite dimensional representation of K and is valid for any
discrete series system. Other results include a new proof of a symmetry of Blattner’s
formula, and a positivity result for certain low rank examples. We consider in detail
the situation for G of type split G2. The motivation for this work came from an
attempt to understand pictures coming from Blattner’s formula, some of which we
include in the paper.

1 Introduction

In [7], a proof of a formula for the restriction of a discrete series representation
(see [6]) of a connected, linear, semisimple Lie group to a maximal compact
subgroup is given. This formula was first conjectured by Blattner. We recall
the formula and its context briefly, from the point of view of root system
combinatorics.

Throughout the paper, g denotes a semisimple Lie algebra over C with a
fixed Cartan subalgebra h. Let Φ := Φ(g, h) denote the corresponding root
system with Weyl group Wg. Choose a set, Φ+, of positive roots and let Π :=
{α1, · · · , αr} ⊆ Φ be the simple roots. Let Φ− = −Φ+.
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We assume that there exists a function θ : Φ → Z2 such that if γ1, γ2 ∈ Φ and
γ1+γ2 ∈ Φ then θ(γ1+γ2) = θ(γ1)+ θ(γ2). This map provides a Z2-gradation
on Φ. We set:

Φc := {γ ∈ Φ|θ(γ) = 0},
Φnc := {γ ∈ Φ|θ(γ) = 1}.

Given α ∈ Φ, set gα = {X ∈ g | [H,X] = α(H)X ∀H ∈ h}. Let k :=
h ⊕ ∑

α∈Φc
gα and p :=

∑
α∈Φnc

gα. Then, k will be a reductive symmetric
subalgebra of g with g = k ⊕ p the corresponding Cartan decomposition of g.
As defined, h is a Cartan subalgebra for k so rank k = rank g. Each equal rank
symmetric pair corresponds to at least one Z2-gradation in this manner, and
conversely.

We shall refer to the elements of Φc (resp. Φnc) as compact (resp. noncompact).
The compact roots are a sub-root system of Φ. Let Φ+

c := Φ+ ∩ Φc, Φ
+
nc :=

Φ+ ∩ Φnc, Πc := Π ∩ Φc, and Πnc := Π ∩ Φnc. Set ρg := ρc + ρnc where
ρc := 1

2

∑
α∈Φ+

c
α and ρnc = 1

2

∑
α∈Φ+

nc
α. If there is no subscript, we mean

ρ = ρc.

We remark that the Z2-gradation θ is determined by its restriction to Π.
Furthermore, to any set partition Π = Π1

⊎
Π2 there exists a unique Z2-

gradation on Φ such that Πc = Π1 and Πnc = Π2.

We denote the Killing form on g by (, ), which restricts to a nondegenerate
form on h. Using this form we may define ι : h → h∗ by ι(X)(−) = (X,−)
(X ∈ h), which allows us to identify h with h∗. Under this identification, we
have ι(Hα) =

2α
(α,α)

=: α∨, where Hα ∈ h is the simple coroot corresponding to
α ∈ Π.

For each α ∈ Φ, set sα(ξ) = ξ − (ξ, α∨)α (for ξ ∈ h∗) to be the reflection
through the hyperplane defined by α∨. For αi ∈ Π, let si := sαi

, be the simple
reflection defined by αi. Define Πk to be the set of simple roots in Φ+

c and
let Wk denote the Weyl group generated the reflections defined by Πk. Let
Wc = 〈sα|α ∈ Πc〉 be the parabolic subgroup of Wg defined by the compact
simple g-roots. Note that Wc ⊆ Wk, but we do not have equality in general.
For w ∈ Wk, set �(w) := |w(Φ+

c )∩Φ−
c |. Note that there is also a length function

on Wg (denoted �g) but � refers to Wk.

A weight ξ ∈ h∗ is said to be k-dominant (resp. g-dominant) if (ξ, α) ≥ 0
for all α ∈ Πk (resp α ∈ Π). A weight ξ ∈ h∗ is g-regular (resp. k-regular) if
(ξ, α) �= 0 for all α ∈ Φ (resp. α ∈ Φc). The integral weight lattice for g is
denoted by the set P (g) = {ξ ∈ h∗|(ξ, α∨) ∈ Z for all α ∈ Πg}. Similarly we
let P (k) denote the abelian group of integral weights for k corresponding to
Πk. Let the set of k- and g-dominant integral weights be denoted by P+(k) and
P+(g) respectively. To each element δ ∈ P+(k) (resp. P+(g)), let Lk(δ) (resp.
Lg(δ)) denote the finite dimensional representation of k (resp. g) with highest
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weight δ.

Next, let Q : P (k) → N denote the Φ+
nc-partition function. That is, if ξ ∈ P (k)

then Q(ξ) is the number of ways of writing ξ as a sum of noncompact positive
roots. Put another way: there exists an algebraic torus, T , such that to each
µ ∈ P (k) there corresponds a linear character of T , denoted eµ, with differential
µ. Thus, Q defines the coefficients of the product:

∑
ξ∈h∗

Q(ξ)eξ =
∏

γ∈Φ+
nc

(1− eγ)−1.

Finally, we define the Blattner formula. For δ, µ ∈ P (k),

B(δ, µ) :=
∑

w∈Wk

(−1)�(w)Q(w(δ + ρ)− ρ− µ).

It is convenient to introduce the notation w.ξ = w(ξ + ρ)− ρ for w ∈ Wk and
ξ ∈ h∗. It is easy to see that B(v.δ, µ) = (−1)�(v)B(δ, µ). Since for all δ ∈ P (k)
there exists v ∈ Wk such that v.δ ∈ P+(k), we will assume that δ ∈ P+(k).

Historically, Blattner’s formula arises out of the study of the discrete series
and its generalizations (see [1–3, 5–7,10–13]).

Theorem 1.1 (See [7]). Assume λ = λ(µ) := µ − ρnc + ρc is g-dominant
and g-regular. Then, B(δ, µ) is the multiplicity of the finite dimensional k-
representation, Lk(δ), in the discrete series representation of G with Harish-
Chandra parameter λ.

In this paper, we do not impose the g-dominant regular condition on λ(µ).
This is natural from the point of view of representation theory as it is related
to the coherent continuation of the discrete series (see [10], [11] and [14]).

From our point of view, the goal is to understand the Blattner formula in
as combinatorial fashion as possible. Thus it is convenient to introduce the
following generating function:

Definition: For δ ∈ P+(k) we define the formal series:

b(δ) :=
∑
µ∈h∗

B(δ, µ)eµ.
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The main result of this paper is Proposition 2.1 of Section 2, which states: For
δ ∈ P+(k),

b(δ) = chLk(δ)

∏
γ∈Φ+

c
(1− e−γ)

∏
γ∈Φ+

nc
(1− e−γ)

,

where chLk(δ) denotes the character of Lk(δ).

Of particular interest are the cases where Πc �= ∅, which we address in Section
3. From the point of view of representation theory these include, for exam-
ple, the holomorphic and Borel-de Siebenthal discrete series (see [7]). More
recently, the latter has been addressed in [5].

The Blattner formula for the case of Πc = ∅ is often particularly difficult to
compute explicitly when compared to, say, the cases corresponding to holo-
morphic discrete series. The Πc = ∅ case corresponds to the generic discrete
series of the corresponding real semisimple Lie group. In Section 4 we explore
this situation in some detail for the Lie algebra G2.

Finally, in light of Theorem 1.1 one may observe that if δ ∈ P+(k) and λ(µ) is
g-dominant regular then B(δ, µ) ≥ 0. Our goal is to investigate the positivity
of Blattner’s formula using combinatorial methods. Of particular interest is
the positivity when we relax the g-dominance condition on λ(µ). Some results
in this direction are suggested by the recent work of Penkov and the second
author (see [9]).

In Section 3 we prove the existence of a skew symmetry of Blattner’s formula
that exists whenever Πc �= ∅. Thus, the condition that Πc = ∅ is necessary for
B(δ, µ) ≥ 0 for all δ ∈ P+(k) and µ ∈ P (k). In the situation where Πc = ∅ we
introduce the following:

Definition: We say that a semisimple Lie algebra is b-positive if the Blattner
formula corresponding to the Z2-gradation with Πc = ∅ has the property that:

B(δ, µ) ≥ 0 for all δ ∈ P+(k) and µ ∈ P (k).

The terminology stems from the fact that a simple Lie algebra is b-positive
if and only if the coefficients of b(δ) are non-negative for all δ ∈ P+(k). Since
the character of Lk(δ) can be written as a non-negative integer combination of
characters of T , we have that b(δ) has non-negative integer coefficients if b(0)
does. Thus the question of b-positivity reduces to the case of δ = 0. In Section
5, it is shown that the only b-positive simple Lie algebras are of type A1, A2,
A3, B2, C3, D4 and G2. We prove this result by examining the coefficients of
b(0).
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2 Proof of the Main Result

Proposition 2.1. For δ ∈ P+(k),

b(δ) = ch Lk(δ)

∏
γ∈Φ+

c
(1− e−γ)

∏
γ∈Φ+

nc
(1− e−γ)

,

where ch Lk(δ) denotes the character of Lk(δ).

Proof. From the definition of Blattner’s formula we have:

b(δ) =
∑
µ∈h∗

∑
w∈Wk

(−1)�(w)Q(w(δ + ρ)− ρ− µ)eµ.

First we make the substitution, µ = w(δ+ ρ)− ρ− ξ, and reorganize the sum:

b(δ)=
∑

w∈Wk

(−1)�(w)
∑
µ∈h∗

Q(ξ)ew(δ+ρ)−ρ−ξ

=
∑

w∈Wk

(−1)�(w)ew(δ+ρ)−ρ
∑
µ∈h∗

Q(ξ)e−ξ

=

∑
w∈Wk

(−1)�(w)ew(δ+ρ)−ρ

∏
γ∈Φ+

nc
(1− e−γ)

=

∑
w∈Wk

(−1)�(w)ew(δ+ρ)−ρ

∏
γ∈Φ+

c
(1− e−γ)

∏
γ∈Φ+

c
(1− e−γ)

∏
γ∈Φ+

nc
(1− e−γ)

.

As is well known, the character may be expressed using Weyl’s formula (see
[4, 8]) as in the following:

ch Lk(δ) =

∑
w∈Wk

(−1)�(w)ew(δ+ρ)−ρ

∏
γ∈Φ+

c
(1− e−γ)

.

The result allows us to compute the Blattner formula as follows:

∑
µ∈h∗

B(δ, µ)eµ = chLk(δ)
∑
ν∈h∗

B(0, ν)eν .

Let chLk(δ) =
∑

γ∈h∗ mγe
γ and we obtain:

∑
µ∈h∗

B(δ, µ)eµ =
∑

γ,ν∈h∗
mγB(0, ν)eγ+ν .
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Thus for δ ∈ P+(k) and µ ∈ P (k) we have

B(δ, µ) =
∑

γ∈P (k)

mγB(0, µ− γ).

Note that the numbers mγ are weight multiplicities for the representation
Lk(δ).

3 (Skew-)Symmetries of Blattner’s Formula

The main result of this section is:

Proposition 3.1. For v ∈ Wc:

B(δ, µ) = B(δ, v.µ) if �(v) is even,

B(δ, µ) = −B(δ, v.µ) if �(v) is odd.

Although this is well known to experts, we include our proof as it requires
very little technical machinery.

Definition: For w ∈ Wg and ξ ∈ h∗ let Qw(ξ) := Q(w−1ξ).

Lemma 3.1. If w(Φ+
nc) = Φ+

nc then Qw = Q.

Proof. It is enough to show

∑
ξ∈h∗

Qw(ξ)e
ξ =

∑
ξ∈h∗

Q(ξ)eξ,

which follows from the following calculation:

∑
ξ Qw(ξ)e

ξ =
∑

ξ Q(ξ)ew(ξ) = w
(∑

ξ Q(ξ)eξ
)

= w
(∏

α∈Φ+
nc
(1− eα)−1

)
=

∏
α∈Φ+

nc

(
1− ew(α)

)−1

=
∏

w−1(α)∈Φ+
nc
(1− eα)−1 =

∏
α∈w(Φ+

nc)
(1− eα)−1 .

Lemma 3.2. For all w ∈ Wc, w(Φ
+
nc) = Φ+

nc.

Proof. Note that Wc is the Weyl group of a reductive Levi factor l of a
parabolic subalgebra q ⊆ g. We have a generalized triangular decomposition
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g = u− ⊕ l ⊕ u+ with q = l ⊕ u+. The noncompact root spaces contained in
u+ are positive. Furthermore, all noncompact positive roots spaces are con-
tained in u+ because l ⊆ k. The Lie algebra u+ is an l-module and therefore
the weights are preserved by Wc. It is this fact that implies that Wc takes
positive noncompact roots to positive roots. We now need to show that Wc

takes noncompact roots to noncompact roots.

For roots β ∈ Φnc and α ∈ Φc, we have the formula

sα(β) = β − 2(α, β)

(α, α)
α

with 2(α,β)
(α,α)

an integer. Thus, the reflection of a noncompact root across a
hyperplane defined by a compact root is noncompact. The reflections generate
Wc.

We now prove the main proposition of this section.

Proof of Proposition 3.1. Let v ∈ Wc:

B(δ, µ) =
∑

w∈Wk

(−1)�(w)Q(w.δ − µ) =
∑

w∈v(Wk)

(−1)�(v
−1w)Q((v−1w).δ − µ).

By definition, �(v) = �(v−1). Combining this with the definition of the “dot”
action we obtain:

B(δ, µ)= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q(v−1w(δ + ρ)− ρ− µ)

= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q
(
v

(
v−1w(δ + ρ)− ρ− µ

))
.

Next, we use the fact that Q = Qv−1 using Lemmas 3.1 and 3.2. The rest is a
calculation.

B(δ, µ)= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q (w(δ + ρ)− v(µ+ ρ))

= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q (w(δ + ρ)− ρ− v(µ+ ρ) + ρ)

= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q (w(δ + ρ)− ρ− (v(µ+ ρ)− ρ))

= (−1)�(v)
∑

w∈Wk

(−1)�(w)Q (w.δ − v.µ) = (−1)�(v)B(δ, v.µ).
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4 The case of G2

The following is a complete calculation of b(0) for the case of the Lie algebra
g := G2 when Πc = ∅. Let α and β be a choice of noncompact simple roots for
G2 with α long and β short. The compact positive roots are Φ+

c = {α+β, α+
3β}, while the noncompact positive roots are Φ+

nc = {α, β, α + 2β, 2α + 3β}.
Denote the Φ+

nc-partition function by Q : h∗ → Z. We have:

q :=
∑
ξ∈h∗

Q(ξ)e−ξ =
∏

γ∈Φ+
nc

(1− e−γ)−1.

Let x = e−α and y = e−β. Thus,

q =
1

(1− x)(1− y)(1− xy2)(1− x2y3)
.

Let the simple reflection corresponding to α (resp. β) be s1 (resp. s2). We have
four terms in Blattner’s formula for δ = 0:

B(0, µ) = Q(−µ)−Q(s1ρ− ρ− µ)−Q(s2ρ− ρ− µ) +Q(s1s2ρ− ρ− µ),

and our goal will be to close the sum b(0) :=
∑

µ∈h∗ B(0, µ)eµ. We will do this
by multiplying by eµ and summing over µ for each of the four terms. Observe
that: ∑

ξ∈h∗
Q(ξ)e−ξ =

∑
ξ∈h∗

Q(−ξ)eξ.

Thus, q =
∑

ξ∈h∗ Q(−ξ)eξ. Next consider the sum:

T1 :=
∑
ξ∈h∗

Q(s1ρ− ρ− ξ)eξ.

We make the substitution −µ = s1ρ− ρ− ξ so that the above sum becomes:

∑
µ∈h∗

Q(−µ)es1ρ−ρ+µ = es1ρ−ρ
∑
µ∈h∗

Q(−µ)eµ.

Thus the above sum is equal to es1ρ−ρq, which we denote by T1. Similarly,
we set T3 := es2ρ−ρq and T3 := es1s2ρ−ρq, and T0 := q. Thus, b(0) =
T0 − T1 −T2 + T3.

Now we write the above in terms of x and y. Note that ρ = α + 2β, s1ρ = β,
s2ρ = −β, and from these we can easily see:

es1ρ−ρ = xy, es2ρ−ρ = xy3, and es1s2ρ−ρ = x2y4.
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Putting everything together we see b(0) = (1−xy)(1−xy3)q. Or equivalently,
if µ = −kα − �β then the value of B(0, µ) is the coefficient of xky� in:

b(0)=
(1− xy)(1− xy3)

(1− x)(1− y)(1− xy2)(1− x2y3)

=
1

(1− x)(1− xy2)
+

y

(1− y)(1− x2y3)
.

Note that in the latter expression, it is clear that the coefficients in the series
are positive. The positivity of the coefficients of b(δ) follows from the positivity
of the coefficients of b(0). The question of positivity for a general semisimple
Lie algebra will be addressed in Section 5.

It is important to note that as we change Πc, the value of b(0) changes as
well. For example, when Πc = {β},

b(0)=
(1− y)(1− x2y3)

(1− x)(1− xy)(1− xy2)(1− xy3)

=
1

(1− x)(1− xy2)
− y

(1− xy)(1− y3x)
,

which we can easily see does not have non-negative integer coefficients. We
leave it as an exercise to the reader to compute b(0) when Πc = {α}.

The generating functions for other δ involve multiplying the above product by
a polynomial in x± 1

2 , y±
1
2 that represents the character of the corresponding

irreducible finite dimensional representation of k = so4.

One can plot the coefficients of this formal series, as we do next. In all pictures
we have labeled the scale on the axes and normalized the short root (β) to
have length 1 and be positioned at 3 o’clock. The long root α is at 10 o’clock.

The first two images (Figures 1 and 2) are for the case with Πc = ∅
(generic) and correspond to δ = 0 and δ the highest weight of the standard
4-dimensional representation of so4. We also display the same two δ’s in the
case when Πc = {β} (Borel-de Siebenthal) in Figures 3 and 4. These latter
two figures clearly display a skew-symmetry addressed Section 3.
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Figure 1: Coefficients of b(0) when Πc = ∅.
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Figure 3: Coefficients of b(0) when Πc = {β}.
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Figure 4: b(δ) for Lso4
(δ) the standard rep. (Πc = {β})
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5 b-positive simple Lie algebras

We have the following:

Proposition 5.1. The only b-positive simple Lie algebras are of type A1, A2,
A3, B2, C3, D4 and G2.

To prove the proposition we use the following lemma to exclude the other
cases.

Lemma 5.1. Let l be the semisimple Levi factor of a parabolic subalgebra of
g. If g is b-positive then l is also b-positive.

Proof. It is a consequence of the main proposition that for any rank r simple
Lie algebra g we may express b(0) as a rational function in x1, · · · , xr where
xi = e−αi (recall that αi is the i

th-simple root for g). For any j, if we set xj = 0
in b(0) then the resulting expression is b(0) for a semisimple subalgebra of
g. It is not hard to see that this subalgebra is the Levi factor of the maximal
parabolic of g corresponding to αj. More generally, let S ⊆ Π. If we set
xi = 0 in b(0) for all αi ∈ S then the resulting expression is b(0) for the Levi
subalgebra, lS, of the corresponding parabolic. Note that the terms in the
series expansion for b(0) for lS are also terms in the series expansion of b(0)
for g. Thus a negative coefficient in the former implies a negative coefficient
in the latter.

The proof of Proposition 5.1 involves a cases-by-case analysis using the main
proposition expressing b(0) as a product, Lemma 5.1 and the computer algebra
package, MAPLE. Recall that the b-positivity of G2 was proved in Section 4.

5.1 Type A

For sl2, we have: b(0) = 1
1−x1

. For sl3:

b(0) =
1− x1 x2

(1− x1) (1− x2)
= 1 +

x1

1− x1

+
x2

1− x2

.

And for sl4:

b(0)=
(1− x1 x2) (1− x2 x3)

(1− x1) (1− x2) (1− x3) (1− x1 x2 x3)

=
1

(1− x3) (1− x1)
+

x2

(1− x2) (1− x1 x2 x3)
.
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The partial fraction on the right of each of these examples establishes that the
coefficients are indeed positive. Next we consider sl5 where we have a negative
result. First we note:

b(0) =
(1− x1 x2) (1− x2 x3) (1− x3 x4) (1− x1 x2 x3 x4)

(1− x1) (1− x2) (1− x3) (1− x4) (1− x1 x2 x3) (1− x2 x3 x4)
,

for sl5. We expand in a formal power series and observe that the coefficient of
x1x

2
2x

2
3x4 is −1. This means that b-positivity fails for this example. We then

also see failure of b-positivity for any simple Lie algebra which has A4 as a
Levi factor of a parabolic. Thus, we exclude all higher rank type A examples
as well as Bn (n ≥ 5), Cn (n ≥ 5), Dn (n ≥ 5), E6, E7 and E8.

5.2 Type B

We only need to examine so5 and so7. For so5 we have:

b(0)=
1− x1 x2

(1− x1) (1− x2) (1− x1 x2
2)

=
1

(1− x2
2) (1− x1)

+
x2

(1− x2
2) (1− x1 x2

2)
.

Thus the coefficients of the series expansion are non-negative.

Now consider so7:

b(0) =
(1− x1 x2) (1− x2 x3) (1− x1 x2 x3

2)

(1− x1) (1− x2) (1− x3) (1− x1 x2 x3) (1− x2 x3
2) (1− x1 x2

2 x3
2)
.

Upon expansion we see that the coefficient of x2
1x

3
2x

3
3 is −1. Thus, we may

exclude this and higher rank type B examples as they have B3 as the Levi
factor of a parabolic. In particular, we may exclude B4, which is the only type
B example that has not been excluded yet. We also may exclude F4 for the
same reason.

5.3 Type C

We must examine b(0) for sp6 and sp8 as these are the only examples not yet
addressed. For sp6 (ie: C3), we have:

b(0) =
(1− x1 x2) (1− x2 x3) (1− x1 x2

2 x3)

(1− x1) (1− x2) (1− x3) (1− x1 x2 x3) (1− x2
2 x3) (1− x1

2 x2
2 x3)

.

13



The coefficients are positive as the above expression is equal to:

1

(1− x1) (1− x2
2 x3)

+
x1 x3

(1− x1) (1− x3) (1− x1
2 x2

2 x3)
+

x1
2 x2

3 x3
2

(1− x2
2 x3) (1− x1

2 x2
2 x3) (1− x1 x2 x3)

+

x3

(1− x2
2 x3) (1− x1

2 x2
2 x3) (1− x3)

+

x2

(1− x2
2 x3) (1− x1

2 x2
2 x3) (1− x2)

.

However, we do not have b-positivity for sp8, as we see −1 as the coefficient
of x1x

3
2x

3
3x

2
4 in b(0) = NUM

DEN
where:

NUM := (1 − x1 x2) (1 − x2 x3) (1 − x3 x4) (1 − x1 x2 x3 x4)
(1 − x2 x3

2 x4) (1 − x1 x2
2 x3

2 x4), and

DEN := (1 − x1) (1 − x2) (1 − x3) (1 − x4) (1 − x1 x2 x3) (1 − x2 x3 x4)
(1 − x3

2 x4)(1 − x1 x2 x3
2 x4) (1 − x2

2 x3
2 x4) (1 − x1

2 x2
2 x3

2 x4).

5.4 Type D

The only case left is so8, where we have b(0) = NUM
DEN

where

NUM = (1 − x1 x2) (1 − x2 x3) (1 − x2 x4) (1 − x1 x2 x3 x4), and

DEN = (1 − x1) (1 − x2) (1 − x3) (1 − x4) (1 − x1 x2 x3) (1 − x1 x2 x4)
(1 − x2 x3 x4) (1 − x1 x2

2 x3 x4)

We see that

b(0)=
1

(1− x1 x2
2 x3 x4) (1− x1) (1− x3) (1− x4)

+

x2

(1− x1 x2 x4) (1− x2) (1− x2 x3 x4) (1− x1 x2 x3)
.
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Thus the coefficients of the series expansion are non-negative integers.

References

[1] Thomas J. Enright, On the fundamental series of a real semisimple Lie algebra:
their irreducibility, resolutions and multiplicity formulae, Ann. of Math. (2)
110 (1979), 1–82.

[2] Thomas J. Enright and V. S. Varadarajan, On an infinitesimal characterization
of the discrete series, Ann. of Math. (2) 102 (1975), 1–15.

[3] Thomas J. Enright and Nolan R. Wallach, The fundamental series of represen-
tations of a real semisimple Lie algebra, Acta Math. 140 (1978), 1–32.

[4] R. Goodman and N.R. Wallach, Representations and invariants of the classical
groups, Cambridge University Press, Cambridge, 1998, ISBN 0-521-58273-3.

[5] B. Gross and N. Wallach, Restriction of small discrete series representations
to symmetric subgroups (2000), 255–272.

[6] Harish-Chandra, Discrete series for semisimple Lie groups. II. Explicit deter-
mination of the characters, Acta Math. 116 (1966), 1–111.

[7] Henryk Hecht and Wilfried Schmid, A proof of Blattner’s conjecture, Invent.
Math. 31 (1975), 129–154.

[8] Anthony W. Knapp, Lie groups beyond an introduction, Second, Progress in
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