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Abstract

Let g be a reductive Lie algebra over an algebraically closed field of characteristic
zero, and let € be a subalgebra reductive in g. We prove that g admits an irreducible
(g, ©)-module M which has finite ¢-multiplicities and which is not a (g, €' )-module for
any proper inclusion of reductive subalgebras ¢ C ¥ C g if and only if € contains
its centralizer in g. The main point of the proof is a geometric construction of (g, £)-
modules which is analogous to cohomological induction. For g = gl(n) we show that
whenever ¥ contains its centralizer, there is an irreducible (g, €)-module M of finite
type over ¥ such that ¥ coincides with the subalgebra of all g € g which act locally
finitely on M. Finally, for a root subalgebra t C gl(n), we describe all possibilities
for the subalgebra | O € of all elements acting locally finitely on some M.

1. Introduction

Let g be a reductive Lie algebra over an algebraically closed field of characteristic
zero, and let € C g be a subalgebra reductive in g. In his program talk [G], I. Gelfand
introduced the notion of a (g, £)-module with finite £-multiplicities. This paper fo-
cuses on a new notion relevant to Gelfand’s program: we call ¥ primal if g admits an
irreducible (g, €)-module with finite &-multiplicities which is not a (g, €¢)-module for
any proper inclusion of reductive subalgebras ¢ C ¥ C g. Our central result is that € is
primal if and only if £ contains its centralizer in g or, equivalently, if and only if £ is a
direct sum of a semisimple subalgebra ¢ in g and a Cartan subalgebra of the central-
izer C(¥') in g. This provides a complete description of all primal subalgebras, as the
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semisimple subalgebras of a reductive Lie algebra have been classified by E. Dynkin
[D].

Here is a brief account of our motivation. It is common wisdom that classifying
all irreducible representations of a reductive Lie algebra g is not a well-posed problem.
In contrast with that, classifying irreducible representations with natural finiteness
properties has remained a core problem in representation theory since the work of
E. Cartan and H. Weyl. A landmark success has been the celebrated classification of
irreducible Harish-Chandra modules (see [V, Chapter 6], [KV, Chapter 11]). The case
of (G», s1(3))-modules has been considered by P. Kekildinen in [Ke] and by G. Savin
in [S]. In 1998 O. Mathieu [M] (following up on work of S. Fernando and others)
obtained a very important different classification: that of irreducible weight modules
with finite-dimensional weight spaces.

In [PS] it was noticed that both classifications, those of irreducible Harish-
Chandra modules and those of irreducible weight modules, are particular cases of the
problem of classifying irreducible g-modules that have finite type over their Fernando-
Kac subalgebra. The Fernando-Kac subalgebra g[M] associated to an irreducible g-
module M is by definition the set of all elements in g which act locally finitely on M.
The fact that g[M] is a Lie subalgebra of g was discovered independently by S. Fer-
nando [F] and V. Kac [K]. Furthermore, M is of finite type over a given subalgebra
[ C g[M] if the multiplicity of an arbitrary fixed irreducible [-module in any (vary-
ing) finite-dimensional [-submodule of M is bounded. The subalgebra [ is called a
Fernando-Kac subalgebra of finite type if g admits an irreducible g-module M with
g[M] = [ which is of finite type over I. The problem of classifying all, not necessarily
reductive, Fernando-Kac subalgebras of finite type is of fundamental importance for
the structure theory of g-modules. In this article we classify the reductive parts of
Fernando-Kac subalgebras of finite type, as a subalgebra is primal if and only if it is
a reductive part of a Fernando-Kac subalgebra of finite type.

A short outline of the paper is as follows. In Section 3 we establish some neces-
sary (but, in general, not sufficient) conditions for a subalgebra [ C g to be a Fernando-
Kac subalgebra of finite type. We show in particular that a Fernando-Kac subalgebra
of finite type [ is algebraic and admits a natural decomposition [ = [cgPn, where [eq
is a reductive in g subalgebra that contains its centralizer and ny is a nilpotent ideal
in I. We also characterize completely all solvable Fernando-Kac subalgebras of finite
type in g. In Section 4 we fix an arbitrary algebraic subalgebra ¥, reductive in g, and
we construct irreducible (g, £)-modules M of finite type over £. The construction of
M is a Z-module version of cohomological induction: M equals the global sections
of a Z*-module supported on the preimage in G/B of K - P C G/ P for a suitable
parabolic subgroup P C G. Here G is a connected algebraic group with Lie algebra
g, and K is a connected subgroup with Lie algebra €. We next show that if £ contains
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its centralizer in g, then g[M]..q = € for some M. Therefore £ is primal if and only if
it contains its centralizer. Furthermore, as a corollary we obtain that any semisimple
subalgebra of g is the derived subalgebra of a primal subalgebra and that any subal-
gebra that is not a proper subalgebra of a maximal root subalgebra is a Fernando-Kac
subalgebra of finite type. In Section 5 we consider in more detail the case g = gl(n).
We prove that here any primal subalgebra € is itself a reductive Fernando-Kac sub-
algebra of finite type, and we also give an explicit description of all Fernando-Kac
subalgebras of finite type which contain a Cartan subalgebra.

In conclusion, for an arbitrary reductive Lie algebra g, we give a complete de-
scription of all primal subalgebras ¢ C g, and for each primal subalgebra ¢, we
construct certain “series” of irreducible (g, £)-modules of finite type over £. A direct
comparison with known results in the case of a symmetric pair (g, £) shows that the
(g, £)-modules obtained by our construction are only a part of all irreducible (g, €)-
modules. Consequently, the problem of classifying all irreducible (g, £)-modules of
finite type over an arbitrary primal subalgebra € C g is still open.

2. General preliminaries

The ground field F is algebraically closed of characteristic zero. If X is a topological
space and .% is a sheaf of abelian groups on X, then I'(.%) denotes the global sections
of Z on X.If f: X — Y is a continuous map of topological spaces, f~! denotes
the topological inverse image functor from sheaves on Y to sheaves on X. If X is
an algebraic variety, Oy stands for the structure sheaf of X, and if f: X — Y is
a morphism of algebraic varieties, f* (resp., fx) denotes the inverse image (resp.,
direct image) functor of &-modules. A multiset is defined as a map from a set Y into
Z4 U oo, where Z4 = {0, 1, 2, 3, ...}, or, more informally, as a set whose elements
have finite or infinite multiplicities.

Throughout this paper, g is a fixed reductive Lie algebra and G stands for a con-
nected algebraic group with Lie algebra g. Denote by C (I) (resp., N (I)) the centralizer
(resp., normalizer) of a subalgebra [ C g. Furthermore, U (I) stands for the universal
enveloping algebra of [, Z([) stands for the center of [, v stands for the solvable radical
of [, and n( stands for the maximal ideal in [ which acts nilpotently on g. The sign &
denotes the semidirect sum of Lie algebras, and Iy is a Levi component of [. If [ is
reductive, then [gs simply equals the derived subalgebra [, []. For a Borel subalgebra
b C g which contains a Cartan subalgebra fj, p, denotes as usual the half-sum of the
roots of b. In what follows, a root subalgebra | C g means a subalgebra containing a
Cartan subalgebra of g.

By definition, a g-module M is a (g, [)-module if [ C g[M]. M is a strict (g, [)-
module if [ = g[M]. We also need the following definition from [PS]: M is an
isotropic (g, [)-module if, for each 0 # m € M, the set of elements g € g acting
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finitely on m coincides with [. An irreducible strict (g, [)-module is automatically
isotropic.
The following statement is a reformulation of [PS, Lemma 1].

LEMMA 2.1

Let Yy be a Cartan subalgebra in g, let | D b be a solvable subalgebra, and let M
be an isotropic strict (g, [)-module of finite type over V). Then there exists a parabolic
subalgebra q C gwithg = 1+ q, q N[ = b, such that the semisimple part of q is a
direct sum of simple Lie algebras of types A and C.

3. Necessary conditions for [ to be a Fernando-Kac subalgebra of finite type

THEOREM 3.1

Let | C g be a Fernando-Kac subalgebra of finite type.

(D The Lie algebra | equals its normalizer N (I); hence | is an algebraic subalge-
bra of g.

2) There is a decomposition | = 0@ lyeq, unique up to an inner automorphism of
[, where lieq is a (maximal) subalgebra of | reductive in g.

(3)  Any irreducible (g, \)-module M of finite type over | has finite type over lieq,
and leq acts semisimply on M.

4) The equality C(leq) = Z(lreq) holds, and Z(lieq) is a Cartan subalgebra of

C([SS)‘

(®)] The subalgebra |N C(ls) is a solvable Fernando-Kac subalgebra of finite type
of C (Igs).

Proof

Let M be an irreducible strict (g, [)-module, and let My C M be an irreducible finite-
dimensional [-submodule. To prove statement (1), assume that N (I) # [. Then one can
choose x € N (I)\[ such that [x, [s] = O for a fixed Levi decomposition [ = [Dr;.
Since x ¢ [, x acts freely on any nonzero vector in M. Set

My :=Mo+x-Mo+x>-Mo+---+x"- M.

A simple calculation, using [x, lis] = 0 and [x, (] C v, shows that M, is [-invariant
and M,, /M, _ is isomorphic to My as an [-module. Therefore the multiplicity of M
in M is infinite. This is a contradiction. To show the algebraicity of [, consider the
normalizer J of [ in G. The Lie subalgebra of g corresponding to J is N ([). Hence
N(I) = [is an algebraic subalgebra of g.

Statement (2) follows from (1) via some well-known facts. For instance, [B, §5,
Cor. 1] implies that a self-normalizing subalgebra [ is splittable; that is, for y € [, the
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semisimple and nilpotent parts of y are contained in [. Proposition 7 in [B, Section
5] claims that any splittable subalgebra has a decomposition as required in statement
(2).

To prove statement (3), note first that M is a quotient of the induced module
U (g9) ®u 1y Mo. As the adjoint action of leq on U (g) is semisimple, lreq acts semisim-
ply on U(g) ®u () Mo and therefore also on M. Now note that there exists v € nf
such that

x-m=v(x)m

for any m € My and x € n(. Since the adjoint action of n; on U (g) is locally nilpotent,
we obtain that for any x € ny, x — v(x) acts locally nilpotently on U (g) ®¢ ) Mo and
hence on M. Therefore n; acts via the character v on any irreducible [-subquotient of
M, and consequently two irreducible [-subquotients of M are isomorphic if and only
if they are isomorphic as lg-modules. This implies that M also has finite type over
lred, and statement (3) is proven.

To prove statement (4), we note that, by statement (2), any irreducible strict (g, [)-
module M has an [.g-module decomposition

M=€BM;
i

for finite-dimensional isotypic components M;. Clearly, each M is (C(lreq))-
invariant, and as it is finite-dimensional, C (Ieq) C g[M] = [. Note that C(l;eq) N [
is solvable. Consequently, since C(leq) = C(Iss) N C(Z(leq)) C I, the centralizer of
Z (Iteq) in C (I5s) is solvable. On the other hand, as C([ss) is reductive and Z (Ieq) is re-
ductive in C (Igs), the centralizer of Z (Ireq) in C (I5s) is reductive. Therefore Z (l;eq) co-
incides with its centralizer in C (Igs). This implies that C (I;eq) = C(Iss) NC(Z (Ireq)) =
Z (lteq) and that Z (Ieq) is a Cartan subalgebra of C (Is).
To show statement (5), decompose M as

M=EPW; oV,

where M; are pairwise nonisomorphic irreducible [i;-modules and V; are (C(Ig))-
modules. Then each V; is a strict isotropic (C (Iss), I N C(lss))-module of finite type
over [ N C(lgs). Furthermore, [ N C(lss) is solvable, and statement (5) follows from
Lemma 2.1. |

Statements (1) —(5) in Theorem 3.1 are necessary but not sufficient conditions for a
subalgebra [ C g to be a Fernando-Kac subalgebra of finite type (see the example in
Section 5.3). In general, the problem of a complete characterization of a Fernando-
Kac subalgebra of finite type is open. However, for a solvable [ we have the answer.
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PROPOSITION 3.2

A solvable subalgebra | C g is a Fernando-Kac subalgebra of finite type if and only if
[ = hDn, where by is a Cartan subalgebra of g and v is the nilradical of a parabolic
subalgebra of g whose simple components are all of types A and C.

Proof

Here I = 0, C(lis) = g, and Theorem 3.1(4) implies that h := [q is a Cartan
subalgebra of g. The claim of the proposition follows now immediately from [PS,
Section 3], where a criterion for [ to be a Fernando-Kac subalgebra of finite type is
established under the assumption that [ O b. O

Note that Theorem 3.1(3) and Proposition 3.2, applied to a solvable [, yield that any
strict irreducible (g, [)-module of finite type over [ is a weight module with finite-
dimensional weight spaces. Such modules are classified by O. Mathieu in [M]. More
precisely, any irreducible weight module M with finite-dimensional weight spaces
is the unique irreducible quotient of an induced module U (g) ®u )y M™, where p
is a parabolic subalgebra and M"* is the p-submodule of ny-invariants in M. The
Fernando-Kac subalgebra g[M] of M equals (g[M] N preq) Dnyp, and it is solvable if
and only if g[ M]Npreq is a Cartan subalgebra of g. (In general, g[M] N Preq is the sum
of a Cartan subalgebra and an ideal in pg.)

4. A construction of irreducible (g, £)-modules of finite type

4.1. A geometric setup

Let £ C g be an algebraic subalgebra, reductive in g and such that £ is proper in
gss- Denote by K the connected subgroup of G with Lie algebra €, and let K¢ be the
connected subgroup corresponding to €ss. By Hx we denote a fixed Cartan subgroup
of K, with Lie algebra he. Fix an element & € hg such that C(Fh) C C(he N &) and
for which the operator ad : g — ¢ has rational eigenvalues. The element / defines

the parabolic subalgebra
p=EPa. 4.1)

7>0

where g}yl is the y -eigenspace of adj, : g — g. Clearly, b := pNEis a Borel subalgebra
of ¢ containing he. Notice also that preg := g% is a maximal reductive in g subalgebra
of p. Let P be the subgroup of G corresponding to p, and let Pss C P be the connected
subgroup corresponding to a fixed Levi component pg of p. Furthermore, let B C P
be a Borel subgroup of G such that By = B N K has Lie algebra bg. Set X := G/B,
Y := G/P,and let 7 : X — Y be the natural projection. Denote by S the K -orbit of
the closed point in ¥ corresponding to P, and put V := 7 ~1(S).
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LEMMA 4.1
There is a canonical isomorphism of Ks-varieties V= S x T, where T := P /B and
the action of Kss on T is trivial.

Proof

V is a relative flag variety over S with fiber T = P/B = Pg/(Pss N B). Moreover,
V = K¢ Xk np T. To be able to conclude that the bundle V' — § is canonically
trivial, it suffices to check that the action of Kgs N P on T is trivial. The solvable
radical of P lies in B; hence the action of K¢, N P on T factors through the action of
K N Pggon T. The fact that K¢ N Py acts trivially on T follows from the inclusion

K N Pss C Z(Pss), (4.2)

where Z(G’) stands for the center of an algebraic group G’. In the rest of the proof,
we establish (4.2).
We show first that pgs N €5 = 0. By the definition of p,

hE N Ess C Pred C C(bf N Ess)~

Therefore
[7(? N Bss C Z(pred) (43)

and
Pss N Ess C C(bé N Ess) N Ess' (4-4)

Furthermore, pgs N he N &g = 0 as
Pred = Pss D Z(pred)~ 4.5)

The observation that C (he N &) N & equals the centralizer in €y of he N £, together
with (4.4), yields

Pss N Ess C C(bé N Ess) N Ess = h? N Ess C Z(pred)~

This implies pgs N (Pss N €55) = O or, equivalently, pgs N €5 = 0.
On the group level, (4.5) implies Psg N Z(Preq) C Z(Psg). Similarly, (4.3) yields
Hyg N Ky C Z(Preq). Hence Pis N Hx N Kgs © Z(Pss). By (4.4),

PN Ky C C(Hg N Kg) N K, (4.6)

where C(G") now stands for the centralizer in G of a closed subgroup G’ C G. Since
C(Hg N Kg) N Ky is the centralizer of Hx N Ky in K, the fact that a Cartan
subgroup of K is self-centralizing yields, via (4.6),

Pss N K5 C C(HK n Kss) NKgs=Hg N K C Z(Pred)-
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Therefore
Pss N (Pss N Kg) C Pgs N Z(Pred) = Z(Pss)

or, equivalently, Pss N Kgs C Z(Psg). This completes the proof. O

4.2. 9-module preliminaries
For any u € h*, let * denote the twisted sheaf of differential operators on X defined
in [BB]. A 2*-module is by convention a sheaf .% of 2#-modules on X which is
quasi-coherent as a sheaf of &’x-modules. The support of .# is the closure of the
subvariety of all closed points for which the sheaf-theoretic fiber of .% is nonzero. A
weight ¢ € h* defines the character 6* of the center of U (g) via the Harish-Chandra
map (see [B, Section 6]).

When the ground field F is not C, by a dominant weight we mean an element
i € b* whose value on all B-positive coroots is a nonnegative rational number. For
F = C it suffices that the value have nonnegative real part. The Beilinson-Bernstein
localization theorem claims that for a regular dominant x, the functor of global sec-
tions

I': 2*-mod — U (g) / (ker 6*) -mod

is an equivalence between the category of (Z#)-modules and the category of
(U(g)/(ker 8*))-modules, where (ker 8#) stands for the two-sided ideal in U (g) gen-
erated by the kernel of the central character #. The inverse equivalence (usually
referred to as localization) is given by the functor

R — 9* ®F(@/‘) R,

where the (U (g)/(ker 8#))-module R is endowed with a I'(2#)-module structure via
the natural isomorphism U (g)/(ker #) — T'(Z*) (see [BB]).

Leti : W — X define a nonsingular locally closed subvariety of X; we denote
by @é‘v the sheaf of right i* 2*-module endomorphisms of the inverse image sheaf
i*92# which are left Oy -module differential operators. Furthermore, the inverse im-
age functor i * of &-modules yields a functor

i*: 2*-mod — Py-mod.
If W is a closed subvariety, we also consider the direct image functor
ix : Dy-mod - Z*-mod,
F -@iw gt Z,

where @f‘_W = i X (P Ry Q%) By, Qw and Q stands for volume forms. Kashi-
wara’s theorem claims that i 4 is an equivalence between the category of @é{,—modules
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and the category of Z#-modules supported in W. It also is important for us that the
sheaf i ~1i x .7 has a natural &y -module filtration with successive quotients

A" (My1x) ®gy S (Nix) ®ay F, 4.7

where i € Zy, AHy|x denotes the normal bundle of W in X, St stands for ith sym-
metric power, and A™#* stands for maximal exterior power.
In [PS] the following lemma is proven.

LEMMA 4.2
If Q is the support of a 2" -module Z, then g[I'(F)] C Stabg Q, where Stabg Q is
the Lie algebra of the subgroup of G which stabilizes Q.

4.3. The construction

Let L be an irreducible (p, he)-module of finite type over he with trivial action of
np + (Z(Pred) N £ss) and with preq-central character QEre . for some Py N B-dominant
weight v € h*. Consider T = P/B a (nonsingular) closed subvariety of X = G/B.
Set . := 2] ®r (g1 L, where 1 = v + ponp,.q — po. Furthermore, let Os(¢) be the
invertible Ks-sheaf of local sections on S of the line bundle K x gnp (Fy(r)), where
w is the longest element in the Weyl group of &, ¢ is a €s-integral weight in h*, and
F¢ stands for the one-dimensional h-module of weight £. Then Lemma 4.1 enables us
to consider .7 = Os(;) X% as a Zy,-module for u = ¢ + 5, and A4 = ixF isa
2*-module. Finally, set M = I'(.#).

THEOREM 4.3

Assume that ¢ is dominant and that u is regular and dominant. Then

Q) M is an infinite-dimensional irreducible g-module;

) g[M] = ¢sDmy, where mp is the maximal tg-invariant subspace in p[L];
moreover, gl M1] is the unique maximal subalgebra in p[L] + € which contains
E,’

3) M is a (g, &)-module of finite type over £.

Proof
The sheaf 9; is a sheaf of twisted differential operators on the flag variety 7. By the
Beilinson-Bernstein theorem applied to 7', .Z is an irreducible Qg-module. Further-
more, .7 is an irreducible @(f-module. Since V is a nonsingular closed subvariety,
A is an irreducible 2#-module by Kashiwara’s theorem. Finally, by the Beilinson-
Bernstein theorem applied to X, M = I'(.#) is an irreducible g-module. Statement
(1) is proven.

To prove statement (2), consider the subalgebra Stabg O, where Q is the support
of the 2#-module .#. Note that Q C V and that V = 7z ~!(z(Q)). Hence Stabg Q



338 PENKOV, SERGANOVA, and ZUCKERMAN

is a subalgebra of st := Stabg V. One can check easily that
st =t Dm, 4.8)

where m is the maximal €g-invariant subspace in p. Thus st is a maximal subalgebra
in £ + p containing £&. By Lemma 4.2, g[M] C Staby Q C st, and therefore g[M] =
st[M].

Recall now that by (4.7), i ~'.# = i_li*ﬁ (considered as an st-sheaf) has a
natural st-sheaf filtration with successive quotients

A" (AY1x) ®gy SHAMx) ®py F.

In particular, .#Zy = A" (Ay|x) ®g, F is a subsheaf of i~ As Mix =
N5y B Oz, A" (AN x) = Os(t) ¥ Oz, where 1 = _w(ZaeA(np) a) — 2pone,,-
Therefore .#y = Os(t + ) X £ and

Mo =T (Mo) =T (nstly) =T (Os(x + ) @ L.

The weights 7 and ¢ are both dominant. Hence t + ¢ is €s-dominant, My # 0, and
by the irreducibility of M,

glM] = st{M] = st[Mo]. 4.9)

To calculate st[ M(] we use the fact that I' (.#y) = I' (r«.#y). Observe that 7.4
is the sheaf of sections of the induced vector bundle K5 x g np (Fu(r+7) ® L). The
latter is a Kg-sheaf; hence €, C st[Mg]. By (4.8) and (4.9), g[M] = &Dmp, where
mz = g[M]Nm. To calculate my, let us write down the action of m on I' (z,.#(). An
element of I'(z,.#) is a function ¢ : Kss — Fy(-+7) ® L satisfying the condition
¢(ab) = b_lqﬁ(a) foralla € Ky, b € KN P.For x € mand a € K, we have

(Ly¢) (@) = A, (1) (¢ (@)), (4.10)
where L, ¢ stands for the action of x on ¢. This formula immediately implies that
m; C {x e m| Adg,,(x) C m[Fy+r) ® L] =m[L]}.

To see that my is equal to the right-hand side, let U be a unipotent subgroup of K
complementary to K¢ N P. The group U acts simply transitively on an open dense
subset of S. Consider a U-invariant function f : Kic — L. For any a € U, we have
f(a) = f(1). Let x be in m[L], and assume that x is Ad U -invariant. Then by (4.10),
x acts locally finitely on f, and by the irreducibility of M, x acts locally finitely on
M. Finally, any y obtained from x by the action of K also acts locally finitely on M.
Hence

my; = {x € m| Adg,, (x) C m[Fy4r) ® L] =m[L]}. (4.11)
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In other words, my, is the maximal € -invariant subspace in m[L] or, equivalently, in
p[L]. Consequently, €;;Pmy is the maximal subalgebra in € 4+ p[L] containing ¢, and
statement (2) is proven.

It remains to prove statement (3). Let j : § — Y be the natural embedding.
Observe that the isomorphism A4y x = A5y X 07 yields isomorphisms of £-sheaves

J Tk OsORZ =i lig(OsORL) =i~
Therefore we have an isomorphism of £-modules
D) ZT () ZT (jaO5()) ® L,

where the action of £g on L is trivial and the action of Z(£) is induced by the embed-
ding Z(¥) C prea. By (4.7), j =1 jx Os(¢) has a filtration by €-sheaves with successive
quotients

S'(As1y) ®¢g Os(C + 7).

Consequently, M has a £-module filtration whose associated graded £-module is a
submodule of
L (S (As)y) ®py Os(C + 7)) ® L.

The sheaf S (A%5)y) ®g, Os(¢ + 1) is locally free on S and has a filtration with
invertible successive quotients Os(x), where x runs over the multiset ® of weights in
by
0= {(—i—r—i— Znaa ‘na EZ+}.
nyeN

Here we take the summation over all weights a of the hg-module ny, /(np N€). Thus the
multiplicity of the irreducible £-module with the highest weight x in M is majorized
by the multiplicity of x in ® + @1, where O, is the multiset of he-weights of L. Our
goal is to show that the multiset ® 4 @, has finite multiplicities. For any multiset
C C by and any element ¢ € F, put C':={x € C|x(h) =t}. Then O = G)tf
for some fo € F, and (® + ©7) = O + @,. As L has finite type over b,
®, has finite multiplicities. Furthermore, ®'~% is a finite multiset as a (k) are all
positive. Therefore (® + ©)" has finite multiplicities, and thus ® + ® also has
finite multiplicities. Theorem 4.3 is proven. O

The construction in Theorem 4.3 does not provide all irreducible (g, £)-modules of
finite type over €. Consider, for instance, the case when ¢ is symmetric, that is, when
£ is stable under an involution of g. Here irreducible (g, £)-modules of finite type
over ¢ are nothing but irreducible Harish-Chandra modules. The Beilinson-Bernstein
classification of irreducible Harish-Chandra modules implies that the supports of their
corresponding localizations (the latter are Z*-modules on X = G/B) run over the
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closures of all K-orbits in X. In particular, there are infinite-dimensional irreducible
Harish-Chandra modules whose localizations are supported on the closure X of the
open orbit of K in G/B. These latter modules do not appear among the modules
constructed in Theorem 4.3 as all 2#-modules .# considered above are supported on
a closed proper subvariety of X.

4.4. Description of primal subalgebras

THEOREM 4.4

Let € be a reductive in g subalgebra with C(8) = Z (). Then ¢ is primal; that is, there
exists a Fernando-Kac subalgebra of finite type | C g such that leq = €. In addition, |
can be chosen so that n is the nilradical of a Borel subalgebra of C (tss).

Proof

The assumption C (£) = Z(£) implies that Z (£) is a Cartan subalgebra of C (£). Let A’
be a semisimple element in hg N € such that C(Fh') = C(he NEg) andadyy : g — g
has rational eigenvalues y;. Furthermore, let 2" € he N Z(£) be a regular element in
C (¢ss) for which ady» : g — g has rational eigenvalues y j/./ , such that

|yl < min [y/] (4.12)
70
for all j. Denote by p the parabolic subalgebra of g defined by the element i :=
K + k", and let L be a one-dimensional p-module. Theorem 4.3 applies to the triple
(8, p, L) (as tis automatically algebraic) and hence yields an irreducible (g, £)-module
M of finite type over €. Put [ := g[M]. Then | = &, Pm, where, as in the proof of
Theorem 4.3, m is the maximal €¢-invariant subspace in p. Let x be the p N Eg-lowest
weight of an irreducible £s-submodule in m. We have x(h") = y/ < 0 for some i.
On the other hand, as m C p, k(h’ + k") > 0. Condition (4.12) gives x(h') = 0;
that is, m = C (&) N p. As h” is regular in C (€s), m is a Borel subalgebra in C (t);
hence m is solvable and m = Z(fs) + [m, m]. Therefore [,q = €, ny = [m, m], and
[ng, &s] = 0. o

COROLLARY 4.5
A reductive in g subalgebra € is primal if and only if C(¥) = Z(¥).

Proof
The statement follows directly from Theorems 4.4 and 3.1(4). O

Corollary 4.5, together with the remark that £ is primal if and only if € = [¢q for
a Fernando-Kac subalgebra of finite type, reduces the problem of classifying all
Fernando-Kac subalgebras of finite type to the problem of describing all nilpotent
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subalgebras n such that £®n is a Fernando-Kac subalgebra of finite type, € being a
fixed primal subalgebra of g. The latter problem is open. In Section 5, we solve this
problem in the case when g = gl(n) and ¢ is a root subalgebra, and we show also that
every primal subalgebra of gl(n) is a Fernando-Kac subalgebra of finite type.

For simple Lie algebras not of type A, it is not true that any primal subalgebra is
itself a Fernando-Kac subalgebra of finite type. Indeed, Proposition 3.2 implies that a
Cartan subalgebra of a simple Lie algebra g (which is always primal) is a Fernando-
Kac subalgebra of finite type if and only if g is of type A or C. (This was proven first
by S. Fernando in [F].) An important particular case of the above open problem is the
problem of characterizing all primal subalgebras that are Fernando-Kac subalgebras
of finite type.

We conclude this section with an application to the classical theory of subalge-
bras of a semisimple Lie algebra. In the fundamental paper [D], an important role is
played by subalgebras s C g which are not contained in a proper root subalgebra. We
propose the term stem subalgebra. By [D, Theorems 7.3, 7.4], a stem subalgebra is
necessarily semisimple with zero centralizer. Here are some well-known examples of
stem subalgebras.

(1) A principal s[(2)-subalgebra is a stem subalgebra.

(2)  If g = sl(n), a proper subalgebra s € g is a stem subalgebra if and only if the
defining representation of g is irreducible over s.

3 In general, any semisimple maximal subalgebra is either a stem subalgebra or a
root subalgebra. For instance, if n > 3 is odd, o(n) @ 0(n) is a stem subalgebra
of 0(2n). (This is, moreover, a symmetric pair.) Another well-known example
of a stem subalgebra is Gy @ Fy in Eg.

(@) If g is an exceptional simple Lie algebra over C, [D, Table 39] gives a complete
catalog of the stem subalgebras of g.

Theorem 4.4 combined with [D, Theorems 7.3, 7.4] implies the following.

COROLLARY 4.6
If g = ggs, any stem subalgebra is a Fernando-Kac subalgebra of finite type.

Finally, we have the following.

COROLLARY 4.7
If g = gss, every maximal proper subalgebra | C g is a Fernando-Kac subalgebra of
finite type.

Proof
By a theorem of F. Karpelevi¢ [Ka], [ is a parabolic subalgebra or a semisimple
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subalgebra. If [ is parabolic, the statement is obvious as any module induced from
a finite-dimensional [-module has finite [-multiplicities. Let [ be semisimple. Then
C(l) = 0, and thus [ is primal by Corollary 4.5. But as [ is maximal, any irreducible
infinite-dimensional (g, [)-module of finite type is strict; that is, [ is a Fernando-Kac
subalgebra of finite type. O

5. The case g = gl(n)

5.1. Description of reductive Fernando-Kac subalgebras of finite type

THEOREM 5.1

A reductive in g = gl(n) subalgebra t is a Fernando-Kac subalgebra of finite type if
and only if it is primal or, equivalently, if and only if C(£) = Z(¥).

Proof

By Theorem 3.1, it suffices to prove that if C(£) = Z(£), then ¢ is a Fernando-Kac
subalgebra of finite type. We modify the argument in the proof of Theorem 4.4 under
the assumption that g = gl(n).

Leth = h’ + h”, and let p and m be as in the proof of Theorem 4.4. In particular,
m = C(&s) N p. We claim that 4A” can be chosen so that, in addition, there is a
decomposition p = a’& a and an isomorphism p : C (&) — a. Here is how this claim
implies the theorem. Note that C () is a direct sum of an abelian ideal and simple
ideals of type A. Now choose L to be a strict irreducible (C (f), Z(£))-module of
finite type over Z (€). Define a p-module structure on L by putting a’- L = 0 and letting
a act on L via the isomorphism p. One can see immediately that L is an irreducible
(p, he)-module of finite type over he with p[L] = a’ + h. Apply the construction in
Theorem 4.3 to the triple (¥, p, L) to obtain a (g, £)-module M of finite type over &.
Asm C C(tg), we have m; = Z(£) and, consequently, g[M] = ¢.

It remains to prove our claim about the choice of 1”. We consider the parabolic
subalgebra p’ defined via (4.1) by the fixed element 4’, and then we choose h” such
that p is a certain subalgebra of p’. Let E be the defining (n-dimensional) g-module.
There is an isomorphism of (tss @ C (E))-modules

E=DE V), (5.1)

where the E;’s are pairwise nonisomorphic irreducible £s-modules and the V;’s are
irreducible C (£s5)-modules. We have

C(ts) = P End(V)). (5.2)
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One can check that

Plea = C(be,) = €P End(E"), (5.3)

) *
Aehfss

where E* denotes the be,,-weight space of weight 4. Furthermore, by (5.1),

E" = P(E! @ V). (5.4)

Put co@l’} = Hom(Elﬂ, Ej.‘) ® Hom(V;, V;) and & = EB,-’jéﬁ. Then combining (5.3)
and (5.4), one obtains p/; = P, &*. Note that & = D, é‘;’} is a parabolic
subalgebra of &%,

We now choose 4" € Z(£) such that the parabolic subalgebra p associated to
h'+h" by (4.1) is precisely (€D, &) Dny . Note that preg = D, @% For each pNE-
singular weight A of € in E, there is a unique index i, such that the p N € -highest
weight of E;, equals 4. Let a := @, &, » and let o' be the ideal complementary to
a. Since El’l) is one-dimensional and éalfu = End(V},), the isomorphism (5.2) enables
us to conclude that C (¥) is isomorphic to a. O

COROLLARY 5.2
A reductive in g = gl(n) subalgebra ¥ is a Fernando-Kac subalgebra of finite type if
and only if the defining g-module is multiplicity free as a ¥-module.

5.2. A combinatorial setup

Let h be a Cartan subalgebra of g = gl(n), and let [ D b be a root subalgebra of g.
The subalgebra [ is defined by its subset of roots A(I) C A, where A C h* is the root
system of g. Recall that A = {¢; —¢; | 1 < i # j < n} for an orthonormal basis
&1,...,6& of b*. Set & := leq and n := ny. Then [ = ¢Dn. Fix an arbitrary Borel
subalgebra b C g containing ), and let .%%(g) C A be the set of weights of all £ N b-
singular vectors in g. For any a € . (g), denote by g(a) the irreducible ¢-submodule
in g with highest weight a.. Obviously, any a, f € A satisfy the condition

a+peA fora,pe (g = a+p e S3). (5.5)

More generally, for any €-submodule f of g, let .%%(f) denote the set of all weights of
£ N b-singular vectors in f. As € and n are subalgebras, .%%(n) and .7 (¥) satisfy the
analog of condition (5.5).

The following lemma is an easy consequence of the description of root subalge-
bras in gl(n), and we leave its proof to the reader.

LEMMA 5.3
There exist pairwise nonintersecting subsets 1, J, K C {1, ...,n} such that |1| = |J|
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and
@ ={ei—¢jlielUK,jeJUK}

Let %% (f) denote the set of all linear combinations of vectors from .7 (f) with coeffi-
cients in Z .

LEMMA 5.4

Let g = gl(n). If €¢(g/n) N €e(n) £ {0}, one of the following relations holds:

) ar+oay=p1+ P2

2 artax=p

for some a1, a2 € F(g/0), 1, P2, B € (), where (a1, a2) = (b1, f2) = 0 in the
case of (1).

Proof
If €¢(g/n) N € (n) # {0}, there is a nontrivial relation

ar+ - Fag=p+--+p (5.6)

for a; € Se(g/n) and B; € S¢(n). Among all such relations we fix one with minimal &
and minimal / for the fixed k. Consider first the case when a1 + a, € .#;(g) for some
p < k. We claim that then a| + a, € #(n). For if a1 + a, € .#¢(g/n), one can
reduce k in (5.6) by the substitution f = a; + @, which contradicts our assumption.
Thus g := a1 +a, € S (n), and to show that a; +a, = f is arelation of type (2), we
need only verify that a1, a, ¢ 7 (£). But the assumption a; € () (and similarly
a, € S () is obviously contradictory as then —a; € A(¥)and o), = a1 +a,—a; =
B — ai € A(n). Therefore ay, a, € S (g/D), p € Sp(n),anda; +a, = p.

In the remainder of the proof we assume that a; + a), ¢ “(g) forall p < k.
If a; = ¢; — ¢, then ¢; and —¢; appear in a1 + - - - + a; with positive coefficients.
Therefore there exist a and b such that f, = &; — &, and f, = &; — &, s # r, by min-
imality. By Lemma 5.3, y := ¢ — &, € S (g). We claim that y € .#¢(g/n). Indeed,
assume to the contrary that y € #%(n). Then one can modify (5.6) by removing o
and replacing S, + fp by y. Since (5.6) is minimal, the new relation must be trivial.
Thusay = 1 +---+ f.Since 1 +---+ fr e A, p:=p1+--- + i € S(n),
and hence a = f € Y¢(n). This is a contradiction. Therefore indeed y € .#(g/n),
and we have a relation a; + y = f, + fp, where a1, y € Z(g/n), Ba, Pr € Fe(n).
Obviously, (a1,y) = (B4, fp) = 0. To complete the proof we need to show that
o1,y € “%(g/l). But the assumption a1 € .7%(£) (and similarly y € % (®)) is con-
tradictory as it implies that S, — a; € A(n). Hence y = f, + (Bp — a1) € A(n). O

COROLLARY 5.5
The equalities €¢(g/n) N Ce(n) = {0} and € (g/l) N € (n) = {0} are equivalent.
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Proof

As Ge(g/) C Gelg/n), Gelg/m) N Ge(n) = (0} implies G(g/1) N Ge(n) = {0}. To
prove the converse, assume that 6¢(g/l) N 6¢(n) = {0} but €e(g/n) N Ge(n) # {0}.
Then one has a relation of type (1) or (2) as in Lemma 5.4 with a1, a2 € “(g/l).
Hence %¢(g/!) N €¢(n) # {0}. This is a contradiction. ]

LEMMA 5.6

Let s = gl(m), let q C s be a maximal parabolic subalgebra, and let ¥ := qreq. Let Vi
be the irreducible s-module with highest weight k., and let V, (£) be the irreducible -
module with highest weight u. If 1 is a dominant ¥-integral weight and p is the highest
root of s, then, for large enough q € 7., the multiplicity of V;45(€) in V)4 pg is one
forany p € Zy, p > q.

Proof

Set i := A+pp,v := A+¢qp for fixed p > g € Z,. Note that ¢ and v are £-dominant
and hence that V), () is finite-dimensional. If M, denotes the Verma module over s
and M, (€) denotes the Verma module over €, then M, is isomorphic to M, (£) ®
S(q/®)* as a €-module. Thus M, admits a filtration by €-submodules such that the
associated graded €-module is a direct sum of Verma modules over &, each appearing
with finite multiplicity. As the multiplicity of the weight (¢ — p)f in S(q/%)* is one,
the multiplicity of M, (€) in M,, is one. Therefore the multiplicity of V,,(€) in M, is
also one.

Now let N # V,, be an irreducible subquotient of M. We show that for g large,
the multiplicity of V;, (£) in N is zero. It is known (see, e.g., [Di, Theorem 7.6.23]) that
N is a subquotient of M, (,+,)—, for some positive root a such that (u, a) € Zy.
Therefore it suffices to prove that the multiplicity of M, (€) in My, (u+p)—, is zero.
This is equivalent to showing that w, (¢ + p) — p — v is not a weight of S(q/¥), that
is, that wq (1 + p) — p — v does not belong to the convex hull € of A(q/¥).

Choose g such that (v,a) > 0 for any positive o satisfying (a, f) = 1, and
assume p > q. First, consider the case when (a, ) = 0. Here wo(u +p) —p —v =
weW+p)—p—v+(p—q)p.Butw, (v + p) — p —v = aa for some negative a,
which implies that w, (¢ + p) — p —v = (p — q) S + aa does not belong to €. Next,
consider the case when (a, ) = 1. Here

Wa(pt+p)—p—v=wegv+p)—p—v+(p—qw.p)
=—0+1+p—qla+(p—qBPp,

where b = (v, a) is positive by our choice of ¢. One can see that —(b+ 14 p —q)a +
(p — q)p is not in €. Finally, the case a = f is obvious. O
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COROLLARY 5.7

Lets = 51 @ --- @ s, where each s; is isomorphic to gl(m;), let q; be a maximal
parabolic subalgebra of s;, and let B; be the highest root of s;. Letq = 1 ®--- @ q D
Si41 @ - @sj forl < j, let € be the reductive part of q, and let f = 1 + --- + .
If 2 is a dominant ¥-integral weight, then there is a positive integer q such that the
multiplicity of V, 145 (8) in V4 pp is one for any p > q.

Proof

The statement follows easily from Lemma 5.6 as an irreducible highest weight module
over a direct sum of reductive Lie algebras is isomorphic to the tensor product of
irreducible modules over the components. O

5.3. Description of Fernando-Kac root subalgebras of finite type

THEOREM 5.8

A root subalgebra | = (8Dn) C g = gl(n) is a Fernando-Kac subalgebra of finite
type if and only if 6(g/1) N €e(n) = {0}.

Proof

First, we show that if €% (g/l) N %¢(n) # {0}, then [ is not a Fernando-Kac subalgebra
of finite type. If 6¢(g/l) N ¢ (n) # 0, Lemma 5.4 provides us with a relation of type
(1) or (2). Assume that the relation is of type (2), that is, that a; + ar = f for some
at,ay € %(g/l), f € F(n). Let s be the subalgebra generated by £ and g*#, and
let q be the subalgebra generated by £ and g#. Then the triple (s, g, ) satisfies the
hypothesis of Corollary 5.7 with [ = 1. Moreover, g(f) commutes with g*.

Let M be an irreducible strict (g, [)-module. There exists a (b N £)-singular vector
v € M such that g(#) - v = 0. Let 4 denote the weight of v. For any positive integer
t,set o, = (g% (g*) - v for 0 # g% € g%. As g% acts freely on M, we have
vy # 0. Furthermore, v, is (b N €)-singular and g(f)v; = 0. Hence v, generates an
s-submodule M (v;) C M of highest weight 4 + t. By Corollary 5.7, for a fixed large
r € Z4, the multiplicity of V;,5 in M (v,) is not zero for any ¢ > r. Therefore the
multiplicity of V, 1,4 in M is infinite. This is a contradiction.

In the case of a relation of type (1), a1 + ay = B1 + fo, let s C g be the
subalgebra generated by ¢, g*#1, and g2, and let q C s be the subalgebra generated
by £, g#1, and g#2. The reader can check that the triple (s, g, /) satisfies the conditions
of Corollary 5.7 with [ = 2 and, moreover, that g(#1) @ g(f2) commutes with g% .
Therefore an argument similar to that in the case of a relation of type (2) leads to a
contradiction.

It remains to prove that [ is a Fernando-Kac subalgebra of finite type whenever
%e(g/0) N 6¢(n) = {0}. Using Theorem 4.3, we construct an irreducible strict (g, [)-
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module M of finite type over [.

Note first that é¢(g) consist of £-dominant roots; therefore 6¢(g) N —%r(g) =
e (C(tss)) and S%(g) N —S%(g) = S (C(¥)). Furthermore, as n is nilpotent,
Ge(n) N —%6¢(n) = {0}. Let 0 = Ge(g/n) N —%e(g/n), and let Ag = F(g/n) N
— % (g/n). The above implies immediately that Ay C .%(C (ts)) and that Ay gener-
ates 6. By Corollary 5.5, 6 (g/n) N 6¢(n) = {0}. Therefore one can find / € §) such
that all eigenvalues of ad;, : g — g are rational and

o(h) >0 fora € %),
o(h) =0 fora € Ay,
a(h) <0 fora € #(g/(n+ C(ky))). (5.7)
One can easily verify that, in additon, 2 can be chosen so that
a(h) <0 foralla € A(bN ). (5.8)

Let p be defined by (4.1). Then A (preq) = Ag, and n C np.

Let L be an irreducible (p, h)-module of finite type over b with trivial action of
np and such that preq[L] = h. Such an L exists as pgs is a sum of ideals of type A.
Let M be as in Section 4.3. Then, by Theorem 4.3, M is an irreducible (g, £)-module
of finite type over £ Let g[M] = £®n’. We claim that n’ = n. Indeed, g(a) C w
if and only if g(a) C p[L]. In particular, a(h) > 0. If a(h) > 0, then by (5.7) and
(5.8), g(a) CnCnp Cp[L]. Ifa(h) =0, thena € Ag. As prea(L) = b, we have
g(a) ¢ p[L]. Thus n = n’. Theorem 5.8 is proven. O

COROLLARY 5.9
A root subalgebra | = (¢8Dn) C gl(n) withn C C () is a Fernando-Kac subalgebra
of finite type if and only if v is the nilradical of a parabolic subalgebra in C (¥ss).

Proof

For the necessity, see Theorem 3.1(5). For the sufficiency, we use Theorem 5.8. By
hypothesis, n is the nilradical of a parabolic subalgebra in C(fs). We show that
@e(g/l) N Ge(n) = {0}. Suppose not. Then there exist roots ay, ..., a; € Ce(n/l)
and roots f1, ..., i € € (n) such that (5.6) holds. Restrict both sides of (5.6) to b,
and write y for the restriction of a weight y to hg . Because n C C (&), Bi=0
for all 7, and hence a1 + --- 4+ a; = 0. But the @;’s are dominant weights for .
Therefore a; = O for all j, and each a; € €¢(C(tss)) = A(C(&ss)). Equation (5.6)
becomes a nontrivial relation among roots in A(n) and A(C(€s)) \ A(n). This is a
contradiction. O

Example. Let g = gl(4), let b be the diagonal subalgebra, and let [ O § be a root
subalgebra of g. The rank of [i can be 0, 1, or 2. In the first case, [ is solvable, and
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by Proposition 3.2, [ is of finite type if and only if ny is the nilradical of a parabolic
subalgebra. In the third case, l;eq equals the fixed points of an involution § : g — g
and [ is always a Fernando subalgebra of finite type; the corresponding strict (g, [)-
modules are Harish-Chandra modules.

In the case when [ = s[(2), we can fix the roots of [ to be £(g1 — &7). To determine
[ we need to specify the roots of n; . Up to automorphisms of g that stabilize [y, there
are eight choices for n; (including the possibility ny = 0). A direct checking based
on Theorem 5.8 and Corollary 5.9 shows that there is a single choice of n; for which
[ is not a Fernando-Kac subalgebra of finite type. We may normalize this [ so that
the roots in n; are &1 — &3 and ¢y — ¢3. Furthermore, for the so-defined [ = l[egDny,
statements (1) —(5) in Theorem 3.1 hold. This shows, in particular, that the statements
in Theorem 3.1 are not sufficient conditions for a subalgebra [ to be a Fernando-Kac
subalgebra of finite type.

Acknowledgment. We thank the referee for pointing out an inaccuracy in the original
version of the paper and for making further constructive comments.
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