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Introduction

Let G(F ) be the rational points of a connected reductive group over a non-
archimedean local fieldF . An irreducible admissible representationV of G(F )
is said to be unipotent if there is a parahoric subgroupH in G(F ) with pro-
unipotent radicalU such that theU -invariants inV contain a cuspidal unipotent
representation (in the sense of Deligne-Lusztig theory) of the finite reductive
groupH /U . Lusztig has recently proven his own conjecture made over a decade
ago, on the parametrization of unipotent representations, assumingG to be split
of adjoint type. This goes as follows. LetĜ be the Langlands dual ofG, and letq
denote the cardinality of the residue field ofF . Then the unipotent representations
of G(F ) are in bijective correspondence witĥG conjugacy classes of triples
(τ, n, ρ), whereτ ∈ Ĝ is semisimple,n belongs to theq−1-eigenspaceYτ,q of
Ad(τ ) in the Lie algebra ofĜ, andρ is the isomorphism class of an irreducible
representation of the component group of the mutual centralizer inĜ of τ and
n, such thatρ is trivial on the center ofĜ. Let Vτ,n,ρ be the irreducibleG(F )-
module corresponding to the indicated triple. Kazhdan and Lusztig had earlier
proved [KL] that the corresponding parahoric subgroup is minimal (an Iwahori
subgroup) if and only ifρ appears in the homology of the mutual fixed points of
τ and exp(n) on the flag manifold ofĜ. They showed moreover that ifVτ,n,ρ is
tempered, thenn must lie in the unique dense orbit ofĜτ acting onYτ,q, where
Ĝτ is the centralizer ofτ in Ĝ. In [R1], it was shown that ifVτ,n,ρ is Iwahori
spherical, then it is generic (i.e. it has a Whittaker model, as defined below) if
and only if n belongs to the densêGτ -orbit in Yτ,q andρ is trivial. The purpose
of this note is to extend this to the entireL-packet (defined as the collection
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of unipotent representations with fixed (τ, n)), in accordance with the following
general expectations.

Pairs (τ, n) correspond to admissible homomorphismsφ from the Weil-
Deligne group ofF into Ĝ, and Lusztig’s theorem is a special case of Langlands’
conjectural parametrization of theL-packet ofφ by representations of the com-
ponent group of the centralizer of the image ofφ [La]. Among many expected
properties of the Langlands parametrization, it is believed that theG(F ) repre-
sentation corresponding toφ = 1 for a temperedL-packet should be the unique
generic member of the packet. For unipotent representations, we prove the fol-
lowing stronger result, conjectured in [R2].

Theorem. The unipotent representation Vτ,n,ρ of G(F ) is generic if and only if
n belongs to the unique denseĜτ -orbit in Yτ,q andρ is trivial.

Considering known results, we must only prove that if aG(F ) representation
is both generic and unipotent, then the corresponding parahoric subgroup must be
an Iwahori subgroup. This statement makes sense at least for unramified groups.
Its proof in Lemma 4 below was inspired by the proof in [CS] of Rodier’s
theorem [Ro] on Whittaker models of parabolically induced representations. We
rely on the fact that a cuspidal unipotent representation of a finite reductive group
M is generic only ifM is a torus, in which case the representation is trivial.
If the parahoricH is maximal special, one can use the Iwasawa decomposition
to lift this nonexistence to thep-adic group, as mentioned in [R2] (although
the argument given there needs Lemma 3 below to be complete). An arbitrary
parahoric takes a bit more work.

Some structure ofp-adic groups

We give a brief summary of the required structure theory ofG, taken from [T].
Let F be a non-archimedean local field with ring of integersO and finite residue
field k of cardinalityq a power of the primep. Let G be a connected semisimple
algebraic group overF , with maximal F -split torus A. We assume thatG is
unramified (quasi-split and split over a finite unramified extension ofF ). Let A0

be the subgroup ofA(F ) on which all rational characters ofA have values in the
unit groupO ×. Let N andZ and be the normalizer and centralizer ofA in G,
and letZ0 be the analogue ofA0 for Z(F ). As G is unramified, we may identify
the latticesA(F )/A0 = Z(F )/Z0 =: Λ, and putE = R ⊗ Λ. The spherical Weyl
group isW0 := N (F )/Z(F ) and the affine Weyl group isW := N (F )/Z0. The
groupN (F ) acts onE by affine motions, withZ0 acting trivially,Λ acting by
translations. We may identifyW0 with the subgroup ofW fixing 0 ∈ E, and thus
W = W0Λ (semidirect product). Forλ ∈ Λ, we write tλ for the element ofW
which acts by translation byλ on E.

Let ∆ be the roots ofA in G, viewed as linear functionals onE, via the
formula 〈λ, α〉 = −val (α(λ̃)), whereα ∈ ∆, λ̃ ∈ A andλ = λ̃ + A0. Let ∆aff be
the affine roots. These are affine functions onE of the form a = α + m, where
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α ∈ ∆ (the “vector part” ofa) and m runs through a certain discrete subset of
R (depending onα). For each affine roota, the groupW contains an elementsa

acting onE by reflection about the affine hyperplane wherea vanishes.
Let P be a minimal parabolicF -subgroup ofG containingA, with unipotent

radicalN . Let ∆+ be the roots ofA in N , and letΣ ⊆ ∆+ be the corresponding
base of the spherical root system∆. Let Σaff be the unique base of the affine
root system∆aff containingΣ. Let C be the open subset ofE defined by the
conditions 0< a < 1 for everya ∈ Σaff . The boundary ofC is a disjoint union
of facets, parametrized by subsets ofΣaff . To J ⊂ Σaff corresponds the facetCJ

defined by the vanishing of the affine roots inJ . The affine space underlyingE
is an apartment in the Bruhat-Tits buildingX. This building is aG(F )-simplicial
complex whose simplices are theG(F )-translates of the facetsCJ .

Each facet determines a parahoric subgroup as follows. We begin with mini-
mal parahoric, otherwise known as Iwahori subgroups. IfG is simply connected,
Iwahori subgroups are the stabilizers inG(F ) of open facets (translates ofC) in
X. In general, the Iwahori subgroup forC may be described as follows [T,3.7].
The facet 0∈ E corresponds to anO -schemeG0 whose generic fiber isG(F ) and
whose group ofO -points is the stabilizer inG(F ) of 0. Let r : G0(O ) −→ G0(k)
be the homomorphism induced by reduction moduloP . Now G0(k) is the fixed
points of a Frobenius automorphismf of a connected reductive groupG 0 de-
fined overk, and the spherical building ofG0(k) may be identified with the link
of 0 in X. Thus, open simplices ofX having 0 in their closure are in canonical
bijection, by taking stabilizers, withf -stable Borel subgroups ofG 0. The Iwa-
hori subgroupB corresponding toC is the inverse imager−1(B f ), whereB
is the f -stable Borel subgroup ofG 0 corresponding toC .

For general parahoric subgroups, take a proper subsetJ ⊂ Σaff , and let
WJ be the subgroup ofW generated by the reflectionssa, for a ∈ J . The set
H = HJ = BWJ B is a subgroup ofG and is, in this paper, the parahoric subgroup
corresponding toJ . Note thatH stabilizes the facetCJ . It is the full stabilizer if
G is simply connected, or ifJ = Σ. As in the previous paragraph, but now with
simpler notation, we have an exact sequence via reduction modP

1−→ U −→ H −→ M −→ 1,

whereM is thek rational points of a connected (assured by the definition ofH )
reductive group defined overk, andU is pro-unipotent and characteristic inH .
The relative roots ofM are the vector parts of the affine roots vanishing onCJ .
If α is a root inM , the root group corresponding toα is X̄α := Xa/Xa+, where
a = α + m ∈ ∆aff vanishes onCJ , Xa is the corresponding valuated root group,
andXa+ is the union of allXa+ε for ε > 0. We can also describeXa asH ∩ Nα,
whereNα is the (spherical) root subgroup ofN on whose Lie algebraA acts by
positive powers ofα.

Let J̄ be the vector parts of the roots inJ . Then the subgroupU1 of M
generated bȳXα for α ∈ J̄ is a Sylowp-subgroup ofM . Morover, J̄ is the base
of a sub-root system∆J ⊆ ∆, whose Weyl groupW0,J ⊆ W0 is generated by
the reflections about the kernels of the roots inJ̄ . Let∆+

J be the unique positive
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system of∆J containingJ̄ . Note that∆+
J is not generally contained in∆+. Let

w 7→ w̄ be the natural map fromW to W0. If a = α+m is an affine root vanishing
on CJ , then s̄a = sα, so W0,J = {w̄ : w ∈ WJ}. Now let

WJ
0 = {w ∈ W0 : w−1J̄ ⊂ ∆+}.

It is a standard fact about sub-root systems thatWJ
0 meets every cosetW0,J x for

x ∈ W0.

Lemma 1. The set WJ
0 Λ ⊂ W meets all cosets WJ x for x ∈ W .

Proof. Say x = wtλ, with w ∈ W0, λ ∈ Λ. Write w = yz, with y ∈ W0,J ,
z ∈ WJ

0 . Then y = ū for someu ∈ WJ , so y = utν for someν ∈ Λ. Hence
x = utνztλ = uztz−1ν+λ, so ztz−1ν+λ = u−1x ∈ WJ

0 Λ ∩WJ x. �

Lemma 2. For any x∈ N (F ), the image of H∩xN in M is a Sylow p-subgroup
of M .

Proof. The pre-image ofWJ in N (F ) is contained inH , so we can suppose
that, moduloZ0, x = wtλ, with w ∈ WJ

0 , by Lemma 1. ThusH ∩ xN = H ∩ wN
(with no ambiguity caused by the abuse of notation). Letα ∈ J̄ , and consider the
root groupX̄α = Xa/Xa+ as above. Our choice ofw implies thatw−1Xaw ⊂ N ,
and it follows thatX̄α is in the reduction moduloP of H ∩wN , so the image of
H ∩ wN in M contains the Sylowp-subgroupU1. Being a finite subquotient of
a pro-unipotent group, the image is itself ap-group, hence cannot exceedU1. �

Generic representations

A complex valued character ofU1 is called “generic” if it is nontrivial onX̄α for
everyα ∈ J̄ , and trivial onX̄α for α ∈ ∆+

J − J̄ . The last condition is superfluous
if q > 3 [DM, p.129], as the subgroupU ∗

1 ⊂ U1 generated by the nonsimple
root groups is then also the commutator subgroup ofU1. An irreducible complex
representation ofM (hence ofH ) is “generic” if its restriction toU1 contains a
generic character of the latter, and “nongeneric” otherwise.

Lemma 3. If M is not a torus, a cuspidal nongeneric representation of M con-
tains no character of U1 which is trivial on U∗1 .

Proof. Let θ be the character afforded by aU1-invariant line in a cuspidal non-
generic representation ofM . Being nongeneric and trivial onU ∗

1 , θ must be
trivial on X̄α for someα ∈ J̄ . But thenθ is trivial on the unipotent radical of
the maximal parabolic subgroup ofM whose Levi subgroup has simple roots
J̄ − {α}. This contradicts cuspidality. �

We turn now to generic representations ofG(F ). Let N∗ be the product
of those spherical root groupsNα with α ∈ ∆+ − Σ. A character ofN (F ) is
“generic” if it is nontrivial on each simple root group and trivial onN∗(F ). This
last condition may be superfluous, and certainly is for split groups by [H, Lemma
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7], since thep-adic field F is infinite. An irreducible admissible representation
of G(F ) is “generic” if it may be realized as a submodule of IndG(F )

N (F )ψ for some
generic characterψ of N (F ). Here Ind denotes smooth induction on whichG(F )
acts by right translations, and later ind will mean compact induction. We have
now arrived at the main point.

Lemma 4. Suppose V⊂ IndG(F )
N (F )ψ is a generic representation of G(F ), and the

parahoric H is not an Iwahori subgroup. Then the U -invariants in V contain no
cuspidal nongeneric representationσ of M .

Proof. In this proof, let us abbreviateG = G(F ), N = N (F ), N = N (F ).
Suppose theU -invariants inV contain such aσ. Then

0 /= HomH (σ,V ) = HomG(indG
Hσ,V ) ⊆ HomG(indG

Hσ, IndG
Nψ),

so there is a nonzero linear functionalT : indG
Hσ −→ C satisfying T(Rnf ) =

ψ(n)T(f ), for every f ∈ indG
Hσ and n ∈ N , whereRnf (g) = f (gn) for g ∈ G.

Let K = G0(O ) be the parahoric subgroup stabilizing 0∈ E, as above. We have
an Iwasawa decompositionG = KAN, henceG = BWN, henceG = HWN, since
B ⊆ H . Let x ∈ N representwtλ ∈ W with w ∈ WJ

0 as in Lemma 1. LetIx be
the space of functions in indG

Hσ which are supported onHxN. As anN -module,

Ix ' indN
H x∩Nσ

x

via the mapf 7→ fx , fx(n) = f (xn). SupposeT is nonzero onIx . Taking contragre-
dients, there is a nonzero functionf ∈ Ǐx = IndN

H x∩N σ̌
x transforming underN by

ψ−1. The nonzero vectorv = f (1) ∈ σ̌ therefore satisfies, for everyh ∈ H ∩ xN ,
the relation

ψ−1(x−1hx)v = f (x−1hx) = σ̌x(x−1hx)v = σ̌(h)v.

So the restriction of ˇσ to H ∩ xN contains the characterxψ−1. In particular,xψ−1

is trivial on U ∩ xN , and is therefore the inflation of a characterθ on U1.
Let α ∈ ∆+

J − J̄ , that is,α is a nonsimple root inU1. The sub-root system
w−1∆J has the basew−1J̄ , andw−1α is not simple with respect to this base.
Sincew ∈ WJ

0 , we havew−1J̄ ⊆ ∆+, sow−1α is a nontrivial sum of at least
two roots in∆+. Thusw−1α ∈ ∆+ − Σ. The characterλψ−1 (which does not
depend on the representative chosen forλ) is also generic, hence is trivial on
Nw−1α. Thereforexψ−1 is trivial on Nα, implying thatθ is trivial on X̄α.

We have found in ˇσ a characterθ of U1 which is trivial onU ∗
1 . The properties

of being cuspidal and nongeneric are preserved by taking contragredients, so we
have a contradiction by Lemma 3.�

We now prove the theorem as stated in the introduction. The only unipotent
generic representation ofM is the Steinberg representation. If the algebraic group
underlyingM has connected center, this is spelled out in [Car, p.379]. In general,
it follows immediately from [DM 14.49]. The Steinberg representation is cuspidal
if and only if it is trivial, if and only if M is a torus, so by Lemma 4, any unipotent
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genericG(F )-moduleV contains a vector fixed under an Iwahori subgroup and
thus is a subquotient of an unramified principal series representationI (τ ) of
G(F ). If G is adjoint, there is only one generic subquotient ofI (τ ). This follows
from the uniqueness theorem of Rodier [Ro] and the fact that for adjointG there
is only one orbit of generic characters underA(F ). If G is moreover split, it is
shown in [R,10.1] that this generic subquotient is none other thanVτ,n,1, where
n belongs to the densêGτ -orbit in Yτ,q.
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