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.edu1. Introdu
tionThis paper provides a uni�ed approa
h to results on representations of aÆne He
ke alge-bras, 
y
lotomi
 He
ke algebras, aÆne BMW algebras, 
y
lotomi
 BMW algebras, Markov tra
es,Ja
obi-Trudi type identities, dual pairs [Ze℄, and link invariants [Tu2℄. The key observation in thegenesis of this paper was that the te
hni
al tools used to obtain the results in Orellana [Or℄ andSuzuki [Su℄, two a priori unrelated papers, are really the same. Here we develop this method andexplain how to apply it to obtain results similar to those in [Or℄ and [Su℄ in more general settings.Some spe
i�
 new results whi
h are obtained are the following:(a) A generalization of the results on Markov tra
es obtained by Orellana [Or℄ to 
entralizeralgebras 
oming from quantum groups of all Lie types.(b) A generalization of the results of Suzuki [Su℄ to show that Kazhdan-Lusztig polynomialsof all �nite Weyl groups o

ur as de
omposition numbers in the representation theory ofaÆne braid groups of type A,(
) A generalization of the fun
tors used by Zelevinsky [Ze℄ to representations of aÆne braidgroups of type A,(d) We de�ne the aÆne BMW algebra (Birman-Murakami-Wenzl) and show that it has arepresentation theory analogous to that of aÆne He
ke algebras. In parti
ular there are\standard modules" for these algebras whi
h have 
omposition series where multipli
itesof the fa
tors are given by Kazhdan-Lusztig polynomials for Weyl groups of types A,B,andC.(e) We generalize the results of Ledu
 and Ram [LR℄ to aÆne 
entralizer algebras.Let Uhg be the Drinfel'd-Jimbo quantum group asso
iated to a �nite dimensional 
omplexsemisimple Lie algebra g. If M is a (possibly in�nite dimensional) Uhg-module in the 
ategory O� Resear
h supported in part by National S
ien
e Foundation grant DMS-9971099, the National Se
urity Agen
y andEPSRC grant GR K99015.



2 rosa orellana and arun ramand V is a �nite dimensional Uhg-module then we show that the aÆne braid group ~Bk a
ts on theUhg-module M 
 V 
k. Fix V and de�neF�(M) = � the ve
tor spa
e of highest weight ve
torsof weight � in M 
 V 
k. � :Then F� is a fun
tor from Uhg modules in 
ategory O to �nite dimensional modules for the aÆnebraid group ~Bk whi
h takes(1) �nite dimensional Uhg modules to \
alibrated" ~Bk modules,(2) Verma modules to \standard" modules, and(3) under appropriate 
onditions, irredu
ible Uhg modules to irredu
ible ~Bk modules.Applying the fun
tor F� to a Jantzen �ltration of Verma modules of Uhg provides a \Jantzen�ltration" of the standard modules of ~Bk and shows that the irredu
ible ~Bk modules appear ina 
omposition series of the standard module with multipli
ities given by the Kazhdan-Lusztigpolynomials of the Weyl group of g. Though ~Bk is always the aÆne braid group of type A, theWeyl group of g is not ne
essarily of type A.Applying the fun
tor F� to the BGG resolution of an irredu
ible highest weight module pro-vides a BGG resolution for the 
orresponding ~Bk-modules and a 
orresponding \Ja
obi-Trudi"identities for the 
hara
ters of ~Bk modules. On
e again, it is interesting to note that, though ~Bkis the aÆne braid group of type A, it is the Weyl group of a di�erent type whi
h appears in thisJa
obi-Trudi identity.Using the general formulation for 
onstru
ting Markov tra
es on braid groups, given for ex-ample in [Tu1℄, we obtain a Markov tra
e on the aÆne braid group ~Bk for every 
hoi
e of g andUhg modules M and V .(a) If g = sln+1, M = L(0) and V = L(!1) this gives the Markov tra
e on the He
ke algebrastudied in [Jo1℄ and [Wz℄.(b) If g = sl2, M = L(0) and V = L(!1) this gives the Markov tra
e on the Temperley-Liebalgebra used by Jones [Jo2℄.(
) If g = sln+1, M = L(k!`) with k and ` large and n very large, and V = L(!1) this givesthe Markov tra
es on the He
ke algebra of type B studied by [GL℄, [Lb℄, [I
℄ and [Or℄.(d) If g = sln+1, M = L(�), where � is \large", and V = L(!1) this gives the Markov tra
eson the 
y
lotomi
 He
ke algebras introdu
ed by Lambropoulou [Lb℄ and studied in [GIM℄.(e) If g = son or g = sp2n, M = L(0) and V = L(!1) this gives the Markov tra
es used to
onstru
t Kau�man polynomials.For general g, general V , andM = L(0), this me
hanism gives the tra
es ne
essary to 
ompute theReshetikhin-Turaev link invariants [RT℄. In some sense, this paper is a study of the representationtheory behind the generalization of the Reshetikhin-Turaev method given in [Tu2℄.In the �nal se
tion of this paper we des
ribe pre
isely the 
ombinatori
s of the representationsF�(M) in the 
ases when g is type An; Bn; Cn or Dn and V is the fundamental representation.In these 
ases the representations 
an be 
onstru
ted with partitions, standard tableaux, up-downtableaux, multisegments and the 
ombinatori
s of Young diagrams. In parti
ular, in type A,the fun
tor F� naturally 
onstru
ts the standard modules and irredu
ible modules of aÆne He
kealgebras of type A in terms of multisegments (a 
lassi�
ation originally obtained by Zelevinsky [Ze2℄by di�erent methods). We then spe
ify expli
itly the 
orresponden
e between the de
ompositionnumbers of the aÆne He
ke algebra and Kazhdan-Lusztig polynomials for the symmetri
 group.Using the re
ent results of Polo [Po℄ we 
an show that every polynomial in 1 + vZ�0[v℄ is ade
omposition number for the aÆne He
ke algebra.



braids and jantzen filtrations 3A
knowledgements. A. Ram thanks P. Littelmann, the Department of Mathemati
s at the Uni-versity of Strasbourg and the Isaa
 Newton Institute for the Mathemati
al S
ien
es at CambridgeUniversity for hospitality and support during residen
ies when this paper was written.2. Preliminaries on quantum groupsLet Uhg be the Drinfel'd-Jimbo quantum group 
orresponding to a �nite dimensional 
omplexsemisimple Lie algebra g. Let us �x some notations. In parti
ular, �x a triangular de
ompositiong = n� � h� n+; n+ =M�>0 g�; b+ = h� n+;and let W be the Weyl group of g. Let h; i be the usual inner produ
t on h� so that, if � is a root,the 
orresponding re
e
tion s� in W is given bys�� = �� h�; �_i�; where �_ = 2�h�; �i : The element � = 12X�>0�is often viewed as an element of h by using the form h; i to identify h and h�. We shall use the
onventions for quantum groups as in [Dr℄ and [LR℄ so thatq = eh=2; h � Uhg; and Uhg �= Ug[[h℄℄; as algebras.The quantum group has a triangular de
omposition 
orresponding to that of g,Uhg = Uhn� 
 Uhh
 Uhn+ and Uhb+ = Uhh
 Uhn+:The 
ategory OIf M is a Uhg module and � 2 h� the � weight spa
e of M isM� = fm 2M j am = �(a)m; for all a 2 hg:The 
ategory O is the 
ategory of Uhg modules M su
h that(a) M =L�2h� M�,(b) For all m 2M , dim(Uhn+m) is �nite,(
) M is �nitely generated as a Uhg module.For � 2 h� letM(�) be the Verma module of highest weight �, and letL(�) be the irredu
ible module of highest weight �.The irredu
ible module L(�) is the quotient ofM(�) by a maximal proper submodule andM(�) =Uhg
Uhb+ C v+� where C v+� is the one dimensional Uhb+ module spanned by a ve
tor v+� su
h thatav+� = �(a)v+� for a 2 h and Uhn+v+� = 0. Every module M 2 O has a �nite 
omposition serieswith fa
tors L(�), � 2 h�. Ea
h of the setsf[L(�)℄ j � 2 h�g and f[M(�)℄ j � 2 h�g



4 rosa orellana and arun ram(where [M ℄ denotes the isomorphism 
lass of the module M) are bases of the Grothendie
k groupof the 
ategory O.If M is a Uhg module generated by a highest weight ve
tor of weight � (i.e., a ve
tor v+ su
hthat av+ = �(a)v+ for a 2 h and Uhn+ = 0) then any element of the 
enter Z(Uhg) a
ts on M bya 
onstant, zm = ��(z)m; for z 2 Z(Uhg), m 2M , ��(z) 2 C .For ea
h Uhg module M 2 O letM [�℄ =M�2QM [�℄�+� ; where Q = nXi=1 Z�i;�1; : : : ; �n are the simple roots andM [�℄�+� = fm 2M�+� j there is k 2 Z>0 su
h that (z � ��(z))km = 0 for all z 2 Z(Uhg)g:Then M =M� M [�℄;where the sum is over all integrally dominant weights � 2 h� i.e., � 2 h� su
h that h�+�; �_i 62 Z<0for all � 2 R+.The dot a
tion of the Weyl group W on h� is given byw Æ � = w(�+ �)� �; w 2 W;� 2 h�:For a �xed � 2 h� the stabilizer of the dot a
tion of the integral Weyl groupW � =< s� j h�+ �; �_i 2 Z> (2:1)is the subgroup W�+� = fw 2 W j w(�+ �) = �+ �gand the elements of W � Æ � are exa
tly the w Æ � su
h that w 2 W � is the longest element of the
oset wW�+� in W �. To summarize, there is a de
omposition of the 
ategory O,O =M� O[�℄; (2:2)where the sum is over all integrally dominant weights � 2 h� and O[�℄ is the full sub
ategory ofmodules M 2 O su
h that M =M [�℄. The Grothendie
k group of the 
ategory O[�℄ has basesf[L(�)℄ j � 2W � Æ �g and f[M(�)℄ j � 2W � Æ �g: (2:3)



braids and jantzen filtrations 5Jantzen �ltrationsFollowing the notations for the quantum group used in [LR, x2℄, let h, X1; : : : ;Xr andY1; : : : ; Yr be the standard generators of the quantum group Uhg whi
h satisfy the quantum Serrerelations. The Cartan involution �:Uhg! Uhg is the algebra anti-involution de�ned by�(Xi) = Yi; �(Yi) = Xi; and �(a) = a; for a 2 h: (2:4)A 
ontravariant form on a Uhg moduleM is a symmetri
 bilinear form h; i:M �M ! C su
h thathum1;m2i = hm1; �(u)m2i; u 2 Uhg; m1;m2 2M:Fix � 2 h� and Æ 2 h� su
h that �+tÆ is integrally dominant for all small positive real numberst. Consider t as an indeterminate and 
onsider the Verma moduleM(�+ tÆ) = Uhg[t℄
Uhb+[t℄ C �+tÆas the module for Uhg[t℄ = C [t℄
C Uhg generated by a ve
tor v+ su
h that av+ = (�+ tÆ)(a)v+ fora 2 h and Uhn+[t℄v+ = 0. There is a unique 
ontravariant form h; it:M(�+ tÆ)�M(�+ tÆ)! C [t℄su
h that hv+; v+it = 1. De�neM(�+ tÆ)(j) = fm 2M(�+ tÆ) j hm;nit 2 tjM(�+ tÆ) for all n 2M(�+ tÆ)g:The \spe
ialization of M(�+ tÆ)(j) at t = 0" isM(�)(j) = image of M(�+ tÆ)(j) in M(�+ tÆ)
C[t℄ C [t℄=tC [t℄and the Jantzen �ltration of M(�) isM(�) =M(�)(0) �M(�)(1) � � � � : (2:5)By [Jz, Theorem 5.3℄, the Jantzen �ltration is a �ltration of M(�) by Uhg modules, the moduleM(�)(1) is a maximal proper submodule of M(�) and ea
h quotient M(�)(i)=M(�)(i+1) has anondegenerate 
ontravariant form. It is known [Bb℄ that the Jantzen �ltration does not depend onthe 
hoi
e of Æ. It is a deep theorem [BB℄ that the quotientsM(�)(i)=M(�)(i+1) are semisimple andthat if w 2 W� and y 2 W� are maximal length in their 
osets wW�+� and yW�+�, respe
tively,then the Kazhdan-Lusztig polynomial for W� isXj�0[M(w Æ �)(j)=M(w Æ �)(j+1) : L(y Æ �)℄v 12 (`(y)�`(w)�j) = Pwy(v); (2:6)where ` is the length fun
tion on W� and [M(w Æ�)(j)=M(w Æ�)(j+1) : L(y Æ�)℄ is the multipli
ityof the simple module L(y Æ �) in the jth fa
tor of the Jantzen �ltration of M(�).



6 rosa orellana and arun ramThe BGG resolutionNot all simple modules L(�) in the 
ategory O have a BGG resolution. The general form ofthe BGG resolution given by Gabber and Joseph [GJ℄ is as follows.Let � 2 h� be su
h that �(�+�) is dominant and regular and letW �J be a paraboli
 subgroupof the integral Weyl group W�. Let w0 be the longest element of W�J and �x � = w0 Æ �. De�ne aresolution 0 �! C`(w0) �! � � � �! C2 d2�! C1 d2�! C0 �! L(�) �! 0 (2:7)of the simple module L(�) by Verma modules by settingCj = M`(w)=jM(w Æ �);where the sum is over all w 2W�J of length j, and de�ning the mapdj :Cj ! Cj�1; by the matrix (dj)v;w = � "v;w�v;w; if v ! w,0; otherwise, ;where v ! w means that there is a (not ne
essarily simple) root � su
h that w = s�v and`(w) = `(v)� 1, the maps �v;w are �xed 
hoi
es of in
lusions�v;w:M(v Æ �) ,!M(w Æ �); and "v;w = �1;are �xed 
hoi
es of signs su
h that"u;v"v;w = �"u;v0"v0;w if u! v ! w; u! v0 ! w and v 6= v0:Gabber and Joseph [GJ℄ prove that the sequen
e (2.7) is exa
t in this general setting. See [BGG℄and [Dx,7.8.14℄ for the original form of the BGG resolution. From the exa
tness of (2.7) it followsthat if �(�+ �) is dominant and regular then, in the Grothendie
k group of the 
ategory O,[L(�)℄ = Xw2W�J (�1)`(w)[M(w Æ �)℄; (2:8)where � = w0 Æ � and w0 is the longest element of W�J .�RMN matri
es and the quantum Casimir CMLet Uhg be the Drinfeld-Jimbo quantum group 
orresponding to a �nite dimensional 
omplexsemisimple Lie algebra g. There is an invertible element R =P ai 
 bi in (a suitable 
ompletionof) Uhg
 Uhg su
h that, for any two Uhg modules M and N , the map�RMN : M 
N �! N 
Mm
 n 7�! X bin
 aim M 
NN 
M� �� �................................ ..................................................................................................................is a Uhg module isomorphism. There is also a quantum Casimir element e�h�u in the 
enter ofUhg and, for a Uhg module M we de�neCM : M �! Mm 7�! (e�h�u)m MMCM��...............................................



braids and jantzen filtrations 7The elementsR and e�h�u satisfy relations (see [LR, (2.1-2.12)℄) whi
h imply that, for UhgmodulesM;N;P and a Uhg module isomorphism �M :M !M ,M 
NN 
M�M� �� �.............................................................................................................................. .................................................................................................................. = M 
NN 
M�M� �� �.............................................................................................................................. ..................................................................................................................�RMN (�M 
 idN ) = (�M 
 idN ) �RMN ; (2:9)
M 
 (N 
 P )(N 
 P ) 
M�RM;N
P = (idN 
 �RMP )( �RMN 
 idP )=�� �� M 
N 
 P

N 
 P 
M� � �� � �.............................................................................................................................. ........................................................................................................................................ ...................................................................................................................................................... ................................................................................................................................. (M 
N) 
 PP 
 (M 
N)�RM
N;P = ( �RMP 
 idN )(idM 
 �RNP );=�� �� M 
N 
 P
P 
M 
N� � �� � �.............................................................................................................................. ........................................................................................................................................ ...................................................................................................................................................... ................................................................................................................................. (2:10)

CM
N = ( �RNM �RMN )�1(CM 
 CN ): (2:11)The relations (2.9) and (2.10) together imply the braid relationM 
N 
 P
P 
N 
M
� � �
� � �

.............................................................................................. ............................................................................... ........................................................................................................................................ .............................................................................................................................................. ........................................................................................................... = M 
N 
 P
P 
N 
M
� � �
� � �
............................................... .............................................................................................. ............................. .............................................................................................................................................. ........................................................................................................................................ ..............................................................................................................( �RNP 
 idM )(idN 
 �RMP )( �RMN 
 idP ) = (idP 
 �RMN )( �RMP 
 idN )(idM 
 �RNP ); (2:12)

If M is a highest weight module of weight � (M is generated by a highest weight ve
tor v+ ofweight �) then, by [Dr, Prop. 3.2℄, CM = q�h�;�+2�iidM : (2:13)Note that h�; �+ 2�i = h�+ �; �+ �i � h�; �i are the eigenvalues of the 
lassi
al Casimir operator[Dx, 7.8.5℄. If M is a �nite dimensional Uhg module then M is a dire
t sum of the irredu
iblemodules L(�), � 2 P+, and CM = M�2P+ q�h�;�+2�iP�;where P�:M ! M is the proje
tion onto M [�℄ in M . From the relation (2.11) it follows that ifM = L(�), N = L(�) are �nite dimensional irredu
ible Uhg modules then �RNM �RMN a
ts on the� isotypi
 
omponent L(�)�
��� of the de
ompositionL(�)
 L(�) =M� L(�)�
��� by the 
onstant qh�;�+2�i�h�;�+2�i�h�;�+2�i: (2:14)



8 rosa orellana and arun ramSuppose thatM and N are Uhg modules with 
ontravariant forms h; iM and h; iN , respe
tively.De�ne a 
ontravariant form on M 
N byhm1 
 n1;m2 
 n2i = hm1;m2iM hn1; n2iN ; (2:15)for m1;m2 2 M , n1; n2 2 N . If � is the Cartan involution de�ned in (2.4) then a formula ofDrinfeld [Dr, Prop. 4.2℄ states (� 
 �)(R) =Xi bi 
 ai;from whi
h it follows thath �RMN (m1 
 n1); n2 
m2i =Xi h(bi 
 ai)(n1 
m1); n2 
m2i=Xi hn1 
m1; (�(bi)
 �(ai))(n2 
m2)i=Xi hn1 
m1; (ai 
 bi)(n2 
m2)i=Xi hm1 
 n1; bim2 
 ain2i:Thus h �RMN(m1 
 n1); n2 
m2i = hm1 
 n1; �RNM (n2 
m2)i: (2:16)3. AÆne braid group representations and the fun
tors F�There are three 
ommon ways of depi
ting aÆne braids [Cr℄, [GL℄, [Jo3℄:(a) As braids in a (slightly thi
kened) 
ylinder,(b) As braids in a (slightly thi
kened) annulus,(
) As braids with a 
agpole.See Figure 1. The multipli
ation is by pla
ing one 
ylinder on top of another, pla
ing one annulusinside another, or pla
ing one 
agpole braid on top of another. These are equivalent formulations:an annulus 
an be made into a 
ylinder by turning up the edges, and a 
ylindri
al braid 
an bemade into a 
agpole braid by putting a 
agpole down the middle of the 
ylinder and pushing thepole over to the left so that the strings begin and end to its right.The aÆne braid group is the group ~Bk formed by the aÆne braids with k strands. The aÆnebraid group ~Bk 
an be presented by generators T1; T2; : : : ; Tk�1 and X"1Ti = i i+1� � � � � � �� � � � � � �......................................................................................... .....................................................................................................................�.............. ...................................................... ...................................................... ...................................................... ...................................................... ................................................................................... .................................................................................................. and X"1 = � � � � � � �� � � � � � �.................................................................................. ..............................................................................................................�.............. ...................................................... ...................................................... ...................................................... ...................................................... ...................................................... .............................................................................................................................................................................................................................. (3:1)with relations(3.2a) TiTj = TjTi, if ji � jj > 1,(3.2b) TiTi+1Ti = Ti+1TiTi+1, for 1 � i � k � 2,(3.2
) X"1T1X"1T1 = T1X"1T1X"1 ,



braids and jantzen filtrations 9(3.2d) X"1Ti = TiX"1 , for 2 � i � k � 1.De�ne X"i = Ti�1Ti�2 � � � T2T1X"1T1T2 � � � Ti�1; 1 � i � k: (3:3)By drawing pi
tures of the 
orresponding aÆne braids it is easy to 
he
k that the X"i all 
ommutewith ea
h other and so X = hX"i j 1 � i � ki is an abelian subgroup of ~Bk. Let L �= Zk be thefree abelian group generated by "1; : : : ; "k. ThenL = f�1"1 + � � �+ �k"k j �i 2 Zg and X = fX� j � 2 Lg; (3:4)where X� = (X"1)�1(X"2)�2 � � � (X"k)�k , for � 2 L.The ~Bk module M 
 V 
kLet Uhg be the Drinfeld-Jimbo quantum group asso
iated to a �nite dimensional 
omplexsemisimple Lie algebra g. Let M be a Uhg-module in the 
ategory O and let V be a �nitedimensional Uhg module. De�ne �Ri, 1 � i � k � 1, and �R20 in EndUhg(M 
 V 
k) by�Ri = idM 
 id
(i�1)V 
 �RV V 
 id
(k�i�1)V and �R20 = ( �RVM �RMV )
 id
(k�1)V :Proposition 3.5. The map de�ned by�: ~Bk �! EndUhg(M 
 V 
k)Ti 7�! �Ri; 1 � i � k � 1;X"1 7�! �R20;makes M 
 V 
k into a ~Bk module.Proof. It is ne
essary to show that(a) �Ri �Rj = �Rj �Ri, if ji� jj > 1,(b) �R20 �Ri = �Ri �R20, i > 2,(
) �Ri �Ri+1 �Ri = �Ri+1 �Ri �Ri+1, 1 � i � k � 2,(d) �R20 �R1 �R20 �R1 = �R1 �R20 �R1 �R20.The relations (a) and (b) follow immediately from the de�nitions of �Ri and �R20 and (
) is a parti
ular
ase of the braid relation (2.12). The relation (d) is also a 
onsequen
e of the braid relation:�R20 �R1 �R20 �R1 = ( �RVM �RMV 
 id)(id
 �RV V )( �RVM �RMV 
 id)(id
 �RV V )= ( �RVM 
 id) (id
 �RV V )( �RV V 
 id)(id
 �RMV )| {z }( �RMV 
 id)(id
 �RV V )= (id
 �RV V )( �RMV 
 id)(id
 �RVM )| {z } ( �RV V 
 id)(id
 �RMV )( �RMV 
 id)| {z }= (id
 �RMV )( �RVM z }| {�RMV 
 id)(id
 �RV V )( �RVM �RMV 
 id)= �R1 �R20 �R1 �R20;or equivalently, �R20 �R1 �R20 �R1 = � � �
� � �........................

......................................................................... .................................................................................................................................................................................................................................................................................................................................................................................... = � � �
� � �

................................................ ................................................. ............................................................. ........................ ............................................................................................................................................................................................................................................................................................................................................ = � � �
� � �
........................ ................................................ ................................................. ..................................... ..................................................................................................................................................................................................

............................................................................................................................................. = � � �
� � �
........................ ......................................................................... ............................................................. ........................ ..................................................................................................................................................................................................

............................................................................................................................................. = �R1 �R20 �R1 �R20:



10 rosa orellana and arun ramA ~Bk module N is 
alibrated if the abelian group X de�ned in (3.4) a
ts semisimply on N , i.e.if N has a basis of simultaneous eigenve
tors for the a
tion of X"1 ; : : : ;X"k .Proposition 3.6. If M and V are �nite dimensional Uhg modules then the ~Bk module M 
 V 
kde�ned in Proposition 3.5 is 
alibrated.Proof. Let P+ be the set of dominant integral weights. Sin
e M and V are �nite dimensional theUhg-module M 
 V 
i is semisimple for every 1 � i � k andM 
 V 
i = M�2P+(M 
 V 
i)[�℄ �= M�2P+ L(�)�m� ;where m� 2 Z�0 and (M 
 V 
i)[�℄ �= L�2P+ L(�)�m� : Given a basis of M 
 V 
(i�1) whi
hrespe
ts the de
omposition M 
 V 
(i�1) = L�(M 
 V 
(i�1))[�℄ one 
an 
onstru
t a basis ofM 
 V 
i whi
h respe
ts the de
ompositionM 
 V 
i = (M 
 V 
(i�1))
 V = M�;�;�((M 
 V 
(i�1))[�℄ 
 V [�℄)[�℄:Sin
e ((M 
 V 
(i�1))[�℄ 
 V [�℄)[�℄ � (M 
 V 
i)[�℄ this new basis respe
ts the de
ompositionM 
 V 
i =L�(M 
 V 
i)[�℄. This pro
edure produ
es, indu
tively, a basis B of M 
 V 
k whi
hrespe
ts the de
ompositionsM 
 V 
k = (M 
 V 
i)
 V 
(k�i) =M� (M 
 V 
i)[�℄ 
 V 
(k�i);for all 0 � i � k. The 
entral element e�h�u in Uhg a
ts on (M
V 
i)[�℄ by the 
onstant q�h�;�+2�i.From (2.10), (2.11) and (2.14) it follows that X"i a
ts on M 
 V 
k by�Ri�1 � � � �R1 �R20 �R1 � � � �Ri�1 = �RV;M
V 
(i�1) �RV;M
V 
(i�1) 
 id
(k�i)V= (CM
V 
(i�1) 
 CV )C�1M
V 
i 
 id
(k�i)V= X�;�;� qh�;�+2�i�h�;�+2�i�h�;�+2�iP ��� 
 id
(k�i)Vwhere P ��� :M 
 id
iV ! M 
 id
iV is the proje
tion onto ((M 
 V 
(i�1))[�℄ 
 V [�℄)[�℄. Thus X"ia
ts diagonally on the basis B.De�ne an anti-involution on ~Bk by~�(Ti) = Ti and ~�(X�) = X�;for 1 � i � k� 1 and � 2 L. A 
ontravariant form on a ~Bk module N is a symmetri
 bilinear formh; i:N �N ! C su
h thathbn1; n2i = hn1; ~�(b)n2i for n1; n2 2 N , b 2 ~Bk.SupposeM is a Uhg-module in the 
ategory O and V is a �nite dimensional Uhg module. Let h; iMand h; iV be Uhg-
ontravariant forms on M and V respe
tively. By (2.16),h �RV V (v1 
 v2); v01 
 v02i = hv1 
 v2; �RV V (v01 
 v02)ifor v1; v2; v01; v02 2 V , andh �RVM �RMV (m
 v);m0 
 v0i = h �RMV (m
 v); �RMV (m0 
 v0)i = hm
 v; �RV M �RMV (m0 
 v0)ifor m;m0 2M , v; v0 2 V . Thus it follows that the form h; i on M 
 V 
k given byhm
 v1 
 � � � vk;m0 
 v01 
 � � � v0ki = hm;m0iM hv1; v01iV hv2; v02iV � � � hvk; v0kiV ; (3:7)for m;m0 2M , vi; v0i 2 V is a ~Bk 
ontravariant form on the ~Bk module M 
 V 
k.



braids and jantzen filtrations 11The fun
tor F�Fix a �nite dimensional Uhg module V and an integrally dominant weight � in h�. Let ~Ok bethe 
ategory of �nite dimensional ~Bk modules and de�ne a fun
torF�: O �! ~OkM 7�! HomUhg(M(�);M 
 V 
k): (3:8)Proposition 3.9. Let � be a integrally dominant weight in h�. The fun
tor F� is exa
t.Proof. The fun
tor F� is the 
omposition of two fun
tors: the fun
tor � 
 V 
k and the fun
torHomU (M(�); �). The �rst is exa
t sin
e V 
k is �nite dimensional and the se
ond is exa
t be
ausewhen � is integrally dominant M(�) is proje
tive, see [Jz, p. 72℄.The following proposition gives equivalent ways of expressing the ~Bk-module F�(M). We usethe notation n�(M 
 V 
k) =Xi Yi(M 
 V 
k); (3:10)where the Yi are the Chevalley generators of n�. In the 
ase of Ug-modules, the notation n�(M 
V 
k) is self explanatory|the notation in (3.10) is simply a way to de�ne the same obje
t for thequantum group Uhg.Proposition 3.11. Let M be a Uhg module in the 
ategory O and let V be a �nite dimensionalUhg-module. Let � be an integrally dominant weight. ThenHomUhg(M(�);M 
 V 
k) �= ((M 
 V 
k)[�℄)� �= � M 
 V 
kn�(M 
 V 
k)��as ~Bk modules.Proof. Sin
e the a
tion of ~Bk on M 
V 
k 
ommutes with the a
tion of Uhg on M 
V 
k, all threeve
tor spa
es in the statement are ~Bk modules, and in all three 
ases, the ~Bk a
tion 
omes fromthe ~Bk a
tion on M 
 V 
k. The isomorphisms 
ome from the fa
t that these ve
tor spa
es arenaturally identi�ed with the ve
tor spa
e of highest weight ve
tors of weight � in M 
 V 
k. Thisidenti�
ation is done as follows.(a) If m
n is a highest weight ve
tor of weight � in M 
V 
k and v+� is the highest weight ve
torof weight � in the Verma module M(�) then�: M(�) ! M 
 V 
kv+ 7�! m
 nuniquely determines a homomorphism in HomU (M(�);M
V 
k). So HomU (M(�);M
V 
k) 
anbe identi�ed with the spa
e of highest weight ve
tors of weight � in M 
 V 
k.(b) If m 
 n is a highest weight ve
tor of weight � in M 
 V 
k then there is a unique integrallydominant weight � su
h that � 2W Æ �. Sin
e � is integrally dominant any highest weight ve
torof weight � in M 
 V 
k is an element of (M 
 V 
k)[�℄. Furthermore,(M 
 V 
k)[�℄ =M���((M 
 V 
k)[�℄)� (3:12)



12 rosa orellana and arun ramwhere the sum is over all � � � in dominan
e i.e., over all � su
h that � = � � � with � anonnegative linear 
ombination of positive roots. Thus ((M 
 V 
k)[�℄)� 
onsists exa
tly of thehighest weight ve
tors of weight �.(
) It follows from (3.12) that (n�M [�℄)� = 0. So the 
anoni
al surje
tion M [�℄ ! (M [�℄=n�M [�℄)produ
es a ve
tor spa
e isomorphism((M 
 V 
k)[�℄)� ��!� (M 
 V 
k)[�℄n�(M 
 V 
k)[�℄�� :The last isomorphism in the statement of the proposition now follows from� (M 
 V 
k)n�(M 
 V 
k)�� =M� � (M 
 V 
k)[�℄n�(M 
 V 
k)[�℄�� = � (M 
 V 
k)[�℄n�(M 
 V 
k)[�℄�� ;where the dire
t sum is over all integrally dominant weights �.4. The ~Bk modules M�=� and L�=�Let � be integrally dominant and let � 2 h�. De�ne ~Bk modulesM�=� = F�(M(�)) and L�=� = F�(L(�)): (4:1)The following lemma is the main tool for studying the stru
ture of these ~Bk modules.Lemma 4.2. ([Jz, Theorem 2.2℄, [Dx, Lemma 7.6.14℄) Let E be a �nite dimensional Uhg moduleand let feig be a basis of E 
onsisting of weight ve
tors ordered so that i < j if wt(ei) < wt(ej).Suppose M is a Uhg module generated by a highest weight ve
tor v+� of weight �. SetMi =Xj�i Uhn�(v+� 
 ej):Then(a) M 
E =M1 �M2 � � � � is a �ltration of Uhg modules su
h that Mi=Mi+1 is 0 or is a highestweight module of highest weight �+ wt(ei).(b) If M =M(�) then Mi=Mi+1 �=M(�+ wt(ei)).The braid group Bk is the subgroup of ~Bk generated by T1; : : : ; Tk�1. By restri
tion, bothM�=� and V 
k = L(0)
 V 
k are Bk modules.There is a unique Uhg 
ontravariant form h; iM on the Verma module M(w Æ �) determinedby hv+wÆ�; v+wÆ�iM = 1 where v+wÆ� is the generating highest weight ve
tor of M(w Æ �). As in(2.15), this form together with a nondegenerate Uhg 
ontravariant form h; iV on V gives a Uhg
ontravariant forms h; iV 
k and h; i on V 
k and M(w Æ �)
 V 
k, respe
tively.With these notations at hand we use Lemma 4.2 to prove the fundamental fa
ts about the ~Bkmodules M�=� and L�=� de�ned in (4.1).Proposition 4.3. Let �; � be integrally dominant weights and w 2W .(a) As Bk modules, M�=wÆ� �= (V 
k)��wÆ�(b) M�=wÆ� �=M�=yÆ� if W�+�wW�+� =W�+�yW�+�.



braids and jantzen filtrations 13(
) Use the same notation h; i for the Uhg 
ontravariant form h; i on M(w Æ �)
 V 
k and the ~Bk
ontravariant form on M�=(wÆ�) obtained by restri
tion of h; i to the subspa
e (M(w Æ �) 
V 
k)[�℄� . Then L�=wÆ� �= M�=(wÆ�)radh; i :(d) Assume w is maximal length in wW�+�. If L�=(wÆ�) 6= 0 then(1) �� w Æ � is a weight of V 
k,(2) w is maximal length in W�+�wW�+�.(e) If � is a dominant integral weight thenL�=� �= nv 2 (V 
k)��� j Xh�+�;�_i ii v = 0; for all 1 � i � n.o :Proof. (a) Let v+wÆ� be the generating highest weight ve
tor of M(w Æ �) and, for n 2 V 
k letpr(v+wÆ� 
 n) be the image of v+wÆ� 
 n in (M 
 V 
k)=n�(M 
 V 
k). Then, sin
e � is integrallydominant, Lemma 4.2 shows that(V 
k)��wÆ� �! M�=(wÆ�)n 7�! pr(v+wÆ� 
 n) (4:4)is a ve
tor spa
e isomorphism. This is a Bk-module isomorphism sin
e the Bk a
tion on M(w Æ�)
 V 
k 
ommutes with n� and �xes v+wÆ�.(b) It is suÆ
ient to show that M�=wÆ� �= M�=(siwÆ�) for all simple re
e
tions si 2 W�+� su
hthat siw > w. Applying the exa
t fun
tor F� to the Verma module in
lusionM(siw Æ �) ,!M(w Æ �) gives M�=siwÆ� ,!M�=wÆ�;an in
lusion of ~Bk-modules. Sin
e si(�� w Æ �) = si(�+ �)� siw(�+ �) = �+ �� siw(�+ �) =�� (zw) Æ � there is a (ve
tor spa
e) isomorphism of weight spa
es(V 
)��wÆ� �= V 
k��siwÆ�:(This isomorphism 
an be realized by Lusztig's braid group a
tion [CP, x8.1-8.2℄ Ti: (V 
k)��wÆ� !(V 
k)si(��wÆ�)). Thus, by part (a), the ~Bk-module in
lusion M�=siwÆ� ,!M�=wÆ� is an isomor-phism.(
) Use the notations for the bilinear forms on M(w Æ�) and V 
k as given in the paragraph beforethe statement of the proposition. Let fbig be an orthonormal basis of V 
k with respe
t to h; iV 
k .If r 2 radh; iM thenhr 
 b; s
 b0i = hr; siM hb; b0iV 
k = 0; for all s 2M(w Æ �), b; b0 2 V 
k,and so (radh; iM )
 V 
k � radh; i. Conversely, if ri 2M(w Æ �) su
h thatP ri 
 bi 2 radh; i then0 = 
Xi ri 
 bi; s
 bj� =Xi hri; siMÆij = hri; si; for all s 2M(w Æ �).So ri 2 radh; iM and thus radh; i � radh; iM 
 V 
k. By the Uhg 
ontravarian
e of h; i(M(w Æ �)
 V 
k)[�℄� ? (M(w Æ �)
 V 
k)[�℄�



14 rosa orellana and arun ramfor integrally dominant weights �, � with � 6= �. Thusradh; i = �radh; iM 
 V 
k�[�℄� ; (4:5)where h; i is the restri
tion of the form on M(w Æ �)
 V 
k to (M(w Æ �)
 V 
k)[�℄� . Thus(M(w Æ �)
 V 
k)[�℄�radh; i = (M(w Æ �)
 V 
k)[�℄�(radh; iM 
 V 
k)[�℄��= �M(w Æ �)radh; iM 
 V 
k�[�℄� = (L(w Æ �)
 V 
k)[�℄� = L�=(wÆ�);where the isomorphism is a 
onsequen
e of the fa
t that, be
ause � is an integrally dominantweight, the fun
tor (� 
 V 
k)[�℄� is exa
t (Prop. 3.9).(d) If � � w Æ � is not a weight of V 
k then, by part (a), M�=wÆ� = 0. Sin
e the fun
tor F� isexa
t and L(w Æ �) is a quotient of M(w Æ �), L�=wÆ� is a quotient of M�=wÆ�. Thus M�=wÆ� = 0implies L�=wÆ� = 0.Assume that w is not the longest element ofW�+�wW�+�. Then there is a positive root � > 0su
h that s� 2 W�+� and s�w > w. Sin
e s�wW�+� 6= wW�+� there is an in
lusion of Vermamodules M(s�w Æ �) � M(w Æ �) and F�(L(�)) is a quotient of F�(M(w Æ �))=F�(M(s�w Æ �)).On the other hand, by part (b),M�=s�wÆ� �=M�=wÆ�; and so M�=wÆ�M�=s�wÆ� = F�(M(w Æ �))F�(M(s�w Æ �)) = 0 :Thus F�(L(w Æ �)) = 0.(e) When � is a dominant integral weightradh; iM = Uhn�fY h�+�;�_i ii v+� j 1 � i � ng =Xi Uhn�Y h�+�;�_i ii v+� ;see [Dx, 7.2.7℄. Thus, by (
) and the ve
tor spa
e isomorphism (4.4) it follows that, as ve
torspa
es,L�=� �= ��span-�pr(v+� 
 n) j n 2 V 
k	�.�span-�pr(Y h�+�;�_i ii v+� 
 n) j n 2 V 
k	����� :For any k � 0, pr(Y k+1i 
 n) = pr(Yi(Y ki v+� 
 n)� Y ki v+� 
 Yin) = � pr(Y ki v+� 
 Yin); and so, byindu
tion, pr(Y k+1i v+� 
n) = � � pr(v+� 
Y k+1i n) for some � 2 C , � 6= 0. Thus L�=� is isomorphi
to the ve
tor spa
e  V 
k.�Xi Y h�+�;�_i ii V 
k�!��� :If b 2 (Y h�+�;�_i ii V 
k)? then the Uhg 
ontravarian
e of h; iV 
k gives that0 = 
Y h�+�;�_i ii n; b�V 
k = 
n;Xh�+�;�_i ii b�V 
k ; for all n 2 V 
k.



braids and jantzen filtrations 15Thus, by the nondegenera
y of h; iV 
k ,L�=� �=  Xi Y h�+�;�_i ii V 
k!?��� = fb 2 (V 
k)��� j Xh�+�;�_i ii b = 0g:Remark 4.6. In the 
ase when g is type An�1 and V = L(!1) is the n-dimensional fundamentalrepresentation the 
onverse to Proposition 4.3b also holds (see [Su℄ Prop. 2.3.4 and [Ze2℄ Th. 6.1b).The following example shows that this is not true in general. In the notation of Se
tion 6, letg be of type Dn; � = "1 + � � � + "n�1; and V = L(!1);the 2n-dimensional fundamental representation. If �� = "1 + � � � + "n�1 � "n then M�+=� andM��=� are isomorphi
 (one dimensional and simple) ~B1 modules.Proposition 4.3d gives a ne
essary 
ondition on �=w Æ � for the ~Bk-module L�=wÆ� to benonzero. The following lemma gives an alternative 
hara
terization of this 
ondition. This will beuseful for analyzing the 
ombinatori
s of the examples in Se
tion 6.Lemma 4.7. Let P be the weight latti
e and let � be an integrally dominant weight. ThenW�+� a
ts on �� P by the dot a
tion. This a
tion has fundamental domainC��+� = f� 2 �� P j h�+ �; �_i 2 Z�0 for all � > 0 su
h that h�+ �; �_i = 0g:The following are equivalent.(a) � 2 C��+�,(b) � = w� Æ � with � integrally dominant and w� longest in W�+�w�.(
) � = w�~� Æ ~� with w�~� longest in W�+�w�~�W�+�.Proof. (b) and (
) are equivalent sin
e W�+� is the stabilizer of � under the Æ a
tion.(b) =) (a): If s� 2 W�+� then h� + �; �_i = 0 and `(s�w�) < `(w�). So (w�)�1� < 0 andh�+ �; �_i 2 Z sin
e �� � 2 P . Thus,h�+ �; �_i = hw� Æ �+ �; �_i = hw�(�+ �); �_i = h� + �; (w�)�1�_i 2 Z�0;sin
e � is integrally dominant. So � 2 C��+�.(a) =) (b): Let � 2 C��+� and �x � integrally dominant and w 2 W su
h that � = w Æ �. Let� > 0 su
h that h�+ �; �_i = 0. Thenh� + �;w�1�_i = h�+ �; �_i 2 Z�0and so w�1� < 0. So `(s�w) < `(w). Sin
e this is true for all � > 0 su
h that h�+ �; �_i = 0 itfollows that w is maximal length in its 
oset W�+�w.In the 
lassi
al 
ase, when g is type An and V = L(!1) is the n+ 1 dimensional fundamentalrepresentation the ~Bk-module L�=wÆ� is a simple ~Bk-module whenever it is nonzero (see [Su℄). Asthe following Proposition shows, this is a very spe
ial phenomenon.



16 rosa orellana and arun ramProposition 4.8. Assume that V = L(�) for a dominant integral weight �. If the ~Bk-moduleF�(�) is irredu
ible (or 0) for all k, all dominant integral weights �, and all integrally dominantweights � then(a) g is type An, Bn, Cn or G2 and V = L(!1), and(b) the a
tion of the subgroup Bk of ~Bk generates EndUhg(V 
k).Proof. (a) If � is large dominant integral weight (for example, we may take � = n�, n >> 0) then,as a Uhg-module, L(�)
 V �=Mb L(�+wt(b));where the sum is over a basis of V 
onsisting of weight ve
tors and wt(b) is the weight of the ve
torb. The group ~B1 is generated by the elementX"1 whi
h a
ts on a summand L(�) in L(�)
V by the
onstant qh�;�+2�i�h�;�+2�i�h�;�+2�i. Then F�(L(�)) is the L(�) isotypi
 
omponent of L(�)
 Vand these are simple ~B1 modules only if all the valuesh�+wt(b); �+wt(b) + 2�i � h�; �+ 2�i � h�; � + 2�i= 2h�+ �;wt(b)i+ hwt(b);wt(b)i � h�; � + 2�i; (4:9)as b ranges over a weight basis of V , are distin
t. It follows that all weight spa
es of V must beone dimensional. This means that(a) g is type An, Bn, Cn, Dn, E6, E7 or G2 and V = L(!1), or(b) g is type An and V = L(k!1) or V = (k!n) for some k, or(
) g is type Bn and V = L(!n), or(d) g is type Dn and V = L(!n�1) or V = L(!n).Most of the weights of these representations lie in a single W -orbit. If 
 and 
0 are two distin
tweights of V whi
h are in the same W -orbit then h
; 
i = h
0; 
0i. If � = n� with n >> 0 then the
ondition that all the values in (4.9) be distin
t for
es that(2n+ 1)h�; 
i = 2h�+ �; 
i 6= 2h�+ �; 
0i = (2n+ 1)h�; 
0i:Writing 
 = � �Pi 
i�i and 
0 = � �Pi 
0i�i with 
i; 
0i 2 Z>0 the last equation be
omes(2n+ 1) �Xi 
i 6= (2n+ 1) �Xi 
0i:Finally, an easy 
ase by 
ase 
he
k veri�es that the only 
hoi
es of V in (a-d) above whi
h satisfythis last 
ondition for all weights in the W -orbit of the highest weight are those listed in thestatement of the proposition.(b) Let Zk = EndUhg(V 
k). As a (Uhg;Zk)-bimoduleV 
k �=M� L(�)
Z�k ;where Z�k is an irredu
ible Zk-module and the sum is over all dominant integral weights for whi
hthe irredu
ible Uhg-module L(�) appears in V 
k. By restri
tion Z�k is an Bk-module and this isthe ~Bk-module F�(L(0)) whi
h, by assumption, is simple. Sin
e L(0) is the trivial module X"1a
ts on F�(L(0)) by the identity and so F�(L(0)) is simple as a Bk-module. Thus the simpleZk-modules in V 
k 
oin
ide exa
tly with the simple Bk-modules in V 
k and it follows that Bkgenerates Zk = EndUhg(V 
k).



braids and jantzen filtrations 17Jantzen �ltrations for aÆne braid group representationsApplying the fun
tor F� to the Jantzen �ltration of M(�) produ
es a �ltration of M�=�,M�=� = F�(M(�)) = F�(M(�)(0)) � F�(M(�)(1)) � � � � : (4:10)An argument of Suzuki [Su, Thm. 4.3.5℄ shows that this �ltration 
an be obtained dire
tly fromthe ~Bk-
ontravariant form h; it onM�+tÆ=�+tÆ = F�+tÆ(M(�+ tÆ)) = (M(�+ tÆ)
 V 
k)[�+tÆ℄�+tÆwhi
h is the restri
tion of the Uhg 
ontravariant form h; it on (M(� + tÆ) 
 V 
k), see (2.5) and(3.7). To do this de�neM�+tÆ=�+tÆ(j) = fm 2M(�+tÆ)=(�+tÆ) j hm;nit = tjC [t℄ for all n 2M�+tÆ=�+tÆgand �M�=��(j) = image of M�+tÆ=�+tÆ(j) in M�+tÆ=�+tÆ 
C[t℄ C [t℄=tC [t℄to obtain a �ltration M�=� = �M�=��(0) � �M�=��(1) � � � � (4:11)su
h that the quotients �M�=��(j)�=�M�=��(j+1)� 
arry nondegenerate ~Bk 
ontravariant forms.Sin
e, for di�erent �, the subspa
es (M(�+ tÆ)
 V 
k)[�+tÆ℄�+tÆ are mutually orthogonal with respe
tto the Uhg 
ontravariant form h; it on (M(�+ tÆ)
 V 
k),(M(�+ tÆ)(j)
 V 
k)[�+tÆ℄�+tÆ � (M(�+ tÆ)
 V 
k)[�+tÆ℄�+tÆ (j) =M(�+tÆ)=(�+tÆ)(j):On the other hand, if u 2 (M(�+tÆ)
V
k)[�+tÆ℄�+tÆ (j) then write u =Pi ai
bi where ai 2M(�+tÆ)and bi is an orthonormal basis of V 
k. Then, for all v 2M(�+tÆ), and all k, hak; vit = hu; v
bkit 2tjC [t℄ and so u 2 (M(�+ tÆ)(j)
 V 
k)[�+tÆ℄�+tÆ . SoF�+tÆ(M(�+ tÆ))(j) =M(�+tÆ)=(�+tÆ)(j)and the �ltrations in (4.10) and (4.11) are identi
al.Proposition 4.12. Let � and � be integrally dominant weights and let w; y 2 W� be elementsof maximal length in W�+�wW�+� and W�+�yW�+� respe
tively. Then multipli
ities of L�=yÆ� inthe �ltration (4.11) are given byXj�0 � (M�=wÆ�)(j)(M�=wÆ�)(j+1) : L�=(yÆ�)� v 12 (`(y)�`(w)+j) = Pwy(v):where Pwy(v) is the Kazhdan-Lusztig polynomial for the Weyl group W�.Proof. Sin
e the fun
tor F� is exa
t this result follows from the Beilinson-Bernstein theorem (2.6).The 
ondition on y is ne
essary for the module L�=yÆ� to be nonzero.



18 rosa orellana and arun ramThe BGG resolution for aÆne braid groupsLet � 2 h� be su
h that �(�+�) is dominant and regular and letW�J be a paraboli
 subgroupof the integral Weyl groupW�. Let w0 be the longest element of W�J and �x � = w0 Æ�. Applyingthe exa
t fun
tor F� to the BGG resolution in (2.7) produ
es an exa
t sequen
e of ~Bk-modules0! CN �! � � � �! C1 �! C0 �! L�=� �! 0 where Ck = M`(w)=jM�=wÆ� ; (4:13)and the sum is over all w 2 W�J of length j (in W�J ). Thus, in the Grothendie
k group of the
ategory ~Ok of �nite dimensional ~Bk-modules[L�=� ℄ = Xw2W�J (�1)`(w)[M�=(wÆ�)℄ (4:14)where � = w0 Æ � and w0 is the longest element of W�J . This identity is a generalization of the
lassi
al Ja
obi-Trudi identity [Ma
 I (5.4)℄ for expanding S
hur fun
tions in terms of homogeneoussymmetri
 fun
tions s�=� = Xw2Sn(�1)`(w)h�+Æ�w(�+Æ): (4:15)Restri
tion of L�=� to the braid groupThe braid group is the subgroup Bk of ~Bk generated by T1; : : : ; Tk�1. The following propositiondetermines the stru
ture of F�(L(�)) as a Bk module when L(�) is �nite dimensional.Proposition 4.16. Let P+ be the set of dominant integral weights. De�ne the tensor produ
tmultipli
ities 
��� , �; �; � 2 P+, by the Uhg-module de
ompositionsL(�)
 L(�) �= M�2P+ L(�)�
��� :Then Res ~BkBk(L�=�) = M�2P+(L�)�
��� ; where L� = L�=0:Proof. Let us abuse notation slightly and write sums instead of dire
t sums. Then, as a (Uhg;Bk)bimodule L(�)
 V 
k =X� L(�)
L�=�;where L�=� = F�(L(�)). As a (Uhg;Bk) bimoduleL(�)
 V 
k = L(�)
 X� L(�)
L�=0! =X�;� 
���L(�)
 L�=0:Comparing 
oeÆ
ients of L(�) in these two identities yields the formula in the statement.



braids and jantzen filtrations 195. Markov tra
esA Markov tra
e on the aÆne braid group is a tra
e fun
tional whi
h respe
ts the in
lusions~B1 � ~B2 � � � � where ~Bk ,! ~Bk+11 : : : kb.............................................................................................................................................................................................................................................................................................. .......................................................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. 7�! b1 : : : k k+1.............................................................................................................................................................................................................................................................................................. .......................................................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. ........................................................................................................... (5:1)More pre
isely, a Markov tra
e on the aÆne braid group with parameters z;Q1; Q2; : : : 2 C is asequen
e of fun
tions mtk: ~Bk �! C su
h that(1) mt1(1) = 1,(2) mtk+1(b) = mtk(b), for b 2 ~Bk,(3) mtk(b1b2) = mtk(b2b1), for b1; b2 2 ~Bk,(4) mtk+1(bTk) = zmtk(b), for b 2 ~Bk,(5) mtk+1(b( ~X"k+1)r) = Qrmtk(b), for b 2 ~Bk,where ~X"k+1 = TkTk�1 � � � T2X"1T�12 � � � T�1k�1T�1k = 1 2 � � � k+1� � � � � � �� � � � � � �.................................................................................. ..............................................................................................................�.............. ...................................................... ...................................................... ...................................................... ...................................................... ...................................................... .......................................................................................... ...................... ...................... ...................... ...................... ...................... .................................................................................................................. ...................... ...................... ...................... ...................... ...................... ................................................................If M is a �nite dimensional U = Uhg module and a 2 EndU (M) the quantum tra
e of a on M(see [LR x3℄ and [CP Def. 4.2.9℄) is the tra
e of the a
tion of eh�a on M ,trq(a) = Tr(eh�a;M); and dimq(M) = trq(idM ) = Tr(eh�;M) (5:2)is the quantum dimension ofM . The �rst step of the standard argument for proving Weyl's dimen-sion formula [B-tD, VI Lemma 1.19℄ shows that the quantum dimension of the �nite dimensionalirredu
ible Uhg-module L(�) isdimq(L(�)) = Tr(eh�; L(�)) = Y�>0 eh2 h�+�;�_i � e�h2 h�+�;�_ieh2 h�;�_i � e�h2 h�;�_i = Y�>0 [h�+ �; �_℄[h�; �_i℄ ; (5:3)where q = eh=2 and [d℄ = (qd � q�d)=(q � q�1) for a positive integer d.Theorem 5.4. Let �; � 2 P+ be dominant integral weights. Let M = L(�) and V = L(�) andlet �k be the representation of ~Bk de�ned in Proposition 3.5. Then the fun
tionsmtk: ~Bk �! Cb 7�! trq(�k(b))dimq(M) dimq(V )kform a Markov tra
e on the aÆne braid group with parametersz = qh�;�+2�idimq(V ) and Qr =X� qr(h�;�+2�i�h�;�+2�i�h�;�+2�i) dimq(L(�))
���dimq(L(�)) dimq(L(�)) ;



20 rosa orellana and arun ramwhere the positive integers 
��� and the sum in the expression for Qr are as in the tensor produ
tde
omposition L(�)
 L(�) =M� L(�)�
��� :Proof. The fa
t thatmtk as de�ned in the statement of the Theorem satis�es (1)-(4) in the de�nitionof a Markov tra
e follows exa
tly as in [LR℄ Theorem 3.10
. The formula for the parameter z isderived in [LR, (3.9) and Thm. 3.10(2)℄.It remains to 
he
k (5). The proof is a 
ombination of the argument used in [Or℄ Theorem5.3 and the argument in the proof of [LR℄ Theorem 3.10
. Let "k: EndU (M 
 V 
k)! EndU (M 
V 
(k�1)) be given by"k(z) = (idM
V 
k 
 �e)(z 
 id) where �e: V 
 V � �! Cx
 � 7�! dimq(V )�1�(eh�x): (5:5)If V is simple then �e is the unique Uhg-invariant proje
tion onto the invariants in V
V �. Pi
torially,"k0BBBB� 1 : : : kz.............................................................................................................................................................................................................................................................................................. .......................................................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. 1CCCCA = z.............................................................................................................................................................................................................................................................................................. .......................................................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. ..................................................................................................................................................................................... = 1 : : : k�1"k(z).......................................................................................................................................................................................................................................................................... .......................................................................................... .................. .................. .................. .................................... .................. .................. .................. .................. :The argument of [LR℄ Theorem 3.10b shows thatmtk(b) = mtk�1("k�1(b)); if b 2 ~Bk. (5:6)Sin
e "1((X"1)r) is a Uhg-module homomorphism from M to M and, sin
e M is simple, S
hur'slemma implies thatr loops ( ��......................................................................................................................
......................................................................................................................

............................�..............
.................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................... ................................................................................................................ = "1((X"1)r) = � � idM ; for some � 2 C .

Let ~Ri = id
iV 
 �RV M 
 id(k+1)�iV . Then ( ~X"k+1)r = ( ~R1 � � � ~Rk)�1(X"1)r( ~R1 � � � ~Rk) andmtk+1(b( ~X"k+1)r) = mtk("k(b( ~X"k+1)r))= mtk("k(b( ~R1 � � � ~Rk)�1(X"1)r( ~R1 � � � ~Rk))= mtk(b( ~R1 � � � ~Rk)�1"1((X"1)r)( ~R1 � � � ~Rk))= mtk(b( ~Rk � � � ~R1)�1� � idM ~R1 � � � ~Rk) = � �mtk(b):



braids and jantzen filtrations 21This last 
al
ulation is more palatable in a pi
torial format,mtk+10BBBBBB� 1 : : : kb.......................................................................................................................................................................................................................................................... ...................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. ..........................................................................................( ~X"k+1)r.............................................................................................................................................................................................................................................................................................. ...................................................... .................. .................. .................. .................. ..................
1CCCCCCA = mtk+10BBBBBBB� 1 : : : kb.......................................................................................................................................................................................................................................................... ...................................................... .................. .................. .................. .................. ............................................................................................................................. ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ...........................................................................................................

.............................................................................................................................( ~X"1)r...................................................................................................................................................................................................................... ......................................................................................................... .......................
1CCCCCCCA = mtk0BBBBBBB� 1 : : : kb.......................................................................................................................................................................................................................................................... ...................................................... .................. .................. .................. .................. ............................................................................................................................. ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ( ~X"1)r...................................................................................................................................................................................................................... .................................... ......................................................................................................... ....................... ..........................................................................

1CCCCCCCA
= � �mtk0BBBBBBB� 1 : : : kb.......................................................................................................................................................................................................................................................... ...................................................... .................. .................. .................. .................. ............................................................................................................................. ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ..................................................................... .......................

1CCCCCCCA = � �mtk0BB� 1 : : : kb.......................................................................................................................................................................................................................................................... ...................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. 1CCA :It remains to 
al
ulate the 
onstant �. By (2.14),(X"1)r = ( �R20)r =  X� q
(�)P ���!r =X� qr
(�)P ��� ;where 
(�) = h�; � + 2�i � h�; � + 2�i � h�; � + 2�i and P ��� is the proje
tion onto the L(�)�
���
omponent in the de
omposition of M 
 V = L(�)
 L(�). Thus� = mt0(� � idM ) = mt1((X"1)r) = 1dimq(M) dimq(V ) trq  X� qr
(�)P ���!= 1dimq(M) dimq(V ) trq  X� qr
(�)
��� idL(�)!=X� qr
(�)
��� dimq(L(�))dimq(L(�)) dimq(L(�)) :Remark 5.7. There is another formula [TW, Lemma (3.51)℄ for the 
onstant Q1 in Theorem 5.4,namely, Q1 = Pw2W (�1)`(w)qh�+�;w(�+�)iPw2W (�1)`(w)qh�+�;w�i ; (5:8)where W is the Weyl group of g.Let mtk be as in Theorem 5.4 and let ~Zk = EndU (M 
 V 
k). Then mtk is the restri
tion ofthe linear fun
tional mtk: ~Zk �! Ca 7�! trq(a)dimq(M) dimq(V 
k) (5:9)to �k( ~Bk). Sin
e M 
 V 
k is a �nite dimensional semisimple module ~Zk is a �nite dimensionalsemisimple algebra. The weights of the Markov tra
e mt are the 
onstants t�=� de�ned bymtk =X� t�=���=�~Zk ; (5:10)



22 rosa orellana and arun ramwhere ��~Zk are the irredu
ible 
hara
ters of ~Zk.Theorem 5.11. LetM = L(�) and V = L(�) be �nite dimensional irredu
ible Uhg-modules. Theweights of the Markov tra
e on the aÆne braid group de�ned in Theorem 5.4 aret�=� = dimq(L(�))dimq(L(�)) dimq(V )k :Proof. Sin
e M 
 V 
k is �nite dimensional and semisimple the algebra ~Zk = EndU (M 
 V 
k) isa �nite dimensional semisimple algebra. S
hur's lemma 
an be used to show that, as a (Uhg; ~Zk)bimodule, M 
 V 
k �=M� L(�)
L�=�; (5:12)where the L�=� are the irredu
ible ~Zk modules. In the notation of (4.1), L�=� = F�(L(�)) and��=�~Zk is the 
hara
ter of L�=�. Taking the quantum tra
e on both sides of (5.12) givestrq(a) = Tr(e�h�a) =X� Tr(e�h�; L(�))��=�~Zk (a) =X� trq(L(�))��=�~Zk (a):The result follows by dividing both sides by dimq(L(�)) dimq(V )k.6. ExamplesAÆne and 
y
lotomi
 He
ke algebrasLet q 2 C � . The aÆne He
ke algebra ~Hk is the quotient of the group algebra C ~Bk of the aÆnebraid group by the relationsT 2i = (q � q�1)Ti + 1; 1 � i � k � 1: (6:1)The aÆne He
ke algebra ~Hk is an in�nite dimensional algebra with a very interesting representationtheory (see [KL℄ and [CG℄). With X as in (3.4) the subalgebraC [X℄ = C [X�"1 ; : : : ;X�"k ℄ = span fX� j � 2 Lgis a 
ommutative subalgebra of ~Hk. It is a theorem of Bernstein and Zelevinsky (see [RR, Theorem4.12℄) that the 
enter of ~Hk is the ring of symmetri
 (Laurent) polynomials in X�"1 ; : : : ;X�"k ,Z( ~Hk) = C [X℄Sk = C [X�"1 ; : : : ;X�"k ℄Sk :If w 2 Sk de�ne Tw = Ti1 � � � Tip if w = si1 � � � sip is a redu
ed word for w in terms of the generatingre
e
tions si = (i; i+ 1), 1 � i � k � 1, of Sk. Then, with X� as in (3.4)fX�Tw j � 2 L;w 2 Skg is a basis of ~Hk.Let u1; : : : ; ur 2 C . The 
y
lotomi
 He
ke algebra Hr;1;n with parameters u1; : : : ; ur; q is thequotient of the aÆne He
ke algebra by the relation(X"1 � u1)(X"1 � u2) � � � (X"1 � ur) = 0: (6:2)The algebraHr;1;n is a deformation of the group algebra of the 
omplex re
e
tion groupG(r; 1; n) =(Z=rZ) oSn and is of dimension rnn!. It was introdu
ed by Ariki and Koike [AK℄ and its represen-tations and its 
onne
tion to the aÆne He
ke algebra have been well studied ([Ar℄,[AK℄,[Gk℄).



braids and jantzen filtrations 23The aÆne and 
y
lotomi
 BMW algebrasFix q; z 2 C � and an in�nite number of values Q1; Q2; : : : in C . The aÆne BMW (Birman-Murakami-Wenzl) algebra ~Zk is the quotient of the group algebra C ~Bk of the aÆne braid group bythe relations(6.3a) (Ti � z�1)(Ti + q�1)(Ti � q) = 0,(6.3b) EiT�1i = T�1i Ei = z�1Ei,(6.3
) EiT�1i�1Ei = z�1Ei and EiT�1i+1Ei = z�1Ei,(6.3d) E1(X"1)rE1 = QrE1,(6.3e) E1X"1T1X"1 = z�1E1,where the Ei, 1 � i � k � 1, are de�ned by the equationsTi � T�1iq � q�1 = 1�Ei; 1 � i � k � 1: (6:4)It follows that E2i = xEi where x = z � z�1q � q�1 + 1: (6:5)The 
lassi
al BMW algebra is the subalgebra Zk of the aÆne BMW algebra whi
h is generated byT1; : : : ; Tk�1, and E1; : : : ; Ek�1. Fix u1; : : : ; ur 2 C . The 
y
lotomi
 BMW algebra Zr;1;k is thequotient of the aÆne BMW algebra by the relation(X"1 � u1)(X"1 � u2) � � � (X"1 � ur) = 0: (6:6)Although the aÆne BMW algebras have been \in the air" for some time we are not aware ofany existing literature. The \degenerate" version of these algebras were de�ned by Nazarov [Nz℄who 
alled them \degenerate aÆne Wenzl algebras". The relation between his algebras and theaÆne BMW algebras ~Zk is analogous to the relation between the graded He
ke algebras (sometimes
alled the degenerate aÆne He
ke algebras) and the aÆne He
ke algebras (see [Lu℄). The 
y
lotomi
BMW algebras have been de�ned and studied by [H�a1-2℄. They are quotients of the aÆne BMWalgebras in the same way that 
y
lotomi
 He
ke algebras are quotients of aÆne He
ke algebras.The 
lassi
al BMW algebras Zk = Z1;1;k have been studied in [Wz2℄, [HR℄, [Mu℄, [LR℄ and manyother works.Elements of the aÆne BMW algebra 
an be viewed as linear 
ombinations of aÆne tangles.An aÆne tangle has k strands and a 
agpole just as in the 
ase of an aÆne braid, but there is norestri
tion that a strand must 
onne
t an upper vertex to a lower vertex. Let X"1 and Ti be theaÆne braids given in (3.1) and letEi = � � � � � � �� � � � � � �......................................................................................... .....................................................................................................................�.............. ...................................................... ...................................................... ...................................................... ...................................................... .................................................................................................................................. .............................................. (6:7)Then ~Zk is the algebra of linear 
ombinations of tangles generated byX"1 ; T1; : : : ; Tk�1; E1; : : : ; Ek�1and the relations in (6.3) expressed in the form............................. ................................................................................................. � ............................. ................................................................................................. = (q � q�1)0� ...................................................... ...................................................... � ............................................................................ .............................................. 1A (6:8)



24 rosa orellana and arun ram.................................................................................................................................. ........................................................................... ................................................................................................. = z�1 ...................................................... and .................................................................................................................................. ........................................................................... ................................................................................................. = z ...................................................... ; (6:9)
r loops ( ��......................................................................................................................

......................................................................................................................
............................�..............

.................................................................................................................................................................................................................................................................................................................. ........................................................................................................................................................................................................... ................................................................................................................ = Qr ......................................................................................... .....................................................................................................................�.............. and .............................................................................................................................
.............................................................................................................................

............................�..............
....................................................................................................................................................................................................................................................................................................................................................................................................... ............................................................................. ........................................... ........................................................ = z � ......................................................................................... .....................................................................................................................�.............. ............... .................................... ............................................ (6:10)............................................................................ .............................................. = z � z�1q � q�1 + 1 = x: (6:11)When working with this algebra it is useful to note thatTiX"i�1TiX"i�1 = X"iX"i�1 = X"i�1TiX"i�1Ti; and, by indu
tion,EiX"i�1EiX"i�1 = EiTi�1TiT�1i X"i�2Ti�1TiX"i�1 = EiEi�1X"i�2Ti�1TiT�1i�1X"i�1= EiEi�1X"i�2Ti�1X"i�2TiTi�1 = z�1EiEi�1TiTi�1 = z�1EiEi�1Ei= z�1Ei: (6:12)

S
hur-Weyl duality for aÆne and 
y
lotomi
 He
ke and BMW algebrasIn order to expli
itly 
ompute the representations of aÆne and 
y
lotomi
 He
ke algebras andBMW algebras whi
h are obtained by applying the fun
tors F� we need to �x notations for workingwith the representations of �nite dimensional 
omplex semisimple Lie algebras of 
lassi
al type.Let g be a 
omplex semisimple Lie algebra of type An, Bn, Cn or Dn and let Uhg be the
orresponding Drinfeld-Jimbo quantum group. Use the notations in [Bou, p. 252-258℄ for the rootsystems of types An, Bn, Cn and Dn so that "1; : : : ; "n are orthonormal (in type An also in
lude"n+1), h� = ��1"1 + � � � �n+1"n+1 �� �i 2 R;Pi �i = 0	 ; in type An, andh� = f�1"1 + � � � �n"n j �i 2 Rg ; in types Bn, Cn and Dn;the fundamental weights are given by!i = "1 + � � � + "i � in ("1 + � � � + "n+1); 1 � i � n; in Type An;!i = "1 + � � � + "i; 1 � i � n� 1; in Type Bn;!n = 12 ("1 + � � �+ "n);!i = "1 + � � � + "i; 1 � i � n; in Type Cn;!i = "1 + � � � + "i; 1 � i � n� 2;!n�1 = 12 ("1 + � � �+ "n�1 � "n); in Type Dn;!n = 12 ("1 + � � �+ "n�1 + "n);



braids and jantzen filtrations 25and the �nite dimensional Uhg modules L(�) are indexed by dominant integral weights� = �1"1 + � � � + �n"n �1 � �2 � � � � � �n � 0; in Type An;� j�jn+1 ("1 + � � �+ "n+1); �1; : : : ; �n 2 Z;� = �1"1 + � � � + �n"n; �1 � �2 � � � � � �n � 0;�1; : : : ; �n 2 Z; or in Type Bn;�1; : : : ; �n 2 12 + Z;� = �1"1 + � � � + �n"n; �1 � �2 � � � � � �n � 0; in Type Cn;�1; : : : ; �n 2 Z;� = �1"1 + � � � + �n"n; �1 � �2 � � � � � �n�1 � j�nj � 0;�1; : : : ; �n 2 Z; or in Type Dn;�1; : : : ; �n 2 12 + Z;where j�j = �1 + � � � + �n.2� = nXi=1(y � 2i+ 1)"i; where y = 8><>:n+ 1; in type An,2n; in type Bn,2n+ 1; in type Cn,2n� 1; in type Dn, (6:13)and, in type An the sum is over 1 � i � n+ 1 instead of 1 � i � n.For all dominant integral weights � in type Bn and Cn we have
L(�)
 L(!1) = 8>>>>>>>>>><>>>>>>>>>>:

M�+ L(�+); in type An,L(�)M M�� L(��)! ; in Type Bn with �n > 0, M�� L(��)!; in types Cn and Dn, andin type Bn with �n = 0, (6:14)
where the sum over �+ is a sum over all partitions (of length � n) obtained by adding a box to �,and the sum over �� denotes a sum over all dominant weights obtained by adding or removing abox from �. In type Dn addition and removal of a box should in
lude the possibility of additionand removal of a box marked with a � sign, and removal of a box from row n when �n = 12 
hanges�n to � 12 .Identify � with the 
on�guration of boxes whi
h has �i boxes in row i. If �i � 0 put j�ij boxes



26 rosa orellana and arun ramin row i and mark them with � signs. For example� = = 8<: 5"1 + 5"2 + 3"3 + 3"4 + "5 + "6 � 18n+1 ("1 + � � � + "n+1); in type An;5"1 + 5"2 + 3"3 + 3"4 + "5 + "6; in types Bn, Cn, and Dn;� = = 112 "1 + 112 "2 + 72"3 + 72"4 + 32"5 + 32"6; in Types Bn and Dn, and
� = �� = 6"1 + 6"2 + 4"3 + 4"4 + 2"5 � 2"6; in Type D6,If b is a box in position (i; j) of � the 
ontent of b is
(b) = j � i = the diagonal number of b: (6:15)If � = �1"1 + � � � �n"n, thenh�; �+ 2�i � h�� "i; �� "i + 2�i = 2�i + 2�i � 1 = y + 2�i � 2i = y + 2
(�=��);where �=�� is the box at the end of row i in �. Note that 
(�=��) may be a 12 -integer. Also, intypes Bn and Dn,h!n; !n + 2�i = n4 + 12 nXi=1(y � 2i+ 1) = n4 + n2 � y � n22 = ( n22 + n4 ; in type Bn,n22 � n4 ; in type Dn.Using these formulas h�; � + 2�i 
an easily be 
omputed for all dominant integral weights �. Forexampleh�; �+ 2�i = yj�j+ 2Xb2� 
(b) +8>>>>>><>>>>>>:� j�j2n+ 1 ; in type An,0 ; in type Cn or in type Bn with �i 2 Z,n4 + n22 ; in type Bn with �i 2 12 + Z. (6:16)

Theorem 6.17. Let g be the simple 
omplex Lie algebra of 
lassi
al type, U = Uhg the 
orre-sponding quantum group and let V = L(!1) be the irredu
ible of Uhg of highest weight !1. Forea
h M 2 O let �k: ~Bk ! EndU (M 
 V 
k) be the aÆne braid group representation de�ned inProposition 3.5.(a) If g is type An then �k is a representation of the aÆne He
ke algebra ~Hk with q = eh=2. (Inthis Type An 
ase use a di�erent normalization of the map �k and set �k(Ti) = q1=(n+1) �Ri.)



braids and jantzen filtrations 27(b) If g is type An and if M = L(�) where � is a dominant integral weight then �k is a repre-sentation of the 
y
lotomi
 He
ke algebra Hr;1;n(u1; : : : ; ur) for any (multi)set of parametersu1; : : : ; ur 
ontaining the (multi)set of values q2
(b) as b runs over the addable boxes of �.(
) If g is type Bn, Cn or Dn and M is a highest weight module then there are unique valuesQ1; Q2; : : : 2 C , depending only on the 
entral 
hara
ter ofM , su
h that �k is a representationof the aÆne BMW algebra ~Zk with parameters Q1; Q2; : : :,q = eh=2; and z = 8<: q2n; in Type Bn,�q2n+1; in Type Cn,q2n�1; in Type Dn.(d) If g is type Bn, Cn or Dn, and M = L(�) where � is a dominant integral weight then �k is arepresentation of the 
y
lotomi
 BMW algebra ~Zr;1;k with q and z as in (
),Qr =X�� qr~
(��;�) dimq(L(��))dimq(L(�)) dimq(L(!1)) ; r 2 Z>0;and any (multi)set of parameters u1; : : : ; ur 
ontaining the (multi)set of values q~
(��;�) as ��runs over the dominant integral weights appearing in the de
omposition (6.14) of L(�)
L(!1).Here ~
(��; �) = 8<:�y; if �� = �,2
(��=�); if �� � �,�2(
(�=��) + y); if �� � �,where y and 
(b) are as de�ned in (6.13) and (6.15), respe
tively.Proof. (a) It is only ne
essary to show that �k(Ti) = q1=(n+1) �Ri satis�es (q1=(n+1) �Ri)2 = (q �q�1)(q1=(n+1) �Ri) + 1 for 2 � i � n. This is proved in [LR, Prop. 4.4℄.(
) The arguments establishing the relations (6.3a-
) in the de�nition of the aÆne BMW algebraare exa
tly as in [LR, Prop. 5.10℄. It remains to establish (6.3d-e). The element E1 in the aÆneBMW algebra a
ts on V 
2 as x � pr0 where pr0 is the unique Uhg-invariant proje
tion onto theinvariants in V 
2 and x is as in (6.5). Using the identity (6.9) the pi
torial equalities..................................................................................................................................................................................
..................................................................................................................................................................................
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....................................................................................................................................................................................................................................................................................................................................................................................................... ............................................................................. ........................................... ................................................................................................................ = ................................................................................................. .............................................................................................................................�..............
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it follows that �2(E1X"1T1X"1) a
ts as xz � �RL(0);M �RM;L(0)(idM 
pr0). By (2.11), this is equal toz � (CM 
 CL(0))C�1M
L(0)�2(idM 
E1) = z � CMC�1M �2(idM 
E1) = z � �2(E1);establishing the relation in (6.3d).Sin
e �2(E1) a
ts as x � (idM 
pr0) on M 
V 
2 the morphism �2(E1Xr"1E1) is a morphismfrom M 
 L(0) ! M 
 L(0). Sin
e M = M 
 L(0) is a highest weight module this morphism isQr � idM , for some Qr 2 C . By the results of Drinfeld [Dr℄ and Reshetikhin [Re℄ (see [Ba, p. 250℄),



28 rosa orellana and arun ramthe a
tion of the morphism �2(E1Xr"1E1) 
orresponds to the a
tion of a 
entral element of Uhgon M . Thus the 
onstant Qr depends only on the 
entral 
hara
ter of M .(b) Let b1; : : : ; br be the addable boxes of � and 
onsider the a
tion ofX"1 onM
V = L(�)
L(!1).We will show that �k(X"1) = �R20 satis�es the relation ( �R20�u1) � � � ( �R20�ur) = 0, where ui = q2
(bi).By (2.11) and (2.14) it follows that�R20 =X�+ qh�+; �++2�i�h� ; �+2�i�h!1 ; !1+2�iP�+�;!1 =X�+ q2
(�+=�)P�+�;!1 ;where the sum is over all partitions �+ obtained by adding a box to �, P�+�;!1 is the proje
tion ontoL(�+) in the tensor produ
t M 
 V = L(�)
 L(!1), and 
(�+=�) is the 
ontent of the box �+=�whi
h is added to � to get �+. Thus �R20 is a diagonal operator with eigenvalues q2
(�+=�) and soit satis�es the equation (6.2).(d) Using the appropriate 
ase of the de
omposition rule for L(�)
L(!1), the proof of the relation(X"1 � u1) � � � (X"1 � ur) = 0 is as in (b). The values of ~
(��; �) are determined from (6.16). To
ompute the value of Qr note that �2(E1Xr"1E1) = �2("1(Xr"1)E1), in the notations of the proofof Theorem 5.4. Thus Qr is determined by the formula in Theorem 5.4 and the de
omposition ofL(�)
 L(!1) in (6.14).Remark. The parameters in Q1; Q2; : : : 2 C needed in Theorem 6.17
 
an be determined by usingthe formula of Baumann [Ba, Theorem 1℄ whi
h 
hara
terizes Qr in terms of the values Q1 givenin (5.8). To do this it is ne
essary to use formula (5.8) for Q1 several times: � is always the highestweight of M , but many di�erent � will be needed. Note that the proof of the formula (5.8) for Q1in [TW℄ does not require � to be dominant integral.The following theorem provides an analogue of S
hur-Weyl duality for the aÆne He
ke alge-bras, 
y
lotomi
 He
ke algebras, aÆne BMW algebras and 
y
lotomi
 BMW algebras. AlternativeS
hur-Weyl dualities have been given by Chari-Pressley [CP2℄ for the 
ase of aÆne He
ke alge-bras and by Sakamoto and Shoji [SS℄ for 
y
lotomi
 He
ke algebras. Cherednik [Ch℄ also useda S
hur-Weyl duality for the aÆne He
ke algebra whi
h is di�erent from the S
hur-Weyl dualitygiven here.Theorem 6.18. Assume that g is not of type Dn. Let � be a dominant integral weight and letM = L(�). In ea
h of the 
ases given in Theorem 6.17 the representation �k is surje
tive.Proof. Part (a) is a 
onsequen
e of (b) sin
e the representation of ~Hk in (a) is the 
omposition ofthe representation �k:Hr;1;k ! EndUhg(L(�)
 V 
k) from (b) with the surje
tive algebra homo-morphism ~Hk ! Hr;1;k 
oming from the de�nition of Hr;1;k. Similarly part (d) is a 
onsequen
eof part (
). The proof of the surje
tivity of the representation in Theorem 6.17b and Theorem6.17d are exa
tly the same as the proofs of [LR, Cor. 4.15℄ and [LR, Cor. 5.22℄, respe
tively. The
ase 
onsidered there is the � = 0 
ase but all the arguments there generalize verbatim to the 
asewhen � is an arbitrary dominant integral weight. In [LR, x4℄ the elements X"i in the aÆne braidgroup are denoted Di. The assumption n >> k in [LR℄ is un
essary for this theorem if the fullde
omposition rule given in (6.14) is used.The main point is that the eigenvalues of X"1 ; : : : ;X"i separate the 
omponents of the de
om-position of L(�)
V 
i. By indu
tion it is suÆ
ient to 
he
k that the eigenvalues of X"1 distiguishthe 
omponents of L(�) 
 V for all �. By (2.10), (2.11) and (2.14), the eigenvalues of X"i areof the form q2~
(��;�) where � is a dominant integral weight ~
(��; �) is as in Theorem 6.17d and
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omponents in the de
omposition (6.14) of L(�) 
 V . Di�erent addable boxesfor � 
an never have the same 
ontent sin
e they 
annot be in the same diagonal. Similarly fortwo di�erent removable boxes. Let b be an addable box and b0 a removable box for �. Unless g istype Dn and b and b0 are in row n, we have 
(b); 
(b0) � �n� 1. Thus, when g is not of type Dn,
(b) 6= �
(b0)� y and so the two eigenvalues 
oming from these boxes are di�erent.Let ~Zk denote the aÆne He
ke algebra, the 
y
lotomi
 He
ke algebra, the aÆne BMW algebraor the 
y
lotomi
 BMW algebra 
orresponding to the 
ase of Theorem 6.17 whi
h is being 
onsid-ered. Then, as in the 
lassi
al S
hur-Weyl duality setting, Theorem 6.18 implies that as (Uhg; ~Zk)bimodules L(�)
 V 
k �=M� L(�)
L�=�; (6:19)where L(�) is the irredu
ibleUhg-module of highest weight � and L�=� is the irredu
ible ~Zk modulede�ned by 4.1.The irredu
ible ~Zk modules L�=� appearing in (6.19) 
an be 
onstru
ted quite expli
itly. Allthe ne
essary 
omputations for doing this have already been done in [LR, x4 and 5℄ whi
h doesthe 
ase � = 0. All the arguments in [LR, x4 and 5℄ generalize dire
tly to the 
ase when � is anarbitrary dominant integral weight. The �nal result is Theorem 6.20 below. The result in part (a)of Theorem 6.20 is due to Cherednik [Ch℄.If � and � are partitions su
h that � � � the skew shape �=� is the 
on�guration of boxes ofin � whi
h are not in �. Let �=� be a skew shape with k boxes. A standard tableau of shape �=�is a �lling T of the boxes of �=� with 1; 2; : : : ; k su
h that(a) the rows of T are in
reasing (left to right), and(b) the 
olumns of T are in
reasing (top to bottom).For example,
116 8 2 71 1353 14104 9 12

is a standard tableau of shape �=� = (977421)=(5443).For any two partitions � and � an up down tableau of length k from � to � is a sequen
e ofpartitions T = �� = � (0); � (1); : : : ; � (k�1); � (k) = �� su
h that(a) � (i) � � (i�1) and � (i)=� (i�1) = , or (b) � (i�1) � � (i) and � (i�1)=� (i) = ,and, in type Bn the situtation � (i�1) = � (i) with `(� (i�1)) = n is also allowed. Note that a standardtableau �=� with k boxes is exa
tly an up down tableau of length k from � to � where all steps inthe sequen
e satisfy 
ondition (a).Theorem 6.20.(a) Let �=� be a skew shape with k boxes. Then the module L�=� = F�(L(�)) for the aÆne He
kealgebra ~Hk is irredu
ible and is given byL�=� = spanfvT j T standard tableaux of shape �=�g



30 rosa orellana and arun ram(so that the symbols vT are a C -basis of L�=�) with ~Hk a
tion given byX"ivT = q2
(T (i))vT ; 1 � i � n;TjvT = (Tj)TT vT +q�q�1 + (Tj)TT ��q�1 + (Tj)sjT;sjT � vsjT ; 1 � j � n� 1;where(Ti)TT is the 
onstant q � q�11� q2
(T (i))�
(T (i+1)) ,
(b) denotes the 
ontent of the box b,T (i) is the box 
ontaining i in T ,siT is the same �lling as T ex
ept i and i+ 1 are swit
hed, andvsiT = 0 if siT is not a standard tableau.(b) Let �=� be a pair of partitions. Then the module L�=� = F�(L(�)) for the aÆne BMWalgebra ~Zk is irredu
ible and is given byL�=� = span�vT ��� T = �� = � (0); : : : ; � (k) = �� anup down tableau of length k from � to ��(so that the symbols vT are a C -basis of L�=�) with ~Zk a
tion given byX"ivT = q~
(�(i);�(i�1))vT ; 1 � i � n;EjvT = Æ�(j+1);�(j�1) �XS (Ej)ST vS ; and TjvT =XS (Tj)ST vS ; 1 � j � n� 1;where both sums are over up-down tableaux S = �� = � (0); : : : ; � (i�1); �(i); � (i+1); : : : ; � (k) =�� that are the same as T ex
ept possibly at the ith step and(Ei)ST = � � pdimq(L(� (i))) dimq(L(�(i)))dimq(� (i�1)) ;
(Ti)ST = 8>><>>:q�q�1 + (Tj)TT ��q�1 + (Tj)SS�; if � (i�1) 6= � (i+1) and S 6= T ;� q � q�11� ~
(� (i+1); �(i))~
(� (i); � (i�1))�1� (ÆST � (Ei)ST ); otherwise;~
(� (i); � (i�1)) = 8<: z�1; if � (i) = � (i�1),q2
(�(i)=�(i�1)); if � (i) � � (i�1),z�2q�2
(�(i�1)=�(i)); if � (i) � � (i�1),and � = 1, in type Bn and Dn, and � = �1 in type Cn.



braids and jantzen filtrations 31Markov tra
es on aÆne and 
y
lotomi
 He
ke and BMW algebrasIf M = L(�) where � is a dominant integral weight and V = L(!1) then ea
h of the represen-tations �k: ~Zk ! EndUhg(M 
 V 
k) (where ~Zk is the aÆne He
ke algebra, the 
y
lotomi
 He
kealgebra, the aÆne BMW algebra, or the 
y
lotomi
 BMW algebra) gives rise to a Markov tra
evia Theorem 5.4. The parameters and the weights of these Markov tra
es are given by Theorems5.4 and 5.11.In type A 
ase �=� is a skew shape with k boxes and the parameters and the weights of (mostof) these tra
es have been given in terms of partitions in [GIM℄. In [GIM℄, � is a partition of aspe
ial form ([GIM, 2.2(*)℄) and so, in their 
ase, the skew shape �=� 
an be viewed as an r-tupleof partitions. Their formulas 
an be re
overed from ours by rewriting the quantum dimensiondimq(L(�)) from (5.3) in terms of the partition as in [Ma
, I x3 Ex. 1℄:dimq(L(�)) =Yb2� [n+ 1 + 
(b)℄[h(b)℄ ; in the type An 
ase; (6:21)where, if b is the box in position (i; j) of �, then h(b) = �i � i + �0j � j + 1 is the hook length atb, and [d℄ = (qd � q�d)=(q � q�1) for a positive integer d. Thus, the �rst formula in [GIM, x2.3℄
oin
ides with dimq(L(�))=(dimq(V ))j�j and so the formula for the weights of the Markov tra
e on
y
lotomi
 He
ke algebras whi
h is given in [GIM, Prop. 2.3℄ 
oin
ides exa
tly with the formula inTheorem 5.11. From Theorem 5.4, (6.14) and (6.16) it follows that the parameters of the Markovtra
e are z = q=[n+ 1℄ andQr =X�+ q2
(�+=�) dimq(L(�+))dimq(L(�)) dimq(V )=X�+ q2
(�+=�)0� Yb2�+ [n+ 1 + 
(b)℄[h(b)℄ 1A0�Yb2� [h(b)℄[n+ 1 + 
(b)℄1A 1[n+ 1℄=X�+ q2
(�+=�) Qb2�[h(b)℄Qb2�+ [h(b)℄! [n+ 1 + 
(�+=�)℄[n+ 1℄=X�+ q2
(�+=�) Yb0 [h(b0)℄[h(b0) + 1℄! Yb00 [h(b00)℄[h(b00) + 1℄! [n+ 1 + 
(�+=�)℄[n+ 1℄ ;where, in the last expression, the �rst produ
t is over boxes b0 2 � whi
h are in the same row asthe added box �+=� and the se
ond produ
t is over b00 2 � whi
h are in the same 
olumn as �+=�.Then 
an
ellation of the 
ommon terms in the numerator and denominators of ea
h produ
t yieldsthe 
ombinatorial formulas for the parameters of the Markov tra
es on 
y
lotomi
 He
ke algebraswhi
h are given in [GIM, Thm. 2.4℄.Lambropoulou [Lb, x4℄ has proved that there is a unique Markov tra
e on the aÆne He
kealgebra with a given 
hoi
e of parameters z;Q1; : : : ; Qr 2 C . A similar result is true for the aÆneBMW algebra.Theorem 6.22. For ea
h �xed 
hoi
e of parameters q, z and Q1; Q2; : : : there is a unique Markovtra
e on the aÆne BMW algebra Zk.



32 rosa orellana and arun ramSket
h of proof. Consider the image of an aÆne braid b in the aÆne BMW algebra. The Markovtra
e of this braid 
an be viewed pi
torially as the 
losure of the braid b.
mtk(b) = mt1

0BBBBBBBBBBBBB� b.............................................................................................................................................................................................................................................................................................. .......................................................................................... .................. .................. .................. .................. .................................... .................. .................. .................. .................. .................. ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ........................................................................................................... ................................................................................................................................................... .................................................................................... ................................................................................................................................. .............................................................................................................................................................................. .......................................................................................................................................................................................................................... ....................................................................................................................................................................................................................................................................... ........................................ .................................................................................... ................................................................................................................................. .............................................................................................................................................................................. .......................................................................................................................................................................................................................... .......................................................................................................................................................................................................................................................................
1CCCCCCCCCCCCCAConsider a string in the 
losure as it winds around the other strings and the pole. If the string
rosses another string twi
e without going around the pole between these two 
rossings then we
an use the relation ............................. .............................................................................................................................. ................................................................................................. = ...................................................... ...................................................... + (q � q�1)0BBB� ............................. ................................................................................................. � z � ............................................................................ ........................................................................... ................................................................................................. 1CCCAto rewrite the 
losed braid as a linear 
ombination of 
losed braids with fewer 
rossings betweenstrings. By su

essive steps of this type we 
an redu
e the 
omputation of the Markov tra
e of abraid to a linear 
ombination ofr1 loops ( ......................................................................................................................

......................................................................................................................
............................� ........................................................................................................................................................................................................................................... ..............................................................................................................................................................................................................rk loops ( ......................................................................................................................
.................................................................................................................................... ........................................................................................................................................................................................................................................... ...........................................................................................................................................................................................................

= Qr1 � � �Qrkdimq(V )k � mt0BB� ......................................................................................... .....................................................................................................................�..............1CCA = Qr1 � � �Qrkdimq(V )k :
Remark. For 
omputations it is helpful to note thatdimq(L(!1)) = 8><>: [n+ 1℄; in type An,[2r℄ + 1; in type Br,[2r + 1℄� 1; in type Cr,[2r � 1℄ + 1; in type Dr. (6:23)



braids and jantzen filtrations 33Standard and simple modules for aÆne He
ke algebrasThe original 
onstru
tion of the irredu
ible representations of the aÆne He
ke algebra of typeA is due to Zelevinsky [Ze2℄ and is an analogue of the Langlands 
onstru
tion of admissible repre-sentations of real redu
tive Lie groups. Zelevinsky used the 
ombinatori
s of multisegments whi
his easily seen to be equivalent to the 
ombinatori
s of unipotent-semisimple pairs used later in[KL℄ (see [Ar℄). Here we show how the 
onstru
tion of aÆne He
ke algebra representations via thefun
tors F� naturally mat
hes up with Zelevinsky's indexings by multisegments. Using the multi-segment indexing of representations, Theorem 6.31 below expli
itly mat
hes up the de
ompositionnumbers for aÆne He
ke algebras with Kazdhan-Lusztig polynomials. Re
all that the fun
tor F�gives representations of the aÆne He
ke algebra in the setting of Theorem 6.17a when g is of typeAn and V = L(!1) is the n-dimensional fundamental representation.Consider an (in�nite) sheet of graph paper whi
h has its diagonals labeled 
onse
utively by: : : ;�2;�1; 0; 1; 2; : : :. The 
ontent 
(b) of a box b on this sheet of graph paper is
(b) = the diagonal number of the box b(a natural generalization of the de�nition of 
(b) in (6.15)). A multisegment is a 
olle
tion of rowsof boxes (segments) pla
ed on graph paper. We 
an label this multisegment by a pair of weights� = �"1 + � � � �n"n and � = �1"1 + � � �+ �n"n by setting(�+ �)i = 
ontent of the last box in row i, and(�+ �)i = (
ontent of the �rst box in row i)� 1:For example
1 23 3 3 3
4 4 4 4

5 5 5 5 5
6 6 67 7 7 
orresponds to � = (7; 7; 7; 5; 5) and� = (2; 2; 4; 0; 2) (6:24)(the numbers in the boxes in the pi
ture are the 
ontents of the boxes). The 
onstru
tion for
esthe 
ondition(a) (�+ �)i � (�+ �)i 2 Z�0.and sin
e we want to 
onsider unordered 
olle
tions of boxes it is natural to take the followingpseudo-lexi
ographi
 ordering on the segments(b) (�+ �)i � (�+ �)i+1,(
) (�+ �)i � (�+ �)i+1 if (�+ �)i = (�+ �)i+1,when we denote the multisegment �=� by a pair of weights �; �. In terms of weights the 
onditions(a), (b) and (
) 
an be restated as (note that in this 
ase both � and � are integral)(a0) �� � is a weight of V 
k, where k is the number of boxes in �=�,(b0) � is integrally dominant,(
0) � = w Æ � with � integrally dominant and w maximal length in the 
oset W�+�wW�+�,These 
onditions on the pair of weights (�; �) arose previously in Proposition 4.3d and Lemma 4.7.



34 rosa orellana and arun ramLet �=� be a multisegment with k boxes and number the boxes of �=� from left to right (likea book). De�ne~H�=� = subalgebra of ~Hk generated by fX�; Tj j � 2 L, boxj is not at the end of its rowg;so that ~H�=� is the \paraboli
" subalgebra of ~Hk 
orresponding to the multisegment �=�. De�nea one-dimensional ~H�=� module C �=� = C v�=� by settingX"iv�=� = q2
(boxi)v�=�; and Tjv�=� = qv�=�; (6:25)for 1 � i � n and j su
h that boxj is not at the end of its row.Let g be of type An and let F� be the fun
tor HomUhg(M(�); � 
 V 
k) from the setting ofTheorem 6.17a, where V = L(!1). The standard module for the aÆne He
ke algebra ~Hk isM�=� = F�(M(�)) (6:26)as de�ned in (4.1). It follows from the above dis
ussion that these modules are naturally indexedby multisegments �=�. The following proposition shows that this standard module 
oin
ides withthe usual standard module for the aÆne He
ke algebra as 
onsidered by Zelevinsky [Ze2℄ (see also[Ar℄, [CG℄ and [KL℄).Proposition 6.27. Let � and � be integrally dominant weights giving rise to the multisegment�=�. Let C �=� be the one dimensional representation of the paraboli
 subalgebra ~H�=� of the aÆneHe
ke algebra ~Hk de�ned in (6.25). ThenM�=� �= Ind ~Hk~H�=�(C �=� ):Proof. By Proposition 4.3a, M�=� �= (V 
k)��� as a ve
tor spa
e. Let fv1; v2; : : : ; vng be thestandard basis of V = L(!1) with wt(vi) = "i. If we let the symmetri
 group Sk a
t on V 
k bypermuting the tensor fa
tors then(V 
k)��� = span-f� � v
(���) j � 2 Skg = span-f� � v
(���) j � 2 Sk=S���g; wherev
(���) = v1 
 � � � 
 v1| {z }�1��1 
 � � � 
 vn 
 � � � 
 vn| {z }�n��n and S��� = S�1��1 � � � � � S�n��nis the paraboli
 subgroup of Sk whi
h stabilizes the ve
tor v
(���) 2 V 
k. This shows that, asve
tor spa
es, M�=� �= Ind ~Hk~H�=�(C �=� ) = span-fT� 
 v�=� j � 2 Sk=S���g (6:28)are isomorphi
.For notational purposes letb�=� = v+� 
 v
(���) = v+� 
 vi1 
 � � � 
 vikand let �b�=� be the image of b�=� in (M 
 V 
k)[�℄. Sin
e � is integrally dominant and �b�=� hasweight � it must be a highest weight ve
tor. We will show that X"` a
ts on �b�=� by the 
onstant
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(box`), where 
(box`) is the 
ontent of the `th box of the multisegment �=� (read left to rightand top to bottom like a book).Consider the proje
tionspr`:M(�)
 V 
k ! (M(�)
 V 
`)[�(`)℄ 
 V 
(k�`) where �(`) = �+Xj�` wt(vi`)and pri a
ts as the identity on the last k � i fa
tors of M(�)
 V 
k. Then�b�=� = prkprk�1 : : : pr1b�=�;and for ea
h 1 � ` � k, pr`�1 � � � pr1(b�=�) is a highest weight ve
tor of weight �(`) in M 
 V 
`. Itis the \highest" highest weight ve
tor of((M(�)
 V 
(`�1))[�(`�1)℄ 
 V )[�(`)℄ (6:29)with respe
t to the ordering in Lemma 4.2 and thus it is deepest in the �ltration 
onstru
ted there.Note that the quantum Casimir element a
ts on the spa
e in (6.29) as the 
onstant qh�(`);�(`)+2�itimes a unipotent transformation, and the unipotent transformation must preserve the �ltration
oming from Lemma 4.2. Sin
e pr`(b�=�) is the highest weight ve
tor of the smallest submodule ofthis �ltration (whi
h is isomorphi
 to a Verma module by Lemma 4.2b) it is an eigenve
tor for thea
tion of the quantum Casimir. Thus, by (2.11) and (2.13), X"` a
ts on pr`(b�=�) by the 
onstantqh�(`);�(`)+2�i�h�(`�1);�(`�1)+2�i�h!1;!1+2�i = q
(box`):Sin
e X"` 
ommutes with prj for j > ` it this also spe
i�es the a
tion of X"` on �b�=� = pr`(b�=�).The expli
it R-matrix �RV V :V 
V ! V 
V for this 
ase (g of type A and V = L(!1)) is wellknown (see, for example, the proof of [LR, Prop. 4.4℄) and given by�RV V (vi 
 vj) = 8<: vj 
 vi; if i > j,(q � q�1)vi 
 vj + vj 
 vi; if i < j,qvi 
 vj ; if i = j.Sin
e Ti a
ts by �RV V on the ith and (i + 1)st tensor fa
tors of V 
k and 
ommutes with theproje
tion pr� it follows that Tj(�b�=�) = q �b�=�, if boxj is not a box at the end of a row of �=�.This analysis of the a
tion of ~H�=� on �b�=� shows that there is an ~Hk-homomorphismInd ~Hk~H�=�(C v�=�) �! M�=�v�=� 7�! �b�=�:This map is surje
tive sin
e M�=� is generated by �b�=� (the Bk a
tion on v��� generates all of(V 
k)���). Finally, (6.28) guarantees that it is an isomorphism.In the same way that ea
h weight � 2 h� has a normal form� = w Æ ~�; with ~� integrally dominant, andw maximal length in the 
oset wW~�+�,



36 rosa orellana and arun ramevery multisegment �=� has a normal form�=� = �=(w Æ ~�); with � the sequen
e of 
ontents of boxes of �=�;~� = � � (1; 1; : : : ; 1); andw maximal length in W�+�wW�+�.The element w in the normal form �=(w Æ ~�) of �=� 
an be 
onstru
ted 
ombinatorially by thefollowing s
heme. We number (order) the boxes of �=� in two di�erent ways.First ordering: To ea
h box b of �=� asso
iate the following triple�
ontent of the box to the left of b;�(
ontent of b);�(row number of b)�where, if a box is the leftmost box in a row \the box to its left" is the rightmost box in the samerow. The lexi
ographi
 ordering on these triples indu
es an ordering on the boxes of �=�.Se
ond ordering: To ea
h box b of �=� asso
iate the following pair�
ontent of b;�(the number of box b in the �rst ordering)�The lexi
ographi
 ordering of these pairs indu
es a se
ond ordering on the boxes of �=�.Then w is the permutation de�ned by these two numberings of the boxes. For example, for themultisegment �=� displayed in (6.24) the numberings of the boxes are given by
15 121 20 2 14
6 5 4 3

10 9 19 8 7
13 12 1118 17 16 and 1 23 4 6 5

7 8 9 10
12 13 11 14 15

16 17 1819 20 21
�rst ordering of boxes se
ond ordering of boxesand the normal form of �=� is� = (7; 7; 7; 6; 6; 6; 5; 5; 5; 5; 5; 4; 4; 4; 4; 3; 3; 3; 3; 2; 1);~� = (6; 6; 6; 5; 5; 5; 4; 4; 4; 4; 4; 3; 3; 3; 3; 2; 2; 2; 2; 1; 0); andw = � 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 2115 1 21 20 14 2 6 5 4 3 19 10 9 8 7 13 12 11 18 17 16�Let g be of type An and V = L(!1) and letL�=� = F�(L(�)); (6:30)as de�ned in (4.1). It is known (a 
onsequen
e of Proposition 6.27 and Proposition 4.3
) thatL�=� is always a simple ~Hk-module or 0. Furthermore, all simple ~Hk modules are obtained by this
onstru
tion. See [Su℄ for proofs of these statements. The following theorem is a reformulation ofProposition 4.12 in terms of the 
ombinatori
s of our present setting.Theorem 6.31. Let �=� and �=� be multisegments with k boxes (with � and � assumed to beintegral) and let �=� = �=(w Æ ~�) and �=� = 
=(v Æ ~
)



braids and jantzen filtrations 37be their normal forms. Then the multipli
ities of L�=� in a Jantzen �ltration of M�=� are givenby Xj�0 � (M�=�)(j)(M�=�)(j+1) : L�=�� v 12 (`(y)�`(w)+j) = �Pwv(v); if � = 
,0; if � 6= 
,where Pwv(v) is the Kazhdan-Lusztig polynomial for the symmetri
 group Sk.Theorem 6.31 says that every de
omposition number for aÆne He
ke algebra representationsis a Kazhdan-Lusztig polynomial. The following is a 
onverse statement whi
h says that everyKazhdan-Lusztig polynomial for the symmetri
 group is a de
omposition number for aÆne He
kealgebra representations. This statement is interesting in that Polo [Po℄ has shown that everypolynomial in 1+vZ�0[v℄ is a Kazhdan-Lusztig polynomial for some 
hoi
e of n and permutationsv; w 2 Sn. Thus, the following theorem also shows that every polynomial arises as a generalizedde
omposition number for an appropriate pair of aÆne He
ke algebra modules.Proposition 6.32. Let � = (r; r; : : : ; r) = (rr) and � = (0; 0; : : : ; 0) = (0r). Then, ea
h pair ofpermutations v; w 2 Sr, the Kazhdan-Lusztig polynomial Pvw(v) for the symmetri
 group Sr isequal to Pvw(v) =Xj�0 � (M�=wÆ�)(j)(M�=wÆ�)(j+1) : L�=vÆ�� v 12 (`(y)�`(w)+j):Proof. Sin
e �+� and �+� are both regular,W�+� = W�+� = 1 and the standard and irredu
iblemodules L�=(wÆ�) and M�=(vÆ�) ranging over all v; w 2 Sk. Thus, this statement is a 
orollary ofProposition 4.12.7. Referen
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