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ASYMPTOTIC BEHAVIOUR OF MATRIX COEFFICIENTS
OF THE DISCRETE SERIES

DRAGAN MILI(I(

Introduction. Let G be a connected semisimple Lie group with finite center.
The set of equivalence classes of square-integrable representations of G is called
the discrete series of G. The discrete series play a crucial role in the representa-
tion theory of G, as can be seen from Harish-Chandra’s work on the Plancherel
formula [8].

In the following we suppose that G has nonempty discrete series. Therefore,
by a result of Harish-Chandra, G has a compact Cartan subgroup H. Let K be
a maximal compact subgroup of G containing H. The K-finite matrix coefficients
of discrete series representations are analytic square-integrable functions on G.
Moreover, Harish-Chandra has shown that they decay rapidly at infinity on
the group. For various questions of harmonic analysis on G it is useful to have
a better knowledge of their rate of decay. This problem was studied by P. C.
Trombi and V. S. Varadarajan [16]. They have found a simple necessary
condition on a discrete series representation having the K-finite matrix coeffi-
cients with certain rate of decay. Our main result is that their condition is
sufficient too. In turn, this gives a precise characterization of discrete series
representations whose K-finite matrix coefficients lie in L’(G) for 1

_
p ,< 2.

To describe this result we must recall Harish-Chandra’s parametrisation of
the discrete series representations. Let 60, fo and )o be the Lie algebras of G,
K and H, and f, and ) their complexifications, respectively. Denote by
the root system of (6, i)). A root a ( is called compact if its root subspace is
contained in and noncompact otherwise. Let W be the Weyl group of (6, ))
and Wk its subgroup generated by the reflections with respect to the compact
roots. The Killing form of 6 induces an inner product on io*, the space of
all linear forms on l which assume imaginary values of o An element ), of
io* is singular if it is orthogonal to at least one root in , and nonsingular
otherwise. The differentials of the characters of H form a lattice h in i)o*.
Let p be the half-sum of positive roots in , with respect to some ordering on
i)o*. Then A p does not depend on the choice of this ordering.

Harish-Chandra has shown that to each nonsingular A + p we can attach
a class of discrete series representations, x is equal to , if nd only if and
are conjugate under W and the discrete series are exhausted in this way [8].
Roughly speaking, our result shows that the rate of decay of K-finite matrix
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coefficients of rx is determined by the distance of )x from the noncompact walls.
More precisely, if we put,

1/4 Z: I )1, (R),

and denote by Y, and the K-biinvariant functions defined in [8], we have the
following result (The implication (ii) (i) is the result of Trombi and Vara-
darajan aluded above).
THEOREM. For nonsingular A p and K > 0 the ]ollowing conditions

are equivalent:
(i) I(h a)l >_ K/c(a)/or every noncompact root a ,
(ii) ]or every K-finite matrix coefficient co] the discrete series representation- there exist positive real numbers M and q such that

IC(X)I <__ _/]I,(X)I+K(1 -o’(X)) q, x (;.

This result, combined with a result of Trombi and Varadarajan, implies
immediately that for 1 _< p < 2, all K-finite matrix coefficients of 7r are in
L"(G) if and only if

for every noncompact root a . In the most important case, for p 1,
this result was proved by H. Hecht and W. Schmid [11].
Our argument was highly influenced by the ideas in the paper of Hecht and

Schmid and a preprint of T. Enright considering the special case of the groups
SU(n, 1) and SO(2n, 1)[2].
The contents of the paper can be described as follows. The first part of the

pper contains certain quite technical generalizations of the results of Harish-
Chandr on tempered distributions on G. By generalizing the construction of
the Schwartz space e(G) of smooth rapidly decreasing functions on G [8], we
construct a series of spaces ((G) for positive real . All these spaces contain
the space Co’(G) of smooth compactly supported functions on G nd are con-
tained in (%(G) ((G), and the inclusions are continuous. We define the rate
of growth of an invariant eigendistribution on G, nd show that an invariant
eigendistribution has the rte of growth , >_ 0 if and only if it extends to a
continuous linear form on ( (G). This enables us to find the estimates of the
Fourier coefficients of invariant eigendistributions with the rate of growth, _> 0, which generalize result of Harish-Chandra stating that the Fourier
coefficients of a tempered invariant eigendistribution satisfy the weak inequality
IS].
The second part is completely independent of the first part. We study there

the asymptotic behaviour of K-finite matrix coefficients of admissible repre-
sentations of G of finite length. For a fixed minimal parabolic subgroup P of G,
we associate to an admissible representation of finite length a finite set of leading
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exponents along P which characterize the asymptotic behaviour of its K-finite
matrix coefficients. By a recent, unpublished result of W. Casselman [1] we can
associate to each leading exponent a nontrivial infinitesimal intertwining map
into a nonunitary principal series representation induced from P. Also, we can
characterize the intertwining maps associated to the leading exponents as the
"minimal" ones among all nontrivial intertwining naps into the nonunitary
principal series representations induced from P. An immediate consequence
is that the leading exponents depend only on the irreducible constituents of an
admissible representation of finite length and not on its finer structure. As we
understand this is an unpublished result of Casselman.

Finally, in the last part of the paper we study the asymptotic behaviour of
K-finite matrix coefficients of discrete series representations, it is easy to see
that the condition (i) from Theorem is equivalent to the condition that the
character of r has the rate of growth -K. Therefore, our problem can be
interpreted as the study of the relation between the rate of growth of characters
and asymptotics of K-finite matrix coefficients of the discrete series. Although
the study of this relation in the discrete series case looks quite awkward, as we
see from the first part of the paper it is quite easy to get the right estimates
for the representations with characters with positive rate of growth. To exploit
this fact we consider the whole problem in the setting of admissible representa-
tions of finite length. The characters determine completely the irreducible
constituents of such representations, hence they determine their leading ex-
ponents. The map from characters to leading exponents behaves very simply
under the tensoring with finite-dimensional representations, which "increases"
the rate of growth. This enables us to reduce the problem onto the estimates
obtained in the first part of the paper.
Our argument can be considered as a natural extension of the argument of

Hecht and Schmid [11]. The essential difference is the use of Corollary of
Theorem II. 2.1. instead of Schmid’s "complete reducibility" theorem [14],
which obviously fails to be true for general admissible representations of finite
length. Schmid’s theorem follows easily from this result, as it is shown at
the end of the paper.
We would like to take this opportunity to express our sincere appreciation

to Wilfried Schmid for his constant encouragement and helpful suggestions
during our stay at the Institute for Advanced Study, Princeton, New Jersey
in the year 1975-76. A series of his talks on discrete series at the Institute served
as a catalyst in various phases of our work. Also we would like to thank Professor
Harish-Chandra for showing to us his unpublished work on differential equations
and asymptotics of K-finite matrix coefficients [3], [4].

Part i. Rate of growth of eigendistributions.

1. Definition of the rate of growth. The main estimate.

Let G be a connected semisimple Lie group with finite center. Denote by
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g0 its Lie algebra, by g the complexification of go and by @ the enveloping
algebra of g. As usual, we consider the elements of @ as left-invariant differen-
tial operators on G. Under this isomorphism the center of @ is isomorphic to
the algebra of all biinvariant differential operators on G.

Let Co(G) be the space of all smooth, compactly supported functions on
A distribution T on G is said to be invariant if

T(I) T(I)

for every ] Co (G) and x G, where

J’(y) J(xyx-), y G.

A distribution T is -finite if the distributions zT, z , span a finite-
dimensional space; if T is an eigendistribution of all z , we say simply
that T is an eigendistribution on G.

Let rank G and let D(x) be the coefficient of in det (t + 1 Adx),
x G, where is an indeterminate. As usual, G’ denotes the set of all regular
points of G, i.e. the complement of the set of zeros of the function D.
By a fundamental result of Harish-Chandra [5, Theorem 2.], an invariant

-finite distribution (R) on G is represented as integration against a locally
summable function analytic on the regular set C’. By the abuse of language we
shall identify O with this function in the following.

It is possible to say much more about the structure of invariant -finite
distributions. To state the result we need, we must describe more precisely
the structure of Cartan subgroups of G. Let B be a Cartan subgroup of G,
bo its Lie algebra and b the complexification of bo Denote by R the root
system of (g, b), and for every a R let n, be the corresponding quasicharacter
of B. The intersection B of kernels of all homomorphisms b I.(b)[ a R,
of B into the multiplicative group of positive real numbers is the maximal
compact subgroup of B. Let b0- be the subalgebra of bo consisting of all H
such that all eigenvalues of adH are real. Then B is the direct product of B
with the maximal vector subgroup B- exp bo- of B.

Let R- be the set of (restricted) roots of (go, bo-). The multiplicity mo of a
restriCted root a R- is Card {a R; a bo- a}. Fixing a Weyl chamber
:D in bo- determines an order on R-, we put

p, 1/2 E ?a’a.
a>o

The Killing form B of g defines a norm on bo- by IHll B(H, H)/’, H bo-.
By [5, Lemma 31] the function b ID(b)l/lO(b) extends from (B.exp
G’ to a continuous function on B.exp . Another result of Harish-Chandra

[20, 8.3.3.3] implies that this function can be majorized by an exponential
function on B.exp ). All this shows that the following definition is natural.
We say that an invariant -finite distribution 0 on G has the rate oJ growth, - R, if for every Cartan subgroup B and Weyl chamber in bo- there
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exist positive numbers M and m such that

[D(bo.exp H)[/[O(bo.exp H)[ _< Me’(")(1 + IIH][)
for every regularb boexpH, bo B andH ).

By the finiteness of number of conjugacy classes of Cartan subgroups in G,
it is obvious that M and m can be chosen independent of B and .

Let K be a maximal compact subgroup of G. Denote by / the set of all
equivalence classes of irreducible finite-dimensional representations of K. For
each ti /, let be the character of i and d(5) the degree of t. Put x d(t)
For a distribution T on G, the convolution T T * x is called the ith-Fourier
component of T [20, 4.4.3.]. The Fourier components of invariant -finite
distributions are K-finite and -finite, therefore they are analytic functions on
G [20, 8.3.9].
Let E and be the K-biinvariant functions on G as defined in [8]. Then we

have the following theorem which relates the rate of growth of invariant -finite
distributions and their Fourier components.

THEOnEM 1. Let 0 be an invariant -finite distribution on G with the rate o]
growth % " >_ O. Then ]or every I the Fourier component O of 0 is an
analytic function on G satisfying

C(x) (1 + z(x)) x G,

where Ca and ra are positive real numbers.

The condition that 0 has the rate of growth 0 is equivalent to being tempered.
Therefore the above result can be considered as a generalization of the result
of Harish-Chandra stating that the Fourier components of tempered invariant
g-finite distributions satisfy the weak inequality. For invariant g-finite distri-
butions with negative rate of growth our theorem does not give more information
than this result of Harish-Chandra.
The results of [5] imply easily that such distributions exist only in the case

when rank G rank K, and that their supports contain the set of all elliptic
elements in G. Examples of such invariant eigendistributions are the discrete
series characters. In fact, the problem of finding the asymptotic behaviour of
K-finite matrix coefficients of the discrete series representations can be interpreted
as finding an analogue of the above theorem for all real .

Obviously the above theorem is no longer true if we suppress the condition, >_ 0. As was pointed out to us by W. Schmid the differences of certain discrete
series characters for SL(2, R) are supported on the elliptic set only. These
invariant eigendistributions satisfy our definition for all real % but their Fourier
components satisfy inequalities of the above type for negative , with sufficiently
small absolute values only.
We shall show in Part III that if we suppQse that is the character of an

admissible representation of finite length, the analogue of the above result is true
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for all real ,. In fact, this will prove the sufficiency of the Trombi-Varadarajan’s
condition.
The proof of the above theorem is a generalization of Harish-Chandra’s

reasoning in the case of tempered invariant -finite distributions. In analogy
with the Schwart space (G) of Hrish-Chndr [8], we introduce a family of
spaces (G), >_ 0, with the property that an invariant -finite distribution
extends to a continuous linear form on e(G) if and only if it has the rate of
growth ,. This allows us to reduce the proof of Theorem 1 on the character-
ization of growth of K-finite and -finite distributions which extend con-
tinuously to (G).
The main vehicle for extending the arguments of Harish-Chandra onto our

situation are some quite technical estimates collected in the next section. The
fundamental role in this estimates is played by a function on G which attaches
to each element of G its Hilbert-Schmidt norm in a suitable finite-dimensional
representation of G. The use of this function was suggested to us by W. Schmid.

2. Some simple estimates. Let fo be the Lie algebra of the maximal compact
subgroup K of G. It determines a Cartan involution 0 of go we denote by
go fo - o the corresponding Caftan decomposition. The Cartan involution
0 is the differential of an involutive automorphism of G which we denote by the
same letter.

Let o be a maximal abelian subalgebra in o and )o a Cartan subalgebra
of go containing o Denote by the complexification of t)o, and by R the root
system of (g, l)). Let R- be the corresponding system of restricted roots of
(go, o). Fixing a Weyl chamber e in o determines an ordering of roots in R-,
we equip R with a compatible ordering such that for a R, a > 0 and a o 0
imply that a ao > 0. Let p be the half-sum of the positive roots in R. Then
Pl(o Pe.

Let r be the irreducible finite-dimensional representation of g with the highest
weight p. Since G K.exp I0, we can define a function on G by

(/c.exp X) (tr (exp 2r(X))) /, /c K, X

Obviously, is a positive, smooth, K-biinvariant function on G.
Passing eventually to a suitable covering of G, we can assume that G is

acceptable [5]. Then there exist a complexification Gc of G and a holomorphic
representation of Gc the differential of which is r. We denote this representation
by r again. Denote by U the maximal compact subgroup of Gc with the Lie
algebra fo -t- ipo. There exists a unitary structure on the space W of the repre-
sentation r such that all operators r(u), u U, are unitary. For a linear operator
TonW, denote by T*itsadjoint. Then forx k.expX, / K, X o,
we have

r(x)* r(exp X)*r(lc)* r(exp X)r(lc-’)
If we denote by T -. IITIII the Hilbert-Schmidt norm on the algebra of linear
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operators on W, we have finally

[[ Iv(x)[[] (tr (T(x) :T(X)))1/2 (tr (exp 2r(Z)))1/2 ,(x)

for every x G. Hence, passing to a suitable covering, we can interpret , as
a norm of certain finite-dimensional representation.
As we remarked before, the use of function was suggested to us by W.

Schmid. The following result relates the asymptotic behaviour of to that
of and .
LEMM 1. There exist M > O and d > O such that

1 ( + ())
(x) - (x)

_
M ,(x)

]or all x (.

Proo]. If we denote by A the closure of exp ( in A, we hve the well-known
decomposition G KA /K. By the K-biinvariance of Y,, z and it is enough
to prove the inequalities on A+. Harish-Chandra has shown that there exist
c > 0andd > 0suchthat

1 <: ee(")(exp H) <: c(1 q- I[Hl])
for every H [20, 8.3.7]. This result, combined with the obvious inequality

ee(") <: (exp H) <: (dim W)’/ee(" H

implies immediately our assertion. Q.E.D.

Another obvious consequence of the definition of u in terms of the Hilbert-
Schmidt norm is the following lemma.

LEMMA 2. The ]unction v is submultiplicative on G, i.e.

,(xy)

_
,(x)(y)

]or all x, y G.

The importance of the function , in our study of invariant -finite distributions
is based on its simple behaviour on the conjugacy classes in C,.

For an element x G let C(x) be its conjugacy class in (;.

LEMMA 3. Let B be a O-stable Cartan subgroup in G and b B. Then ,
attains in b its minimal value on C(b), i.e.

(b) min ,,(x).
xC(b)

Proo]. The Cartan subgroup B is 0-stable, therefore b B implies 0(b)-lB.
The relation r(x)* r(0(x)-l), x G, implies that r(b) and r(b)* are elements
of the Cartan subgroup r(B) of r(G). The group r(G) is linear and its Cartan
subgroups are abelian [20, 1.4.1.5]. Therefore, r(b) commutes with r(b)*, i.e.
it is a normal operator on W.
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To finish the proof we need to recall a simple result about the equivalence
classes of normal operators on finite-dimensional Hilbert spaces. We include
its proof for the sake of completeness.

LEMMA 4. Let T be a normal operator on a finite-dimensional Hilbert space W.
Then

]or every invertible linear operator S on W.

Pro@ Let C(T) be the equiwlence class containing T. It is closed in the
algebra of all linear operators on W. Therefore, there exist To C(T) such that
[[]To[ll

_
t[]STS-’I]] for all invertible S. Obviously, this implies that the

smooth function

F. t--

has a minimum for 0 for all linear operators R on W. By a direct calculation

0 F’(0) tr ([To, To*I(R + R*)).

This implies that [To, To*] 0, hence To is a normal operator. Since two normal
operators are equivalent if and only if they are unitary equivalent it follows that
IlITIII- IIITolll Q.E.D.

Finally, we need a result about the behaviour of a on conjugacy classes in G
due to Harish-Chandra [9, Lemma 12.1]. Our proof is based on Lemma 3.

LEMMA 5. Let B be a O-stable Cartan subgroup in (;. There exist M > 0
such that ]or every b B

l-f- a(b) _< M min (1 + z(x)).
xC(b)

Pro@ For every H ., H 0, we have pc(H) > 0. This implies that
there exist M M > 0 such that

1
1 IIHII _< (H) _< M

for every H . Therefore, there exists M > 0 such that

1 q-]!Nil _< 1 -+- M log v(exp H) _< M(1 q-I[H]]),

for every H ,. Using K-biinvariance and the decomposition (; KA +K
we have finally,

1 -k a(x)

_
1 + MI log

for all x (1. This inequality, combined with Lemma 3., implies our assertion.
Q.E.D.
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3. The spaces e(G). Let be the algebra of all differential operators on G.
Let Dz and Dr denote the subalgebras consisting of left-invariant and right-
invariant operators respectively. Let Do be the subalgebra of D generated
by Dz L) Dr.

For a smooth function on G, , >_ 0, D Do, and r R, put

sup (1 + (T(x))r(x)-(l’l’’)’) I(D])(x)l.

Let e(G) be the space of all smooth functions ] such that pv.r(]) < for
all D Do and r R. We topologize e (G) by means of the set of semi-norms
p)., D D0, r R.

In the case , 0, the space Co(G) is the Schwartz space e(G) of Harish-
Chandra.
We list some of the properties of these spaces in the following theorem.

THEOREM 1. (i) ( (G) is a Frchet algebra under convolution.
(ii) The regular representations o] G on (G) are differentiable.
(iii) The inclusion mapping o] Co (G) into (G) is continuous and the image

is dense in (G).
(iv) I] 0

_
"Y1

_
"2 ,(G) is a dense subspace o] , (G) and the inclusion

mapping is continuous.

The facts that e(G) are Frdchet spaces and that inclusions in (iii) and (iv)
are continuous are obvious. The density of Co(G) in (G) follows as in the
case of e(G) [9, 15]. This completes the proof of (iii) and (iv). The statement
(ii) follows by trivial modifications of the argument of Harish-Chandra in the
case of e(G)[7, 10].

It remains to check that e(G) are topological algebras under convolution.
This is an immediate consequence of the following lemma, which generalizes
Lemma 14.2 of [9] onto our situation.
We fix r > 0 such that

fa 2(x)2(1 + a(x))- dx <
it exists by [8, 6].
LEMMA 1. There exists C > 0 such that ]or any two real numbers p and q

such that IPl - q - r 2.d, we have

E(y)/Z(y-x)+(1 + a(y))’(1 -z(y-x)) dy

_
C.E(x)’+(1 + a(x))

Proo]. By Lemmas 2.1 and 2.2 we have
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Therefore

, "/, ,(y-x) ,
,.,(y) (1 + a(y))"(1 + r(y-lx)) dy

fo Z(y)Z(y-’x)(1 + z(y))"+"*(1 + z(y-’x))+’’ dy,

where IP + Tdl + q + d lp + q + 2d -r. Our assertion followsby
applying now Lemm 14.2 of [9]. Q.E.D.
The subspace of M1 K-biinwriant functions in e,(G) was studied closely

in [15].
By Theorem 1 every continuous linear form on ,(G) defines a distribution

on G. Conversely we say that a distribution is of type if it extends to a
continuous linear form on e, (G).
A distribution T on G is said to be K-finite if both left and right translates of T

by elements of K span finite-dimensional spree. We recall that a K-finite and
-finite distribution is an analytic function on G [20, 8.3.9.].
We now characterize K-finite and -finite distributions of type . In the

ease 0 this result reduces onto the result of Harish-Chandr that K-finite
and -finite distribution is tempered if and only if it satisfies the weM inequality
[9, Theorem 14.1], [20, 8.3.8.7.]. Our argument is a simple modification of
Harish-Chandr’s.

THEOREM 2. Let T be a K-finite and -Jinite distribution on G. 7’ten the
following conditions are equivalent

(i) T is o] type ,
(ii) there exist M > 0 and m 0 such that

[T(x)] 3IX(x)1-’(1 + a(x)), x (;.

Pro@ Obviously (ii) implies (i).
Suppose that T is of type . By repeating the reasoning of Harish-Chandra

(see the proof of [9, Theorem 14.1] or [20, 8.3.8.7.]), we show that there exists
a positive real number m yd such that

f Z(x)’+’(1 + a(x))-’’" dx <

By Theorem 1 of [7] there exist a function ] Co(G) such that 7’ T * .f.
Hence
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By Lemmas 2.1 and 2.2 it follows that
-1(y x) M M,(y) _(x)

(1 q- r(y-lx)) - ,(y-lx) - ,(x) M(1 q- (Y))’ Z(y) x y

Therefore

c,. T(x) Z(y-lx)’ +(1 + z(y-T() dx

c.(1 + a(y))Z(y)- ]T(x) Z(y-x)Z(x).(1 + a(y-x)) dx,

where c c.M. By the subadditivity of the function [7, Lemma 10.],
we hve

1 1 + (y)
1 + z(y-x) 1 + a(x) x, y G,

what implies

IT(y)I

_
c2.(1 + z(y))’E(y)-’ J, IT(xDI ,.(y-lx),(x)’(1 + z(x)) + dx.

Now T is K-finite, so we can choose a finite subset F C such that

T(x) j x() Tq-x)

where x e x and dlc is the normalized Haar measure on K. Therefore,

]T(y)] c:(1 + (y))"Z(y)- f ]T(lc-’x)[ Z(x)V.(1 + (x)) +vZ(y-’x) dx
GXK

where c: c.supe x(k)] Finally,

T() c.( + ())Z()- f iT(x)] Z()(1 + (x))-’’. ] Z(-’x) dx,

and by using the doubling principle [9, 10]

fiT()i < c( + (y)) (y) ]T(x)] (x) +(1 + (x)) dx

M(1 + (y)) (y)

where M c.c. Q.E.D.
Finally, we have the following important characterization of invariant

-finite distributions of type .
THEORE, 3. Let 0 be an invariant -finite distribution on (1. Then the

]ollowing conditions are equivalent ]or 0
(i) 0 has the rate o] growth ,
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(ii) there exist M > 0 and m >_ 0 such that

ID(x)l 1/2 [O(x)l

_
MZ(x)-(1 + r(x)) ", x G’,

(iii) 0 is o] type

Proo]. Suppose that 0 has the rte of growth 7. By the definition, there
exist c > 0 and k 0 such that for every Cartan subgroup B of G and Weyl
chamber in o-, we have

D(bo.exp H)[/ ]0(bo.exp H)[ c.e()(1 + H[)
for all regular b bo.exp H, bo B, H . We can choose finite number of
0-stable Carton subgroups B, 1 i p, such that G’ is the disjoint union of

G xBix-1, 1 i p,
G

where B’ B G’ [20, 1.4.1.7.]. Then above relations immediately imply that

ID(b)]’ ]O(b)] c(b)(1 + (b))’, b B.’,
and by Lemmas 2.3 and 2.5 there exists c > 0 such that

In(x)] 1/

Now Lemma 2.1 implies that O satisfies (ii).
Since there exists q 0 such that

[20, 8.3.7.6.], an invariant -finite distribution satisfying (ii) is of type
It remains to prove that O has the rate of growth if it is of type . The proof

of this fact, is a simple modification of the argument.of Harish-Chandra proving
that a tempered invariant -finite distribution has the rate of growth 0 [7, 19].
Passing eventually to a covering of G, we can suppose that G is acceptable.
Reasoning as in the proof of Lemma 30 in [7] we can show that an invariant
distribution of type is continuous with respect to the topology defined on (G)
by the set of semi-norms p.., D r R. Then we can modify the
remaining part of Harish-Chandra’s argument, as it was done on pages 273-274
in [16] (our situation corresponds to - in the argument of Trombi and
Varadarajan, while they suppose that > 0, but this causes no difficulties).
The modification being purely formal, we shall spare the details here. Q.E.D.
The statement of Theorem 1.1 is an immediate consequence of Theorems

2 and 3.

Part II. Asymptotics of admissible representations of finite length.

1. Category of admissible representations.



MATRIX COEFFICIENTS OF THE DISCRETE SERIES 71

It is the purpose of this section to collect various preliminaries about repre-
sentations of semisimple Lie groups, and to establish some notation.

Let G be a connected semisimple Lie group with finite center. Let K be a
maximal compact subgroup of G. Denote by/ the set of all equivalence classes
of finite-dimensional irreducible representations of K. For each K, let
and d() denote the character and the degree of the elements of respectively,

nd put x d(8) We denote byd/c the normalized Haar measure on K.
Let r be a continuous representation of G on a Banach space V. For every

t /, the map Ps fn xs(k)r(lc) d/c is a continuous projection in V. Its range
V is the space of vectors in V the linear span of whose K-orbit is finite-dimen-
sional and splits into irreducible K-modules of type 5. We say that r is an
admissible representation if all V, I, are finite-dimensional.

Let o be the Lie algebra of G, its complexification and @ the enveloping
algebra of . For an admissible representation r on a Banach space V denote
by X) the space of all K-finite vectors in V. Then r defines a structure of com-
patible (@, K)-module on X) [13]. We denote the corresponding infinitesimal
representation of @ on also by r.

Let rl and r be two admissible representations of G on Banach spaces V1
and V and let 1 and X). be the corresponding (@, K)-modules of K-finite
vectors in V1 and V respectively. We denote by Hom(e.K)(rl v) the set
of all (@, K)-morphisms of X)l into X) Elements of Hom(e.<)(w r) are
infinitesimal intertwining operators of 1 with r..

In the following we shall consider the category of admissible representations
of G, whose objects are admissible representations and morphisms infinitesimal
intertwining operators. If two representations are isomorphic in this category
we say that they are infinitesimally equivalent.
An admissible representation r of V is of finite length if there exists a chain

{0} VoC VC... C V= V

of closed invriant subspaces of V such that the representations on V/V_
j 1, 2, n, are irreducible.

Let P be minimal parabolic subgroup of G. Denote by N its unipotent
radical. If is the Cartan involution of G determined by K, L P 0(P) is
a Levi subgroup of P nd P LN. If A is the split component of L and M
L (’ K, we have the Langlands decomposition P MAN and the
decomposition G KAN [9, 4]. Let fo ,mo o o be the Lie lgebras of
K, M, A, N respectively, nd let f, m, a, u be their complexifications. Let 2; be
the system of (restricted) roots of (o, ao). For a root a 2; put fo {X o
[H, X] a(H)X, H ao}. Denote by 2; the set of positive roots a 2; such
that o C o. Let

Let log :A ao be the inverse of the exponential map exp ao -- A. Denote
by a* the space of all complex linear forms on a. For every unitary representa-
tion z of M on a finite-dimensional Hilbert space U and a* let 3C..x be the



72 DRAGAN MILI616

Hilbert space of all classes of functions ] G --. U such that

1) f(manx) r(lll)e(X+PP)(la)f(X) for all m M, a A,

) / l()ll d <
’K

with the inner product

(I1) f (1()1 q)) dl

We define a representation r,,x of G on 3,,x by

(rp..x(x)J)(y) ](yx), x, y G.

By the general results of Harish-Chndr it follows that e,,x re dmissible
representations of finite length.

Let be the set of all equivalence classes of irreducible unitary representations
of M. The representations e.,x , a*, re clled the nonunitry
principal series (associated to P). They re unitary if nd only if a eTM ) is

unitary representation of A, i.e. if ttins pure imaginary vlues on ao

2. Leading exponents and infinitesimal intertwining operators with nonunitary
principal series.

Let r be an admissible representation of finite length of G on Bnch space V.
In this section we shall describe close relationship between the symptotic
behaviour of the mtrix coefficients of and the infinitesimal intertwining
operators of with the nonunitry principal series.
To formulate this result we must recall some old, unpublished results of

Harish-Chandr [4] which are recently reproduced in [20]. Although these
results were formulated nd proved for irreducible representations only, and
we need to apply them on admissible representations of finite length, the exten-
sion is purely formal and we shall spare the proofs here. These results hve been
recently reinvestigated by W. Csselman in an unpublished work [1].

Let G, K and P be s in Section 1. We denote by e the "positive" Weyl
chamber associated to +. Let a- -e and A- the closure of exp e- in A.
Then we hve the Cartan decomposition G KA-K.

If v is K-finite vector in V nd continuous K-finite linear form on V,
the matrix coefficient

c,(x) ((x), )
is n nalytic function on G. The symptotic behviour of c. is determined by
the behaviour of its restriction to A- because of the above decomposition.

Let be the center of the enveloping Mgebr . The finite length of
implies that I ker (v ) is an ideal of finite codimension in . If we consider,
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as usual, @ as the algebra of all left invariant differential operators on G, I
becomes an ideal of finite eodimension in the algebra of all biinvariant differen-
tial operators on G, and the matrix coefficients c. of r satisfy the system of
differential equations Dc,. 0, D I. Now it is possible to transform this
system into a system of differential equations for restrictions c. to the interior
of A- [4], [20, 9.1]. By applying the results of Harish-Chandra on differential
equations ([3], [20, Appendix 3], a refinement and considerable simplification of
the proof is given recently by N. Wallaeh [18]) it is possible to obtain an expansion
of c,. in the interior of A-, which we shall describe now.

Let L be the lattice generated by the roots of 2: in a*. Denote by L the
elements of L which are sums of positive roots. We say that X, u a* are
integrally equivalent if X u L. Also we define an order relation >> on a* by
X>>ifX- u L+.
Then there exist linear forms 1 , a* which are mutually integrally

nonequivalent, polynomials Pl P, on ao and complex numbers c,;/x.1, for
j 1, 2, r, X L and k 1, 2, q, all depending on v and , such that

Cv,(a) e’(’ga,

_
p(log a)e’(lga) E c.,+x.lex(la)

,k XL

in the interior of A-. The inner sums converge absolutely on the interior of A-
and uniformly on the subsets A- {a A; a(log a) < -e, a Z/}, e > 0.
If we put, for every

c,.;.,(a) e’(lga) E c,.p(log a)e’(la),

in the interior of A-, the functions Cv,,. g a*, are uniquely determined by
co, and Cv, c,,.. We say that g is an exponent of Cv, along P if c,,.0.

Finally, denote by 8e(r) the union of all exponents along P of all K-finite
matrix coefficients of . We call the minimal elements o() with respect to
the order << in 8e(r) the leading exponents o] - along P.
Two infinitesimally equivalent admissible representations of finite length have

obviously the same set of K-finite matrix coefficients. Therefore their leading
exponents along P are the same.

Let

_
be the center of the enveloping algebra of m @ a. Then there exists

a natural homomorphism :3 --* 3- and

_
is a free module of finite rank over

g(23) [20, 9.1.2]. Therefore u(I)_ is an ideal of finite codimension in _. Since
the enveloping algebra 1 of a is contained in _, we can consider (_/u(I)- as a
finite-dimensional a-module. For X a* denote by (_/tt(I)_) (x) the space of
all z _/g(I)_ such that there exists a positive integer m such that
(H X(H))z 0forallH a. Denote by S the finite set of all X a*
such that (_/g(I)_)(x) {0}. Then a simple modification of the argument
in [20, Vol. II, p. 310] proves the following statements:

(i) the set 8e(r) of leading exponents of r along P is contained in S,
(ii) every exponent along P of a K-finite matrix coefficient of r is contained

in 8,(-) -4- L+.
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The following theorem describes a precise relationship between the leading
exponents of r and infinitesimal intertwining operators of with nonunitary
principal series.
Denote by I(r) the set of a* such that Hom(,)(, ,.)

for some a M.

THEOREM 1. Let r be an admissible representation of finite length. Then the
set e(r) of leading exponents of r along P is equal to the set of minimal elements
in I(-).

We shall prove this theorem in Section 3.
The connection between the asymptotics of representations and infinitesimal

intertwinings with nonunitary principal series was observed firstly by Harish-
Chandra in a proof of his celebrated "subquotient theorem" ([4], [20, 5.5.1.5]).
Recently, Casselman has given a very simple argument showing in fact that
8p() is contained in Ip(). As a corollary it gives the existence of infinitesimal
embeddings of irreducible admissible representations into the nonunitary
principal series [1], sharpening the original result of Harish-Chandra.
Our theorem has a very straightforward, but important consequence, which is,

as we understand, an unpublished result of Casselman. In the moment of
writing we are unaware of his argument.

Let be an admissible representation of finite length on a Banach space V.
Take a maximal chain

{0} V0 C Wl C C V V

of closed invariant subspaces, and denote by i the irreducible representation
on the quotient V/Vi_, j 1, 2, m. The representation ,,
( is called the semisimplification of . By [20, 4.5.6.2] r,, is (up to the
infinitesimal equivalence) independent of the choice of the composition series.
Every K-finite matrix coefficient of ,, is a K-finite matrix coefficient of , what
implies that 8(,,) C 8(). Also, it is obvious that I() C I(). This
immediately implies the following result.

COROLLARY. The set of leading exponents 8() o/ along P is equal to the
set o/leading exponents 8(.,) of r,, along P.

This result implies that the asymptotic behaviour of K-finite matrix coeffi-
cients of admissible representations of finite length is completely controlled
by their irreducible constituents. It is a basic fact in our study of the relation
between the rate of growth of characters and the asymptotics of representations
in Part III. It gives also a very simple proof of Schmid’s complete reducibility
theorem for representations whose irreducible constituents are the discrete
series representations [14, Theorem 1.6], as we shall show at the end of this paper.

3. Proof of Theorem 2.1.. As we remarked before, W. Casselman has given, in
an unpublished work announced in [1], a simple argument showing that 3eo()
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C IvOr) for every admissible representation v of finite length. Although only
the corollary of this result, the fact that every irreducible admissible represen-
tation embeds infinitesimally into a nonunitary principal series representation
is stated in [1], it is easy to reconstruct the argument indicated there and see that
it really proves the above statement. This reduces the proof of Theorem 2.1
onto the characterization of e(r) as the set of minimal elements of I(r).
The essential point in the proof of this statement is the following theorem

which is a refinement of a result of Langlands [12, Lemma 3.13], although the
proof is essentially the same.

Let (, t) - (), ) be the inner product in ao defined by the Killing form of 6o

THEOREM 1. Let il and a* be such that Re ( a) 0 for all a +.
Then the nonunitary principal series representation rp.. has unique irreducible
subrepresentation p.,.x and is a leading exponent of 1.. along P.

The statement of Theorem 2.1 for Ie(r) satisfying Re ( a) < 0 for all
a 2 is in fact an immediate consequence of the above theorem. By the
tensoring with finite-dimensional representations the general case can be easily
reduced to this situation as we shall see later. Firstly we shall prove Theorem 1.

Define the analytic maps K G -- K and H G --, ao such that for every x G
we have x K(x) exp H(x)n with n N. Let/5 O(P) be the parabolic
subgroup opposite to P, the Langlands decomposition of/ is/5 MA where
/ 0(N). We fix a Haar measure d on by the condition

e
-2((-)) d 1.

If Re (}, a) 0 for all a 2 by a standard result from the theory of
intertwining operators [19] we know that the operator J._x defined by

(J._x])(x) f ](x) d, x G,

is a continuous intertwining operator of re..-x with r.._x.
In the following, it is convenient to identify the spaces 3C..x for a minimal

parabolic subgroup Q, a and a* with the Hilbert space 3C of all
square-integrable functions g K -- U satisfying g(mk) (r(m)g(]c), m M,
k K, by the mapping ] - ] K. This map is an isomorphism of K-modules
if we consider 3C as a K-module induced from a. We denote the induced action
of K on 5C by (k, ]) - k. ], k K, ]
The main step in the proof of Theorem 1 is the following lemma.

LEMMA 1. Let Re ( a) < 0 for every a Z +. For K-finite functions ],
g C,, ] O, the following assertions are equivalent

(i) is a leading exponent of the matrix coecient c,... of re..x for some
k k K,

(ii) J._g 0.
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Proo]. In order to prove the lemma we shall use the following relation.
For every K-finite functions , g C and H a- we have

lim e-’(/)()(,,.(exp tH)f, lg) (](1) (J,,_g)(1)).

This is (up to trivial modifications) classical formul due to Hrish-Chandr
[4], [20, 9.1.6.1]. We sketch the rgument for the convenience of the reader.
Put at exp tH. Then

(.,.(a,)I g) f e-(X+)(H(at-’k))(](K(at--l]c)-l) g(]c-)) dlc

Using the standard integral formulas we can transfer the integration over
K to the integration over X M and using simple properties of the functions
and H we get

After checking the conditions of Lebesgue’s dominated convergence theorem
as in [20, 9.1.6.1], we can interchange the limit and the integration what finally
eads to

N

(](1)](J,_xg)(1)).
This finishes the proof of the above relation. It implies immediately that k is

a leading exponent of c,.,,., if and only if (](k) (J,_g)(k)) O. Hence
(i) implies (ii). In order to prove the converse it remains to see that
(](/c1) (J._xg)(Ic)) 0 for all ]1 ]2 K implies J,-xg O. Suppose that
this is not true. Then, there exists a K-finite function g such that
J,_g 0 and (](]c) (J,_xg)(]c)) = 0 for all k, ]c K. Choosing ]1 and
so that I(]c1) 0 and (J,_g)(]) O, we get (q(m)I(k,) (J._g)(]c)) 0
for all m M, what contradicts the irreducibility of a. Q.E.D.

Now we can prove Theorem 1. Denote by , the orthogonal complement
of the kernel of J,-x Obviously the kernel of J,-x is an invariant subspace
for re.,_x. The relation

and the fact that J,,-x 0 implies that ,,x is a closed invariant subspace for
e,,x different from zero. Denote by e,,x the subrepresentation of e,,x on,,. It remains to show that it has the properties stated in Theorem 1.

Let be a closed re,.-invariant subspace in . Let g be a K-finite func-
tion in , orthogonal to ’. Then for every K-finite function ] in ’ the matrix
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coefficient c,.,k. kl k2 K, of e,, is equal to zero. By Lemma 1. this
implies that g is in the kernel of J,_x. Therefore, 3C contains g,x and ,e,,x is
the unique irreducible subrepresentation of e,, Applying again Lemma 1
we see that for each nonzero ], g g,x there exist k, l K such that is a
leading exponent of the matrix coefficient c,.,,. of ,, This finishes the
proof of Theorem 1.
To prove Theorem 2.1 we need some preparation on the tensoring with finite-

dimensional representations. Let be an admissible representation of G of
finite length on a Banach space V. Let r be an irreducible finite-dimensional
representation of G with the lowest restricted weight -. The tensor product

r is again an admissible representation of finite length. The next two
lemmas relate Ie(v) and eo(r) to Ie( r) and eo( r) respectively.

LEMMA 2. Iv(v) v C I( @ r).

Proof. Let W be the space of r. Denote by W the weight subspace corre-
sponding to a restricted weight v. Denote by P W W_. the projection
associated to the decomposition W W_. + ._. W Let w be the repre-
sentation of M on W_. Then obviously

Pr(man) e-()(m)P
for everym M,aAandn N.

For ] v,,x and w W define (1, w) G U W_, by

(1, w)(x) ](x) Pr(x)w, x G.

Then

,(], w)(ma,x) f(manx) ( Pr(manx)w
e(’-+)(’)((r(m)f(x)) ( ((m)Pr(x)w)
e’-"+)(’’)( )(m)q, )(x),

for allm M,a A,n Nandx G. It follows that g is a eontinuous
bilinear map from e,,x X W into e,,x- Denote by the corresponding
linear map from e,.,x W into P,.o,x- Then it is easy to see that
intertwines e,.,x @ r with ,,x-,

Suppose now that Ie() and let T be a nontrivial infinitesimal inter-
twining operator of with e,,x Put S (T 1), then S is an infinites-
imal intertwining operator of r with e,,- Suppose S 0. Then
for every K-finite vector v V and w W we have

0 (S(v @ w))(x) ((Tv @ w))(x) (Tv)(x) Pr(x)w, x G.

This clearly implies that T 0, contradicting to our assumption. Therefore
S is nontrivial. If a is the direct sum of irreducible representations

z, of M, e..x_, is the direct sum of e.._,, j 1, 2, It. By
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the above result there exists at least one j, 1 _< _< k, such that

Therefore Ip(r () r). Q.E.D.
LEMMA 3. 3co@) eo(@r).
Proo]. It is obvious that the set of exponents of r coincides with the set of

all restricted weights of r shifted by -pe. Hence - pe is the only leading
exponent of r along P. Because all K-finite matrix coefficients of r @ r are
sums of products of K-finite matrix coefficients of r with matrix coefficients
of r the relation

(a) p(r @ r) C (r) + L is obvious.
Also, if X geo (r) there exist K-finite v and such that the matrix coefficient

c,. of r has X as one of its exponents, and w and such that the matrix coefficient
c. of r has - pe as its exponent. This implies that the matrix coefficient
c,(R).(R) c,..cu. of r @ r has X as one of its exponents, i.e. the relation

(b) 8e(r) -, C 8p(r @ r)
holds. Now () and (b) imply immediately that 8e(r) C e(r @ r).
Let 8eO(r@ r). By (a) there exists 50r) such that
and by (b) we have 8e(r @ r). By the minimality of this implies, i.e. h 8eo(r). Therefore 8pO(r @ r) C 8o(r) . Q.E.D.
Now we can finish the proof of Theorem 2.1. Let X Ie0r). We can choose r

such that Re ( v a) < 0 for all a 2; +. By Lemma 2. h v Ie(z @ r),
therefore there exists a nontrivial infinitesimal intertwining operator of r @ r
with ze,.,x-, for some r. By Theorem 1 the representation vP,.,x-, is
infinitesimally equivalent to an irreducible constituent of z @ r. This implies
that , v is an exponent of () r. Hence there exist v << X such that v v
Eeo(v @ r). By Lemma 3., v eo(z) and Theorem 2.1 is proved.

Part III. Characters and asymptotics.

1. Characters and leading exponents.
Let G be a connected semisimple Lie group with finite center and K a maximal

compact subgroup of G. Let Co(R)(G) be the convolution algebra of smooth
functions with compact support on G. Denote by C, (G) the dense subalgebra
of K-finite functions in C (G). If is an admissible representation of G on a
Banach space we can associate to every ] Co (G) a bounded linear operator

f/(x).(x) gx,’(f)

where dx is a Haar measure on G. The mapping f - (]) is a representation
of Co (G). For every f C, (G) the operator r(f) is of finite rank. Therefore
the linear form f -, tr (f) is well-defined on C, (G), we shall call it the character
of and denote by O
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By Casselman’s "subrepresentation theorem" [1] every irreducible admissible
representation is infinitesimally equivalent to a subrepresentation of a non-
unitary principal series representation, hence it is infinitesimally equivalent to
an irreducible admissible representation on a Hilbert space. Since the characters
of infinitesimally equivalent admissible representations are equal, the character
of an irreducible admissible representation extends to an invariant eigendistri-
bution on G [20, 4.5.8.6]. If is an admissible representation of finite length,
its character is the sum of the characters of its irreducible constituents. There-
fore, it extends to an invariant -finite distribution on G.
By the previous discussion to every object in the category of admissible

representations of finite length of G we can associate its character which is an
invariant -finite distribution. Two admissible representations of finite length
have the same character if and only if their semisimplifications are infinitesimally
equivalent [20, 4.5.8.1]. Combining this result with Corollary of Theorem II.2.1
it follows that admissible representations of finite length with the same character
have the same leading exponents along any minimal parabolic subgroup of G.
Therefore, it should be possible, at least in principle to read off the leading
exponents of admissible representations of finite length from their characters.
Although in this stage this looks like a formidable task, the following result shows
that growth conditions on the characters are equivalent to simple conditions
on the leading exponents.

Let P be a minimal parabolic subgroup of G. As in Part II denote by (- the
corresponding "negative" Weyl chamber in ao, and by ff the set of all complex
linear forms on a such that Re (H)

_
0 for every H (-.

THEOREM 1. Let r be an admissible representation o] finite length o] G and
R. Then the ]ollowing conditions are equivalent

(i) the character 0, o] - has the rate o] growth
(ii) every leading exponent o] - along P lies in

The proof of this theorem will be given in the next section.
By an unpublished result of Harish-Chandra [3, Theorem 4] the asymptotic

behaviour of K-finite matrix coefficients is controlled by the leading exponents.
Hence, the implication (i) (ii) represents an extension of Theorem I.l.1
holding for all real ,, but under the assumption that the invariant -finite
distribution is the character of an admissible representation of finite length.

Obviously, Theorem 1 1reduces the problem of asymptotic behaviour of
K-finite matrix coefficients of discrete series representations onto the deter-
mination of the rate of growth of their characters. This will be considered
in the last section.

2. Proo] o] Theorem 1.1. The main idea in the proof of Theorem 1.1 is that
it is enough to prove its assertion for sufficiently large positive ,. This reduction
is established by the following simple lemma.

Without any loss of generality we can suppose that G is acceptable. Denote



80 DRAGAN MILI616

by r the finite-dimensional representation of G introduced in Section 1.2 and
by r its n-th tensor power.

LEMMA 1. Let. r be an admissible representation o] finite length o] G. Then,
]or n lI,

(i) the character O o] - has the rate o] growth " i] and only i] the character o]
" r has the rate o] growth . -F n,

(ii) eo( r,) eo() np,.

These assertions re obvious consequences of the definitions and Lemma II.3.3.
Suppose now that M >_ 0 and that Theorem 1.1 holds for all >_ M. For

every real , we can choose n ll such that 1’ -F n >_ M. Since by Lemma 1
the assertions (i) and 0i) for (, ,) and for ( () r, 1’ -F n) are equivalent, our
theorem holffs for all real .
Now we shall show that the implication (i) (ii) for 1’ _> 0 is an easy conse-

quence of the results of Part I. Let r be an admissible representation of finite
length of G whose character O, has the rate of growth >_ 0. Let r, r, r,
be the pairwise infinitesimally inequivalent irreducible admissible representations
of G on Banach spaces VI, V.... V respectively, such that every irreducible
constituent of is infinitesimally equivalent to some r; 1

_
j

_
lc. Denote

byO;thecharacterofr, 1

_
j_ k. Then

O. nO + nO. + + nO,

where n. 1 is the multiplicity of r; in r for 1 j

_
1.

Fix 6 /. Let C (G) be the subalgebra of Co (G) consisting of those I which
verify the relation ] ; * l * ; Obviously, the spaces V. 1

_
j

_
It, are

invariant under the action of r(l), ] C(G). Denote the corresponding
representations of C(G) by r;. 1

_
j < /. By [20, 4.5.1] the nontrivial

representations ., are irreducible and pairwise inequivalent. Hence, there
exist 1. C(G), 1 <__ j <_ It, such that

r;,(f;.) 1, ..(f.) 0, for i j.

Put gi,(x) fi.(x-1), x G. Then

O * g., nO; * g;, n.O.,
for every 1 _< j _< lc. By Theorem 1.3.3. O is an invariant -finite distribution
of type /. This implies immediately that O;. is a K-finite and -finite distri-
bution of type , for 1 _< j _< It, i K.
A trivial modification of the argument in [7, p. 53] implies now that all K-finite

matrix coefficients of ; 1 _< j <: /, are K-finite and -finite distributions
of type ,. Therefore, Theorem 1.3.2 implies that for every K-finite matrix
coefficient c of the semisimplification , of r there exist M > 0 and p > 0,
such that

Ic(x)l <_ ME(x)-(1 -F a(x))", x G.
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Now, the asymptotic of [20, 8.3.7.4] implies the existence of N > 0 and q _> 0
such that

ic(a)]

_
Ne(1-)p(loo)(1 -t- I[log al I) q, a A-.

This obviously implies that all leading exponents of rss along P are contained
in -,pe -b . Our assertion follows now from Corollary of Theorem II.2.1.

It remains to prove the implication (ii) (i). In this case we shall suppose
that / _> 1. Also we can assume that r is an irreducible admissible representa-
tion. As we shall see in a moment the following estimate implies easily our
assertion.
LEMMA 2. Let " be an irreducible admissible representation of G. Suppose

that all its leading exponents along P lie in -’pp - , " >_ 1. Then there exist
C > 0 and s >_ 0 such that the Fourier components 0. o] its character O satisfy

Io.(x)l _< c.()Z(x)-(1 + (x)), x ,
]or all K.

Assuming the lemma for a moment we shall now finish the proof of Theorem 1.1.
Let X, X., X be a basis of fo orthonormal with respect to -B restricted

to fo, where B is the Killing form of , and put

ft 1 (X1 -F X -t- -b X,).
Obviously is an element of the center of the enveloping algebra of f. Now
the results of 3 of [7] imply that for every / there exists a real number
c()

_
1 such that

and m N such that

Then for f Co (G) we have

Therefore

where c

u0. c()0.

O, q)l _< c,..t I(ft’])(x)[ E(x)’-(1 -t- (x))" dx,

C.c0. If we chooser >_ 0suchthat

E(x)(1 -t- r(x))-’" dx "( oo
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we have finally

where M c.c what implies that O. is of type ,. Now, Theorem 1.3.3.
implies that O, has the rate of growth , what finishes the proof of Theorem 1.1.

It remains to prove Lemma 2. The leading exponents of are contained
in ff if and only if is tempered. In this case by the main result of [17] or
Lemma 4.10 of [12] is a unitary representation and the assertion is obvious.
Therefore we can assume that is nontempered. In this case we shall use the
classification of such representations due to Langlands [12] to obtain our estimate.

Let P be a parabolic subgroup of G containing P. Denote by PI MIAN
its Langlands decomposition. Obviously M C MI A D A and N D N
Let mo, {o1 and n0i be the Lie algebras of M, A andN and m, and u their
complexifications respectively. Denote by *ao m0 ao and *a
Obviously a *a ( a We shall consider the linear forms on a as linear
forms on a trivial on *a.

Define the analytic functions G --. exp (toOl / o) and HI G -- o such
thatx (x)(x) expH(x)n,n N,forallx G. It is easy to see that

H(x) H(x) *o, x G.

Finally, we define p pe a* by p(H) 1/2 tr (adHI h), H .
Let a be an irreducible unitary representation of M on a Hilbert space U and
*. As in II.1. we define the Hilbert space ., of classes of functions

] G -- U satisfying
(i) ](manx) a(m)e("+’)( ) ](x) for all m M a A n N and

xG,

(ii) f II](]c) ll dlc <
K

with the inner product (Jig) f (](l) [g(lc))dl, and the representation .,
of G on 3C,., by

(.,(x)/)(y) ](yx), x, y G.
Let _* {X *; Re (X a) _< 0, a 2;+}.
By the Langlands’ theory [12], for a nontempered irreducible representation

satisfying the conditions of Lemma 2, there exist a parabolic subgroup
containing P, an irreducible tempered representation of M1 and t
such that

(i) is contained in (-pe + if) (% a_*,
(ii) r is infinitesimally equivalent to a subrepresentation of .,.

This reduces our problem onto the estimates of matrix coefficients of
Take ] ., such that I]]11 1 and its K-orbit spans an irreducible K-module

of type . Choose an orthonormal basis ] ], ]() for this module such
that ] ]1 and denote its matrix coefficients in this basis by a;, 1 _< i, j
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Then
d()

](lch) _, ail(h)](k), lc, h K.

Therefore, by the use of orthogonality relations

1 IIJ’ll (Zh)ll dh (](lc) l](lc)), a,(h)a,(hi dh
i,’=1

1
d(e) . 111’9’)11’ K.

This implies that

83

I,r(Z)ll < h-(a), K.
Now we can estimate the function x (r,.(x)] ]). It is obvious that

for all x G. Therefore, the fact that a is a unitary representation and the above
estimate imply immediately that

d() f e-’’"+"’)"’",-’’)

Denote by x the zonal spherical function

f e(x-)(’(’)) dl, x (;.

Then by [20, 6.2.2.1]

hpplying Lemms 3.6 of [12] and the conditions on and e easily see that
there exist c > 0 and p 0 such that

, +,_(a) 71-)(,o.)( + Iog al lY, a A-.

Now, the asymptotic of [20, 8.3.7.4] implies the existence of C > 0 and s 0
such that

Since the multiplicity of ; in r. is less or equal to d(), this estimate immediately
iplies the assertion of Lemma 2.
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3. Applications to the discrete series. In this section we shall apply our results
to the discrete series representations.

Firstly we.shall review some results of Hrish-Chndra on the discrete series.
Without any loss of generality we can suppose that G is acceptable. We fix a
compact Caftan subgroup H of G such that H C K. Let Do be the Lie algebra
of H and D its complexification. Denote by the root system of (6, D) and by

and the sets of compact and noncompact roots respectively. Let W be
the Weyl group of (, D) and W the subgroup generated by reflections with
respect to the compact roots. The Killing form of 6 induces an inner product
(I) on iI)o*.
Denote by A the lattice of differentials of characters of H. An element h A

is nonsingular if (X a) 0 for every a . Denote by A’ the set of nonsingular
elements in h. To each X A’ a discrete series representation x is attached
and , if and only if there is w W such that wh .

For every root a P we put

Then our main result cn be stated s follows.

THEOREM 1. Let > O. For every X A’ the following conditions are equiv-
alent

(i) I() a)l >_ ,tic(a) ]or every noncompact root a,
(ii) ]or every K-finite matrix coecient c o] the discrete series representation
there exist M > 0 and q 0 such that

+ x a.
By Theorem 7.5 of [16] the above result implies immediately the following
corollary.

ConoL[,in’. Let 1 p < 2. For every X A tle ]ollowing conditions are
equivalent

(i) ](X a)] > (2/p 1)/c(a) ]or every noncompact root a,
(ii) every K:nite matrix coecient o] the discrete series representation is

in L(G).

The implications (ii) (i) in the above results are due to Trombi and Vara-
darajan [16]. Our argument is different from theirs. The converse implication
of Corollary, for the most interesting case p 1, was proved by Hecht and
Schmid [11]. In the special case of the groups SO(2n, 1) and SU(n, 1) these results
were obtained by T. Enright [2]; however, his proof appears to be incomplete.

Let O be the character of the discrete series representation for A.
The main step in the reduction of Theorem 1. to Theorem 1.1. is the following
result which shows that the condition (i) is essentially a growth condition on
the character O
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THEOREM 2. Let > O. Then ]or every A’ the ]ollowing conditions are
equivalent

(i) I( a)l >- dc(a) ]or every noncompact root a,
(ii) the invariant eigendistribution Ox has the rate of growth

Assuming this result for a moment we can finish the proof of Theorem 1.
Theorem 2 and Theorem 1.1 imply that the following assertions are equivalent
for > 0, ), A’ and a minimal parabolic subgroup P"

(i) I(X a)[ > K/c(a) for every noncompact root a,
(ii) all leading exponents of rx along P lie in Kpe + g.

By an unpublished result of Harish-Chandra [3, Theorem 4] it follows that
(ii) is equivalent to

(ii’) for every K-finite matrix coefficient c of rx there exist N > 0 and s > 0
such that

]c(a)] < Ne(’+KP’(1a(1 + ]]log a]]) ’, a A-.

Now, the asymptotics of Z [20, 8.3.7.3, 8.3.7.4] implies that (ii’) is equivalent
to the condition (ii) of Theorem 1.

It remains ro prove Theorem 2. It is a consequence of deep results of Harish-
Chandra on the structure of Ox [6]. The implication (ii) (i) is an immediate
consequence of the formula for Ox on the sets of regular elements of Cartan sub-
groups with one-dimensional split components, as was explained in [16, p. 275].
The implication (i) (ii) is much harder to establish, because we must control

the expressions for Ox on all noncompact Cartan subgroups. Our argument is
based on remarkable "coherence" properties of the invariant eigendistributions
Ox, this type of argument was used extensively by Hecht and Schmid in their
work on the Blattner’s conjecture [10].

Firstly, from the expressions for Ox on noncompact Cartan subgroups of G
given in Lemma 57 of [6] (more specifically from the fact that the constants
cb,(s A +) appearing there do not depend on h but only on the Weyl chamber
containing X), the following lemma immediately follows.

LEMMA 1. Let > 0 and n 1. The following assertions are equivalent
(i) Ox has the rate o] growth -,
(ii) 0 has the rate o] growth -n.

Now we shall use Lemma 1 to reduce the proof on the case of linear groups.
This reduction is inessential, but it enables us to use directly the results of
Hecht and Schmid [10].

Let Z be the center of G. Obviously Z C H and by Lemma 51 of [6] we have

O(zx)
_

(z)Ox (x) z Z, x G’,

where , is the character of H whose differential is t A. Let Z1 C Z be the
intersection of the kernels of all finite-dimensional representations of G. Then
G/Z is a linear group [20, Vol. I, p. 195]. Also, p(z) 1 for every z Z
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Therefore, if n is the order of Z1
On(zx) O,,,(x), z Zl, x G,

and we can consider Onx as an invariant eigendistribution on G/Z1 By Lemma 1
we see that it is enough to establish our assertion for the discrete series characters
of G/Z1.

Therefore, in the following we can assume that G is a linear group which lies
in its simply connected complexification. In this situation A is the lattice
of weights of q.

Let , A’ and K > 0 be such that I( a)l >_ Kk(a) for every a n. We
fix a set I, of positive roots in ( such that is dominant with respect to I,.

Following Hecht and Schmid [10] we can construct a family (9(I,, u), u A,
of invariant eigendistributions with the following properties"

(i) (9(, ) depend "coherently" on h (see 2 of [10]),
(ii) O(I,, ) (9, for all A’ dominant with respect to .
The basic fact about O(I,, u) on which our argument is based is
(iii) if ( a) >- 0 for all a n -h I’, (R)(I’, ) is a tempered invariant eigen-

distribution [10, Lemma 3.1].
Now we can finish the proof of Theorem 2. Let p be the half sum of the

elements in T. Then

([-) > (-) > (v -),

for all w W. Therefore we see that

(x w -) >_ O,

Take a positive rational number r p/q such that r <: and ( rwp I$) 0
for all w W,/ . Then (), rwp a) > o for all w W and a ,, V5 I,.

Therefore for all w W,
(a) qk- pwp A’,

and by (iii),
(b) (R)(, qk pwp) is a tempered invariant eigendistribution.
It is easy to see from the expression (2.5) of [10] for (R)(, u) that (a) and (b)

imply that O(I,, qk) (R)x has the rate of growth -p. By Lemma 1 it follows
that Ox has the rate of growth -r. Since we can choose r arbitrary close to we
see that O has the rate of growth -. This ends the proof of Theorem 2.
At the end we want to compare our argument with the argument of Hecht

and Schmid [10]. As remarked before, our idea is similar to theirs, in the following
way. They tensor a discrete series representation rx for ), "sufficiently far" of
noncompact walls with a suitable finite-dimensional representation so that all
irreducible constituents of the tensor product remain infinitesimally equivalent
to discrete series representations. Then by a result of Schmid [14, Theorem 1.6]
this tensor product is completely reducible. Therefore it is a tempered repre-
sentation and all its K-finite matrix coefficients satisfy the weak inequality,



MATRIX COEFFICIENTS OF THE DISCRETE SERIES 87

what gives the right estimates for K-finite matrix coeificients of the discrete
series representation x.

Instead of reducing to the tempered case, what is impossible in our situation,
we have extended Harish-Chandra’s results to the eigendistributions with
positive rate of growth, and used Corollary of Theorem II.2.1 instead of Schmid’s
complete reducibility theorem.
Although in the situation when all irreducible constituents are infinitesimally

equivalent to discrete series representations Corollary of Theorem II.2.1 is
apparently weaker then Schmid’s result, it actually implies this result. Com-
pared to Schmid’s original argument the following argument uses only very weak
results about discrete series representations.

THEOREM 3. (Schmid, [14])Let - be an admissible representation o] finite
length. I] all irreducible constituents o] - are infinitesimally equivalent to discrete
series representations, - is infinitesimally equivalent to its semisimplification.

Proof. By assumption, there exists > 0 such that the character of r has the
rate of growth -. As in the proof of Theorem 1 and its corollary this implies
that all K-finite matrix coefficients of r are square-integrable. This fact can be
also deduced from the theory of constant term [9] and Corollary of Theorem
II.2.1 without any use of results on characters.

Let be the space of K-finite vectors of r. It is easy to see that there exist
K-finite linear forms , , on such that

is an inner product on 2. It is obviously (@, K)-invariant, hence 2 is completely
reducible as a (@, K)-module, what proves our assertion.
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