
/

E
m

b
ed

d
in

g
s

o
f

D
iscrete

S
eries

in
to

P
rin

c
ip

a
l

S
eries

T
o
siriiiiio

M
A

T
S

U
K

I
A

N
D

T
o
s
illo

O
sH

IM
A

§1.
In

tro
d
u
c
tio

n
.

L
et

G
be

a
connected

real
sem

isitnple
L

ie
group,

o
an

involution
of

G
,

and
H

an
open

subgroup
of

the
group

G
of

fixed
points

for
.

F
or

sim
plicity

w
e

assum
e

th
at

G
has

a
com

plexification
G

.
W

e
fix

a
C

artan
involution

0
of

G
w

ith
o0

=
0o.

T
he

involutions
of

the
L

ie
algebra

g
of

G
induced

by
o-

and
0

are
denoted

by
the

sam
e

letters,
respectively.

L
et

g
=

[3+
q

and
g

=
+

p
be

the
decom

positions
of

g
into

+
1

and
—

1
eigenspaces

for
o-

and
0,

respectively.
L

et
g
d
,

d
and

3d
be

the
subalgebras

of
the

com
plexification

g,,
of

g
defined

by

g
d
=

f
l
[
3
+

T
(
f
l
q
)
+

/
:
i
(
p
f
l
[
3
)
+

(
p
f
l
q
)
,

e
d
=

n
[
3
+

/
E

f
(
p
n
[
3
)

[
3
d
=

e
f
l
[
3
E

i
(
f
l
q
)

and
let

K
,

G
d
,

R
d

and
H

d
be

the
analytic

subgroups
of

G
w

ith
the

L
ie

algebras
,

d
,

d
and

[3d,
respectively.

T
hen

the
hom

ogeneous
space

X
d

=
G

d
/R

d
is

a
R

iem
annian

sym
m

etric
space

of
the

non-com
pact

type
and

called
the

non-com
pact

R
ieniannian

form
of

the
sem

isiinple
sym

m
etric

space
X

=
C

/H
.

T
he

ring
D

(X
)

of
the

invariant
difterential

operators
on

X
is

n
atu

rally
isom

orphic
to

the
ring

D
(X

’)
of

invariant
differential

operators
on

X
d.

L
et

p
d

be
a

m
inim

al
parabolic

subgroup
of

G
d’.

In
[0

1
]

a
K

-finite
eigenfunction

i/’
of

D
(X

)
is

called
a

spherical
function

on
X

and
d
c

fines
an

M
d_invariant

closed
subset

F
B

I()
of

G
d
/P

d
.

N
am

ely,
by

t.&
F

lensted—
Jensen

isom
orphism

,
corresponds

to
a

sim
ultaneous

cig
eti

function
‘

of
D

(X
d
)

and
then

F
B

I(i,b)
is

the
su

p
p
o
rt

of
the

im
age

uf
under

the
boundary

value
isom

orphism
defined

by
[K

K
M

O
O

T
J.

‘liie
m

ain
result

in
[0

1
]

show
s

th
at

F
B

I(il’)
and

the
eigenvalne

determ
ine

the
leading

term
s

in
a

convergent
series

expansion
of

at
every

b
o
u
n
I

ary
point

of
X

in
X

.
H

ere
X

is
the

com
pact

C
-m

anifold
constructed

in
[0

2
]

w
hich

contains
X

as
an

open
G

-orbit.
S

uppose
the

spherical
function

‘
generates

an
irreducible

Ilarish
-

C
h
an

d
ra

m
odule

U
().

T
hen

by
the

leading
term

s
w

e
have

em
beddiiigs

of
U

(’)
into

principal
series

for
X

,
w

hich
is

studied
in

[0
1
,

T
heorem

5.1].
T

he
key

lem
m

a
in

[0
1
]

is
[0

1
,

L
em

m
a

3.2]
w

hich
studies

a
local

property
of

intertw
ining

operators
betw

een
class

1
principal

series
for

G
’.
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T
.

M
A

T
S

U
R

I
A

N
D

T
.

O
S

H
IM

A
E

M
B

E
D

D
IN

G
S

O
F

D
IS

C
R

E
T

E
S

E
R

IE
S

IN
T

O
P

R
IN

C
IP

A
L

S
E

R
IE

S

In
§2

w
e

w
ill

give
another

lem
m

a
for

the
intertw

ining
operators.

T
hese

lem
m

as
give

em
beddings

of
U

(b
)

into
principal

series
for

X
w

hich
are

not
obtained

in
[0

1
].

N
am

ely,
by

the
lem

m
as

and
the

sam
e

argum
ent

as
in

[0
1
],

w
e

get
the

em
beddings

w
hich

do
not

correspond
to

any
leading

term
.

In
§3

w
e

consider
the

case
w

here
X

is
a

sem
isim

ple
L

ie
group.

In
this

case
corresponds

to
a

m
atrix

coefficient
of

an
irreducible

H
arish—

C
h
an

d
ra

m
odule

for
the

group,
F

B
I(,b

)
coincides

w
ith

the
su

p
p
o
rt

of
the

V
-m

odule
realized

in
a

com
plex

flag
m

anifold
through

B
eilinson—

B
ernstein’s

correspondence
([B

B
I],

[V
])

and
w

e
w

ill
give

a
sim

ple
th

eo
rem

to
find

em
beddings

of
any

irreducible
H

arish—
C

handra
m

odule
into

principal
series

for
the

group.
T

he
em

beddings
corresponding

to
S

(E
)

0
(i.e.

the
leading

term
s)

in
T

heorem
3.2

are
also

studied
by

[K
W

]
and

[B
B

2J.

In
§4

w
e

consider
the

case
w

here
X

is
a

classical
sim

ple
L

ie
group

and
give

an
algorithm

to
express

the
H

’-o
rb

it
stru

ctu
re

on
G

d
/P

d
,

w
hich

is
sufficient

to
apply

the
theorem

in
§3.

T
hus

w
e

can
obtain

a
sim

ple
com

binatorial
algorithm

to
obtain

the
em

beddings.
T

he
precise

argum
ent

for
the

proof
of

the
lem

m
a

and
its

application
w

ill
be

given
elsew

here.

m
erom

orphic
param

eter
..\

E
(
a
)

so
th

at
the

linear
m

ap

(2.1)
13(G

/P
;

LA
)

—
*

13(G
/P

;
L

A
)

f(s)
-
*

(T
f)(x

)=1K
f(k

)T
,(k

’x
)d

k

is
a

G
-hom

om
orphism

w
hich

satisfies

(T
f)(x

)
=J

f
(
x
i

0n0)
d
n

iff
is

continuous
and

R
e(A

,/3)
<

0
for

any
/3

E
‘Ii.

H
ere

i
i

is
a

re
p

resentative
of

W
a
, N

a
=

0(N
)

fl
1N

1
ia

and
the

m
easures

dk
and

d
a

are
H

aar
m

easures
on

K
and

N
,

respectively.

_
_
_
_
_

_
_
_

For
a

subset
S

of
G

/P
w

e
define

a
subset

w
[S]

of
G

/P
by

S
P

w
P

.
For

an
open

subset
U

of
G

/P
,

w
hich

is
identified

w
ith

a
right

P
invariant

subset
of

G
,

w
e

put

and
define

B
(U

;L
A

)
={f

E
13(U

);
f(g

m
an

)
=

f(g
)a

”

for
(g

,rn
,a

,n
)E

U
x

M
x

A
x

N
}

L
?(S

;L
A

)=
Jim

13(U
;L

A
).

U
:open

J
S

T
hen

the
key

lem
m

a
in

[0
1
]

is

§2.
L

o
cal

p
ro

p
e
rtie

s
o

f
in

tertw
in

in
g

o
p
e
ra

to
rs.

R
etain

the
notation

in
§1.

L
et

G
=

K
A

N
be

an
Iw

asaw
a

d
eco

m
p
o

sition
of

G
and

a,
the

L
ie

algebra
of

A
,,.

L
et

Y
be

the
restricted

root
system

for
the

pair
(g,

a,,),
E

the
positive

system
corresponding

to
N

and
‘I’

the
fundam

ental
system

of
ID.

T
he

W
eyl

group
W

of
ID

is
id

en
tified

w
ith

the
norm

alizer
N

K
(aP

)
of

a
in

K
m

odulo
the

centralizer
M

of
a,,

in
K

and
the

group
P

=
M

A
,,N

is
a

m
inim

al
parabolic

subgroup
of

G
.

F
or

any
a

E
12,

w
e

denote
by

W
a

E
W

the
reflection

w
ith

respect
to

a.

For
an

open
subset

U
of

G
the

space
13(U

)
of

hyperfunctions
on

U
is

n
atu

rally
a

left
s-m

odule.
T

hen
for

an
elem

ent
..\of

the
com

plexification
(a

,,)
of

the
dual

ct
of

a,,,
the

space
of

hyperfunction
sections

of
class

1
principal

series
is

defined:

13(G
/P

;
LA

)=
{f

€
13(G

);
f(g

m
an

)
=
f
(
g
)

0A
_
P

for
(g

,m
,a

,n
)E

G
x

M
X

A
,,x

N
}
.

For
any

a
E

‘I’
there

exists
a

function
T

E
13(G

/P
;
L

A
)

w
ith

the

L
E

M
M

A
2.1

[0
1

,
L

E
M

M
A

3.2].
F

ix
an

elem
ent

a
o

f’!
and

a
point

p
o
f

G
/P

and
p
u

t
V

=
w

a[{p}].
D

enoting

1
3
(V

,{p
};L

A
)=

{fE
1

3
(V

;L
A

);
p
s
u

p
p

f}
,

the
m

ap
(2.1)

induces
the

g-hom
om

orphism

(2.2)
13(V

,
{p};L

A
)

—
*

for
any

)‘.
E

(a
,,)

by
analytic

continuation.
M

oreover
if

(2.3)
(.\,a)

e
a
()

0
and

—
(a

,a
)

then
(2.2)

is
injective.

In
the

above
lem

m
a,(

,
)

is
the

non-degenerate
bilinear

form
on

(a
,,)

induced
from

the
K

illing
form

of
g,

—
I

1
(A

,a)
I

I
1

(A
a
)

1
1

ea(A
)=

F
(—

+
_
m

a
+

_
)

r(-.
\2

(a
,a

)
4

2
\2

(c
r,a

)
4

2

and
m1-

denotes
the

m
ultiplicity

of
the

root
space

for
a

root
/3

E
ID.

H
ere

w
e

give
another

lem
m

a.
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T
.

M
A

T
S

U
K

J
A

N
D

T
.

O
S

IIIM
A

E
M

R
E

D
D

IN
G

S
O

F
D

IS
C

R
E

T
E

S
E

R
IE

S
IN

T
O

P
R

IN
C

IP
A

L
S

E
R

IE
S

L
E

M
M

A
2.2.

U
se

the
notation

as
in

L
em

m
a

2.1.
1)

S
uppose

A
s
a
t
i
s
f
i
e
s

(2.4)
(A

,a)
E

{
0
,1

,2
,...}

(
a
,
a
)

T
hen

the
function

T
has

a
pole

o
f

order
1

at
p

=
A

and
the

residue
defines

the
g-hom

om
orphism

(2.5)
R

e
s
7

B
(V

;L
A

)
—

*
B

(V
;L

A
)

and
if

the
su

p
p
o
rt

o
ff

in
13(V

;L
A

)
is

not
equal

to
V

,
then

(2.6)

2)
If

m
a

=
1

and

(2.7)

supp
f

=
supp(R

es
T

’)f.

2(A
,a

)
E

{
0
,1

,2
,...}

,
(a

,a
)

to
B

,
ili(j)

=
{
a
i,

.
.

. ,a
)

the
fundam

ental
system

and
p

half
the

su
m

o
f

th
e

p
o
sitiv

e
ro

o
ts.

T
h
e

W
eyl

g
ro

u
p

W
of

E
(j)

is
generated

by
the

reflections
s3

w
ith

respect
to

sim
ple

roots
a3

(j
=

L
et

E
be

an
irreducible

H
arish—

C
handra

m
odule

w
ith

an
integral

in
finitesim

al
character

—
A.

h
ere

w
e

choose
the

elem
ent

A
of

the
com

plex
dual

j
of

Jc
w

ith

(3.1)
(A

,a
)0

fo
ran

y
a
E

(
j
)

L
et

LA
be

the
holom

orphic
line

bundle
over

the
flag

m
anifold

Y
=

G
e/B

induced
from

the
holom

orphic
character

r
,

of
B

w
hich

satisfies
rA

(exp(Z
))

=
exp(p

—
A,Z

)
for

Z
E

j.
T

he
tw

isted
sheaf

of
differential

operators
D

,
on

Y
is

defined
by

(3.2)
V

.,,
=

LA
0

D
y

L
’

0
1

’
O

r

then
there

exists
a

g-hom
om

orphism

(2.8)
S

:8
(V

;L
A

)—
B

(V
;L

)

such
th

at
if

the
support

o
ff

in
13(V

;L
A

)
is

not
equal

to
V

,
then

(2.9)
su

p
p

f
=

su
p

p
S

f
.

3)
If

e(A
)e(—

A
)

0,
then

the
analytic

continuation
o
f

f
(f1

)
T

defines
a

bijective
g-hom

om
orphism

(2.10)
:B

(V
;L

A
)—

*
B

(V
;L

W
,j.

§ 3.
G

ro
u

p
cases.

L
et

G
be

a
connected

real
sem

isim
ple

L
ie

group
w

ith
a

sim
ply

co
n

nected
com

plexification
G

and
G

=
K

A
N

a
n

Iw
a
sa

w
a

d
e
c
o
m

p
o
sitio

n

of
G

.
L

et
K

be
an

analytic
subgroup

of
G

w
ith

the
L

ie
algebra

w
hich

is
the

com
plexification

of
the

L
ie

algebra
e

of
K

,
B

a
B

orel
su

b
group

of
G

w
hich

contains
A

N
and

j
a

C
artan

subalgebra
of

g
w

hich
sa

tisfie
s

A
C

ex
p

(j)
C

B
.

L
et

E
(j)

be
the

root
system

for
the

pair
(g

., j,.)
b

denoting
j

=
g

fl
c
,

E
(j)

the
positive

system
c
o
rre

sp
o
n
d
in

g

H
ere

O
y

(resp.
D

y
)

are
the

sheaf
of

holom
orphic

functions
(resp.

that
of

differential
operators)

on
Y

in
the

Z
ariski

topology.
L

et
U

(g)
be

the
u
n
iv

e
rsa

l
e
n
v
e
lo

p
in

g
a
lg

e
b
ra

o
f

g,.
For

a
m

atrix
coefficient

of
E

w
e

put
F

B
I(E

)
=

F
B

I(i,b).
T

hen
F

B
I(E

)
is

w
ell-defined

and
a

closure
of

a
single

K
r-orbit

on
Y

a
n
d

satisfies

(3.3)
F

B
I(E

)
=

supp(D
A

0
F

).
U

(
)

If
rank(G

)
=

ran
k

(K
)

and
E

is
the

Ilarish—
C

handra
m

odule
helongin,

to
the

discrete
series

of
G

,
then

E
is

isom
orphic

to
IJ(Y

,
LA

)
w

ith
a

com
pact

K
r-o

rb
it

V
on

Y
.

H
ere

n
is

the
codirnension

of
V

in
Y

.
L

et
L

be
the

centralizer
of

A
in

G
and

L0
its

identity
com

ponent.
T

hen
P

=
L

N
is

a
m

inim
al

parabolic
subgroup

of
G

and
Po

=
L0N

is
its

identity
com

ponent.
L

et
7rA

be
the

irreducible
representation

of
P

u
w

h
o

se
restriction

on
L0

has
the

low
est

w
eight

p—
A

and
U,,,

the
H

arish-C
hanclra

m
odule

of
the

representation
of

G
induced

from
7rA.

T
hen

U,,,
is

a
fIiiito

direct
sum

of
principal

series
of

G
in

the
category

of
T

iarish—
C

handra
m

odules.

B
y

d
e
n
o
tin

g
B3

=
B

s
3

11
fo

r
a
n

y
a3

E
1i(I),

w
e

have
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T
.

M
A

T
S

U
K

I
A

N
D

T
.

O
S

T
IIM

A
E

M
B

E
D

D
IN

G
S

O
F

D
IS

C
R

E
T

E
S

E
R

IE
S

IN
T

O
P

R
IN

C
IP

A
L

S
E

R
IE

S

D
E

F
IN

IT
Io

N
3.1.

F
or

any
closed

subset
V

o
f

Y
,

w
e

p
u
t

S
(V

)
=

{w
E

W
;

there
exists

a
reduced

expression

W
=

S
(
k

)
S

j,(
)

w
ith

the
length

k
o
f

w
and

a
m

ap

such
th

at

=
Y

and
4—

i
l’_

lB
(I)

for
i

=
1

,...,k

by
inductively

denoting

v.
—1

if
c(i)=

O
,

For
the

irreducible
H

arish—
C

handra
m

odule
E

w
e

put
S

(E
)

=

S
(F

B
I(E

)).
Since

F
B

I(E
)

=
D

w
ith

a
K

r-orbit
D

of
Y

,
each

V,
in

the
above

definition
is

a
closure

of
a

single
I(-o

rb
it

D
,

and
dim

D
,

=

dim
D1_1

+
E

(i).
T

hen
for

a
non-negative

integer
j,

w
e

put

S
(E

)
1

=
{w

E
S

(E
);

the
length

of
w

equals
j

+
codim

D
}.

B
y

a
sim

ilar
argum

ent
as

in
[0

1
,

§4,
5]

w
ith

the
lem

m
as

in
§2,

w
e

have

T
H

E
O

R
E

M
3.2.

R
etain

the
above

notation.

1)
F

or
any

w
E

S
(E

),
there

exists
an

em
bedding

of
E

into
U

,.
2)

([0
1

,
T

heorem
4.1])

L
et

1’
be

a
m

atrix
coefficient

o
f

E
.

S
uppose

..\
is

regular
for

sim
plicity.

T
hen

there
exists

a
positive

num
ber

r,
non-zero

real
anaL

ytic
functions

a
,
v
(
g
,

g
’
)

o
f

G
x

G
for

w
E

S
(E

)o
such

th
at

exp
Z

.g’)

=
w

E
S

(E
)o

+
o(

>w
€

S
(E

)o

for
Z

E
a

and
(g,g’)

E
G

x
G

w
hen

a(Z
)

—
oo

for
all

a
E

li(j)
w

ith
a

0.
H

ere
the

estim
ate

is
locally

uniform
on

G
x

G
.

3)
If

E
is

em
bedded

in
U

,
w

ith
an

elem
ent

p
E

j,
then

there
exist

v
E

W
and

w
e

S
(E

)o
satisfying

p
=

v
)

and
v

w
w

ith
respect

to
B

ruhat
ordering.

For
an

elem
ent

w
of

S
(E

),
w

e
put

9w
=

{v
E
S

(
F

J
)

2_
i
;
v

<
w

}.
T

hen
w

e
have

§4.
O

rb
it

stru
c
tu

re
s

o
n

co
m

p
lex

flag
m

an
ifo

ld
s

o
f

classical
ty

p
e.

L
et

G
be

a
connected

com
plex

reductive
L

ie
group

w
ith

a
connected

real
form

G
.

L
et

g
=

e+
p

be
a

C
artan

decom
position

of
g

=
L

ie
G

w
ith

respect
to

a
C

artan
involution

0
and

K
the

analytic
subgroup

of
G

for

L
et

B
be

a
B

ore!
subgroup

of
G

,
Li

its
L

ie
algebra

and
Y

=
G

e/B
the

flag
m

anifold
for

G
.

S
ince

Y
is

identified
w

ith
the

set
of

all
B

ore!
subalgebras

in
o

on
w

hich
G

acts
by

the
adjoint

action,
the

K
r-o

rb
it

stru
ctu

re
on

Y
depends

only
on

[g,g].
L

et
K

be
a

subgroup
of

G
such

th
at

K
C

K
C

N
G

(K
),

w
here

N
G

(K
C

)
is

the
norm

alizer
of

K
in

G
.

T
hen

all
the

K
g-orbits

contained
in

a
K

-o
rb

it
are

diffeom
orphic

to
each

other.
L

et
D1

and
D2

be
tw

o
K

-o
rb

its
on

Y
w

ith
K

D
1

=
K

D
2.

T
hen

w
e

can
easily

obtain
S

(D
1)

=

S
(
D

2)
.

H
ence

in
order

to
get

S
(D

)
for

a
iC

e-orbit
D

in
Y

,
w

e
have

only
to

study
the

K
r-o

rb
it

stru
ctu

re
on

Y
for

som
e

K
c.

F
or

any
gB

E
Y

,
the

B
ore!

subalgebra
A

d(g)b
has

a
split

com
ponent

a
such

th
at

O
a

=
a

([M
l],

[R
j).

N
ote

th
at

a
is

a
0-stable

C
artan

suba!gebra
of

g
contained

in
A

d(g)b.
L

et
Y

be
the

root
system

for
the

pair
(O

c,
ar),

+
the

positive
system

for
A

d(g)b,
‘I’

the
set

of
sim

ple
roots

in
E

+
and

g(a;
a)

the
root

space
for

a
root

a
E

E
.

In
this

section
w

e
param

etrize
the

K
-o

rb
it

stru
ctu

re
on

Y
w

hen
g

S
is

a
sim

ple
L

ie
algebra

of
classical

type.
S

uppose
th

at
G

=
G

L
(n

,C
),

S
O

(2
n
+

1,C
),

S
p(rz,C

)
or

S
O

(2
n

,C
).

(L
ater

w
e

w
ill

consider
the

case
w

hen
g
3

is
com

plex
sim

ple.)
T

ake
the

orthogonal
basis

{
e

1,
.

.
.

,e
}

of
the

dual
a

of
a

such
th

at

=
f

w
here

a1
=

e1
—

e
2,

.
.

.
=

e
_
1

—
e

and
a

=
e
,2

e
or

e
_

±
e
,

if
G

=
S

O
(2n

+
1,C

),
S

p
(n

,C
)

or
S

O
(2

n
,C

),
respectively.

C
O

N
JE

C
T

U
R

E
3.3.

(o
,S

(E
))

is
isom

orphic
to

a
regular

contractible
C

W
-com

plex.

O
n

the
other

hand,
w

e
have

P
R

O
P

O
S

IT
IO

N
3.4.

2
(—

1
)#

S
(E

)
=

1.

if
for

2
=

1
,...

,k
.)

if
G

=
G

L
(n,

C
),

otherw
ise,
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T
.

M
A

T
S

U
K

I
A

N
D

T
.

O
S

IIIM
A

E
M

B
E

D
D

IN
G

S
O

F
D

IS
C

R
E

T
E

S
E

R
IE

S
IN

T
O

P
R

iN
C

IP
A

L
S

E
IU

E
S

S
ince

0
induces

an
involution

of
E

,
w

e
have

a
perm

utation
cp

of
{
l,2

,..
.,n

such
th

at
ço2

=
id

and
th

at

O
CI

=

for
every

i
=

1,.
.
.

,
ri.

W
e

can
assign

to
the

pair
(a,

P)
an

ordered
set.

,r}
,

w
hich

w
e

call
“a

clan”,
of

n
“persons”

w
ith

the
follow

ing
stru

ctu
re:

E
ach

person
e,

is
an

elem
ent

of
the

set
{+, —

,o)
of

three
elem

ents,
the

signs
+

and
—

and
the

circle
o,

w
hich

w
e

call
“a

boy”,
“a

girl”
and

“an
ad

u
lt”,

respectively.
S

om
e

of
the

adults
in

a
clan

form
pairs

and
no

adult
belongs

to
tw

o
different

pairs.
E

ach
pair

is
“a

young
couple”

or
“an

old
couple”.

A
young

couple
and

an
old

couple
are

expressed
by

joining
the

co
r

responding
tw

o
circles

w
ith

a
line

and
an

arrow
,

respectively.
h

ere
w

e
ignore

the
direction

of
the

arrow
.

T
he

clan
has

the
follow

ing
property:

(±)
If

G
e

1
=
e2,

then
c,

=
+

or
—

.
M

oreover
,

and
c

are
the

sam
e

sign
if

and
only

if
g(a;e

—
e,)

C
,

th
at

is,
the

root
e

—
C3

is
a

com
pact

root.
(a)

If
9
e

=
e3

w
ith

I
j,

then
r,

and
c
j

are
adults

and
form

a
young

couple.
(A

)
If

G
e

1
=

—
e

w
ith

i
1z

j,
then

e
and

e,
are

adults
and

form
an

old
couple.

(o)
If

G
e

1
=

—
ed,

then
r,

is
an

adult
w

hich
does

not
belong

to
any

pair,
w

hich
w

e
call

“the
aged”.

T
H

E
o

R
E

M
4.1.

T
he

k
r-o

rb
its

on
Y

and
the

clans
w

ith
the

conditions
in

T
able

1
are

in
one-to-one

correspondance.

R
E

M
A

R
K

4.2
(i)

In
T

able
1,

for
exam

ple,
the

condition
(A

,o
)

m
eans

th
at

the
clan

consists
of

n
persons

and
there

exists
no

boy,
no

girl
or

no
young

couple.
(ii)

N
+

,
N

_
and

N
A

are
the

m
em

bers
of

boys,
girls

and
old

couples,
respectively.

(iii)
For

B
I,

g
(
a
;
a
)
c

c
—

N
_

=
p
—

q
and

e,
=

+)
o
r(N

—
N

...
=

p—
q+

1
and

r,
=—

).
For

C
I,

g
(a

;2
e

1)
g

if
G

e,
=

c,.
For

C
II,

i(a
;2

e
)

C
if

G
e,

=
e
.

For
D

I,
g
(a

;r_
j)

C
9

(a;an
)

C
c
•

For
D

III,
g
(a;an

_
i)

C
g
(a

;a
)

(iv)
For

the
com

pact
orbits

and
open

orbits,
see

T
able

1’.

1+0
’I

C

I
.

I

o

1111

n1
1

I
I

I
I
I

I
I
I

I
-
+

I
-

C
I
I
’
’

c
c
c

_

j

c
C

N
C

’)

x
j
x
X

X

c
o

c
C

c
c’

c’i

C
rjC

I)C
J)

C
r

-c
—

C
’)

C

+
:
-
-

g
C

’)
U

)

0U
)

0

—
I
-

—
—

—
—

—
—

—
—

—
—

—
—
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T
.

M
A

T
S

U
K

I
A

N
D

T
.

O
S

H
IM

A
E

M
B

E
D

D
IN

G
S

O
F

D
IS

C
R

E
T

E
S

E
R

IE
S

IN
T

O
P

R
IN

C
IP

A
L

S
E

R
IE

S

+
E

ach
K

r-orbit
in

T
able

1
can

be
expressed

by
a

sym
bol

E1
2

.
.
E

w
ith

a
CD

-
lines

and
arrow

s,
w

here
{
e
i

,
e2,
.

.
,e

,
1)

is
the

clan
corresponding

to
the

—
—

—
—

—
—

—
orbit.

T
he

follow
ing

are
exam

ples
of

K
r-orbits

of
T

ype
C

I
w

ith
n

=
in

T
able

1.
,-

,
-

—
.

+
—

+
O

—
-
+

0
+

0
—

+
0
0
0
0

I’,
0

.
-

T
o

express
the

orbit
m

ore
easily

w
e

give
“a

fam
ily

nam
e”

for
each

pair
+

and
then

w
e

can
w

rite
the

above
exam

ple
as

follow
s,

respectively:
I
v

+
—

+
o
-

+
a
+

a
—

+
ab

aB
.

CD
np

0
,
—

H
ere

each
couple

in
a

clan
has

a
fam

ily
nam

e
consisting

of
letter

to
I

distinguish
couples

in
a

clan.
A

young
couple

is
expressed

by
the

sam
e

—
.
-
—

—
.—

.‘
—

.
‘

I—
—

sm
all

letters
and

an
old

couple
is

expressed
by

the
sm

all
letter

and
the

capital
letter

corresponding
to

the
fam

ily
nam

e.
In

som
e

cases,
w

e
express

an
old

couple
by

the
sam

e
capital

letters.
W

e
rem

ark
th

at
the

—
0

C
D

.
-

c’
—

a
follow

ing
expressions

also
correspond

the
last

orbit
in

the
above

exam
ple:

oq
—

-
-
.
.
.

0
-

‘
,-,.

-
CD

+
ab

aB
+

babA
+

aB
aB

+
bA

bA
0

L
et

B
,

be
the

parabolic
subgroup

ofG
for

{_cD
,}U

E
+

.
L

et
Y,

=
G

/B
1

C
8

a
n

d
ir

1
:Y

—
’.}

b
e
th

e
c
a
n
o
n
ic

a
lp

ro
je

c
tio

n
.

L
e
tD

1
a
n
d
D

2b
e
t
w

o
H-

.!±
.

:
K

r-o
rb

its
on

Y
.

T
hen

w
e

w
rite

a-CD

D1—
i-*

D
2

00

if
and

only
if

7r.(D
L

)
=

ir.(D
2)

and
d
im

D
j

<
d
im

D
2,

w
hich

im
plies

0

d
i
m

D
2=

d
i
m

D
i
+

1
.

0
A

I
V

9
•

P
R

O
P

O
S

IT
IO

N
4.3.

({V
,

§5],
[M

2]).
C

h
o
o
seap

air(a,’I’)
corresponding

0
.

0
0

±
to

an
elem

ent
o
f
D1.

T
hen

D1
D2

for
som

e
Ic-o

rb
it

D2
if

and
only

0
.
0
.

2
.

..2
.j

if
one

of
the

follow
ing

conditions
holds.

h
•
I

+
1
+

•
•

I
—

—
‘
_

-

÷
-

(I)
O

j
=

a
j

and
g
(
a
;

1)
,

th
at

is,
o
j

is
a

n
o
n
-
c
o
m

p
a
c
t

sim
ple

0
0-

root.

(II)
0
-

o
o

CDg.
-
i

-
CD

I
-
r

+
+

°
‘—

‘
‘—

W
e

w
ill

give
tile

necessary
and

sufficient
condition

for
D1

—
—

*
D

in
C

-
CD

.

I
T

able
2

and
exam

ples
of

the
K

-o
rb

it
stru

ctu
re

on
Y

of
T

y
p

’
A

l,...
0

D
III

in
F

ig.
1.-.

F
ig.

20.
0
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T
.

M
A

T
S

U
K

I
A

N
D

T
.

O
S

H
IM

A
E

M
H

E
D

D
IN

G
S

O
F

D
IS

C
R

E
T

E
S

E
R

IE
S

IN
T

O
P

R
IN

C
IP

A
L

S
E

R
IE

S

T
able

2

W
e

express
the

orbits
by

row
s

consisting
of

+
,

—
and

letters.
Let,

6
.

.
.

and
b

.
.

.6,
be

the
expressions

corresponding
to

D1
and

D2,
respectively.

(i)
h
ere

i
=

1
,...

,n
—

1
and

the
old

couple
(resp.

young
couple)

is
expressed

by
the

capital
letters

(resp.
sm

all
letters)

corresponding
to

the

fam
ily

nam
e.

T
hen

D1
—

L
132

if
and

only
if

6,
=

6
for

j
=

1,.
.
.

,i
—

1,i
+

2
,...

,n
and

6j
,

, 6
and

6H
equal

to
one

of
the

follow
ing

lists,
w

here
the

letters
p,

P
,

q,
Q

correspond
to

suitable
fam

ily
nam

es.

pp
oo

p
±

±
p

±
p

p
+

pq
qp

±
P

P
±

P
Q

Q
P

PQ
Q

P
±

0
0

±

(ii)
here

i
=

n
and

the
old

couple
(resp.

young
couple)

is
expressed

by
the

sm
all

letter
and

capital
letter

(resp.
sm

all
letter)

corresponding
to

the
fam

ily
nam

e.
If

6,
and

6
,

are
an

old
couple

w
ith

j
<

j’,
then

w
e

express
6,

by
a

sm
all

letter
and

6,’
by

the
corresponding

capital
letter.

(1)
In

the
cases

H
I,

C
I

and
C

II,
D1

_
!
_
*

D2
if

and
only

if
6,

=
6

for
j

=
1

,...
,n

—
1

and
6,,

and
6,

are
one

of
the

follow
ing:

pp
0
0

0
,,

±
p

P
±

e,(,,)
+

e
,,_
1

73±
±

P
pq

Q
P

pQ
qP

c(n
—

1)
<

(n
)

e
,(

,,_
l)

—
e,(,,)

Q
p

P
q

(n
)

<
y
(n

—
1)

ep(,,)
—

±
0

0
±

e,,_i
—

p
0

o
P

o
p

P
o

—
e
,,_

i

(3)
In

the
case

D
III,

D1
—

-
*

D2
if

and
oniy

if6,
=

6
fo

rj
=

1
,...

,n—
2

and
6
,,i,

6,,,
and

6,
are

one
of

the
follow

ing:

6
,,_

6
,,

C
ondition

+
+

P
P

-
-

P
P

±
73

P
f

C
,(,,)

+
e
,,
1

P
pq

Q
P

pQ
qP

Q
p

P
q

N
ext

consider
the

case
w

here
g’

is
a

classical
com

plex
sim

ple
L

ie
a
l

gebra.
T

hen
w

e
m

ay
suppose

G
=

x
G

w
ith

G
=

G
L

(n
,C

),
S

O
(2

n
+

1,C
),

S
p

(n
,C

)
or

S
O

(2
n

,C
),

O
(g,g’)

=
(g’,g)

for
(g,g’)

E
G

,,
=

=
{
(
g
,g

)
;
g

e
G

}
and

B
=

B
’

x
B

’
w

ith
a

B
orel

subgroup
B

’
of

G
.

T
hen

K
\

G
e/B

—
-

B
’\

G
/B

’

by
the

m
ap

(g,g’)
i—

b
g

’
g

’
of

G
onto

G
.

T
hus

the
K

r-orbit
stru

ctu
re

on
Y

=
G

e/B
is

reduced
to

the
stru

ctu
re

of
the

B
ruhat

decom
position

of
G

.
T

hen
by

taking
the

orthogonal
bases

{ej,
.
.

.,e
,,,e

ç
,...

,e
}

of
the

dual
a*

of
a

in
a

n
atu

ral
w

ay
as

before,
w

e
can

express
the

K
-o

rb
it

stru
ctu

re
as

in
F

ig.
21

-
‘
-
‘

F
ig.

23.

N
ow

w
e

give
som

e
exam

ples
of

S
(E

)
in

T
heorem

3.2,
w

hich
are

eas
ily

obtained
from

the
diagram

of
the

K
r-orbit

stru
ctu

re.
S

uppose
G

=

S
U

(2,
1).

T
hen

the
corresponding

diagram
is

F
ig.

5.
Since

the
closed

and
6

,,,
6,,,

6
,_

i
and

6,
are

one
of

the
follow

ing:

6,,
i6

6’
6’

C
ondition

—
11

n—
i

,,

+
-

P
P

-+
P

P

616j
+

1
6’6’

C
ondition

i
1+
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