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DEGENERATE AFFINE HECKE-CLIFFORD ALGEBRAS AND TYPE @ LIE
SUPERALGEBRAS

DAVID HILL, JONATHAN R. KUJAWA, AND JOSHUA SUSSAN

ABSTRACT. We construct the finite dimensional simple integral modules for the (degenerate)
affine Hecke-Clifford algebra (AHCA), Hzfg (d). Our construction includes an analogue of Zelevin-
sky’s segment representations, a complete combinatorial description of the simple calibrated
Hgfg(d)—modules, and a classification of the simple integral 'Hz‘}(d)—modules. Our main tool

is an analogue of the Arakawa-Suzuki functor for the Lie superalgebra g(n).

1. INTRODUCTION

1.1. Throughout this paper, we will work over the ground field C. As is well known, the symmetric

group, Sy, has a non-trivial central extension:

1—>Z/2Z §d Sq 1.

The double cover §d is generated by elements (, 31, ...,54_1, where ( is central, ¢? = 1, and the
3; satisfy the relations 8;5;415; = 8;115;5;41 and 5;5; = (3;8; for admissible 7 and j satisfying
|i — 7| > 1. The projective or spin representations of Sy are the linear representations of §d which
factor through (C§d /(¢ 4+ 1). This paper is a study of some structures arising from the projective
representation theory of symmetric groups.

The double cover S suffers a defect: it is difficult to define parabolic induction, see [43] Section
4]. Since the inductive approach to the study of linear representations of the symmetric group is so
effective, it is preferable to study the Sergeev algebra S(d) introduced in [41], 29], which provides a
natural fix to this problem. As a vector space, S(d) = C¢(d)®@CS,, where C/(d) is the 2¢-dimensional
Clifford algebra with generators ci,...,cq subject to the relations ¢ = —1 and ¢;c; = —cj¢; for
i # j, and CSy is the group algebra of Sy. Let s; = (¢, 4+ 1) € Sy be the ith basic transposition,
and identify C£(d) and CS, with the subspaces C/(d) ® 1 and 1® CSy respectively. Multiplication is
defined so that C/(d) and CSy are subalgebras, and we; = c,,;w for all 1 <i < d and w € Sg. The
Sergeev algebra admits a natural definition of parabolic induction and the projective representation
theory of the symmetric group can be recovered from that of S(d), [5, Theorem 3.4].

Additionally, the Sergeev algebra is a superalgebra, and plays the role of the symmetric group
for a super version of Schur-Weyl duality known as Sergeev duality in honor of A. N. Sergeev who
extended the classical theorem of Schur and Weyl [41]. If V = C*I" is the standard representation of
the Lie superalgebra q(n), then both S(d) and q(n) act on the tensor product V®? and each algebra
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is the commutant algebra of the other. In particular, there exists an isomorphism of superalgebras
S(d) — Endq(n) (V®d).

The algebra S(d) admits an affinization, Ha (d), called the (degenerate) affine Hecke-Clifford
algebra (AHCA). The affine Hecke-Clifford algebra was introduced by Nazarov in [29] and studied
in [29, 6, 24, 49]. As a vector space, Hall(d) = Pyz] ® S(d), where Py[z] = Clz1,...,2q4]. We
identify Py[z] and S(d) with the subspaces Py[z] ® 1 and 1 ® S(d). Multiplication is defined so that

these are subalgebras, c;z; = z;¢; if j # ¢, cizi = —xi¢4, six; = xjs; if j #4,9+ 1, and
8iTi = Ti418; — 1+ CiCiy1.

In addition to S(d) being a subalgebra of H3 (d), there also exists a natural surjection Ha (d) —»
S(d) obtained by mapping x1 — 0, ¢; — ¢; and s; — s;. Therefore, the representation theory of
the AHCA contains that of the Sergeev algebra.

Surprisingly little is explicitly known about the representation theory of Hgfg(d), in contrast with
its linear counterpart, the (degenerate) affine Hecke algebra H*%(d). The most significant contri-
bution to the projective theory is from [6], 24], which describe the Grothendieck group of the full
subcategory of integral Hg‘;f(d)—modules in terms of the crystal graph associated to a maximal nilpo-
tent subalgebra of b, (or, more generally, Aéi) if working over a field of odd prime characteristic
2¢ —1). We will return to this important topic later on.

The algebra H*%(d) has been studied for many years. Of particular interest are those modules
for H*(d) which admit a generalized weight space decomposition with respect to the polynomial
generators. It is known that among these modules it is enough to consider those for which the
generalized eigenvalues of the polynomial generators are integers, cf. [24] §7.1]. These are known
as integral modules. As discovered in [29], the appropriate analogue of integral modules for H2T (d)
are those which admit a generalized weight space decomposition with respect to the x?, and the
generalized eigenvalues of the z? are of the form ¢(a) := a(a + 1), a € Z.

The finite dimensional, irreducible, integral modules for H*¥(d) were classified by Zelevinsky in
[561] via combinatorial objects known as multisegments. A segment is an interval [a,b] € Z. To
each segment [a,b] with d = b — a + 1, Zelevinsky associates a 1-dimensional H*(d)-module Cj,
defined from the trivial representation of CSy by letting x; act by the scalar a. A multisegment
may be regarded as a pair of compositions (8,a) = ((b1,...,bn),(a1,...,a,)) € Z™ x Z™, with
di=b;—a; >0. Ifd=dy + -+ d,, Zelevinsky associates to the multisegment (3, «) a standard
cyclic H¥ (d)-module

M(B, ) = Indz:iEZi)@...@Haff(dn) Clay -y X+ -XCpq, 5, -1)-

To explain the classification, let P = Z" be the weight lattice associated to gl,,(C), P* the dominant
weights, and p = (n —1,...,1,0). Additionally, define the weights

Poo(d) ={peZ |pm+-+pn=d} and PN ={ueP|p > p; whenever \; = A;}.
Given A € PT let

BaN = {ne P | A— € Pog(d)}, (1.1.1)
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and
Ag={(\p) | X e PT, and p e B[\ + p]}.
Then, the set {£(3,a) | (8,a) € Ag} is a complete list of irreducible integral H*(d)-modules.

In the case of H&I(d), the situation is more subtle. To describe this, fix a segment [a,b]. The
obvious analogue of the trivial representation of CSy is the 2¢-dimensional basic spin representation
Cly = Cl(d).1 of S(d). If a = 0, the action of HA (d) factors through S(d) and it can be checked that
Cl4 is the desired segment representation. If a # 0, it is not immediately obvious how to proceed.
Inspiration comes from a rank I application of the functor described below. We define a module
structure on the double of Cly: (i)[a,b] = &, ® Cly, where @, is a 2-dimensional Clifford algebra.
The module ‘i)[a,b] is not irreducible, but decomposes as a direct sum of irreducibles (I)[TLH P <I>[_a)b],
where <I>?L'1) b and (I)[;, p Are isomorphic via an odd isomorphism. Let @, ;; denote one of these simple
summands. Now, given a multisegment (A, ), with A\; — u; = d; and d = dy + - - - + d,,, we define

the standard cyclic module

_ HAF (d)
M()\, ,U*) = Inng%(dﬂ@'"®Hgif(dn) (I)[My)\l*l] @@ ‘I)[#m)\n,l],

where ® is an analogue of the outer tensor product adapted for superalgebras, see section 2] below.
A weight A € P is called typical if A\; + A; # 0 for all i # j. Let

PYr={ e Pt A > >\, and A+ \; # 0 for all i # j}
be the set of dominant typical weights. We prove

Theorem. Assume that A € PT and p € By[\]. Then, M(X, ) has a unique simple quotient,
denoted L(A, ).

In the special case where the multisegment (A, u) corresponds to skew shapes (i.e. A\,pu € PT),
the associated H*¥(d)-modules are called calibrated. The calibrated representations may also be
characterized as those modules on which the polynomial generators act semisimply, and were orig-
inally classified by Cherednik in [9]. In [35], Ram gives a complete combinatorial description of
the calibrated representations of H*¥(d) in terms of skew shape tableaux and provides a complete
classification (see also [25] for another combinatorial model).

The projective analogue of the skew shapes are the shifted skew shapes which have appeared
already in [42] [43] and correspond to when A\ and p are strict partitions. As in the linear case,

these are the modules for which the x; act semisimply. In the spirit of [35], we prove that

Theorem. For each shifted skew shape N/, where X and p are strict partitions such that X\ contains
W, there is an irreducible HAY(d)-module H*®. Bvery irreducible, calibrated HET (d)-module is

isomorphic to exactly one such HM".

The H** are constructed directly using the combinatorics of shifted skew shapes. Furthermore,
we show that H** = £(\, u). We would also like to point out that Wan, [48], has recently obtained
a classification of the calibrated representations for Hg‘;f(d) over any arbitrary algebraically closed
field of characteristic not equal to 2.

The appearance of the weight lattice for gl,,(C) in the representation theory of H*%(d) is explained
by a work of Arakawa and Suzuki who introduced in [I] a functor from the BGG category O(gl,,) to
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the category of finite dimensional representations of H*(d). The authors proved that the functor
maps Verma modules to the standard modules or zero. Using the Kazdhan-Lusztig conjecture
together with the results of [I4], they proved that simple objects in O(gl,) are mapped by the
functor to simple modules or zero. In [44], Suzuki avoided the Kazdhan-Lusztig conjecture, and
proved that the functor maps simples to simples using Zelevinsky’s classification together with the
existence of a nonzero H!(d)-contravariant form on certain standard modules, see [36]. In [45],
Suzuki was able to avoid the results of Zelevinsky and independently reproduce the classification
via a careful analysis of the standard modules. For a complete explanation of the functor in type
A, we refer the reader to [31].

The functor and related constructions have had numerous applications in various areas of repre-
sentation theory. This includes the study of affine Braid groups and Hecke algebras [31], Yangians
[23], the centers of parabolic category O for gl,, [4], finite W-algebras [8], and the proof of Broué’s
abelian defect conjecture for symmetric groups by Chuang and Rouquier via sls categorification
[i.

We define an analogous functor from the category O(gq(n)) to the category of finite dimensional

modules for H3 (d). The contruction of this functor relies on the following key result:

Theorem. Let M be a q(n)-supermodule. Then, there exists a homomorphism
HET(d) — Endgn) (M @ V).

To define the functor, let q(n) = nt @ h @ n~ be the triangular decomposition of q(n). For each
A € P, the functor
Fy : O(a(n) — M3 (d)mod
is defined by
F\M ={mé& M |nt.m =0 and hv = A(h)v for all h € b}.

The functor F is exact when A € P+,

The dimension of the highest weight space of a Verma module in O(g(n)) is generally greater
than one. A consequence of this is that the functor maps a Verma module to a direct sum of
the same standard module. A simple object in O(q(n)) is mapped to a direct sum of the same
simple module or else zero. Determining when a simple object is mapped to something non-zero
is a more difficult question than in the non-super case and we have only partial results in this
direction. The main difficulty is a lack of information about the category O(q(n)). The category of
finite dimensional representations of q(n) has been studied by Penkov and Serganova [32, [33], 34];
they give a character formula for all finite dimension simple ¢(n)-modules. Using other methods,
Brundan [3] has also studied this category, and has even obtained some (conjectural) information
about the whole category O(g(n)) via the theory of crystals. The most useful information, however,
comes from Gorelik [I5], who defines the Shapovalov form for Verma modules and calculates the
linear factorization of its determinant.

In various works by Ariki, Grojnowski, Vazirani, and Kleshchev [2] 17, [47, 24] it was shown
that there is an action of U(gl,,) on the direct sum of Grothendieck groups of the categories of
integral H*®(d)-modules, for all d. This gives another type of classification of the simple integral

modules as nodes on the crystal graph associated to a maximal nilpotent subalgebra of gl . In
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[5], Brundan and Kleshchev show there is a classification of the simple integral modules for H3f (d)
parameterized by the nodes of the crystal graph associated to a maximal nilpotent subalgebra of
boo, see also [24].

In [27], Leclerc studied dual canonical bases of the quantum group U, (g) for various finite dimen-
sional simple Lie algebras g via embeddings of the quantized enveloping algebra U, (n) of a maximal

nilpotent subalgebra n C g in the quantum shuffle algebra. To describe the quantum shuffle algebra

associated to g of rank r, let F be the free associative algebra on the letters [0], ..., [r — 1], and let
[i1,92,...,4k] := [i1] - [i2] - - - [ix]. Then, the quantum shuffle algebra is the algebra (F,*), where
[7;17 s 77lk] * [ik+17 s 77;/€+€] = Z q_e(a) [iU(l)u s 7id(k+l)]7

where the sum is over all minimal length coset representatives in Sii¢/(Sk x S¢), and e(o) is
some explicit function of o. There exists an injective homomorphism U : U,(n) — F satisfying
U(xy) = U(z) * U(y) for all z,y € Uy(n). Let W = T (U, (n)).

The ordering [0] < [1] < -+ < [r — 1] yields two total ordering on words in F: One the standard
lexicographic ordering reading from left to right, and the other the costandard lexicographic ordering
reading from right to left. These orderings give rise to special words in F called Lyndon words,
and every word has a canonical factorization as a non-increasing product of Lyndon words. In [27],
Leclerc uses the standard ordering, while we use the costandard ordering. It is easy to translate
between results using one ordering as opposed to the other. However, in our situation, choosing
the costandard ordering leads to some significant differences in the shape of Lyndon words. We will
explain this shortly.

Bases for W are parameterized by certain words called good words. A good word is a nonincreasing
product of good Lyndon word which have been studied in [26] [37, [38] [39]. The good Lyndon words
are in 1-1 correspondence with the positive roots, AT, of g, and the (standard or costandard)
lexicographic ordering on good Lyndon words gives rise to a convex ordering on AT. The convex
ordering on AT gives rise to a PBW basis for U,(n), which in turn gives a multiplicative basis
{E; = (Ef) * -+ (E} )} for W labeled by good words g = Iy - - - l,, where Iy > -+ > [}, are good
Lyndon words. Additionally, the bar involution on U,(n) gives rise to a bar involution on W, and
hence, a dual canonical basis {b}} labeled by good words. The transition matrix between the basis
{E;} and {b}} is triangular and, in particular, bf = Ej for each good Lyndon word /. In what
follows, let w denote the specialization at ¢ = 1 of an element w € W.

For g of type As = limA,, good Lyndon words are labelled by segments [a, b], and there is no
difference between the standard and costandard ordering. In this case, for a good Lyndon word [,
Ef = 1. The Mackey theorem for H*%(d) (see section B4)) implies that the formal character of a
szmdard module M(3, ) is given by E}, where g is the good word [ay,...,B1—1,...,an, ..., Bn—
1]. A much deeper fact, proved by Ariki in [2], is that the character of the simple module £(8, «)
is given by the dual canonical basis element bj.

Leclerc also studied the Lie algebra b,. of tyge B;., and hence that of type By, = limB,. The good
Lyndon words for b, with respect to the standard ordering are segments [i, ..., j],0 <i < j < r, and
double segments [0,...,5,0,...,k],0<j <k <r (cf. [27, §8.2]). In this case, when [ = [i,..., ] is
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a segment, b} = [i,...,j] = ch®}; ;. However, when [ = [0,...,5,0,...,k] is a double segment
b =2[0]- ([0,...,5] % [1,.. ., K]). (1.1.2)

When we adopt the costandard ordering, the picture becomes much more familiar. Indeed, the
good Lyndon words are of the form [i,...,5] 0 < i < j <rand [j,...,0,0,...,k], 0 < j < k<
r!" In particular, they correspond to weights of the segment representations ®(; ;; and ®(_;_; g

respectively. Moreover, for | = [j,...,0,0,..., k]

b? = 2[],,0,0,,k] :Chq)[,jflﬁk].

Leclerc conjectures [27, Conjecture 52| that for each good word ¢ of principal degree d, there
exists a simple Hgféf(d)—module with character given by by. We are not yet able to confirm the
conjecture for general good words. However, the combinatorial construction of H# immediately
implies Leclerc’s conjecture for calibrated representations (cf. [27, Proposition 51] and Corollary
BETE). Additionally, for each good Lyndon word [ (with respect to the costandard ordering), there
is a simple module with character b;.

Also, an application of the functor F gives a representation theoretic interpretation of (1.2l
above. Indeed, let A= (k+ 1,7+ 1) and a = (1,—1). Then,

ch L(A\, —a) = 2[0] - ([0, ..., 4] = [1,...,K]).

Finally, the analysis of good Lyndon words leads to a classification of simple integral modules
for Ha(d). Indeed, recall the set (LLI), and let

Bi={(\p) | e Pt and u € By(\)}.
Then,

Theorem. The following is a complete list of pairwise non-isomorphic simple modules for Hg‘;f(d) :

We believe this paper may serve as a starting point for future investigations into categorification
theories associated to non-simply laced Dynkin diagrams. In particular, we hope that the functor
introduced here will play a role in showing that the 2-category for b, introduced by Khovanov-
Lauda and independently by Rouquier, acts on O(q(n)), see [20] 2], 22] [40]. Additionally, in [50],
Wang and Zhao initiated a study of super analogues of W-algebras. This functor should be useful
for studying these W-superalgebras along the lines of [7], [§].

In [3], Brundan studied the category of finite dimensional modules for q(n) via Kazhdan-Lusztig
theory. Among the finite dimensional gq(n)-modules are the polynomial representations, which
correspond under our functor to calibrated representations. Other modules in this category are
those associated to rational weights, i.e. strict partitions with negative parts allowed. The functor
should map these modules to interesting H2 (d)-modules. These should be investigated. It would
also be interesting to compare the Kazhdan-Lusztig polynomials in [3] to those appearing in [27].

We now briefly outline the paper. In section[2, we review some basic notion of super representa-
tion theory. In section [3] we define the degenerate AHCA and review some of its properties which

may also be found in [24]. The standard modules and their irreducible quotients are introduced in
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section @l The classification of the calibrated representations are given in sectionBl In section [6] we
review some basic notions about category O(q(n)) which may be found in [3[I5]. Next, in section[7]
the functor is developed along with its properties. Finally, in section 8 a classification of simple

modules is obtained.
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Arakawa-Suzuki functor. We would also like to thank Bernard Leclerc for pointing out [27], as well

as Monica Vazirani and Weiqiang Wang for some useful comments.

2. (ASSOCIATIVE) SUPERALGEBRAS AND THEIR MODULES

We now review some basics of the theory of superalgebras, following [0l [6] 24]. The objects in
this theory are Zs-graded. Throughout the exposition, we will make definitions for homogeneous
elements in this grading. These definitions should always be extended by linearity. Also, we often
choose to not write the prefix super. As the paper progresses this term may be dropped; however,
we will always point out when we are explicitly ignoring the Zs-grading.

A vector superspace is a Zo-graded C-vector space V = V5 @ V5. Given a nonzero homogeneous
vector v € V4, let p(v) = i € Zy be its parity. Given a superspace V, let IIV be the superspace
obtained by reversing the parity. That is, IIV; = V;, ;. A supersubspace of V is a graded subspace
UCV. That is, U = (UN V) @ (U N V7). Observe that U is a supersubspace if, and only if, U is
stable under the map v — (—1)P(*)y for homogeneous vectors v € V.

Given two superspaces V, W, the direct sum V& W and tensor product V@ W satisfy (Ve W); =
Vi @ W; and

Vew);= @ v;ow;.
JHk=i
We may regard Homg(V, W) as a superspace by setting Home (V, W); to be the set of all homoge-
neous linear maps of degree 7. That is, linear maps ¢ : V' — W such that ¢(V;) € W;,;. Finally,
V* = Homg(V, C) is a superspace, where C = Cg.

Now, a superalgebra is a vector superspace A that has the structure of an associative, unital
algebra such that A;A; C A; ;. A superideal of A is a two sided ideal of A that is also a supersub-
space of A. A superalgebra homomorphism ¢ : A — B is an even (i.e. grading preserving) linear
map which is also an algebra homomorphism. Observe that since ¢ is even, its kernel, ker ¢, is a
superideal of A. Finally, given superalgebras A and B, their tensor product A® B is a superalgebra
with product given by

(a®b)(a @) = (—1)P PO (a0’ @ bb'). (2.0.1)

We now turn our attention to supermodules. Given a superalgebra A, let A-smod denote the
category of all finite dimensional A-supermodules, and A-mod be the category of A-modules in the

usual ungraded sense. An object in A-smod is a Zs-graded left A-module M = Mgy @ Mj such that
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A; M5 C M;. ;. A homomorphism of A-supermodules M and N is a map of vector superspaces
f: M — N satistying f(am) = (=1)P(@?(Ngf(m) when f is homogeneous. A submodule of an
A-supermodule M will always be a supersubspace of M. An A-supermodule M is called irreducible
if it contains no proper nontrivial subsupermodules.

The supermodule M may or may not remain irreducible when regarded as an object in A-mod.
If M remains irreducible as an A-module, it is called absolutely irreducible, and if it decomposes, it
is called self associate. Alternatively, absolutely irreducible supermodules are said to be irreducible
of type M, while self associate supermodules are irreducible of type Q. When M € A-smod is self
associate, there exists an odd A-smod homomorphism 6,; which interchanges the two irreducible
components of M as an object in A-mod.

Now, let A and B be superalgebras, M € A-smod and N € B-smod. The vector superspace
M ® N has the structure of an A ® B-supermodule via the action is given by

(a®b)(m ®@n) = (—1)POP(M™) (am @ bn) (2.0.2)

for homogeneous b € B and m € M. This is called the outer tensor product of M and N and is
denoted M X N.

Unlike the classical situation, it may happen that the outer tensor product of irreducible su-
permodules is no longer irreducible. This only happens when both modules are self associate. To
see this, let M € A-smod and N € B-smod be self associate, and recall the odd homomorphisms
Oy and Oy. Then, 0y 0y : M X N — M KX N, is an even automorphism of M X N that
squares to —1. Hence M X N decomposes as direct sum of two A ® B-supermodules, namely the
(£+/—1)-eigenspaces. These two summands are absolutely irreducible and isomorphic under the
odd isomorphism Oy y := 0y ® idy, see [B, Lemma 2.9] and [6, Section 2-b]. When M and N are
irreducible, define the (irreducible) A ® B-module M ® N by the formula

M® N, if either M or N is of type M;
MXN = (2.0.3)

(M®N)® Oy n(Me&N), if both M and N are of type Q.
When M = M' @ M”, define M @ N = (M'® N) @ (M" ® N).
Finally, let A —smodey be the abelian subcategory of A —smod with the same objects, but only
even morphisms. Then, the Grothendieck group K (A — smod) is the quotient of the Grothendieck
group K (A —smodey) modulo the relation M —IIM for every A-supermodule M. We would like to

emphasize again that we allow odd morphisms and, therefore, M = IIM in the original category.

3. THE DEGENERATE AFFINE HECKE-CLIFFORD ALGEBRA

In this section we define the algebra which is the principle object of study in this paper and
summarize the results we will require in what follows. Many of the results may be found in [24],
however, we include them here in an effort to make this paper self contained and readable to a

wider audience.

3.1. The Algebra. Let C/(d) denote the Clifford algebra over C with generators ¢y, ...,cq, and

relations

2 _
c; =—1,

CiCj = —CjCi 1 S 7 #_] S d (311)
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Then C/(d) is a superalgebra by declaring the generators ci, .. .,cq to all be of degree 1.

Let S4 be the symmetric group on d letters with Coxeter generators si,...,sq—1 and relations
812 =1 S8iSi418; = Si+18iSi+1  SiS; = 8554 (312)

for all admissible ¢ and j such that |i — j| > 1. The group algebra of the symmetric group, CSy, is
a superalgebra by viewing it as concentrated in degree 0; that is, (CS;); = CS,.
The Sergeev algebra is given by setting

S(d) = Ct(d) ® TSy

as a vector superspace and declaring C4(d) = C{(d) ® 1 and CSy =2 1® CS4 to be subsuperalgebras.
The Clifford generators cq,...,cq and Coxeter generators si,...,Sq—1 are subject to the mixed

relation
$iC; = Ci+184, SiCi+1 = CiS4, S;C5 = C;jSq, (313)

for all admissible ¢ and j such that j # ,i + 1.
The algebra of primary interest in this paper is the (degenerate) affine Hecke-Clifford algebra,
AHCA. It is given as
M (d) = Pala] © S(d)
as a vector superspace, where Py[x] := C[z1,...,24] is the polynomial ring in d variables and is
viewed as a superalgebra concentrated in degree 0. Multiplication is defined so that S(d) = 1®S8(d)
and Pglx] = Pylx] ® 1 are subsuperalgebras. The generators of these two subalgebras are subject

to the mixed relations
CiTi = —XiC;, T = xicy, 1 <i# 7 <d, (3.1.4)
and
8iTi = Tix15: — L+ Cicig1, SiTj = T84 (3.1.5)

for1<i<d-1,1<j<d,j#ii+ 1

Note that relation (BLH) differs from the corresponding relation in [6] 24]. This is because in
BI) we choose ¢? = —1, following [30, 41, 42], whereas in loc. cit. the authors take ¢ = 1. The
resulting algebras are isomorphic and the only effect of this convention is that this change of sign
has to be taken into account when comparing formulae.

It will be useful to consider another decomposition
MY (d) = A(d) ® CSy, (3.1.6)

where A(d) is the subalgebra generated by C¢(d) and Pg[x]. As a superspace

A(d) = Pglx] @ Cl(d). (3.1.7)
We have the following PBW-type theorem for H (d). Given a = (a1,...,aq) € Z‘éo and
€= (c1,...,64) € Z, set x* =zt -- cxgt and ¢ = ¢t - - ¢, Then,

Theorem 3.1.1. [24, Theorem 14.2.2] The set { z“c*w |« € Z,, ¢ € Z§, w € Sq} forms a basis
for H3T(d).
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3.2. Some (Anti)Automorphisms. The superalgebra Ha (d) admits an automorphism o : H3f (d) —
HT (d) given by
o(8;) = —Sd—i, o(¢;) = cap1—i, o(x;) = Tpg1—4- (3.2.1)
It also admits an antiautomorphism 7 : 3 (d) — H2T(d) given by
7(si) = si, 7(ci) = —ci, T(2;) = 4.
Note that, for superalgebras, antiautomorphism means that, for any homogeneous z,y € 'Hgfg(d),
T(wy) = (=1)POPO 1 (y)r(2). (3.2.2)

3.3. Weights and Integral Modules. We now introduce the class of integral Ha (d)-modules.

It is these modules which are the main focus of the paper. To this end, for each a € C, define

q(a) =ala+1). (3.3.1)
By [24, Theorem 14.3.1], the center of H3 (d) consists of symmetric polynomials in z%,...,22. Let
Palz?] = Cla3, ..., 23] C Palz]. A weight is an algebra homomorphism

¢ : Pa[z*] — C.

It is often convenient to identify a weight ¢ with the d-tuple of complex numbers ¢ = ({(z%),...,((23)) €

ce.
Given an HA (d)-supermodule M and a weight ¢, define the ¢ weight space,

Me={meM|zim=q(((2F))mforali=1,...,d},
and the generalized ( weight space,

ME® = {me M| (2= q(¢ (22)) ' m=0for k>0 andalli =1,....d}.

Observe that if ME™" # 0, then M # 0.
Following [6], say that an HaT (d)-module M is integral if

M = P ME™
¢

and ME™ # 0 implies ¢ (a?) €Zfori=1,...,d.
Let Rep H& (d) denote the full subcategory of H&I (d)-smod of finite dimensional integral mod-
ules for the degenerate AHCA. Unless stated otherwise, all Hgfg(d)—modules will be integral by

assumption.

3.4. The Mackey Theorem. In this section we review the Mackey Theorem for integral Hg‘j-
modules. Refer to [24] for details.

Let = (g1, - - -, pt) be a composition of d. Define the parabolic subgroup S, = S, x---x S, C
Sa, and parabolic subalgebra HaT (1) := H3 (1) ® - - - @ H&F () € H&E (d). Define the functor

Indy; : Rep H¢f (1) — Rep HEf (d), TIndy M = HEY (d) @pgasr ) M.

This functor is left adjoint to Resﬁ : Rep H&(d) — Rep Ha (). Also, given a composition v =
(v1,...,ve) of d, which is a refinement of p (i.e. there exist 0 = iy < ... < i1 = £ such that

Vi; + ...+ Vi, —1 = pi5), define Ind}) and Res]) in the obvious way.
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Now, let p and v be compositions of d, and let D,,,, denote the set of minimal length S,\Sq/S,-

double coset representatives and D, = D(yq4),. Let w € D, ,. The following lemma is standard.

Lemma 3.4.1. Let v = (v1,...,vy,) be a composition of d, and set a; = v1 +---+v;—1+ 1 and
bi=v1+-4v. Ifwe D, and a; <k < k' < b; for some i, then w(k) < w(k').

It is known that S, NwS,w™! and w™'S,wN S, are parabolic subgroups of Sy. Hence we may

define compositions u Nwv and w=u N v by the formulae
SN w S, w = Sunwy  and w_ls’uw NSy = Sw-1unv-

Moreover, the map o — wow™! induces a length preserving isomorphism S),nu, — Sy-1 -

Using this last fact, it can be proved that for each w € D, , there exists an algebra isomorphism

pu-r HE (pNwr) = HE (w™ pnw)

given by p,-1(0) = wlow, @,-1(c;) = Cow-1(s) and @u-1(2;) = Ty-1(; for 1 < 7 < d and

0 € Sunwy- If M is aleft HAT (uNwv)-supermodule, let M denote the HAT (w~! pNv)-supermodule
obtained by twisting the action with the isomorphism ¢,,-1. We have the following “Mackey

Theorem”:

Theorem 3.4.2. [24, Theorem 14.2.5] Let M be an Hi(v)-supermodule. Then Resz Ind? M

admits a filtration with subquotients isomorphic to

Ind% .. *“ (Res. -

pNwy w1 pny

M)u

one for each w € D, ,. Moreover the subquotients can be taken in any order refining the Bruhat

m

order on Dy, . In particular, Ind),,

Resl”m,/ M appears as a subsupermodule.

3.5. Characters. Following [24) Chapter 16], we now describe the notion of characters for integral
HT (d)-supermodules.
Recall the subsuperalgebra A(d) C H3(d) defined in BI7). When d = 1 and a € Z there

exists a 2-dimensional simple .4(1)-module
L(a) =Cl(1)1, = Cl, & Ccy.1g,
which is free as a C£(1)-module satisfying

x1.1q = Vq(a)l,.

The Zs-grading on L(a) is given by setting p(1,) = 0.

Observe that £(a) = £(—a — 1) and that by replacing 1/g(a) with —/q(a) in the action of z;
yields an isomorphic supermodule under the odd isomorphism 1, — ¢1.14. A direct calculation
verifies that this module is of type M if a # 0 and of type Q if a = 0.

Now, A(d) =2 A(l) ® --- ® A(1). Hence, applying (2.0.3) we obtain a simple A(d)-module
L(ar) ® -+ ® L(agq). Given (a1,...,aq) € Z,, let

Yo(ai,...,aq) =|{i| a; =0} (3.5.1)

We have
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Lemma 3.5.1. [24) Lemma 16.1.1] The set
{L(@a)® - ®L(aq) | (a1,...,aq) € Z%O}

is a complete set of pairwise non-isomorphic irreducible integral A(d)-modules.

The module L(a1) ® --- ® L(aq) is of type M if o is even and of type Q if o is odd. Moreover,
dim L(ay) ® - -- ® L(ag) = 2"~ 0/2)
where yo = yo(a1,...,aq) as above.

Restriction to the subalgebra A(d) = H&T((1)) C HA(d) defines a functor from Rep H& (d) to
A(d)-mod. The map obtained by applying this functor and passing to the Grothendieck group of
the category A(d)-mod yields a map

ch : Rep H& (d) — K (A(d)-mod)

defined by
ch M = [Resfs M|

where [X] is the image of an A(d)-module, X, in K(A(d)-mod). The image ch M is called the
formal character of the H&T (d)-module M.
The following fundamental result is given in [24] Theorem 17.3.1].

Lemma 3.5.2. The induced map on Grothendeick rings
ch : K(Rep HA (d)) — K (A(d)-mod)
18 tnjective.
For convenience of notation, set
[a1,...,aq4) = [L(a1) ® - & L(ag)].

The following lemma describes how to calculate the character of M @ N in terms of the characters

of M and N, and is a special case of the Mackey Theorem:
Lemma 3.5.3. [24, Shuffle Lemma] Let K € H3 (k) and M € HAT (m) be simple, and assume that

chK = Z Ti[ila---;ik] and chM = Z Sl[‘]l”‘]m]

izt JELT,
Then,
chIndBF K @ M = "risjliv, ... ikl % [j1, . -, jim]
ij
where
v, oin] * [ins o ikgm] = Y [w(in), . w(ikgm)]-

’LUGD(mYk)
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3.6. Duality. Now, given an Hgfef(d)—module M, we obtain a new module M7 by twisting the
action of H2¥(d) by o. That is, define a new action, *, on M by zxm = o(z).m for all z € HaI(d).
We have

Lemma 3.6.1. [24, Lemma 14.6.1] If M is an H3E (k)-module and N is an H&E(€)-module, then
(Indj}* M @ N)” = Ind; ' M° ® N°.
If M is an Ha (d)-module, with character

ch M = Z rilit, ...y id),
iezd,
then Lemma [B.6.1] implies that
ch M° = Z Tiltds - .., 01]-
iezd,
3.7. Contravariant Forms. Let M be in Rep H2(d). A bilinear form (-,-) : M ® M — C is
called a contravariant form if
(xw,v") = (v,7(x)0")

for all z € H&¥(d) and v,v' € M.
Lemma 3.7.1. Let M be in Rep Hgfg(d) equipped with a contravariant form (-,-). Then
M, L ME™ unless 1= (.

Proof. Assume 7 # ¢, and let v € M, and v' € ME™. Choose i such that q(n(x?)) # q(¢(z?)), and
N > 0 such that

Then
(a(n(@?)) = a(C=P))™ (v,v') =((2F = a(¢(=F))™ v, )
=(v, 7((af - q(¢(2)))N) )
=(v, (a7 — q(¢(=D))N ) =0
showing that (v,v") = 0. O

3.8. Intertwiners. Define the intertwiner
¢i = SZ(.I% — I?Jrl) + ({EZ + $i+1) — CiCiJrl(IfL' — Ii+1). (381)

Given an H& (d)-supermodule M, we understand that GiME™ C Mf_c&). Moreover, a straightfor-

ward calculation gives
07 = 27 + 207y — (o] —xi)% (3.8.2)
The following lemma now directly follows (see also [24]).

Lemma 3.8.1. Assume that Y is in Rep 3 (d), and v € Y satisfies z;.0 = \/q(a)v and zi41.0 =
\V/q(b)v for some a,b € Z. Then, $?.v # 0 unless q(a) = q(b+ 1) or g(a) = q(b—1).
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4. STANDARD MODULES

We construct a family of standard modules which are an analogue of Zelevinsky’s construction for
the degenerate affine Hecke algebra. The key ingredient is to define certain irreducible supermodules
for a parabolic subalgebra of Hgféf(d); the so-called segment representations. The standard modules

are then obtained by inducing from the outer tensor product of these modules.

4.1. Segment Representations. We begin by constructing a family of irreducible H%‘g (d)-supermodules
that are analogues of Zelevinsky’s segment representations for the degenerate affine Hecke algebra.

To begin, define the 2¢-dimensional S(d)-supermodule
Cly = Indg'” C1, (4.1.1)

where C1 is the trivial representation of S4. That is, C¢y = C¢(d).1, where the cyclic vector 1

satisfies
wl=1, we.S

This is often referred to as the basic spin representation of S(d).

Introduce algebra involutions €; : C(d) — Cl(d) by €;(c;) = (=1)%i¢; for 1 < i,j < d. The
elements ¢€; act on Clg by €;.1 =1 for 1 <4 < d and, more generally, €;.51 = ¢;(s)1 for 1 < i < d.
Also, note that the operators ¢; commute with each other.

For each a € Z, define the Clifford algebra

5, = Clp)/(p* —a), ifa+#0; (4.12)

Cle)/(9); if a =0.
The Zs-grading on @, is given by declaring p(p) = 1.

Given a pair of integers a < b define the segment
[a,b] = {a,a+1,...,b}.

Given a segment [a,b] with b —a + 1 = d € Z>(, define the &, ® S(d)-module

D, p) = o B CL. (4.1.3)
Of course, when d = 0 the segment [a,a — 1] = (), and Py =, ®C.
Fori=1,...,d let s;; denote the transposition (ij), and
Ei = Z(l — CjCi)Sij (414)
j<i

be the ith Jucys-Murphy element (cf. [24, (13.22)]).

Proposition 4.1.1. Let [a,b] be a segment with b —a+ 1 = d. Then,
(i) The vector space fi)[a)b] is an H&T (d)-module with s;.v = (1 ® s;).v, c;v = (1 ® ¢;).v and

zw=(a®e+1L; —p®c¢).w

= (a@ei—l—Zl@(l—ckci)ski—@®Ci> 2,

k<i

for allv e (i)[a,b]-
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(ii) The action of Pylx?] on <i>[a)b] is determined by
(P ®1)=qla+i-1)°®1, §€{0,1}, i=1,...,d

Proof. (i) The fact that this is an H2 (d)-module is an easy check which we leave to the reader.

(ii) To check the action of 2, observe that

rl@l=[a+i—1-) ¢ | 1®@l+cpal

J<i
and
Tip®1= a—i—i—l—chci Ww®1+4ac;.1®1.
j<i
Now, the result follows using the commutation relations for Ha (d). O

Remark 4.1.2. In fact, we need not consider all a,b € Z. Given any segment [a,b], consider
the module <i>‘[7a)b] obtained by twisting the action of Hg‘;f(d) by the automorphism o as described in
Section[F.0. Note that when b # —1,

(i)ﬁz,b] =Py g

5Ho ~ §D2 ; Ho ~ & 5o ~
E/Vhen b=-1, @[a7_1] ~ @?87_(1_1]. In particular, for b# 0, (I)[—(b-i-l),b—l] =0y, and <I>[_17_1] =
®P2 - Therefore, it is enough to describe the modules

[0,0]*
(1) @144, 0<a<b, and
(2) é[,a)b], 0<a<hb.

The following result describes <i>[a)b] at the level of characters.

Proposition 4.1.3. Let [a,b] be a segment with a,b > 0. Then,
(1) if 0<a<b, then
. a,...,bl, ifa=0;
iy ot
2[a,...,b], ifa#0;

(2) if0<a<b, then
ch®_,py=4[a—1,...,1,0,0,1,...,b]

Proof. The action of 27 commutes with C¢(d) and <i>[a)b] =Cl(d).(1®1)+Cl(d).(p®1). Therefore,
applying Proposition .T.T|(2), we deduce in both cases that the 27 act by the prescribed eigenvalues.

The result now follows from the dimension formula in Lemma [3.5.1] O

Let goi[a)b] =p®1 and i[a_,b] =1® 1. Also, in what follows, we omit the tensor symbols. For
example, we write

aci+Li—pci i =a®R€+1QL; —p®cy.

Definition 4.1.4. Let a € Z and k1,...,kq € R satisfy k2 = q(a+i — 1) where d = b—a + 1.
Given a subset S C {1,...,d} define the element Xg € H&E(d) by
Xg = H(.’L‘l + Iii).
i¢s
Observe that Xg is only defined up to the choices of sign for ki, ...,Kq.
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Lemma 4.1.5. Let [a,b] be a segment with d = b—a+1. Assume that either —a ¢ {1,...,d} and S
is arbitrary, or assume that —a € {1,...,d} and either —a+1€ S or —a € S. Then Xs.j_[mb] #£0.

Proof. Let 1 = i[a)b]. By Proposition ELTTLi),
xp.v = (aex + L — pcg).v.
Let {d1 >dy > ...>de} ={1,...,d}\S. Since the z; mutually commute,

Xs.]_ = (xdl +/fd1)"'($d[+’fdl>-j—
= (acq, + k4, + La, — pca,) - (a€q, + ka, + La, — pcq,)-1
((a+ Ka,) + La, — pca,) -+ ((a+ Ka,) + La, — pca,) 1.

The last equality follows since e, L; = Ljey if £ > j. Now,

Xg.1 ((a—i— Kd, + Z de1> + ( Z 5jd, Cj — cp) cdl) (4.1.5)

Jj<dy j<di

. (<a+ By de@) + ( > sjanci — w)cdl).i

j<d¢ Jj<de¢

[[a+i-1+r)i+ ()1
¢S
where (%) = p'(c) — pp”’(c), where p'(c) € Cl(d)g, p"(c) € CL(d)1, and p'(c) has no constant term.
Therefore, if either a > 0, or —a+1 € S, Xg.1 £ 0.
Now, assume —a+ 1 € {1,...,d}, and —a+1 ¢ S, but a € S. Observe that k_,11 = k_q = 0.

Now,

T_a1=-1- Z CjC_q — PC—q A= —c_ g qi1T_qi1.1. (4.1.6)
j<—a

Let R=SU{—a+ 1} and T = R\{—a}. Then,
Xs.i = XR{E_a_H.i = C_aC_a+1XRCE_a.i = C_aC_a_HXT.i 75 0.

Finally, if d = —a, then in (£I1), di = —a and it is clear that the coefficient of c¢_,_1c_, is

nonzero. |
Lemma 4.1.6. Ifi ¢ S, then i Xg.1l=r;Xg.1.
Proof. Since 22.1 = g(a — i + 1)1 = £21,

xi(x; + Iii).i = (22 + IiiCL‘i)i = ri(Ki + :Ci)i,
so the result follows because the x; commute. O
Lemma 4.1.7. Ifi,i+1¢ S and i # —a, then

- Ki+1 T Ki | Kitl — K; -
iX A= iCi Xs.1.
Sits (2(a—|—i) + 2(a+¢)cc+1) s
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Proof. Let w := Xg.1, and recall the intertwining element ¢;. By character considerations ¢i.<i>[a)b] =

{0}. In particular,

= (si(a] —2fp) + (@ i) = cicia (2 — i) w
= —2(a+19)s;w~+ ((Kiy1 + i) + (Kit1 — Ki)CiCiy1) w.
Hence, the result. O

We can now describe the irreducible segment representations of Hgfg(d).

Theorem 4.1.8. The following holds:
(i) The module (i)[o,dfl] is an irreducible H&T (d)-module of type .
(i) Assume 0 < a <b. The module (i)[a,b]7 has a submodule @F{; b = Cl(d).w, where w = Xy.1.
Moreover, if w' = (z1 — Iil)X{l}.i, and <i>[_a = Cl(d).w', then

(I)[a,b] = (I)Erz,b] D (I)[;b].

The submodules fi)i_b]

(i) If0 < a <b, the fi)[_a)b] has a submodule p = Cl(d)w & CL(d)w, where

[—a,

are simple modules of type M.

w=—(1+ \/—lcaca+1)X{a+1}.i and W = s,w.
Moreover, if
w' =—(1- \/—1caca+1)X{a+1}.i, w = sqw,

and - | = Cld)yw' @ CL(d)w’, then

[—a,b

D_qp) = ¢;7b] DO,y
The submodules <i>[i_a y are simple of type M.

Proof. (i) First, we deduce that @[07(1_1] is irreducible by character considerations. It has two

non-homogeneous submodules:
Cld)(V—=d+ (c1 4 +cq)djpayy and CUd)(V—d— (c1+ -+ ca))1jpa_1-

These vector spaces are clearly stable under the action of S(d). Since z; acts by zero on these
vector spaces, the action of H3 (d) factors through S(d) and thus these vector spaces are H& (d)-
submodules. Therefore @[07(1_1] is of type Q (cf. Section [2]).

(ii) Let 1= i[a,b]u w = Xy.1 and (i)[t,b] = C{(d).w. By LemmaETH w # 0. Now, Lemmas FT.6
and 4. 1.7 together imply that (i)[;b] is a submodule.

It now remains to show that é[a)b] = (i)[tvb] P (i)[;,b]v where (i)[;,b] is as in the statement of the

proposition. To this end, assume that w' € (i)[t;,b]' That is, there exists p(c) € Cl(d) such that

p(c) = Z a.c°,

where the sum is over ¢ = (¢1,...,e4) € Z3. Then, for 1 <i <d,

1 1
(—D)% = —zpw = —ay <E aac€> W= <E (—1)5%1805) w,
Kj Kq
€

€

p(c).w = w'. Write
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where (of course) the d on the left of the equal sign is the Kronecker delta. This forces p(c) = rey+s
for complex numbers r and s. Since w’ is even, r = 0 implying that w’ = sw which is impossible.

(iii) We deal with @f:a)b], the proposed submodule ® . being similar. Let w = —(1+
V=TIcacas1)X(as13.1, W = sq.w, and ﬁ)[t)b] = Cl(d).w + Cl(d).w. The proof of Lemma
shows that

X{a+1}.i = H (a+i1—1+ Iil)i + (*)i
1<i<d
i#a+1

where (%) = p'(c) — ¢p”(c) where p'(c) € C(d)g, p”(c) € C4(d)1, and p'(c) has no constant term.
It is also easy to see that p’(c) and p”(c) have coefficients in R. We conclude from this that w # 0.
Note that by definition, cocqq1.w = —v/—1w.

Lemma [£.1.6] shows that for ¢ # a,a + 1, z;.w = k;w. Moreover,

zgw=—(1-— \/—1caca+1)an{a+1}.i =0.
Also, z,.1 = —cacaHxaH.i (see the computation [@I6]) for details). Thus,
w=—V-1(1+V—T1cocas1)X (a1 (4.1.7)

S0 Tgyp1.w = 0. As for W = s,w, ;. w = k;w for i # a,a + 1. Using commutation relations, we

compute
LW = T 8q-W = (8qTat1 — 1 — CaCat1) w = —(1+ \/—_l)w (4.1.8)

Similarly,
Tap1.W = (1 +vV—-1)w. (4.1.9)

We now turn to the action of the symmetric group. First, for ¢ # a—1,a+ 1, Lemma [£1.7 shows
that s;.w € ﬁ)[t)b]. Also by Lemma [£1.7,

sa,lX{a_,_l}.i = H‘;l (Ca—1Ca — l)X{a_,_l}.i.
Thus,
Sa—1W = —Ha; (1+ vV=Tca—1at1)(ca—1€a — 1) X(q41}-1
= - Ha; (1+ ca—1¢a + V=1cam1€as1 = V=1eacat1) X(ay1y-1
Fa—1

= 5 (ca—1Ca — 1).w.

Similarly, by (Z17) and Lemma T7]

Ra+42

Sat1-W = (14 cat1Cat2) w.

Now, for i #a — 1,a+ 1, s;84 = 845;. Hence, by Lemma [L.1.7]

_ Rit+1 + Ki  Kit1l — K _
i W = - — C;Cj . 4.1.10
o <2<a+z> T 2a i) *) b (4210

To deduce the action of s,_; and s, on W, we proceed as in the proof of Lemma ET.7 Recall

again the intertwining elements ¢,_1 and ¢,4+1. By character considerations, we deduce that
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$a—1.W =0 = ¢g41.W. Unlike in lemma [LT0 in this case the action of z, (resp. x441) is given by

EI8) (resp. @I9)). Thus,

1++v-1 a—
Sq_1.W = %(1 + Ca—1Ca) W — r 5 ! (1—cq_1Cq) @ (4.1.11)
and
1—+v-1 Ka
Sat1-W = Q(l — Cat1Cat2) W + +2 (14 cat1Cat2) @. (4.1.12)

2

It is easy to see that (i)[—mb] = ﬁ)[ta nt P o since %(w +u') = X{a}.i is a cyclic vector

for <i>[,a)b]. As in part (ii), it is easy to see th;t if W = p(c)w + r(c)s,w where p(c) and r(c) are
polynomials in the Clifford generators, that p(c) = A1 + Aacacar1 and r(c) = A3 + Agcqcqq1 for
some complex numbers A1, A2, A3, A\y. Noting that cocqr1w = —+/—1w gives that all the coefficients
are zero.

Therefore, we are left to show that fi)[ta b is simple. Indeed, assume V C ﬁ)[ta)b] is a submodule.
Then,

chV=[a—1,...,0,0,...,b].

Let v = p1(c).w + p2(c). W € V be a vector satisfying x;.v = kv for all i, where p1(c), p2(c) € CL(d).
For i = 1,2, define p}(c) by the formulae z,p;(c) = pi(c)z,. Then,

0=240=—(1++V—1)ph(c)w

showing that p4(c) = 0 (hence, p2(c) = 0). Now, arguing as above with the vector s,.v shows that
p1(c) = 0. O

We can now define the irreducible segment representations which are the key to defining the
standard H2T (d)-modules.

Definition 4.1.9. Let a,b € Z>y.
(1) Let @19, 4-1) = é[oﬁd,l], 1:= X{l}.i, where k; = /q(i — 1).

(2) IfO<a<b,let Py = (I)[TLH in Proposition [{-1.3(%), with k; = ++/q(a +1i—1) for all i,
and let 1 := w.

(3) If0<a<b, let P_qp = fi)[ta_’b] with k; = +/q(—a+i—1), 1 :=w and 1 :=w.

(4) If0 < a, let Ppy q—1) = Py = C.

4.2. Some Lie Theoretic Notation. It is convenient in this section to introduce some Lie theo-
retic notation. This section differs from [24] in that the notation defined here is associated to the
Lie superalgebra q(n) (as opposed to the Kac-Moody algebra b).

Define the sets P = Z", P>o = Z%, and

Pt = {X=(\1,..., ) EPIN; >Ny forall1 <i<n} (4.2.1)
Pt = {XePT|N+A#0foralll1<i,j<n} (4.2.2)
Ph, = {)AeP"|\ =Xy implies \; =0} (4.2.3)
Pl = {AePLl >0} (4.2.4)
Psy = {AeP|A>0foralli}, (4.2.5)
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The weights (L21)) are called dominant, and [@2.2)) are called dominant typical. A weight A € P is
simply typical if A\;+A; # 0 for all 4, j. The weights (£2.3)) are called rational, (£.2.4]) are polynomial,
and the set E.2.5are simply compositions. For each of the sets X = P+, PT+ Pl P;;ly, P> above,
define

X(d)y={ e XM+ -+, =d}.
Let R C P be the root system of type A,_1. That is, R = {a;; | 1 < i # j < n} where «;;
is the n-tuple with 1 in the ith coordinate and —1 in the jth coordinate. The positive roots are
RT ={a;; € R|i < j}, the root lattice @Q is the Z-span of R, and Q7 is the Z>¢-span of R*. The
symmetric group, Sy, acts on P by place permutation. Define the length function ¢: S, — Z>¢ in
the usual way:

l(w) = {a € R | w(a) € —RT}|.
Equivalently, (w) is the number of simple transpositions occurring in a reduced expression for w.
Write w — y if y = sqw for some o € RT and ¢(w) < £(y). Define the Bruhat order on S, by

w <p gy if there exists a sequence w — wy — -+ — y. Also, for A € P, define
SpA ={we S, |w\) =X}, and R[N ={ai € R|si;j(A) =2},
and define
PN ={puePlu>p;ifs; €Su[N}, and P [N ={peP|u <pu;ifs; €S,[\}
where s;; € S, denotes the transposition (ij).

4.3. Induced Modules. Using the irreducible segment representations defined above we now de-

fine standard representations. Let A,y € P satisfy A — 1 € P>(d). Define
(/I;()\,/L) = (i)[m,)\l*l] XX (i)[,un)\nfl]

and
A, 1) =Py a—1) ® - @ P A1)

and define standard (cyclic) modules for H&E (d) by

—~ d

M\, p) =Tndg, 4 @\ p) (43.1)

and
M\ p)=Ind] 4 O\ p). (4.3.2)
We call the standard modules M (A, p) and M(A, p) big and little, respectively.
Both the big and little standard modules are cyclic. Let

.....

Ly=10le--ol)ec MM\ (4.3.3)

be the distinguished cyclic generator of M (A, ). Fix the following choice of distinguished cyclic
generator 1y, € M(XA, p). Let iy < --- <y be such that p;; = 0 for all j and ~vo(p) = k. Choose
Lk/2]
1)\)# = H (1 - \/—101'2j7101'2j)1 & (1 Q- ® 1).
j=1
Lemma 4.3.1. Let A\, € P so that A — p € P>o(d). Then,

(i) dim M\(/\v N) = dl!'d'?dn! 2d+n=70(1)
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(i) dim M\, p) dl__od—| 205 |

= dildy]

(i) M (A ) = M(A )@

m(ngJ

Proof. (i) The dimension of M (A, ) follows from the definition.

(ii) Use Proposition .18

(iii) Since induction commutes with direct sums we have that M (A, p) is a direct sum of copies
M(A, ). A count using (i) and (ii) yields (iii). O

We end this section by recording certain data about the weight spaces and generalized weight
spaces of M(X, 1) which will be useful later. Define the weight ¢y, : Pg[z?] — C by f.1,, =
Ouu(f)Ly, for all f € Pglz]. As in §42 the symmetric group, Sq, acts on an integral weight
C: Pala?] = € by w(Q)(#) = (a2 ). Lt

Sal¢] = {w e Salw(() =}

Define ¢(w) to be the length of w (i.e. the number of simple transpositions occurring in a reduced

expression of w) and recall the definition of the Bruhat order given in section

Lemma 4.3.2. Given A\, x € P with A — u € P>¢(d),

(i) P(M(A, ) ={w(Cxp)|w € Drp},
(ii) For any ¢ € P(M(X, u)),

. en — | 204
dlm/\/l()\,u)f =20-17% J|{WED>\—H|U’(C):C}|-

In particular,

. en — ( )
dim M (A, ,u)é’u = -5~ ’DAfu N SdKA,uH-

Proof. (i) This follows directly upon applying the Mackey Theorem to the character map.
(ii) Given f € P4[z?] and w € Sy, we have the relation

fw=mw-w(f)+ Z uCly fu
u<pw
where the sum is over u <, w in the Bruhat order, C,, € C4(d), f. € Pq[z] and deg f,, < deg f, see
[24, Lemma 14.2.1]. Therefore, if f € Py[2?], C € C(d) and w € Dy_,,,

FwC.1x,) = w(Cw)(HwClx,+ Y uCufulyy (4.3.4)

u<pw

gen
(oW
Conversely, if w € Dy_, N Sq[Cx,u), it is straightforward to see that all w occurring on the right

hand side of [@3.4) also belong to Dx_,, N Sg[¢x,.]. This gives the result. O

where the sum is over u € Dx_,,. In particular, wC.1x_, € M(X, p) only if w € Dx_,,NSq[(x,u]-

4.4. Unique Simple Quotients. In general, the standard cyclic module M(A, 1) may not have
a unique simple head. However, in this subsection, we determine sufficient conditions for this to
hold. Throughout this section, keep in mind that ¢(a) = ¢(—a — 1) for all a € Z. We follow closely

the strategy in [45]. We begin with some preparatory lemmas.
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Lemma 4.4.1. Let M be an H3I(d)-module, and ¢ a weight of M, then there exists v € M(X, p)¢
such that

foralli=1,...,d.

Proof. Choose 0 # vy € M. Recall the definition LT 4l We adapt this to our current situation

by setting r; = \/q(¢(2?)) and S = {i | z;v = —k;v}. Then, v; := Xg.v9 € M is nonzero and
;.01 = £r;v1 for all i. Now, set
v = (H Ci> V1.
ics
Then, v is nonzero and has the desired properties. 0

Therefore, we may define the non-zero subspace

M = {mGMC | xiom = y/q(¢(x?)) m for i = 1,...,d}.
We will use the following key lemma repeatedly in this section.

Lemma 4.4.2. Let Y be in Rep H%‘;f(d) and v € Y sz for some weight ¢. Assume thatl for some

1<i<d-1, z.v=+/q(a), xiy1 = \/q(b) where a,b € Z and either q(a) # 0 or q(b) # 0. Further,
if ¢(a) = q(b £ 1), assume that

Si+1-0 = (K1 + KaCiy1Ciye).v (4.4.1)
for some constants k1,2 € C, not both 0. Then, v € Hgg(d).@.v.
Proof. First, if g(a) = q(b) # 0, then using (3.8.1]) and Lemma 14.8.1 of [24] we deduce that
¢iv = 2q(a)v # 0,
so the result is trivial. If g(a) # q(b £ 1), then using ([B.82]) we deduce that
7.0 = (2q(a) — 2q(b) — (g(a) — q(b))*)v # 0

and again the result is trivial.

Now, let k3 = q(a) — q(b) # 0, k4 = \/q(a) — \/q(b) # 0 and ks = y/q(a) + \/q(b) > 0. Then,

appealing again to (B.81]) we have that
Piv = (K38; — KaCiCiy1 + K5)v
Let ¢’ and ¢” be two elements of the Clifford algebra. Consider an expression of the form

/ " /
(1 +c"sit1 — c"sisi11)0iv =(K38; — KaCiCiy1 + Ks + K3€' Siq158;
! ! "
— K4C CiCi+28i+1 T K5C Si+1 — K3C 8i4+1S5iSi+1

" "
+ K4C Ci+1C;4+25;Si41 — K5C SiSH_l)’U.
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By (@41, this equals

/ !
(K38i — K4CiCip1 + K5 + K3C'8i418; — K1K4C CiCiga

/ / / "

— K2K4C CiCiy1 + K1K5C + K2K5C Ci41Ci42 — K1K3C Si+1S;
" " "

— K2KR3C ' CiCi1+18i4+18; T K1K4C Ci+1Ci+28; — K2K4C C;iCi4+1S;
" "

— K1Kk5C"8; — KaksC'cicipa8;)v.

The coefficient of s;v is

" " " "
K3 + K1Kk4C Ci+1Ci+2 — RK2K4C CiCi+1 — RK1K5C — K2K5C CiCi42.

The coefficient of s;41s;v is

k3 — rirsc” — rarsc ciciqy.
In order to make both of these coefficients zero, set ¢/ = ¢’ (k1 + kacic;+1) and

"
c = ’7(111/%5 + RK1K4Ci41Ci+2 — K2R4CiCip1 — H2H5C¢Ci+2),

where
— K3

Y= :
(KT + K3) (K] + K3)

The coefficient of v is

/ / / /
—K4C;iCi+1 + K5 — K1K4C CiCit2 — RK2K4C CiCit1 + K1K5C + KaK5C Cit1Cit2

" 1

— K4CiCit1 + ks — K1RaC” (K1CiCiya + KaCip1Cip2) — KakaC' (K1CiCip1 — Ka)
" 1

+ K1K5C (Iil + HQCiCi+1) + KoKk4C (IilciJrlCiJrQ — IiQCiCiJrQ).

This is equal to

" 2 2 "
Ky — K4CiCit1 + (—K1K2ka + K1Kkaks)C cicip1 + (—KTKka — K5k5)C ¢iciqa

" 2 2 "
+ (—K1Kake + K1k2ks)C Cit1Cire + (K5Kka + KiKs5)C

=K5 — KaCiCiy1 + (K1Kaks — K1K2K4)Y(—K1K5CiCryp — K1K4CiCiga — KoKy — K2K5Ci41Ci12)

+ (—Hffm - K%'$5)7(-’$1f€50i0i+2 + K1K4CiCip1 — Koks + K2KaCiy1Cit2)
+ (—K1K2ks + K1K2K5)Y(—K1K5Ci+1Ci12 — KaRaCiCiyo + K1K4 + KaR5CiCit1)
+ (Hgm + K%H5)7(—f<&1f€4ci+1ci+2 + KoK4aCiCit1 — K1Ks + K2K5CiCit2)

=K5 + 61CiCiq1 + 02Ci1Ci12 + 03CiCiq2

for some constants d1, ds, 43 € R.
Thus,

! i
(ks — 01¢iCip1 — 02Cit1Civa — 03¢iCit2) (1 +¢'si11 — €”si8,41)piv

=(5 + 07 + 03 + 03)0.
Since 6%, 632,07 € R>¢ and k5 > 0, the result follows.

Proposition 4.4.3. Assume that A € PT", € PY[\], and A\ — u € P>o(d). Then,

M(A, ﬂ)m =C1,,.

23
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We begin by proving a special case of the Proposition. Suppose n divides d, and d/n = b— a for
some a,b € Z,b> 0. Let A\ = (b,...,b) and u = (a, ..., a) be weights of q(n). Set My p.n = M(A, p),
and set 1,5, = 1y, Let

Capn = (a,a+1,....,b—1,...;a,a+1,...,b—1)

be a weight for Hgfg(d) where the sequence a,a + 1,...,b— 1 appears n times.

The first goal is to compute the weight space (Ma’b’")\/m'

Set n = d in the definition above so that b = a + 1. The resulting module is the Kato module
K(a,...,a) = K,, where all the 27 act by g(a) on the vector 1, .

The following is [24, Lemma 16.3.2, Theorem 16.3.3].

Lemma 4.4.4. (1) Ifa # —1 or 0, the weight space of K(a,...,a) corresponding to (a,...,a)
with respect to the operators x2,...,x% has dimension 2". If a = —1 or 0, then the weight
space of K (a,...,a) corresponding to (a,...,a) with respect to the operators x1, ..., T, has

. . n+1
dimension 21721,

(2) The module K(a,...,a) is equal to its generalized weight space for the weight (a, ..., a).
(3) The module K (a,...,a) is simple of type @ if a = 0 and d is odd, and is of type M otherwise.

Set m = d/n. In the set of weights of M, , there exists a unique anti-dominant weight (2, .

that is given by

Clom=1(a,...;a,a+1,...;0a+1,...;0—1,....b—1).
b,
Take an element 7 € Dy, such that 7(Cap,n) = 5, .- If @ > 0, it is given by 7 = whowm L

P — P PP
Wherew _pnflpn72 pla

Pk = &prn-e-1) Sk - Sy
and, for 1<r<d—-1,and 1 <p<d—7,& =8 4p_1-"5r415r.
If b <0, then 7 = o(w'---w™ 1), where o is the automorphism of Ha¥(d). Finally, if a < 0
and b >0, 7 = 0(_gp1)n(w? - w Mw T ... w™l where o_, is the automorphism of H& (—a) C
Ha (d) embedded on the left.

Lemma 4.4.5. The vector ¢:1qp 5 15 a cyclic vector of Mg p.n.
Proof. This follows from iterated applications of lemma [4.4.2] O

The proof of the following lemma is similar to [45, Lemma A.7], substituting Lemmas 44
and appropriately into Suzuki’s argument.
Lemma 4.4.6. (Mu,b,n)m C ¢:Cld)Lg -
Proof. By an argument similar to the proof of [45, Lemma A.7], we deduce that
Mapn)ce, = (Ka)amw ® (Kat1)aynyom @+ ® (Kp—1)p_1)m

if a > 0, and

(Mapn)ce, , = (K oa-1)(—a1)m @ (K1) ® (Ko)gem & (K1) -+ ® (Kp-1)p_1)m

a,b,n
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if a < 0. Here, (Kj);m is the weight space K(j,...,7)(,....;) of a Kato module. Since

.

(Ma,b,n)m g (Ma,b,n)cgbyna

we deduce that if a > 0

(Ma,b,n)m = (Ka)‘/a(n) ® (Ka-‘,—l) /(a+1)(") ®---® (Kb—l) (b—1)(m™ - Cﬂ(d)(brla,b,n.
Similarly, if @ < 0, (Ma,b,n)ﬁ C Cld)pr 1 bn- O
Proposition 4.4.7. For the special standard module defined above, (Mavb’")\/c—b CCl(d)Lapn-

Proof. Fori=1,...,d,leti = jm+rwhere0 < j <nand0 < r <m. Takeany v € (Ma"b’n)\/C—b'
Lemma [L4.6] implies that ¢,v = ¢, 21 for some z € C4(d). Put vg = v — z1. Then ¢,v9 = 0. Note
that since r # m, ¢;v9 = 0 since $;((a,b,n) is DOt a weight of M, 4.

If » #£ —a, we can solve for s;vg in the equation ¢;.v9 = 0 to get

. Ry — Kr—1 Ky + Kr—1
S;. Vg = + )Cici-i-l Vo

—2(a+r) —2(a+r
where k, = \/q(a+r—1).

Similarly, if r # —a,

Ky — Kp—1 Ky + Kr—1
Aapn = + Civ1 ) Labn-
Si-labn <_2(a T ’f‘) —2(@ T T) C’LC’L+1> a,bn

If r = —a, then routine calculations from earlier gives that
CiCit+1 1a,b,n =V _11a,b,n-

Hence there exists an H%lzf(d)—homomorphism Y Mapn — Mapn such that $(1gpn) = vo if
a>0o0rb<0.If a <0< b, then there is an Hgg(d)—homomorphism Y Mg pn — Magpn such
that 1(Labn) = [To<jcn(l + V=1¢jm—aCjm—a+1)v0

Thus by lemma L0 the kernel of 4 is equal to M, p . Therefore vg = 0. Thus v € C4(d)14pn.-

O

We now reduce the general case to the special case above. To this end, fix A € PTF, u € PT[A],
and A — 1 € P>o(d). Set d; = A\; — p;, and let a; =dqy +---+di—1+ 1, by =dy + -+ - + d;. Observe
that

Ople2) = and Guuad) = A — 1. (4.42)

Furthermore, observe that if a; < ¢ < b;,
Ouu(@?) = Guuag) = (bi =) and (nu(a?) = Quled,) + (e — ai). (4.4.3)
Since A € Pt and p € P*[)\], we can find integers 0 = n{) < nf < --- < n/. = n, and

0=mnp <ny <---<ng=n such that

RN =RN > Za; and RNNRp=RN > Zo.

Let
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and
I ={an, \11,an, ,v1+1,...,0p, =1} (p=1,...,5), I=0LU.. . UI,.
Then, Sx_, € Sr C Sr and

S]//Sk_MgD)\_HﬂS[/ and S]/SA_MgD)\_HﬂSI, (Cf. m

Lemma 4.4.8. [45, Lemma A.9] There is a containment of sets Dx_,, N Sq[Cx ] € Dr—p NSt

Let v € M(/\,,u)\/Q—. For each p € {1,...,s}, we can write v = ]xgp)z](p)vj where v; €
L

DA, p), {:vg-p)}j are linearly independent elements of C[Dy_, N S;_y,] and zJ(-p) € C[Dx—, NSy, ].
Let Palz?]1, = Clzf|i € L)

Lemma 4.4.9. [45, Lemma A.10] For f € Pqlz?]s,, fz,(cp)vj Cx, #(f)zk )vj

Proof. Observe
0=(f=Cuulf v—zx (f = ()2 15

Since Sy, C Sq is closed with respect to the Bruhat order we have fz§p)1A,# € C[Dx-,NSg,]. Since
{xg-p)}j are linearly independent, each (f — Q)H(f))zj(-p)l,\ﬂ must be 0. O

Proof of Proposition[{.7.3 Let H3(I,) be the subalgebra corresponding to I,. Note that H2T (I,,) =
HAT(|1,]). First note that M3 (I,)v; = Mapn,—n,_, for some a,b. Thus by Proposition LT
z,(gp)vj € C1, . Thus, v € C[Dy_, N Sr—_g,] for any p. It now follows that v € (ClA,#.l

Theorem 4.4.10. Assume that A € PT1, p € PT[\], and A\ — u € P>o(d). Then M(\,u) has a

unique simple quotient module, denoted L(\, ).

Proof. Assume N is a submodule of M(\, p). If fo: # 0, then Nm # 0. By the previous
lemma, N NCl(d)1y,, # {0}, s0 15, € N because C£(d)1 , is an irreducible H2T (X — p)-module.
Hence, N = M(A, u). Tt follows that
NC @ MO pE™
LIS
The sum of all proper submodules satisfies this property. Therefore, M (A, 1) has a unique maximal

proper submodule and a unique simple quotient. 0

Let R(\, ) denote the unique maximal submodule, and define L(\, ) = M(A, 1) /R(A, ).

5. CLASSIFICATION OF CALIBRATED REPRESENTATIONS

A representation M of the AHCA is called calibrated if the polynomial subalgebra Py[z] C HAT (d)
acts semisimply. The main combinatorial object associated to such a representation is the shifted
skew shape. Calibrated representations of the affine Hecke algebra were studied and classified in
[35]. The main combinatorial object in that case were pairs of skew shapes and content functions.
That construction along with [27, Conjecture 52] motivated the construction given here. A proof of a
slightly modified version of that conjecture is given here. Leclerc defined a calibrated representation
to be one in which P,[x?] acts semisimply. For example, the module ®_1,9 is calibrated in the

sense of [27] but x1, z2 do not act diagonally in any basis.
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5.1. Construction of Calibrated Representations. Let A = (A1,...,\;) and g = (u1,..., @)
be two partitions with Ay > --- > A\, > 0 and py; > --- > p, such that y; = p;+1 implies p; = 0
and \; > p; for all ¢. To such data, associate a shifted skew shape of boxes where row ¢ has A\; — p;
boxes and the leftmost box occurs in position i. Figure [l illustrates a skew shape for A = (5,2,1)
and p = (3,1,0).

A=lo0 | 1] 2] 3]|4 p= 10| 1] 2 Ap = 3| 4
0] 1 0 1
0 0

FI1GURE 1. Skew Shape filled with contents

A standard filling of a skew shape A/u with a total of d boxes is an insertion of the set {1,...,d}
into the boxes of the skew shape such that each box gets exactly one element, each element is used
exactly once and the rows are increasing from left to right and the columns are increasing from
top to bottom. In a shifted shape, A, all the boxes will lie above one main diagonal running from
northwest to southeast. Each box in this main diagonal will be assigned content 0. The contents of
the other boxes will be constant along the diagonals where the contents of the diagonal northeast of
its immediate neighbor will be one more than the contents of its immediate neighbor. In a shifted
skew shape, A/u, the contents are defined as in figure 1l

Given a standard tableaux L for a shifted skew shape A/u, let ¢(L;) be the contents of the box
labeled by i. Thus L gives rise to a d-tuple ¢(L) = (¢(L1),...,¢(Lq)) called the content reading of
A/ with respect to L.

Let A/ be a shifted skew shape such that A\/u has d boxes. Set ;1 = v/q(c(L;)) and

1 1
Vi =4 /1— - .
! \/ (Kis1,L — Ki,r)?  (Kig1,L + Ki,z)?

Now to a skew shape A/, associate a vector space HM# = @ Cl(d)vr, where L ranges over all
standard tableaux of shape A/u and d is the number of boxes in the shifted skew shape. Define

V1, = K;, ,vr. Define

1 1
s;vL = vr + CiCip1vr + Vi, LVs, L
Kit+1,L — K4 L Kit+1,L + K4 L

where vs, 1, = 0 if s;L is not a standard tableaux.

Proposition 5.1.1. The action of the x; and s; given above endow HM 1 with the structure of a
HET (d)-module.
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Proof. We have

9 1 1
S5V, = ——————— 8V, — ————————C;Ci+15;VL + Vi 1.5iVs, L
Kit1,L — Ki,L Kit1,L + Ki,L

1
vr + CiCit1VL + Vi, LUs, IL
Kit1,L — Ki,L \Kit+1,L — Ki,L Kit1,L + Ki,L

CiCit+1

( v, + ———————¢iCi1 v + yi,L’UsiL)
Kit1,L + Ki,L, \ Kit1,L — K4 L Kit1,L + Ki,L
1

1
+ViL (7%@ + —————CiCiy1Vs, L + Vi, LVL
Ki I — Kit1,L Kit1,L + Ki,L

Kit1,L — ki,n)?  (Kis1,L + Ki L)

1 1
= <( + 5+ yi,Lyi,L> vr, = VL.

Note that if vs,, = 0, then (Ki+1,L1*’<i,L)2 + (KHLLlJmi)L)Q =1.
Next,

Ri,L Ri,L
8T VL = vr + ¢iCip1vL + Vi, LVs,L-
Kit+1,L — K4 L Kit+1,L + K4 L

On the other hand,

. Ki+1,L Ki+1,L
L4180 — VL + CiCip10p = VL — CiCit1 VL + Vi LVUs; I, — VL + CiCit1VL.
Kit+1,L — K4 L Kit+1,L + K4 L

Thus it is easily seen that
SiTiVL = Xj+18;VL — VL + C;Ci41VL.

We now check the braid relations. To this end, fix j € N and set x; = /j + ¢ for i > 0.

L = v |41+ 2

FIGURE 2. Case 1

Case 1: Let L be the standard tableaux given in Figure[2l A calculation gives

1 1
S$iSi418iVL = Si4+1SiSi41VL = ((fi3 — 52)2(/{2 — /‘il) - (Hz T 53)2(/{1 T /{2)) vL

1 1
+ + CiCi+1V
<<m§ — w3 (k2 +r1) (K3 — K3)2(ka — m)) e

1 1
+ + Cit1CitoU
<<n§—n3><m—m> (m%,—fs%)%m)) e
+< — L >c-c- v
(ks — R2)2(r2 + F1)  (Re+Ra)2(re —ra) ) 200

1 |i+1 1 |1+ 2
L1= L2
1+ 2 t+1

FIGURE 3. Case 2
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Case 2: Let Li and Lo be the standard tableaux given in FigureBl A calculation gives

1 1
8i8i+18:V = $;418;8i4+1V — + "
+1SiVL, +1 +1VL4 ( K3 — n2)2(m1 — 53) (52 + Hs)z(m ¥ ffs)) Ly
! CiCit1V
— l€2 I‘i1 — I‘ig) (/{% — H%)Z(Hl 4 53) iCi+1VUL,
1
" < - "{3 Hl + H%) * (l{g — /{%)2(/{1 — ;{3)) Cit+1Ci+2VL,
1
- < (k3 — K2)?(K1 + K3) - (ko + K3)2 (k1 — Hs)) CiCi4+2VL,
y@+1 L1 Yit1,1,
+ VL. 4 , CiCiitv
< K/‘S - /‘{2 I‘il — K/Z) Lo (K/B — 52)(1{1 ¥ K/Q) +1VLo
yb+1 L - Vi, N
+ < (k1 — K2) (K2 + K3) Ci+1Ci+2VL, + CETICETD CiCit2VL,.
8i8i4+18iVLy = Si4+18iSi+1VLy = 1 + 1 v
18i4+18iULy = Si418iSi+1VLy — KI _ H2)2(K3 _ Hl) (Hl +:‘ﬁ?2)2(I€1 +,‘ﬂ)3) Lo
+ - ! CiCi+10
— K2 (K/g — k1) (K2 —K2)2(k1+k3)) i+1VLy
1
- < — K3 (Hl + K3) + (k2 — K3)2(Kk3 — ,ﬁ)) Cit1Ci+2VULy
1
- < (k1 — K2)?(k1 + K3) T (k1 + K2)2 (ks — m)) CiCi4+2VLy
y@+1 Lo Yit1,L, -
i < (k3 — K2) (k1 — K2) via ¥ (k1 — k2)(K2 + K3) GO
y7.+1 Lo Viir,
+ < (k3 — K2) (K1 + K2) Ci+1Ci+2VL, + (o2  ria) (k1 F 72) CiCit2VL, -
1+ 1 i
L= Ly—
) i+ 2 i+ 1{i+2

FIGURE 4. Case 3

Case 3: Let L; and Lo be as in figure [d Then, a calculation analogous to case 2 shows that

8i8i 418V, = Si4+18;Siy2Vr, and 8;8;115;VL, = Si1+15iSi+2VL,-

1+ 2 1+ 1 ]
Ly = Ly = Ls
1 o je+1 v o [t+2 1+ 17+ 2

FIGURE 5. Case 4
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Case 4: Let Ly, Lo, and L3 be the standard tableaux given in Figure 4l

S$iSi+18:VL, = Si+18iSi+1VL; = (

+

+

+

_|_

+

SiSi+1SiVLy = Si+1SiSi+1VL, = (
+

+

Jr

Jr

+

Jr

+

+

+

(w
(w
(
(w
(
(
(
(
(

1
+ v
(k1 — Ko Q(Hs—fﬁl) (ko + k1)?(k1 +H3)) b
L CiCit1V
(k% — /40 (k3 — k1) (K2 —K2) (k1 +K3) ) Rt
— L Cit1Cit2V
- r»l (ki +rs) (K3 —KD)(mg — k1) ) T
1 CiCitoV
(k1 — ko) H1+K3) (ko + K1)?(k3 — K1) 2t
lerl Ly lerl Ly
( (k1 — ko) (k3 — Ko) v (k1 — ko) (Ko + K3) Cici1ULy
y@+1 Ly Vit1,1, =
( (ko + k1) (K3 — Ko Cit1Cit2vLy + (ko + fir ) (0 + rg) ) T2V
( i+1,L, Vi, L2) L+ <y7,+1 L1 Vi, Lo ) CiiCiravi,.
K1 — Ko Ko + K1
1 Vi,L, Vi Ly >
+ + = : v
(k3 — Ko)? (Hl —k3) (ko + K3)%(k1 + K3) K1 — Ko k2

1

— K2 (m — K3)

NG m)) G,

1
- Ci+1Ci+2VL
- Kj (Hl —r3) (k3 —KE) (k1 — 53)) iH1Ei20L,
1 Vi, Lo Vi Ly
- + = - CiCit2v
(ks — Ko)?(k1 + K3) (Ko + K3)?(k1 — K3) Ko + K1 iCi4+2ULy
y’L Lz + y’i,Lg ) VL,
R3 — HO Hl — Hg) (,‘{1 — KO)(HO — KS)
y’L ,Lo y’i,Lg CiCivL
(k3 4 ko) (k1 + k3) (k1 — ko) (ko +K3) ) i+1VL3
371 L2 - YiuLy Cit1Cit2VL
(k3 + ko) (k1 — Kk3) (K1 + ko)(ko + K3) tH1&2tls
y’L Lz y’i,Lg ) CiCiaUL
(k3 — ko) (k1 + k3) (k1 + ko) (ko — K3) ) i+28Ls
y“rl Lo Yit1,L,
(k1 — Ko)(Kk3 — Ko) vyt (k1 + ko) (K3 — Ko) CiCi+1UL,

lerl Lo

/‘i

3+ ko)(k1 — Ko

Vit1,L,

)> Ci+1Ci+2VL; + ((/‘63 Fro)(r fio)) CiCit+2VL, -
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1

1 n Vit Vi L3

8i8i4+18iVLg = Si4+18iSi4+1VLg = 2
K3 — Ko) (m — Ko)

+
(ko + K3)? (ko + K1)

K1 — R3

1

— K3 (Hl — Ko)

(k2= K2) (Ko + K1)

) CiCi+1VL3

1
" Ci+1Ci+20
< Rt <Ho o ) s
1 Vi L, Vi Ly )
" + = =2 | ¢iCit2v
< (k3 — Ko) no+m) (Ko + #3)2(r1 — ko) P 2L,
yL L3 YVi,Ls )
+ + , )
< (ko — k3)(k1 — ko) (K1 — k3)(ks — Ko) Lo
yl L3 YVi,Ls )
’ P CiCi4+1V
< (k3 + ko)(ko + k1) (K1 — Kk3)(Ko + K3) +1VUL,
yl L* Vi Ls )
’ - v Ci+1Ci420
< Hs + Ko Kl - Ho) (H1 4 Ks)(no T Hs) +1Ci+2VL,
yL L3 Vi L3 )
’ ’ CiCi42V
< (ko — k3)(ko + K1) (K1 + k3) (ks — Ko) 42V,
+ <y7, L'aszrl Lo ) vr, + <M) CiCit1VL, -
K1 = ko K1+ Ko
1+ 2 i 9 o
L= Lo = Ly =
- ' 1+ 2
' i+1 ;
1+ 1 ; Z
Ly= Ls = L =
i ! i+2

1+ 2 142

141

FIGURE 6. Case 5

Case 5: Let Ly, Lo, L3, Ly, Ly, and Lg be given as in Figure [0l

31
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Si8it18iVL, = Sit18iSit1VL, = 1 + 1 _|_yivL1yi’L2 v
1Si4+18iVL4 i+158iSi+1VL, /*€2 — /‘i()) (/{4 — Hz) (Hz ¥ 50)2(/64 ¥ Hz) K1 — Ko Ly
1
+ — CiCit1V
< —%(m—na o%—%xm+n») o
1
+ + Cit1Cita
< (k% — K2 (144-6-/42) (ﬁ%—/{g)(m—ng)) F1CH20
1 YVir Yo\ |
* < (k2 — K0)?(Ka + Kk2) (K2 + Ko)2(ka — K2) + K4 + Ko CiCit20L,
+ < y’L ,L1 + y’i,Ll ) vL,
(k2 — ko)(Ka — k2) (K1 — Ko)(Ko — K2)
_yl Ly y@ Ly
+ + ’ CiCit1V
< (K2 + Ko)(Ka + K2) (K4 — Ko)(Ko + K2) L2
+ Yi.Ly - YiLy Cit1CitaVL,
(k2 + ko) (Kka — Kk2) (k4 + ko) (Ko + K2) i+1Ci+2VLy
y’L ,Lq yl L1
+ ’ CiCit2V
< (k2 — ko)(Ka + K2) (K1 + ko) (Ko — K2) 20k
yz+1 Ly Yit1,1, o
+ < (k2 — ko) (ka — ko) ) + (Ko — r0) (k4 + Ro) ) TV
yl+1 L1 Yit1,r,
+ < (k2 + ko) (K4 — Ko) Cit1Cit2VLs (k2 + ko) (ka + Ko) Cicit2Uls
+ < i+1,L1) yz L3 ) Vi + <%+1,L1 yi,L3) CisrCitaVLg
K2 — Ko K2 + Ko
+ < (%, Ll4 _y:; L2)> vL, + <%> cicit1vLy + (Vi1 Vit1,0,Vi,04) VL5
_ _ 1 1 Vi1, Vi, L,
8i8i4+1S8iVLy = Si4+18iSi+1VLy = (2 — m0)2 (k1 — o) + (=2 + 70)2(ra + ro) + 1 — Fn ULy

1
—@wrww‘m&wwm+m0“m”“
1
+ 2 2
- K3 (M +ro) (kg — K3)(Ka — Ko
1 1 Vi, Vi Lo
3 +
(ko — k2)2(ka + ko) (k2 + Ko)2(Ka — Ko) K4 + K2
y@ L2 Vi,L, >
+ - v
HO — HQ H4 — Ho) (H4 — Hg)(ﬁz — Ho) I
yz ,Lo yi7L2

C;Cq v
(k2 + ko) (Ka + Ko) (H4—H2)(Ho+f€2)) i

(v
(=
(
(
(
< 371 L2 Vi, Lo
(
(
(
(e
Sy

+/\

+

) ) Ci+1Ci4+2VL,

+

) CiCit+2VL,

Jr

+

+

— C;i C; v
(k2 + ko) (ka — ko) (Ka + K2) (ko + fiz)) TRt

y@ L2 Vi,L,

+ Cici+2’UL1
(ko — k2) (Ko + Kka) (ke + K2)(Ko — K2)

y7,+1 Lo

Jr

+

< y’L+1 Lo

CiCit1V
(ko — K2)(Ka — K2) Ho—HQ)(H4+H2)) T

yz+1 Lo >
s +

Yit1,L,
K2 + ko) (k4 + K2

+

Ci+1Ci+2VL, + (( )) CiCit2VL,+

(k2 + ko) (ka4 — K2)

i+1, Llyz Ly >

RO — R2

Jr

<yz+1 Llyz Ly

K2 + Ko

Vi,LoVit1,1, Vi,roVit1,1,
v, + | ———————

K4 + Ko

) Ci+1Ci+2VLg

+ ) ciCit10n; + (Vi,poVig1,0. Vi L3) VLg-

KR4 — Ko
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1

S8iSi+18iVL3 = Si+1S8iSi+1VL3 = < H - )2(H - )
4 — Ko 2 — K4

_|_
(K4 + k0)? (K4 + K2)

1 i i
+ Vi, L3 Vi ,Lg) -

K2 — Ko

y’L+1 Lg

+

Vit1,Ls

Cit1Cit2V CiCitov
(k4 + ko) ( H2—H0)) PH1CH2VL + <(K4+H0)(Ho+f€2)) et

(e~ ) o

* ( o : ) Ci+1Ci+2VL
— K} (’44 +r2) (K2 — K2) (k2 — Ka) 3

+ (T AT ) e
" ( (ks — 13:2 Ll22 — Ka4) + (k2 — ,{J:i)'(L:O — 54)) ULg
+ ( (Ka +;0yZ fiz T ra) | (k2 — j:;’é;o T ff4)) CiCit1VLg
(e - oy ) s
" ( (Ka — /‘3:2 Lf‘:z +ka) (Ko + /33(620 — 54)) CiCi+2VLg
(e ) (st s

(

(>

R4 — Ko

+
< 1L3y2+1Lp)UL5+<
K2 — Ka

i+1,L3 Vi, Ll) —_— (yiJrl,Lgyi,Ll
2

Vi r3Vit1,Lg

Ci+1Ci+2VL,
K4 + Ko >

K4 + K2

S8i8i+18iVLy = Si+1S8iSi+1VL, =

((M - H2)2(%0 —ra)

(K4 + K2)? (K4 + Ko)

1 i i L
4 YiLaYiLs ) -

Ko — K2

1 1
— C;C; v
<<nz — k3) (ko — k1) (K3 — K3)(ka + m) o
< —1 1 ) C; C; v
(53 — K3)(ka + ko) (K3 — K3)(Ko — k) ) TR
1 1 Vi,L, Vi Ls
+ + = - CiCit2V
<(n4 — k2)2(ka + ko) (Ka+ K2)?(ko — Ka) Ko + K2 2t
yi Ly yl Ly >
, n , v
<(fi4 —h2) (o — K1) | (Ko — h2) (w2 — K1) ) 7
< —ViL, ViLy ) Ciciavr
(Ka + k2)(Ka + ko) (ko — K2)(K2 + Ka) °
< yi,L4 _ yi,L4 ) Cit1CitaVL
(ka4 Kk2) (Ko — K1) (Ko + K2)(K2 + Ka) ’

yz Ly yz Ly cic uL
i Cit2
(K4 — K2)(Ko + K4) Ko + K2) (K2 — Ka) °
y7,+1 Ly Yit1,1,4
H4 — ,‘{2 Ho — Hz

+

(k4 + K2)

1+1 L4y1 Lo
R4 — R2

Ho—

Jr

+

Ko — KRa

K
)
yz+1 Ly >
L+

YiryViv1,Ls Vi,raVi+1,Ls
vpg + ( Lkalitlls

CiCit1V
H4—H2)(Féo+f€2)) e

Vit1,L,4

Ci+1Ci4+2VLy + CiCi4+2VL
B ((ﬁ4+fiz)(ffo+f€2)) e
<yz+1 L4yz Lo

Ci+1Ci4+2VLq
K4 + K2 )

K4 + Ko

33

) ciCit1VLs + (Vi,L3 Vit1,06 Vi, L3 )VL, -

) ciCit10ng + (Vi,£,Vit1,05 Vi, 04 ) VL5 -
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1 n Virs Vi,

SiSi+18iVLy = Si+15iSi+1VLg = (

K4 — H2)2(K0 — K2)

T

Ka + K2)2 (K2 + Ko) Ko — K4

1
— C;Cq VL=
< — K3 (m —r2) (k3 — KF)(k2 + m) e
1
N < — 3 (m Tro) (W3~ K3 (Ro — m)) Crrifratis
n < 1 yi,L5yi,L4) CiCiiat
(ka — K2)?(K2 + ko) (k4 + K2)? (Ko — K2) Ko + Ka 2Ths
y@ Ls Vi,Ls >
+ - v
< /{2—,‘{4 /{0—/{2) (/{0—54)(54—52) La
+ < _yz Ly yi,L;; > cic vL
(K4 + K2)(K2 + Ko) (ko — ka)(K2 + Ka) RN
+ < y’L Ly _ yiyLS )C' 1Cia2vL,
(K4 + K2)(Ko — K2) (ko + Kka)(K2 + Ka) ST
y@ Ls Vi,Ls >
+ - C;iCi+20
< (k2 — ka)(Ko + K2) (ko + ka) (ka4 — K2) (2 tla
J/ZH Ls Vit1,L5 N
* < (2 — ra)(mo —rn) ) U T\ s = o) (o 1 1) ) 0 H1 020
y7,+1 Ls ) ( Vit1,L5 )
+ Cit1CitoULs + — CiCit2V
< (K4 + K2)(Ko — Ka) 2Tl (k4 + K2)(Ko + Ka) +20he
n < Viy1,5) (Wi, L6)> Vi, + <(%‘+1,L5)(%‘,L6)> CitrCitavLy
Ko — K4 K4 + K2
(Vi,s)(Vit1,0,) (Vi) (Vit1,L,)
+ < pr—— L) v, + W cicit1VLg + (Vi,Ls Yig1,0,.Vi,1o) UL, -
1 1

SiSi+18iVLg = Si+15iSi+1VLg =

+/\

Ko — M)?(m — Ko)

T

n Vi,reVi,Ls

Ko — Ka

Ko + K4)2(K2 + Ko)

< — K3 (mg — ko) (KZ— ,@21)1(/{2 n Ho)) CiCit1VLg
- < — K3 (Hz + Ko) + (k2 — Kﬁ)l(,w _ Ho)) Ci+1Ci+2VLg
* < Ko — K4)2(k2 + ko) (ks + no)i(m — ko) y;jly;j%) CiCi+2VLg
+ (ot * Tt )
+ < (ka + m;yl :; T ro) | (k2 — :ji)’(L,so T H4)> CiCit1VL,
+ < (ko + ,3:1 L,; — ko) - (ka2 + j:;y(L’so T H4)) Ci+1Ci+2VL,
* < (Ko — "3:1 Lf‘so +r2) (k2 + 53:3,524 - fio)) CiCi+2VLg
(st v+ (Gt oo
+ < Ho +3’i;+1:2r — 54)) Ci+1Ci+2VLg + ((“0 +3:51(:;+ H4)) CiCit2VLy
+ <%+1 Lo Yils > VL, + <M) Cit+1Cit2VL,

ko — K4 Ko + Ka

( z;;)fz)m) vr, + (%) cicirvr, + (VingVit1,0sViLg) V-
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FIGURE 7. Case 6

Case 6: Let L be as in Figure [l Then
1
8iSi4+18iVL, = Si415iSi41VL = ﬁ(_cici-i-lUL + cicitavr).
O

Now define an A(d)-module H»* to be Y wes, Pwl(c(L)) where L is a fixed standard filling
of the shifted skew shape A\/p and L(¢(L)) = L(c(L1)) ® --- @ L(c(Lq)) is an irreducible A(d)
submodule of Cl(d)vy, introduced in section

Proposition 5.1.2. The A(d)-module H" is a H3T (d)-module.

Proof. Let cvr, € HM#. Then (¢i—si(xf—x§+l))0vL € HM#. Note that ¢;cvr, = % cdvr, = k%icus, 1,
where ®i¢c = s;cs; denotes the Clifford element twisted by s;. This element is in H A bB because the
twisting of the Clifford element ¢ by s; is compatible with the permutation of the zero eigenvalues
of the 2;s by s;. Thus s;(x} — 27, )cvr, = k'sicv, € H k. Since by construction (22 — z2_;)vg, #0

by construction, s;cvy, € HMH. O

Theorem 5.1.3. For each shifted skew shape \/p, HMH s an irreducible Hgféf(d)-module. Every

irreducible, calibrated H (d)-module is isomorphic to exactly one such Hn,

Proof. First to show that H*#) is irreducible. Let L be a standard tableaux of shape \/u. Let N
be a non-zero submodule of H** and let v = ¥gCqug € N be non-zero where Cg € Cl(d). Let L
be a standard tableaux such that ), # 0. If P £ L then there exists an ¢ such that x;vp # x;vr.
Suppose Vp # 0. Then %v no longer has a vp term but still has a vy, term. This element is
also in N. Iterating this process it is clear that vy, € N. The set of tableaux is identified with an
interval of S,, under the Bruhat order. The minimal element is the column reading C. Thus there
exists a chain C' < 8;,C < --- < s;, ++-8;;C = L. Therefore 7;, --- 7, v, = kvc for some non-zero
complex number . This implies v € N. Now let @ be an arbitrary standard tableaux of \/pu.
There is a chain C < 5;,C < --- <55, ---5;,C = Q. Then 7, -+ 7;,vc = k'vg for some non-zero
complex number £’. Thus vg € N so N = HMm,

It is clear by looking at the eigenvalues that if A/p # N/, then HM# £ HY /1,

Next to show that the weight of a calibrated module M is obtained by reading the contents of a
shifted skew shape via a standard filling. That is, if (¢1, ..., tqs) be such a weight, then it is necessary
to show that it is equal to (¢(L1),...,c(Lq)) for some standard tableaux L. It will be shown that
if t; = t; for some 7 < j, then there exists k,! such that i < k <[ < j such that ¢, =¢; =1 and
t; =t; F 1 unless t; = t; = 0 in which case there is a k with ¢ < k < j such that ¢}, = 1.

Let j > i be such that ¢; = ¢; and j — ¢ is minimal, let m; € M be anonzero vector of weight
t=(t1,...,tq), and let g; = \/m The proof will be by induction on j — i.
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Case 1: Suppose j —i=1.

First the case that t; = 0. If ¢;, = 0, then ¢;47 = 0 by assumption and then x;s;m; = —m; —
ciciramy. It is clear that —my; — ¢;ei01my # 0. Otherwise, my = —c¢;c;.1m; which implies after
multiplying both sides by c¢;c;+1 that m; = —my giving m; = 0. Thus xfsimt =0 but z;s;m: # 0.

Similarly, :CZZHSl»mt =0, but x;418;my # 0. Clearly (z; — 0j)s;my =0 for j #i,i+ 1. Thusif ¢; = 0,
then s;m; € M, but not in M;contradicting the assumption that M is calibrated.

Now assume t; # 0. Then, s;m; — %ciciﬂmt € ME®" but not in M. To see this, calculate:

xi(simy — 2—gcici+1mt) =tisimy — CiCir1Me = M.
(2

This implies (x; — 0;)(simy — z%)iciclqumt) = —my # 0 and (x; — 0;)(simy — %Qiciclﬂmt) = 0.
Similarly, (z;+1 — 0i41)(sime — Qigiciciﬂmt) =my # 0 and (i1 — 0i11)% (854 — Qimcicwrlmt) =0.
If j # 4,04 1, then (z; — 0;)(simy — %@_CiCiJ,_lmt) = 0. Thus s;m; — Qig_ciclurlmt € M but not in

M; verifying case 1.
Case 2: Suppose j —1i = 2.

Since my is a weight vector, the vector
Mgt = Qi = (0i — 0iv1)8ime — (0i — Qiv1)ciCir1me + (0i + Qiv1)M

is a weight vector of weight ¢’ = s;t. Then t; , = t; ,. By case 1, this is impossible so mg,; = 0.

Note that g; +0i+1 # 0. If it did, then mg,; = 0 which would imply ¢;c;+1m; = 0 which would imply

my CiCit1Mt : 2 2(0i+0it+1)
Qi+1—0i Qi+1+0i ° Since i (0i—0it1)?
This implies 2(0; + 0i+1) = (0; — 0i+1)?. The solutions of this equation are

0ir1 € {EV(ti + 1)t +2), £/t — 1)(t5)}.

my = my, it follows that m; = ( Ymg.

my = 0. Thus, s;my =

Since it is assumed that the positive square root is taken, there are only two subcases to investigate.
For the first subcase, assume g;11 = 1/q(¢t; + 1). A routine calculation gives

— Sy CiCi425iMt + Ci+1Ci425iM¢  CiCi415iM

8i8i418iMmy = )
e (0i —0iv1)*  Qiy1— 0 0i — Oit1 (0i + 0i+1)?

From this it follows that the coefficient of m; is 0 Similarly, from

1 1
0i—0it1)? + (0it0it1)3"

—Si+1M¢ CiCi425i4111¢ CiCit-1Si411¢t Cit1Ci+25i4110¢
Si+18iSi+1Mt = 5 T + — 3
(0i — 0i41) 0i — Oit1 0i+1 — 0i (0i + 0i41)

+;3+1)3. Therefore (0; — 0i+1)>+ (0i+0i+1)® = 0.

Recalling that g;+1 = 1/q(t; + 1) in this subcase, it is clear that ¢; = t;42 = 0 and ¢;41 = 1. The

other subcase is similar.

. . . -1
it follows that the coefficient of m; is CIETIIONE + o

Now for the induction step. Assume j —i > 2. If t;_y # t; & 1, then the vector ¢;_1m; is a
non-zero weight vector of weight ¢’ = s;_1¢ by [24, Lemma 14.8.1]. Since t; = t; = t; = t’_,, the
induction hypothesis may be applied to conclude that there exists k and [ with i < k <l < j—1
such that ¢, =¢; £1 and ¢} = ¢; F1. (In the case t; = t; = 0, then there exists ¢}, = 1.) This implies
ty =t; £1 and t; = ¢; F 1. (In the case t; = t; = 0, there exists t; = 1.) Similarly, if ¢;11 # t; £ 1,
consider ¢;m; and proceed by induction. Otherwise, ¢;11 =¢; £1 and ¢t;_; =¢; = 1. Since 7 and j
are chosen such that t; = t; and j — ¢ is minimal, ;41 # ¢;_1. This then gives the conclusion. (If

ti = tj = 0, then trL’Jrl =1lor tj,1 =1.
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Suppose M is an irreducible, calibrated H%@f (d)-module such that m; is a weight vector with
weight ¢t = (t1,...,tq) such that ¢;41 = t; £ 1. Then ¢;m; = 0. This follows exactly as in step 5 of
[35, Theorem 4.1].

Finally, let m; be a non-zero weight vector of an irreducible, calibrated module M. By the above,
t = (e(Ly),...,c(Lq)) for L some standard tableaux of shifted skew shape A/u. The rest of the proof
follows as in step 6 of [35, Theorem 4.1]. Choose a word w = s;, - - - s;, such that w applied to the
column reading tableaux of A\/u gives the tableaux L. Then m¢ = ¢;, - - - ¢;,m; is non-zero. Now
to any other standard tableaux @ of A/u there is a non-zero weight vector obtained by applying
a sequence of intertwiners to m¢. By the above, ¢;mg = 0 if s,Q is not standard. Thus the span
of vectors {mg} over all the standard tableaux of shape A/u is a submodule of M. Since M is
irreducible, this span must be the entire module. Thus there is an isomorphism M 22 HM*# defined

by sending ¢, mc to ¢y,vc. O
Corollary 5.1.4. Let \/u be a shifted skew shape. Then, L(\, ) = HM*.

Proof. Let T be the standard tableaux obtained by filling in the numbers 1,...,d along rows
from top to bottom and left to right. Note that if s; € Sx_,, then v,,7 = 0 because s;T" is not
standard. By Frobenius reciprocity, it follows that there exists a surjective Hgg(d)—homomorphism
[ M\ p) — HMN# given by f(1x—,) = vr. O

Furthermore, by construction we have the following result. Note that this agrees with Leclerc’s

conjectural formula for the calibrated simple modules of Hgg(d) [27, Proposition 51].
Corollary 5.1.5. Let A/ be a shifted skew shape. Then,

Chﬁ(A,,UJ) = Z [C(Ll); e aC(Ld)] )

L

where the sum is over all standard fillings of the shape \/p.

6. THE LIE SUPERALGEBRAS gl(n|n) AND q(n)

6.1. The Algebras. Let I = {—n,...,—1,1,...,n}, and It = {1,...,n}. Let V = C"" be
the 2n-dimensional vector superspace with standard basis {v;};c;. The standard basis for the
superalgebra End (V) is the set of matrix units {F;;}; jer, and the Zs-grading for End(V) and V
are given by

p(ox) =0, plo—x) =1, and p(Ei;)=p(vi)+p(v;)
for ke It and i,5 € I.

Let C =}, jcr+(E—ij — Ei—j), and let Q(V)) C End(V) be the supercentralizer of C. Then,
Q(V) has basis given by elements

ej=FEij;+FE_;_;, and fi;=E_;+E; _; i,j€ I,
When Q(V) and End(V) are viewed as Lie superalgebras relative to the superbracket:
[z, y] =y — (~1)PEP Wy,

for homogeneous z,y € End(V'), we denote them q(n) and gl(n|n) respectively.
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We end this section by introducing important elements of gl(n|n) that will be needed later. Set
€;; = Eij - E_i7_j, and ﬁj = E_i7j - Ei7_j, i, ] € It. (611)
6.2. Root Data, Category O, and Verma Modules. Fix the triangular decomposition

qn) =n" @ hent,

+ —
where ng (resp. nj

spanned by the e;;, 1 < i < n, ni” (resp. ni_) is the subalgebra spanned by the f;; for1 <i<j <n
(resp. i > j) and by is spanned by the fi;, 1 <i<mn. Let bt =hPdnT andlet b~ =hdn~.

) is the subalgebra spanned by the e;; for 1 < i < j < n (resp. i > j), b is

The isomorphism q(n)g — gl(n), e;; — Ejj;, identifies hg with the standard torus for gl(n). Let
€i € b7 denote the ith coordinate function. Fori # j, define a;; = €;—¢, and fix the choice of simple
roots A = {a; = a;41|1 < i < n}. The corresponding root system is R = {a;;|1 < i # j < n},
and the positive roots are Rt = {a;j|1 <i < j < n}. The root lattice is Q = E;:ll Zay; and weight
lattice P = Y " | Ze;. We can, and will, identify P = Z", and Q = {\ € P|[A\; +--- + A\, = 0}.

Define the sets of weights P+, Pt+ Pt P;;ly and P>q as in §£21 We call these sets dominant,
dominant-typical, rational, polynomial, and positive, respectively. Finally, let Ptt = Pt n P+,

and PEE = PY A P
To begin, let O := O(q(n)) denote the category of all finitely generated q(n)-supermodules M
that are locally finite dimensional over b and satisfy
M =P M,
AEP
where My = {v e M | hw= Ah)v for all h € b5} is the A-weight space of M.
We now define two classes of Verma modules. To this end, given A € P, let C) be the 1-
dimensional hg-module associated to the weight A\. Let 6y : h1 — C be given by 0x(k) = A([k, k])

for all k € by. Let by = kerf. Let U(h) = U(h)/i, where i is the left ideal of U(h) generated

by {h—A(h) | h € bg} Ub:. Recall, y(\) = |{i | Ay = 0}|. Since U(h) is isomorphic to a
Clifford algebra of rank n — 70()\), we can define the U(h)-modules C()\) and E()\) where C()\) is
the regular representation of the resulting Clifford algebra and F(\) is its unique irreducible quo-
tient. Both C'(\) and E()) become modules for (h) via inflation through the canonical projection

U(h) — U(b). Note that as a U(h)-module, C(\) 2 Indgy ) Cy. Extend C(\) and E()) to

representations of ¢ (b™) by inflation, and define the Big Verma ]\7()\) and Little Verma M()\) by
U(q(n U(g(n
M) =Ind {0V C(A) and  M(A) =Tndgy 1) B(N).

The following lemma is obtained from the standard decomposition of the Clifford algebra into
irreducible modules:
—~ | 2= (M)

Lemma 6.2.1. We have M(\) = M(\)®* 7

It is known that M () has a unique irreducible quotient L(\) (see, for example, [15]). Moreover,
it is known L()) is finite dimensional if, and only if, A € P, (see [32]).

The following lemma seems standard, but we cannot find it stated in the literature. See [I5]
Corollary 7.1, 11.6] for related statements. If M is a U(q)-module, then recall that a vector m € M

is called primitive if nTv = 0.
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Lemma 6.2.2. Let A\ € P, and assume that for some o € RT, there ewists r > 0 such that

SaA = X —ra. Then, there exists an injective homomorphism
M(sqN) — M(N).

Proof. Let a@ = a;j, and let vy € M(A)x be an odd primitive vector. Then, direct calculation
verifies that

Ua—ra = (€f; ' (rfji — €ji(fii = fi5))-va
is a primitive vector of weight A — ra (see, for example [I5], Corollary 7.1]). This implies that there

is an injective U (b™)-homomorphism
E(saA) = UH).0r—rq-

Indeed, clearly every vector in U (h).vx—rq has weight A—ra. Moreover, if N € U(nt) and H € U(bh),
then [N, H] € U(n™), so

N.(Hwvy_pa) = (HN + [N, H])0r—pa = 0.

The result follows because, by our choice of primitive vector, a standard argument using the fil-
tration of U(q(n)) by total degree and a calculation in U(q(2) shows that U(b™).va_rq is a free
U(n~)-module. O

6.3. The Shapovalov Form. The Shapovalov map for q(n) was constructed in [I5]. We review
this construction briefly.

Let D be the category of @~ = —QT-graded q(n)-modules with degree 0 with respect to this grad-
ing. We regard the big and little Verma’s as objects in this category by declaring deg M (A)y—, = —v
for all v € Q™. Let C be the category of left h-modules.

Let Uy : D — C be the functor Uo(NN) = Ny (i.e. the degree 0 component). The functor ¥q
has a left adjoint Ind : C — D given by Ind A = Indg(f) A, where we regard the h-module A as a
b*-module by inflation. The functor Wy also has an exact right adjoint Coind (see [15, Proposition
4.3)).

As in [I5], let ©(A) : Ind A — Coind A be the morphism corresponding to the identity map
idg : A — A. This induces a morphism of functors © : Ind — Coind. The main property we will

use is

Theorem 6.3.1. [I5, Proposition 4.4] We have ker ©(A) is the mazimal graded submodule of Ind A
which avoids A.

Define the Shapovalov map S := ©(U(h)) : Ind(U(h)) — Coind(U(h)). Given an object A in
C, proposition 4.3 of [I5] shows there is a canonical isomorphism Ind A = IndU(h) @) A and
Coind A = CoindU(h) ®y () A. In this way, we may identify ©(A) with OU(H)) @y () ida. It
follows that the map ©(A) is completely determined by the Shapovalov map.

In order to describe S in more detail, we introduce some auxiliary data. Let ¢ : U(q(n)) —
U(g(n)) be the antiautomorphism defined by ¢(z) = —z for all z € q(n) and extended to U(q(n))
by the rule ¢(zy) = (—1)P@PW¢(y)s(z) for 2,y € U(q(n)). Also, define the Harish-Chandra
projection HC : U(q(n)) — U(h) along the decomposition

U(q(n)) =U(h) & Ua(n)n" +n"U(a(n))).
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Now, we may naturally identify IndZ/(h) = U(b~) as (b~,h)-bimodules. The Q~-grading on
U(b™) is given by

UL ), ={zel(b7) ]| [h,z]=—v(h)x for all h € h5 } (6.3.1)

for all v € Q7.

To describe CoindU(h), let D, be the category of QT graded submodules and Ind; be the
left adjoint to the functor ¥§ : C — D;. We may naturally identify Ind; U(h) = U(b*) as
(b, h)-bimodules and U (b*) has a Q*-grading analogous to ([G.3.1]). Now, let U(h)* be the (b, h)-
bimodule obtained by twisting the action of h with ¢. That is, h.x = (—1)PMP@)¢(h)x and 2.h =
(=1)PMP) ¢ (h) for all 2 € U(h) and h € h. Then, there is a natural identification of Coind 2 (h)
with the graded dual of U(b™1) as (Ug,Uh) -bimodules:

CoindU(h) = U(6T)# := @ HomcU(bT),, U(h)*),
veQt

see [I5], Proposition 4.3(iii)]. Observe that 2(b™)# has a Q~ grading given by U(6)%, = Home (U(b1),,U(H)%).
Using these identifications, we realize the Shapovalov map via the formula:
S(@)(y) = (~1)PPYVHC(s(y)x),

for x € U(q(n)) and y € U(q(n)), [I5, §4.2.4, Claim 3.

The Shapovalov map is homogeneous of degree 0. Therefore, S = Zue o+ Sy, where S, :
Ub~)_, — U, is given by restriction.

For our purposes, it is more convenient to introduce a bilinear form

(+-)s = Ula(n)) @U(a(n)) — U(H)

with the property that Rad(-,-)s = kerS. To do this we introduce the (non-super) transpose
antiautomorphism 7 : U(q(n)) — U(q(n)) given by 7(z) = 2! if x € q(n) and extend to U(q(n)) by
T(xy) = 7(y)7(x). Note that this is the “naive” antiautomorphism introduced in [I5]. Define (-, -)s
by

(u,0)s = (=1)PPCIS(0)(cr(u)) = HO(r(u)v)
for all u,v € U(q(n)).

Proposition 6.3.2. The radical of the form may be identified as: Rad(-,-)s = ker S.

Proof. Assume u € ker S and v € (b~ ). Then, 7(v) € U(bT) and
(r<(v),w)s = (~1)PPOIS(u) (cr7e(v)) = (~1)PHP S (w)(v) = 0,

showing that u € Rad(-,)s.
Conversely, assume u € Rad(,-)s and v € U(b™). Then, 7¢(v) € U(b~) and

0= (75(v),u)s = (=1)"PMS(u)(c775(v)) = (=1)PP) S () (v).
Hence, u € Ker S. O

Remark 6.3.3. We have already defined T to be an antiautomorphism of the AHCA. We will show
the compatibility of the two anti-automorphisms in Proposition [7.4.2
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7. A LIE-THEORETIC CONSTRUCTION OF H3f(d)

Let X be a q(n)-supermodule. In this section we construct a homomorphism of superalgebras
HE(d) — Endggn) (X @ V)

along the lines of Arakawa and Suzuki, [I]. The main difficulty is the lack of an even invariant
bilinear form, and consequently, a lack of a suitable Casimir element in ¢(n)®?. However, we find

inspiration for a suitable substitute in Olshanski’s work in the quantum setting [30].

7.1. Lie Bialgebra structures on ¢(n). We begin by reviewing the construction of a Manin
triple for q(n) from [30] (see also [I2]). A Manin triple (p,p1,p2) consists of a Lie superalgebra p, a
nondegenerate even invariant bilinear symmetric form B and two subalgebras p; and py which are
B-isotropic transversal subspaces of p. Then, B defines a nondegenerate pairing between p; and

po.
Define a cobracket A : p; — p‘?Q by dualizing the bracket p§®2 — Po:

B®*(A(X),Y1 ®Y2) = B(X,[1,Y2]), (X €py).

Then, the pair (p1,A) is called a Lie (super)bialgebra.
Choose a basis {X,} for p; and a basis {Y,} for ps such that B(X,,Y3) = dag, and set s =
Yo Xa ®Y,. Then, it turns out that s satisfies the classical Yang-Baxter equation

[812, 513] + [5127523] + [813, 523] =0
and A(X)=1®X+X®1,¢], for X € p;.

7.2. The Super Casimir. Note that when p = g is a simple Lie algebra, p; = b, po = b_ are the
positive and negative Borel subalgebras and B is the trace form, s becomes the classical r-matrix,
which we will denote 712. We can repeat this construction with the roles of p; and ps reversed and
obtain another classical r-matrix which we denote r2!. Then, the Casimir is simply Q = r2 4 21,
see [1] §1.2.

In [30], Olshanski constructs such an element s for p = gl(n|n), p1 = q(n) and some fixed choice
of po analogous to a positive Borel. We will review this construction to obtain an element which we
will call s, then replace po with an analogue of a negative Borel to obtain another element called

5—. Then, we show that the element 2 = sy + s_ performs the role of the Casimir in our setting.

Definition 7.2.1. Let p = gl(n|n), B(z,y) = str(zy) (where str(E;;) = d;;8gn(i) fori,j € I), and
p1=q(n).

(1) Let
py = Z C(Eiu — E_i—i) + Z CEi;.
et ijel,
1<J

Then the corresponding element sy is given by

54 = % Z €ii ® €ii + Z €ij ® Eji — Z €ij @ E_j i — Z fij @ E_j,.

i€l + i,jeIt i,g€I™ i,jelt
>3] 1<j
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(2) Let
Py = Z C(Eiu —E_i—i) + Z CEi;.
et ijel,
1>7

Then, the corresponding element s_ is given by

S*Z%Zeii(@éii_ Do ®B it Y ey @Bt Y [ ®F;

i€l + i,jeIt i,jeIt i,j€IT
i>j i<j

We now define our substitute Casimir:
Q= Sy +s_ = Z €ij X éji — Z fij ® f_‘ﬂ S Q(V) ® EHd(V), (721)
i,jer+ ijel+

where €;; and f;; are given in (@.I.1]).

7.3. Classical Sergeev Duality. We now need to recall Sergeev’s duality between S(d) and g(n).
Recall the matrix C' = .4 fii from the previous section, and define the superpermutation
operator
S=Y" sgn(j)Ei; ® Eji € End(V)®?,
ijel

where sgn(j) is the sign of j. Let 7; : End(V) — End(V)®? be given by 7;(z) = 1" @ 2 @ 1947
for all z € End(V) and i = 1,...,d; similarly, define 7;; : End(V)®? — End(V)®? by 7 (z ® y) =
1971 @ ® 199711 @y 19977, Set C; = m;(C) and, for 1 <i < j <d, set S;; = m;;(S). Then,

Theorem 7.3.1. [41l Theorem 3] The map which sends ¢; — C; and s; — S; ;41 i an isomorphism
of superalgebras
S(d) — Endg(, (VED.

7.4. H&T(d)-action. Let M be a q(n)-supermodule. In this section we construct an action of
HA (d) on M @ V®4 that commutes with the action of q(n). To this end, extend the map m; from
7.3 to a map 7; : End(V) — End(V)®9*! so that m;(z) = 19" @ x ® 1997 for z € End(V) and
i=0,...,d (i.e. add a Oth tensor place); similarly, extend m;;.

Define C; and S;; as in 7,31 Define

Qi =m;(Q) 0<i<j<d
and set X; = Qo; + 321 o;,(1 — C;C4) S

Theorem 7.4.1. Let M be a q(n)-supermodule. Then, the map which sends ¢; — Cj, $; — Siit1

and x; — X; defines a homomorphism
H2 (d) — Endyn) (M @ V).

Proof. Tt is clear from Theorem [[L31] that the C; and S; ;41 form a copy of the Sergeev algebra
S(d) inside Endg(,y (M ® V®?) via the obvious embedding Endg ) (V®?) < Endg,) (M @ V&),
A — idy ® A. Moreover, for i = 1,...,d, X; € End(M ® V®?), since X; € Q(n) ® End(V)®.
Therefore it is enough to check the following properties:

(a) The X; satisfy the mixed relations (BI4) and BI3),

(b) X;X; — X;X, =0, and
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(c) the X; commute with the action of q(n) on M ®@ V¥4,
First, we check that Q(1 ® C') = —(1® C)Q. To do this, a calculation shows that Cé;; = —é;; and
Cf;i = f;iC. Hence,
(1eC)(e;; @) =—(e;®€;) (1@ C)

and

AR C)(fi ® fi) = (=1)PUulPO(f; @ Cfy)
= (_1)p(fji)p(0)(fij ® f;:C)
= (_1)p(ﬂi)p(0)+p(l)p(ﬁi)(fl.j ® f)(1®C),

so the result follows since p(1) = 0. Next, it is easy to see that S;Q0;S; = Q41 using E0.I).
Therefore, (a) follows from the definition of X;. It is now easy to show that, for ¢ < j, (b) is

equivalent to
Q005 — Q0;Q0i = (Qoj — Q0i)Sij + (Qoj + Q0:)CiC; 45

This equality is then a direct calculation. Finally, to verify (c), it is enough to show that for any
X eq(n),
IeX+X®1,Q =0.

This is another routine calculation using (Z.0.T]). O

¢

Now, recall the “naive” antiautomorphism 7 : U(q(n)) — U(q(n)). This extends to an anti-
automorphism of U(gl(n|n)). Extend 7 to an antiautomorphism of U(gl(n|n))®? by 7(z ® y) =
(=1)?@)7r(z) @ 7(y). By induction, extend 7 to an antiautomorphism of U(gl(n|n))®* by 7(x; ®

@) = (=1)PE)r(2) @ T(2 ® - -- @ x,). A direct check verifies the following result.

Proposition 7.4.2. We have that 7(C;) = —C;, 7(Sii+1) = Siit1 and 7(X;) = X; for all admis-
sible i’s. In particular, the antiautomorphism @41 U(gl(n|n))®4Ht — U(gl(n|n))®4T! coincides
with the antiautomorphism T : H3T (d) — HaT(d).

7.5. The Functor F). In the previous section, we showed that there is a homomorphism from
H2T (d) to Endg(n) (M ®@V®?). Since the action of H3T (d) on M @ V¢ commutes with the action of
q(n), it preserves both primitive vectors and weight spaces. By primitive vector we mean an element
of M ® V®? which is annihilated by the subalgebra nt given by the triangular decomposition of
q(n) as in Section [£.21 Therefore, given a weight A € P(M ® V®?) we have an action of Ha (d) on

FA\M:={meM® Ve ntm=0andme (M V®d))\} (7.5.1)

In the case when A € P™ we can provide alternative descriptions of the functor Fy. First
we recall the following key result of Penkov [32]. Given a weight A\ € P, we write x) for the
central character defined by the simple q(n)-module of highest weight A. Then, there is a block

decomposition

O(a(n)) = P O(a(n)™ (7.5.2)
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where the sum is over all central characters y» and O(q(n))Y = O(g(n))X*] denotes the block
determined by the central character . Given N in O(q(n)), let Nx+I = N1 denote the projection
of N onto the direct summand which lies in O(q(n))~]

The question then becomes to describe when x ) = x,, for A\, u € P. This is answered in the case
when X is typical by the following result of Penkov [32]. Recall that the symmetric group acts on

P by permuation of coordinates.

Proposition 7.5.1. Let A € P™" be a typical weight and let p € P. Then xx = x, if and only if
w=w(A) for some w € Sy,.

For short we call a weight A € P atypical if it is not typical. By the description of the blocks
O(q(n))N, if L(p) is an object of O(q(n))M then X is typical if and only if 4 is typical (c.f. [34]

Proposition 1.1] and the remarks which follow it). We then have the following preparatory lemma.

Lemma 7.5.2. Let A,y € P. Then the following statements hold:
(i) Assume v is atypical and X is typical. If N is an object of OV}, then Ny = (n=N)j.
(ii) Assume X,y € Ptt are typical and dominant and X # ~. If N is an object of O, then
Ny =" N),.

Proof. By |3, Lemma 4.5], every object O(q(n)) has a finite Jordan-Hélder series. The proof of (i)
is by induction on the length of a composition series of N. The base case is when N has length
one (ie. N 2 L(v) is a simple module). This case immediately follows from the fact that in order
for Ny to be nontrivial it must be that A\ < v. But then it follows from the assumption that v is

atypical (since L(v) is an object of ©1) while \ is typical. Now consider a composition series
0=NoCN,C:---CNy;=N.

Let v € Ny so that v + N;_1 € Ny/N;_1 is nonzero. Since N;/N;_; is a simple module in (’)M,
by the base case there exists a w € N, = N and y € n~ so that yw + Ny—1 = v+ Ny_1. Thus,
v —yw € Ny_1 and is of weight \. By the inductive assumption, there exists w’ € N;_1 C N and
y' € n~ such that y'w’ = v — yw. That is, v = yw + y’w’ € n~ N. This proves the desired result.
Now, (ii) follows by a similar argument by induction on the length of a composition series. If N
is simple and Ny # 0, then A is not the highest weight of N (as -y is the unique dominant highest
weight among the simple modules in O} by Proposition [[5.1). From this it immediately follows
that Ny = (n”N),. Now proceed by induction as in the previous paragraph. O

Lemma 7.5.3. Let A\ € P™T be typical and dominant, and let M € O. Then
Fy (M) = ((M ® VW)W)A ~ [M oV /m_ (Me Ve,
as H (d)-modules.

Proof. 1t should first be remarked that since the action of H3(d) commutes with the action of
q(n), the action of M (d) on M ® V® induces an action on each of the vector spaces given in the
theorem.

Now, by Proposition[Z.5.1land the assumption that A is dominant, it follows that for any module
N € O, N, # 0 only if v < X in the dominance order. Thus any vector of weight \ in M @ V®¢
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is necessarily a primitive vector. On the other hand, if there is a primitive vector of weight A\ in
M ® V®4 then it must lie in the image of a nonzero homomorphism M(\) — M ® V¥4, But as
M () is an object in OM, it follows that the primitive vector lies in ((M ® V®d)W)X Thus, there

exists a canonical projection map

Fy (M) — ((M ® V®d)W)A

and this map is necessarily a vector space isomorphism. The fact that it is a Hgfg(d)—module
homomorphism follows from the fact that the action of H2 (d) on both vector spaces is induced by
the action of HaT(d) on M @ V&4,

Now consider the block decomposition
Me Ve =g, (M Vel

where the direct sum runs over dominant v € b3 so that different x, are different central characters

of U(g). This then induces the vector space direct sum decomposition
(M@ Ve /= (M e Ve =a, (MeVeHl/m= (Mo Vel

where (M @ V®4)X2] denotes the direct summand of M ® V®? which lies in the block ON!.
By the previous lemma, if «y is atypical or if 7y is typical and v # A, then

[(M ® V®d)[Xw])/n_ (M ® V®d)[Xw]) R =0.
Therefore,
(M@ Ve /m~(Me Ve, = [(M ® Vehbal m= (M @ Vi)l K (7.5.3)

Finally, if N is an object of O, then N, # 0 only if 4 < X in the dominance order. Thus weight

considerations imply [n~ (M ® V®d)[X*])] , = 0 which, in turn, implies that canonical projection
((M ® v®d)m)A — [MeV®/n_(MeVeh),

is a vector space isomorphism. That is its a H2 (d)-module homomorphism follows from the fact
that in both cases the action is induced from the H3l (d) action on M ® V&9, 0

Corollary 7.5.4. If A € P+ is dominant and typical, then the functor Fy : O — H3E(d)-mod is

ezxact.

Proof. This follows immediately from the first alternative description of F) in the above theorem
as it is the composition of the exact functors — ® V4, projection onto the direct summand lying

in the block O, and projection onto the \ weight space. g

In what follows when A is dominant and typical we use whichever description of F) given in
lemma [7.5.3] is most convenient.
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7.6. Image of the Functor. We can now describe the image of Verma modules under the functor.

Lemma 7.6.1. Let M(p) be a Verma module in O and let A € Pt be a dominant and typical

weight. The natural inclusion
E(p) ® (Vo — (M(p) @ VO

induces an isomorphism of S(d)-modules E ()@ (V) \_, = F\(M(p)). In particular, Fx(M(u)) =
0 unless A\ — p € P>o(d).

Proof. This is proved exactly as in [I, Lemma 3.3.2], except now the highest weight space of M (u)
is E(u). Namely, by the tensor identity and the PBW theorem,

M(p) @ Ve = U(g) @ue) (E(p) @ V) 2 Un™) @ E(p) @ VO, (7.6.1)

where the first isomorphism is as g-modules and the second is as hg-modules. Thus the canonical

projection map induces the isomorphism of hg-modules given by
1®B(p) @ VO M(u) @ Ve /n~ (M(p) @ V&Y.
Taking A weight spaces on both sides yields the vector space isomorphism

1® E(p) ® (V®d)A_M = [M(p) @ VO /n™ (M(u) @ VE)], .
Now, the composition of the natural inclusion E(u) ® (V®9)\_, — (M(p) @ V®9), with (Z6.1),
and the isomorphism above implies that

E(w e (V¥),_,=1eEWe (V¥), , = [ME) eV /™ (M) o V)], = F (M),

—p

That it is an isomorphism of S(d)-modules follows from the fact that in each case the action of
S(d) is via the action induced from the action of S(d) on M (u) ® V& O

Corollary 7.6.2. Let A € P+ be a dominant and typical weight and let pn € P with A—p € P>o(d).
Setd; =X\ — p; fori=1,...,n.

(i) Let M(u) be the little Verma module of highest weight . Then,

d!

- _ gdtln—yow+n/2) 4
dim F5(M(p)) =2 o FRETAE

(i1) Let ]/\4\(#) be the big Verma module of highest weight p. Then,

d!

: T _ od+n—yo(p)___ =
dim Fy(M(p)) = 2770 90

Proof. We have dim E(u) = 2L»=700)+1/2] For each g; (i = 1,...,n), dim V., = 2. A combinato-

rial count shows that

d!
: ®d _ d
dim (V/ )A*,U. - d1!~-~dn!2 :
The statement of (i) then follows by Lemma [[.G.l The statement of (ii) follows from (i) and

Lemma [6.2.1] O
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Fix A\, u € P such that A — pu € P>o(d), and let d; = A\; — p;. Let {u;, uz}i=1,... »n be the standard
basis for V, let v, € E(u), and let uy_, = uP" @ --- @ u@ € (V®9),_,,. Finally, let

K
my = Z dr,
i=1
and define Fj, = mo(fix) (see Section [T.4]).

Lemma 7.6.3. Let v, € M(u), be a primitive vector of weight p, and let u = ux_, = uPh

—u®dn . For each 1 <k <n and mj_1 <i < my,

Xi.UM(XJU)\_HE e+t —mp—1 —1— Z C\C; — F.C; Uy @ Ux—p

my—1<I<i

modulo n_ (M (p) @ V®9). As a consequence,
X0, @ un—y = (g +1 — mp—1 — 1) (e + 5 — mp—1)v, ® ur_p,
again modulo n_ (M (u) ® V&%),

Proof. We first do some preliminary calculations. Let 1 < j < k < n be fixed, let mi_1 < i < my

be fixed, and consider the vector
0, @uPT ® - QU ®u; @uE’ ® -+ @ u,

where the u; is the ith tensor and @ + b+ 1 = dj, (i.e. among the uy’s, the one in the i¢th position,
recalling that v, is in the zeroth position, is replaced with w;). For short, let us write u =
uPM @ u@h and i =uf" @ QU @u; @ UL’ @ -+ @ udn. Then,

Ckj (Uu ®u) = (ekjvu) ®

®dj —r

dj
+Zvu®ui®d1®...®u;_®r—l®uk®uj ®...®u§a®uj®ugb®...®u§dn_’_,UM@U
r=1

d;
= (egjv,) @4+ Z Sy 4ri(Vy @ u) + v, @ u.

r=1

Similarly, if we write @ = Cyju = u?dl Q- ® u%a Qu_; ® v,?b ® -+ ® ¥4 then

fkj (U# ® ’[1,) = (fkjvy) QU+ (_1)p(”u) %

d;
xY v, 0udt @ @ud T Qur ®u
r=1

(1P, @ u

®dj —Tr

i ®~~®u§a®u,j®u§b®'u®u§d”

dj

= (frjvn) @ @+ (1P Y7 Oy 4aCiSm, s {0y ® u) + (=1, @ .

r=1

We can now consider the first statement of the lemma. Throughout, we write = for congruence
modulo the subspace n_ (M (1) ® V&?). Let 1 < k < n be fixed so that my_; < i < my (ie. there
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is a uy, in the ith position of v, ® u). Using that v, is a primitive vector and the equalities given

above, we deduce that

Xi (v @ ur—p)

Ri—mp_1—

n
d
Zegv,ﬂ@u? 'R @y

£,j=1

1 = ®@my —1i d
® Ejeur Quy, " * ‘R @udin

n
i—mp_1—1 7 —i
(=" S e @uit @ @u T e @ u™ T e @ upt
0,j=1

+) (1= CeCi)Seilvy @ u)
£<i
Ri—mp_1—1

d Rmp, —1 d
g erjUy UM ® - Ry, QujR@uy ™ ' R @ud

i<k
_(_1)1’('”#) Z fk:jvu ® u?dl R X u?iimkilil X U—j X U%mkii KRR U%dn
i<k
+) (1= CeCi)Seilvy @ u)
£<i

d

J
- Z Z Smj,l+a,i(vu ® U) o, Q@u

j<k |a=1
dj
+ Z Zcmj,1+acismj,1+a,i(vu ® U) + oM X u
i<k |a=1
v @ u = Ci ((frwvu) @ w) + Y (1= CeCi) Sei(vu © u)
£<i
- > Swu@u—(h—Dvu@u+ Y. CiCiSuv@u+ (k— v, @u
I<mp_q I<my_q
rvp @ u — Ci ((fervp) @ u) + > (1= CoCy)Spi(vu ® u)
£<q
v ® ux—p + Cil (fewvn) ©ur—p) + D (1= CeCi)Sii(vu © u)
my, 1 <£<i

pe+i—mp_1—1— Z CeCiSuii | (Vu @ ur—p) + Ci( (frrvn) @ u)

my, 1 <€<i

,uk—|—z'—mk,1—1— z CCi — F.C; (’UH(X)U).

my 1 <£<i

Note the last equality makes use of the fact that S;;v, ® u = v, ® u for mp_1 <1 < i and that as
(odd) linear maps Fy,C; = —C; F.

Now we consider the second statement of the lemma. Using the previous calculation, the fact that
X; and the C’s satisfy relation BI.4) of the degenerate AHCA, and the fact that frrv, € M (1),

is again a primitive vector of weight p,
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Xiz(vu@u,\_u) = X |lmpp+i—mp_1-—-1- Z CiCi — FiC; | (vu @ un—p)

my_1<t£<i

= |pp+i—mp_1—1+ Z CoCi | Xi(vy @ u) — Ci X, ((frrvp) @ ur—p)

mp_1<L<i

b+t —mp—1 —1+ Z CiC; | %

mp_1<L<i

X ILLk—FZ'—mk,l—l— Z C,C; — F.C; (1}#®’UJ)\,#)
mp—1 <l<i

—Ci | e +i—mp_1 —1— Z CeCi — Fi.Ci | ((frrvn) ® ur—p)

mp_1<€<i

= e +i—mp—1 —1+ Z CiC; pr+i—mp—1 —1— Z CoCi | va®u

mp—1<L<i mp—1<l<i

+CiFrCi((frrvu) ® u)

= (e +i—mp—1 —1)* = Z CeCi O @ u A+ (figon) @ u
mp_—1 <l<i

= ((,uk—ki—mk,l—1)2—|—(uk—|—i—mk,1—1))v#®u.

The last equality follows from the fact that in the Clifford algebra
2

Yoo = > (GC)P= > —l=—(i-mp1+1)

mp_1<L<i my_1<L<i mp_—1<L<i

and that, in q(n), f7, = exx- |

Corollary 7.6.4. Let A\ € Pt be a dominant typical weight, let p € P, and let M(p) be a
Verma module in O(q(n)). Then fori=1,...,d the element z7 acts on F\(M (p)) with generalized
eigenvalues of the form q(a) for various a € Z. Hence, Fx(M(u)) is integral.

As a consequence of the previous corollary we see that for A\ € Pt we have that Fy (L(u)) is

integral for any simple module L(x) in O and, therefore,

Fx: O(q(n)) — Rep Mg} (d).
Proposition 7.6.5. Let A € PT and pp € X\ — P>o(d). Then, Fx(M () = M, ).
Proof. Let vy € C, be anonzero vector in the 1-dimensional hz-module C,, let v, = 1Qv; € C(u)s
be its image and let ux—_,, be as in the prevous lemma. Then v, ®ux_, is a cyclic vector for F (M\(u))
as a M (d)-module.
Recall the cyclic vector 1, ,, € /\//\l()\, ). For &1,...,8, € {0,1},let @' --- @1y, = 1@ "1 ®
@i, of. [@E3T).
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Note that w.(v, ®ux—,) = v, @ur—, for allw € Sy_,. Comparing Lemma[7.6.3]and Proposition
[ETT we deduce that, by Frobenious reciprocity, there exists a surjective Hgg(d)—homomorphism
M\(A, ) — F)\(M(,u)) sending 3" --- @O 1y , = F' - Fonu, @uy_,. That this is an isomorphism
follows by comparing dimensions using Lemmas [4.3.] and O

Corollary 7.6.6. We have
FxM (1) = M(A, 1) ®2™"
where
[222] i yo(u) s even,
2] ifno(u) s odd
Proof. Using the additivity of the functor F), the previous proposition, and Lemmas[G.2.1] and {3.1]
we obtain F\M (u) = 2”*LMJ*L%O(MJM(/\,;L). It is just left to observe that

O

Lemma 7.6.7. Assume that A\ € P, u € P\, A\ — pu € P>o(d), and o € RT[\. Then,
M, 1) = M(A, sap).

Proof. By Lemma [6:2.2] there exists an injective homomorphism M (squ) — M (p). Since ww(u) =

w(sq ), there exists an injective homomorphism
M(X, 50p)™#) = FxM (sqp1) = FxM () = M(X, )=,
Since dim M(, sop) = dim M (X, ) and by Theorem M(X, i) is indecomposible, it follows

that this map is an isomorphism. O

Theorem 7.6.8. Assume A € P™" and yu € X\ — P>o(d). Then, M(\,u) has a unique maximal
submodule R(X, u) and unique irreducible quotient L(\, ).

Proof. There exists w € Sy4[\] such that wp € PT[A]. By Lemma [T.6.1 M(\, wu) =2 M(A, p). By
Theorem EZT0, M (A, wu) has a unique maximal submodule and unique irreducible quotient, so
the result follows. g

Given p € P, the Shapovalov form on M (1) induces a non-degenerate q(n)-contravariant form
on L(u), which we will denote (-,-),. In turn we have a non-degenerate q(n)-contravariant form
on L(p) ® V&4 given by (+,+), @ (-,-)2%. Observe that different weight spaces are orthogonal with
respect to this form and different blocks of O(gq(n)) given by central characters are also orthogonal.
Therefore, when A € P™" is dominant and typical it follows that the bilinear form restricts to a form
on (L(p) ® V®d)[;‘] = F\(L(p)), which is non-degenerate whenever it is nonzero. By Proposition
[CZ2 this form is HAT (d)-contravariant.

Similarly, Proposition implies that the Shapovalov form on M (1) induces an H (d)-
contravariant form on j\//\l()\,,u). Now, if A € P and p € A — P>(d), then by Theorem [T.G.8]
J\//\l()\, 1) posesses a unique submodule 7€(A, w) which is maximal among those which avoid the
generalized (y,, weight space. Indeed,

ﬁ(AaM) _ R()HM)EB%L*LNQ(;HH
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Proposition 7.6.9. Assume that A € Ptt, u € A — P>o(d), and M\(A,u) possesses a MONZero

contravariant form (-,-). Let R denote the radical of this form. Then,
RO R\ p).

Proof. First, recall that M\(A,u) is cyclically generated by iA,u € /T/l\()\,u)cx’u. Now, assume v €

R(\, 1) and v € M\()\,u). Then, v’ = X.1, , for some X € H3(d). Moreover, 7(X).v € R(A, ).
Applying Lemma B.7.1] and the definition of 7%(/\, 1) we deduce that

(v',v) = (X.Ax,0,0) = (I, 7(X)0) = 0.
Hence, v € R. O

Corollary 7.6.10. Given A € P™* and pp € A — P>¢(d),

no 2004

R =R\ ) & M, 1)®?

for some 0 <k < 2"‘LMJ.

Theorem 7.6.11. Assume A\ € Pt and € X — P>o(d). If FAL(u) is nonzero, then
FAL(p) = LA, ) ®*

for some 0 < £ < w(u).

n—yo(p)+1

Proof. Let L(p) = L(u)@zL 2 , so that L(u) = M\(u)/ﬁ(u) where R(y) is the radical of the
Shapovalov form on M (1). Applying the functor, we see that

FAL(n) = M(X, )/ FAR(p).

Now, F A}A%(u) = R. Hence, Corollary [[.6.10] and a calculation similar to Corollary [7.6.6] gives the
result. 0

Proposition 7.6.12. [24, Proposition 18.18.1] Any finite dimensional irreducible H& (d)-module
is a composition factor of M(\, X —¢) for some A € PT™.

Theorem 7.6.13. Any finite dimensional simple module for Hgfgf(d) is isomorphic L(A, ) for some
peA—e)—QF.

Proof. The functor F)y transforms the compostition series for M (A —¢) into the compostition series
for M(A, A —¢€). It is now just left to observe that if L(u) is a composition factor for M (A — €),
then pe (A —¢) — Q™. a

7.7. Calibrated Representations Revisited.

Theorem 7.7.1. If \,u € P

poly

satisfy A — u € P>o(d), then Fx(L(u)) # 0 and hence one has a
simple module L(\, 11).

Proof. The formal character of L(u) when p € P;;ly is given by the Q-Schur function @, (c.f. [41]).
There is a nondegenerate bilinear form, (-,-) p+ on the subring of symmetric functions spanned
poly

by Schur’s Q-functions given by

(@, Qu)ps, = Homg() (L(A), L(w)) -
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Furthermore, the basis @, (1 € P};t)ly

Q-Schur functions @5 /,,. We refer the reader to [43, 28] for details.
Under the hypotheses of the theorem, A\/u is a skew shape. Moreover, F)\L(u) = 0 implies that

) is an orthogonal basis. Within this subring are the skew

0 = Homg(ny (L(A), L(p) @ V®') = D  Hom(L(A), L(p) ® L(v))®N". (7.7.1)
vePt, (d)

The second equality follows from Sergeev duality which implies that as a q(n)-module
V®d = @ L(V)GBNU,
IJEP;;ly(d)
where N, is the dimension of the Specht module of S(d) corresponding to v [42].
In terms of the bilinear form on symmetric functions, (Z7.1]) implies
0= (Qx QuQv) (7.7.2)
for all v € P;gly(d). In fact (C72) holds for all v € P;;ly since different graded summands of the

symmetric function ring are orthogonal. However,

(Q)\a QMQV) = (Qi_Q)\a Qu) = 2é(u) (Q)\/,ua Qu) )

where Qﬁ denotes the adjoint of @), with respect to the form and the second equality follows from
QiQx=27Y1WQ,,, (cf. 28, I18]). Thus, (ZZI) implies that

(Q)\/;u QV) =0

for all v € P But the Q-functions form an orthogonal basis for this subring. This implies

poly*

Qx/u = 0, which is not true. Hence, F)L(u) # 0. O
Arguing as in section 7 of [45] using Sergeev duality [41] [42] we obtain the following result.

Corollary 7.7.2. Let \,u € ngly

LA, 1) Lseay is a power of 2 multiple of the skew Q-Schur function Qy,,,.

such that A — u € P>o(d). Then the group character of

8. A CLASSIFICATION OF SIMPLE MODULES

In [6] 24], it was shown that the Grothendieck group of finite dimensional integral representations
of Ha(d) is a module for the Kostant-Tits Z-form of the Kac-Moody Lie algebra bo.. Indeed, let
No be a maximal nilpotent subalgebra of bo,, and let UJ(n) be the minimal admissible lattice

inside the universal envelope of n.,. This lattice is spanned by Lusztig’s dual canonical basis,
Theorem 8.0.3. [24) Theorem 20.5.2] There is an isomorphism of graded Hopf algebras
Uz (nk) = P K (Rep HE (d)).
d>0

and

3

Theorem 8.0.4. [24, Theorem 21.0.4] The set B(co) of isomorphism classes of simple H (d)-
modules, for all d, can be given the structure of a crystal (in the sense of Kashiwara). Moreover,

this crystal is isomorphic to Kashiwara’s crystal associated to the crystal base of Up(nso).
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8.1. Quantum Groups and Shuffle Algebras. Let b, be the simple finite dimensional Lie
algebra of type B, over C, and Uy(b,) the associated quantum group with Chevalley generators
ei, fi (i=0,...,7 — 1) corresponding to the labeling of the Dynkin diagram:

0 1 2 3 r—2 r—1
Fix a triangular decomposition b, = n}f @ b, ®n. Let A be the root system of b, relative to
this decomposition, A" the positive roots, and Il = {3y, ..., 3,_1} the simple roots. Let Q be the
root lattice and QT = E:;Ol Z>of;. Finally, let (-,-) denote the trace form on h*. The Cartan

matrix of b, is then A = (aij);”;io, where

0o = 2600y (B B)
Y (Bn B 2

Let ¢; = ¢%. To avoid confusion with notation we will use later, we adopt the following non-standard

e {1,2}.

notation for g-integers and ¢-binomial coefficients:

k —k
q —4;
(k)= 4

a—q '
The algebra U, = Uy(n;}) is naturally Qt-graded by assigning to e; the degree ;. Let |u| be the
Ot -degree of a homogeneous element u € Uy(n}").

There exist ¢-derivations e, i = 0,...,r — 1 given by
ej(ej) =6;; and e}(uv) = ej(u)v + g Pl ye! (v)

for all homogeneous u,v € U,

Now, let F be the free associative algebra over Q(gq) generated by the set of letters {[0], ..., [r—1]}.
Write [i1, ..., := [i1] - [i2] - - - [ix], and let [] denote the empty word. The algebra F is QT graded
by assigning the degree 3; to [i] (as before, let | f| denote the QT -degree of a homogeneous f € F).
Notice that F also has a principal grading obtained by setting the degree of a letter [i] to be 1; let
Fq be the dth graded component in this grading.

Now, define the (quantum) shuffle product, *, on F inductively by

(@[ * (- 1) = (@ (y- [J]) - il + g P (@ [() v y) - [j], ax[=0*e=2 (811

Iterating this formula yields

[i1, ..o yte] % [igg1, ..o o] = Z G i1y, - s (ko)
’IJJGD(L;C)

where

e(w) = Z (ﬁiw(s) ) ﬁiw(t) )7

s<el<t
w(s)<w(t)

see [27, §2.5] for details. The product * is associative and, [27, Proposition 1],

T, (8.1.2)

1

where % is obtained by replacing ¢ with ¢~ in the definition of x.

Now, to f = [i1,...,ix] € F, associate 9y = e} ---e; € EndU,, and 9 = Idy,. Then,
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Proposition 8.1.1. [37, 38| [I6] There exists an injective Q(q)-linear homomorphism
U Uy — (F, %)

defined on homogeneous u € U, by the formula U(u) = Y dr(u)f, where the sum is over all
monomials f € F such that |f| = |ul.

Therefore U,f is isomorphic to the subalgebra W C (F, x) generated by the letters [i], 0 <7 < r.

Let A = Q[g,¢ '], and let U4 denote the A-subalgebra of U, generated by the divided powers
ek /(k)! (0<i<r k€Zso) Let () : Uy x U; — Q(q) denote the unique symmetric bilinear
form satisfying

(1,D)g =1 and (ej(u),v)r = (u,ev)k

for all 0 <i <7, and u,v € Uy. Let
Uy={uely| (u,v)k € Aforallveld} (8.1.3)

and let u* € U} denote the dual to u € Uy relative to (-, ) k.

Now, given a monomial

ay -as ar] _ [ o . , .
R Sl I [T S £ £SO J RN 1
—— —— ——
a1 az ag
: - . - a1y 50k R X ai,..,0k\—=1 a1 0k 3
with i; # dj41 for 1 < j < k&, let ¢f 0% = (a1)i,! - (a)i !, so that (¢fl 0% )7 lefl - -ef* is a

product of divided powers. Let
Fa= @ Ac Vo mm i i, g

and Wi = WnN Fa4. It is known that W = V(U}), [27, Lemma 8].
Define

Fe=C®4Fa, and WE=Co4Wj;

where C is an A-module via ¢ — 1. Given an element E € W4 (resp. F4) let E denote its image
in We (resp. Fc).

Observe that (Fc, ) is the classical shuffle algebra and the shuffle product coincides with the
formula for the characters associated to parabolic induction of H3 (d)-modules (see Lemma [3.5.3).

We close this section by describing the bar involution on F:

Definition 8.1.2. [27, Proposition 6] Let — : F — F be the Q-linear automorphism of (F,x)
defined by = q~ ' and

i1, ..., i5) = g~ Zrss<ese BB [y ],

8.2. Good Words and Lyndon Words. In what follows, it is convenient to differ from the
conventions in [27]. In particular, it is natural from our point of view to order monomial in F
lexicographically reading from right to left. Unlike the type A case, this convention leads to some
significant differences in the good Lyndon words that appear. This section contains a careful

explanation of all the changes that occur.
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Fix the ordering on the set of letters in F (resp. II): [0] < [1] < --- < [r—1] < [] (resp.
Bo < B1 < -+ < Br—1). Give the set of monomials in F the associated lexicographic order read
from right to left. That is,

[i1, ..« yik] < [J1,.--,76) if i < je, or for some m,if—m < jo—m and ix_s < jo—s for all s < m.

Note that since the empty word is larger than any letter, every word is smaller than all of its right

factors:
[i1,. . ik] <[ijy..., 0], forall 1 <j<Ek. (8.2.1)

(For those familiar with the theory, this definition is needed to ensure that the induced Lyndon
ordering on positive roots is convex, cf. §83] below.)

For a homogeneous element f € F, let min(f) be the smallest monomial occurring in the
expansion of f. A monomial [i1, ..., ] is called a good word if there exists a homogeneous w € W
such that [i1,...,4x] = min(w), and is called a Lyndon word if it is larger than any of its proper

left factors:
[i1,...,45] < [i1,... i8], forany 1 <j < k.

Let G denote the set of good words, £ the set of Lyndon words, and GL = LN G C G the set of
good Lyndon words.

Lemma 8.2.1. [27, Lemma 13] Every factor of a good word is good.
Because of our ordering conventions, [27, Lemma 15, Proposition 16] become
Lemma 8.2.2. |27, Lemma 15| Let |l € L, w a monomial such that w > 1. Then, min(w x 1) = wl.
and
Proposition 8.2.3. |27, Proposition 16] Let | € GL, and g € G with g > 1. Then gl € G.
Hence, we deduce from Lemma B2.1] and Proposition B:22.3] [27, Proposition 17]:

Proposition 8.2.4. [26, 27] A monomial g is a good word if, and only if, there exist good Lyndon
words 11 > ... >l such that

g=lly- 1.
As in [27], we have
Proposition 8.2.5. |26, 27] The map | — || is a bijection GL — AT .

Given v € AT, let v — I(7) be the inverse of the above bijection (called the Lyndon covering of
AT).

We now define the bracketing of Lyndon words, that gives rise to the Lyndon basis of W. To
this end, given [ € £ such that [ is not a letter, define the standard factorization of [ to be | =115
where Iy € L is a proper left factor of maximal length. Define the g-bracket

[f1, falg = frfo = ¢UIHIED £y 1y (8.2.2)
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for homogeneous f1, fo € F in the QT-grading. Then, the bracketing (I} of [ € L is defined
inductively by (I) =1 if [ is a letter, and

(1) = [(l): (I2)]q (8.2.3)

if [ = 115 is the standard factorization of [.

Example 8.2.6. (1) ([0]) = [0];

(2) (12]) = [[1], [2]ly = [12] — ¢~ *[21];
(3) ([012]) = [[0], [12] — ¢~ *[21]]¢ = [012] — ¢~ [021] — ¢~ *[120] + ¢ ~°[210].

As is suggested in this example, we have

Proposition 8.2.7. [27, Proposition 19] For 1 € L, (I) =1+ r where r is a linear combination of

words w such that lw| = || and w < 1.

Any word w € F has a canonical factorization w =l - - - [ such that l;,...,ly € Land y > --- >
li. We define the bracketing of an arbitrary word w in terms of this factorization: (w) = (I1) - - (I).
Define a homomorphism = : (F,-) — (F, ) by Z([7]) = [¢]. Then, Z([i1,...,ix]) = [¢1] * - * [ix] =

U(e;, « - - €, ). In particular, Z(F) = W. We have the following characterization of good words:

Lemma 8.2.8. [27, Lemma 21] The word w is good if and only if it cannot be expressed modulo

ker = as a linear combination of words v < w.
For g € G, set rg = Z({g)). Then, we have

Theorem 8.2.9. [27, Propostion 22, Theorem 23| Let g € G and g = Iy --- 1l be the canonical
factorization of g as a nonincreasing product of good Lyndon words. Then

(1) rg =1, % -+ %1y,

(2) rg =V(eg) + X<y Tow¥(ew) where, for a word v = i1, ... k], €, = ei, -+ ey, and

(3) {rq4lg € G} is a basis for W.

The basis {ry | g € G} is called the Lyndon basis of W. An immediate consequence of Proposition
B27 and Theorem [B2.9]is the following:

Proposition 8.2.10. [27, Proposition 24] Assume 71,72 € A%, 1 + 71 = € AT, and I(m1) <
(y2). Then, l(1)l(y2) = 1(7).

This gives an inductive algorithm to determine [(v) for v € AT (cf. |27, §4.3]):

For 8; € I € A™, [(8;) = [i]. If 7y is not a simple root, then there exists a factorization () = l1ls
with l1,ls Lyndon words. By Lemma[R21] I; and I3 are good, so Iy = I(71) and lo = I(72) for some
1,72 € AT with v1 +72 = . Assume that we know I(v) for all g € AT satisfying ht(vo) < ht(7y).
Define

C() ={(n,72) € AT x A* |y = + 72, and I(m1) < U(72) }.
Then, Proposition implies

Proposition 8.2.11. [27, Proposition 25] We have

1(y) = min{ {(v1)l(72) | (v1,72) € C(7) }
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In our situation,
AT ={Bi+ Bip1+- -+ B0 <i <G <r}U{200+ - +20;+ B+ -+ B0 < j <k <r}
A straightforward inductive argument shows that
1Bit+Bisr - +8;) = [i,i+1,...,5] and 1280+ - -+28;+ 8541+ +B) = [j,j—1,...,0,0,...,k—1,k].
Remarkably,
Proposition 8.2.12. In the notation of Lemmal35.3 we have
1(Bi+---+ B;) = ch @ 5
and
20200 + -+ + 2B+ By + -+ Br) = ch ®_;_1 .

Observe that we may write any good Lyndon word uniquely in the form [ = [i,i41, ..., j] where

1,7 € Z and 0 < |i| < j < r. For example,
U260+ +26;+ Bjp1+ -+ Bk) =[5 —1,..., k. (8:2.4)
In the following definition, we mean for n to vary. Given A € P;rgL , let
Ba(A) = {pn€ P\ | A\ — pu € P>o(d) and |u;| < \; for all 7 } (8.2.5)
and let
Ba={(\p) | A€ P and p € Ba(N) }. (8.2.6)
Let G4 = G N Fy be the set of good words of principal degree d. We have

Lemma 8.2.13. The map (A, p) — [A—p] = [p1,-- -, M1 —1, ..o i, - - -, An — 1] induces a bijection
Bd — gd.

Proof: By 824), [\ — p] is a well-defined element of F,. Since A € PY" and p € P*[)], the
ordering convention and (821 imply that [\ — u] € G4. This map is clearly bijective. ll

8.3. PBW and Canonical Bases. The lexicographic ordering on GL£ induces a total ordering
on AT which is convez, meaning that if v1,v2 € AT with 3 < 742, and v = 1 + v2 € AT, then
v <7<y (cf. [3927]).

Indeed, assume 71,72,7 = 71 +72 € AT and 3 < 72. Proposition and (8ZT) imply
that 1(y) < I(v1)l(y2) < U(y2). If I(y) = I(71)l(7y2), then the definition of Lyndon words implies
I(m) < l(7). We are therefore left to prove that I(y1) < I(v) even if I(y) < I(y1)l(72). This cannot
happen if v = 8; 4+ --- 4+ ;. In the case v =28y + - -- + 28 + Bj+1 + - - - + Bk, the possibilities for
m<yarey =0+ ---+F;and 2 =28+ +268;_1+Fi+ -+ B for 0 <i < j. In any of
these cases, [i,...,7] < [J,...,0,0,...,k]. That is, I(y1) < I(7y) < I(72).

Each convex ordering, 71 < --- < 7n, on AT arises from a unique decomposition wg =

Siy iy - -+ iy Of the longest element of the Weyl group of type B, via

7 = Birs Y2 =508, 0 s YIN = Siy i1 Bin -
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Lusztig associates to this data a PBW basis of U 4 denoted

E(al)(%) o 'E(a")(VN)a (a1,...,an) € Zgo-

Leclerc [27, §4.5] describes the image in W of this basis for the convex Lyndon ordering. We use
the same braid group action as Leclerc and the results of [27] §4.5,4.6] carry over, making changes
in the same manner indicated in the previous section. We describe the relevant facts below.

For g =1(y1)™ - - I(yk)*, where y1 > --- > v, and aq, ..., a; € Zsg set
Ey = U(E™) (y,) -+ E)(y1)) € Wa

and let E; € W} be the image of (E(@) (yy,) - - B(@)(y1))* € U}. Observe that the order of the
factors in the definition of E, above are increasing with respect to the Lyndon ordering. Leclerc
shows that if v € AT, then

Ky i) = Tiey);s (8.3.1)

For some x4y € Q(q), [27, Theorem 28] (the proof of this theorem in our case is obtained by
reversing all the inequalities and using the standard factorization as opposed to the costandard
factorization).

More generally, let f — f* be the linear map defined by [i1, ..., i)' = [ix,...,41] and (z *y)' =
y' * 2'. Then, E, is proportional to E (cf. [277, §4.6, §5.5.2 — 5.5.3]).

As in [27] §5.5.3], we see that there exists an explicit ¢4, € Z such that

Eg =q~(Ep,) - * (Ep)
ifg=1; -1, with Iy >--- > {,,. Using (81.2)) we deduce that

Ey = q (B}, )% *(B}),
where Cy = ¢g — 371 i j<m(Bis 8;). In particular,

Eg = (E) *--*(E],)- (8.3.2)

Using the bar involution (Definition R1.2)), Leclerc constructs the canonical basis, {b, | g € G}
for W4 via the PBW basis {E, | g € G}. It has the form

by =Eg+ > XgnEn.

heg
h<g

The dual canonical basis then has the form
by =E;+ > XinE
heg

h>g

In particular, for good Lyndon words, [27, Corollary 41], b = E for every | € GL. As in [27]
Lemma 8.2], we see that bj; ., =[i,...,j] for 0 <i < j <r. We now prove

.....
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Proof: We prove this by induction on j and k with j < k, using (8L1), (822), and (23] for
the computations.

Observe that for k > 1, rjo1,. 5 = (¢ — ¢ 3)¥[0,1,...,k], which can be proved easily by
downward induction on j, 0 < j < k, using (811 and

) = EUs - KD) = E(UL G+ 1 Kl = Dl g mg — ¢ e, * )

By (8LI), we have

[0] % [0, 1] = [0, 1] * [0] = [0, 1, 0] + ¢ ([0] * [0])[1] — ([0] * [0])[1] — [0, 1, 0]

= (¢> = 1)([0,0] +¢~?[0,0])[1] = (¢* — ¢~ *)[0,0,1]
Therefore, applying (823) and the relevant definitions, we deduce that
T0,0,1] = E(([0,0,1]))

=2([[o], ([0, 1])]3)
0] * 770,11 — 7[0,1] * [0]
(¢* —q72)([0] * [0,1] = [0,1] * [0])
= (¢ —¢7%)?[0,0,1]

Once again, using (8I.1]), we deduce that for all k£ > 2,
0] «[0,...,k] —[0,...,k] «[0] = ([0] x[0,..., k= 1] —[0,..., &k — 1] = [0])[K]. (8.3.3)

Assume k > 2. Then, (8o, 8o+ - -+ Bkx) = 0, so iterated applications of ([83.3) yields

= (q2 - q_2)k([0] * [07 7k] - [07' 7k] * [O])
= (q2 - q_2)k([0] * [07 1] - [07 1] * [O])[27 7k]
_ (q2 _ q—2)k+1[0’ 0, ,k]

Now, assume that k£ > 2, and 0 < j < k. To compute 7; . 00,..,k, we need the following. For

Gl*li—1,.. ..k —q2[i —1,..., k] * [f] (8.3.4)

Forj=k—-1
Gl*[j—1,...,00,...,54+1]—¢%[j—1,...,0,0,...,5 4+ 1] * [f] (8.3.5)
= (q2[J]*[J_17705077j]_q_2[J_15705077.]]*[.]])[j+1]
Finally,
Al *[—1,...,00,...,5] —¢ %[ —1,...,0,0,...,5] * [f] (8.3.6)

=([j]*[Fi—1,...,0,0,...,5 =2 —q¢ 2[f—1,...,0,0,...,5 — 2] % [5][4, 5 + 1].
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Indeed, (834) and B3] are straightforward applications of (8]). Equation (83.6]) involves a

little more calculation:

Alil*i—1,...,0,0,...,5] —q¢%[j = 1,...,0,0,...,4] * [4]
=*[i—1,...,0,0,...,5, ] + ¢ 2([f] *[j = 1,...,0,0,...,5 — 1]
—[j—1,...,0,0,...,5 = 1]* D] —¢ [ — 1,...,0,0,...,7,7]
= —q¢Hi-1,...,0,0,...,5.51+ ¢ %([j - 1,...,0,0,...,7]
+ () *i—-1,...,0,0,....5—=2DFi—1—(j —1,...,0,0,...,5 — 2|« [j])[j — 1]
—¢'j—1,...,0,0,...,5D[/]
=([j]*[j —1,...,0,0,...,5 =2 —q 2[j = 1,...,0,0,...,5 = 2] [{])[4,4 + 1],

Note that ([834) holds for both [j — 1,4,...,k] and [j — 1,...,0,0,...,k].

Now, assume that we have shown that r;;_; 0,5 = (> — q72)7tk[j — 1,...,0,0,..., k.

Then, since (8,200 + -+ 281+ 55 + -+ B) = —2,

00,0, k] =L * T=1,.00,0,0, k] = T[i=1,.1,0,0,....k] * [J]
:(q2 _q72)j+k[j]*[j_lv"'vovoa"')k] _q72[j_ 15"'70507"')k] * [j]

(®—q 2 ([j]*[j —1,...,0,0,...,5+1]
—q [ —1,...,0,0,..., 5+ 1 * DT +2,...,k] by (8:3.4)
== M@ H - 1,..,0,0,.., ]

—q 2 —1,...,0,0,...,4] * D+ 1,..., K] by €35)
=(> = ¢ ()% [j—1,...,0,0,...,5 — 2]
—q 2 —1,...,0,0,...,5 =2 * i, -, k] by (B3.6)
(¢ = a2 ™)+ =1 = ¢ 2l = %[ —2,...,0,0,....k] by @ZD)

(¢° — ¢ 2y .,0,0,. .. k).

Finally, the result follows after computing the normalizing coefficient (83.1) using [27, Equation
(28)]. We leave the details to the reader. I

8.4. In section we give a representation theoretic interpretation of the good Lyndon words asso-
ciated to the root vectors 28y + - -+ +26; + Bi41 + -+ + Bk (0 < j < k < r) which appear in [27]
Lemma 53]. The corresponding dual canonical basis vectors are given by the formula

Lemma 8.4.1. Let 0 < a<b,d=b+a+2, A= (b+1,a+1) and « = (1,—1). Then, for
1<k<a,

chC(\, —ka) =2k —1]- (k- 2,k —3,...,1,0,0,1,....b] % [k, ...,a])

where if k =1, we interpret

k—2k—3,...,1,0,0,1,...,0] = [0,1,...,0]
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Proof. By [I5, Proposition 11.4], for each k € Z>(, there exists a short exact sequence
0 —— L(—(k+1)a) — M(—ka) — L(—ka) —= 0 .
For k < a+ 1, applying the functor F yields the exact sequence
0——=FEFL(—(k + 1)a) —=2M(\, —ka)——=F,L(—ka)—0. (8.4.1)
Therefore,

ch F\L(—ka) =4[k —1,...,1,0,0,1,...,b] x [k,...,a] — ch F\L(—(k + 1)a).

Note that when k = a+ 1, FAL(—(k+ 1)) = 0 since M (A, —(a+2)a) = 0. Therefore the sequence
B4T) implies F)L(—ka) = 2L\, —(a + 1)a) = 2M(X, —(a + 1)a) = 2®_,_1 ), and

ch®_, 4 =2[a,a—1,...,1,0,0,1,....b]-

We now prove the lemma by downward induction on k < a. We have

ch F\L(—aa) =4]a—1,...,1,0,0,1,...,b]* [a] — 4[a,...,1,0,0,1,...,0]

=4la—1]-(a—2,...,1,0,0,1,....5] * [a]).

Hence, F)\L(—aa) = 2L(A\, —aa) and the lemma holds for £ = a. Now, assume k < a, FxL(—(k +
Da) =2L(\, —(k+ 1)a), and

chLA, —(k+1)a)=2[k]-(k-1,...,1,0,0,1,....0] « [k + 1,...,4a]).

Then,

ch F\L(—ka) =4[k —1,...,1,0,0,1,...,b] * [k,...,a] — 4[k] - ([k = 1,...,1,0,0,1,...,8] x [k + 1,...,qa])

=4k —1]-([k—2,...,1,0,0,1,....b] % [k, ...,a]).

Hence, F)\L(—ka) # 0, so FyL(—ka) = 2L(\, —ka) and the lemma holds. O
Corollary 8.4.2. Let0<a<b, d=b+a+2, A=(b+1,a+1) and p = —a=(-1,1). Then,

chL(A,—a) =2[0]-[0,...,b] % [1,...,a].

8.5. A Basis for the Grothendieck Group K (RepH2(d)).

Theorem 8.5.1. The set
forms a basis for K (Rep H3l (d)).

Proof. By Lemma B.3.1l and ([B3.2), it follows that ch M(A, p) = E\_ ;. The result now follows
from Lemma R.2.13 and the fact that the character map is injective. O

We will now describe a basis for K (Rep H2 (d)) in terms of the simple modules L£(, p).
Proposition 8.5.2. Letb>0, A= (b+1,b+1) and a = (1,—1). Then,
(I)[,b,Lb] = E(/\, ba)

Proof. There is a surjective homomorphism M (A, ba) — ®[_4_1 ). The result follows since ®_;_1 )

is simple. O
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Corollary 8.5.3. Assume that A € P, p € PYA\, A\—p € Pso(d), and |p;| < N; for alli. Then,
there exists (n,v) € Bq such that

LA p) = L(n,v),
and [A —p] < [n—v].

Proof. First, we may assume p; < A; for all ¢, since the terms for which \; = p; do not contribute
to L(A, p). Proceed by induction on N(A\, p) = [{i = 1,...,n | gy = =N}. If N(A\, p) = 0, then
A\ e B;L so there is nothing to do. If N(A, u) > 0, let j be the smallest index such that p; = —A;.
Set )\(1) = ()\1, .. '7/\j—1a/\ja/\ju/\j+17 .. 7/\n) and /J,(l) = (/Ll, ce ,/J,j_l,/\j — 1,/Lj+1,uj+1, . 7/\n)
Clearly, \M € PI and p € A — P5g(d). We now show p(¥) € PF[). Indeed, \; > 0, so
Aj—1>1—=Xj=p;+1;and, pu; > prj41, 50 pj+1> pipq. Since p; < A; —1, the jth twisted good
Lyndon word in [A(") — (V)] is greater than the jth twisted good Lyndon word in [A — u]. Hence,
A= p] < AW — p].

Now, there exists a surjective homomorphism
Py -y ® - @M, A5), (A =L +1)) ® - @ Ppy,, -1y
= Py -y @ @ Ly @ @ Py

Hence, a surjective homomorphism M(AM, (D) — L£(A, p). Tt follows that LA, u™M) = L(\, p).
Since N(AM, uM) < N (X, i) the result follows. O

Recall that given u € A — P>¢(d) there exists a unique w € Sy[\| such that wu € PT[A]. Let p
denote this element. Also, given A € P, and u € A — Pso(d), let [\ — p|t = [\ — uT] € TG be

the associated twisted good word. The following lemma is straightforward.
Lemma 8.5.4. Assume that \ € PYT, A—p € Pso(d) andy € Q. Then, [A—pu] < [A—(n—7)"].

Theorem 8.5.5. The following is a complete list of pairwise non-isomorphic simple modules for
Heg (d):
{LO ) | (A p) € By}

Proof. Every composition factor of M (u) is of the form L(u — ) for some v € QF. Applying
the functor, we deduce that every composition factor of M(\, p) is of the form L(A,u — ) =
L\ (p —~)T). Now, putting together Corollary and Lemma B5.4] we deduce that in the
Grothendieck group

MOl = D0 exunlCln ),

veBqa(n)

A—ul<[n—v]
where the ¢y .5, are integers and where ¢y, 1, 7# 0. Therefore, the transition matrix between the

basis for K (Rep H&¥(d)) given by standard modules and that given by simples is triangular. O
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9. TABLE OF NOTATION

For the convenience of the reader we provide a table of notation with a reference to where the

notation is first defined.

Notation First Defined
S(d), H&E(d), Pa[z], A(d) Section B.1]
q(a) Section B3 (331
Palz?] Section
Indz Section 3.4
Dy, D k) Section [3.4]
Y = Yo(as,- - -, aq) Section B8 (35T
[a1,...,a4] Section
Cly Section 1] LT
Li, Sij Section 1] (1.4)
[a, b] Section 1]
(i)[a,b]7 ‘i)?,;)b], (i)[;,b] Section (1]
Qo) Section [£.1] Definition
Y146 PLiap) Section @]
| Section 4.4
R, RT, Q, Q" Section 2]
P, P>y, P+, P+ Pt P;;ly Section 2]
P(d), Po(d), PT(d), PT(d), P, (d), P, (d)  Section E2
Sn[A], R[N, PT[A], P™[) Section 2]
D\, ), PN, p) Section [4.3]
M 1), M(A ) Section (I3, (), @32)
Mapn Section [4.4]
Sn[C] Section
R\, 1) Section L4
L\ w) Section 4] Theorem
A Section
Vi.L Section
HMN Section
€ijs fijs €ijs [i Section
0, O(q(n)) Section
]\7()\), M(N) Section
(,)s Section
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Notation

First Defined

Ci, Sij, Fi
917-7
Fy

AT TI, Q, OF
(F,*), W
Fa, Fo, Wa, We
E e We
gL, g
Bal\], Ba
[ ]gs By g
Ey, Ey, by, by

Section
Section [T.4]
Section [5] (T5.1)
Section
Section
Section B1]
Section [B1]
Section [B1]
Section [R.1]
Section
Section
Section
Section
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