AD-NILPOTENT IDEALS AND EQUIVALENCE
RELATIONS

ABSTRACT. In this paper we study the set of ad-nilpotent ideals of
a complex simple Lie algebra g and its connections with affine Weyl
groups and nilpotent orbits. We define a left equivalence relation
for ad-nilpotent ideals based on their normalizer and generators,
and prove that the equivalence relation is compatible with the left
cell structure of affine Weyl group of g and Lusztig’s star operator
for type A,_1.

1. INTRODUCTION

Let G be a quasi-simple Lie group over C and g be its Lie algebra.
Fix a Borel subgroup B of G and let b be the Lie algebra of B with
nilradical n.

A subspace of n is called an ad-nilpotent ideal if it is invariant under
the adjoint action of B (sometimes it is also called a B-stable ideal when
there is no confusion about the Borel subgroup B and for simplicity we
will call it an ideal).

Ad-nilpotent ideals have close relations with affine Weyl groups and
nilpotent orbits of g. In one aspect, the connection between ad-nilpotent
ideals and affine Weyl group was studied by Cellini-Papi [7] [8], Panyu-
shev [22] [23], Sommers [27], Shi [24], etc. Shi showed that there is
a natural bijection between the set of ad-nilpotent ideals 20 and the
dominant sign types, and also the regions of the Catalan arrangement
which are contained in the fundamental chamber. Later Cellini and
Papi showed that there is a bijection between /t\he ad-nilpotent ideals
and certain elements of the aﬂir/lg Weyl group W of g. These elements
are called minimal elements of W. Panyushev observed that the mini-
mal elements corresponding to the ideals are actually “minimal” ones
contained in the dominant sign type correspo/n\ding to the same ideal.
Sommers studied the “maximal” elements of W and showed that they
are in bijection with the set of strictly positive ideals.

The ad-nilpotent ideals also have natural connections with the nilpo-
tent orbits via restriction of moment maps on the cotangent bundle.
This involves the work of Kawanaka [13], Mizuno [19], Sommers [28]
and Lawton [20]. The main purpose of this paper is to explore both
the nilpotent orbits and affine Weyl groups for ad-nilpotent ideals and
study some equivalence relations defined on them.

For any ad-nilpotent ideal I, consider the map G xg I — g, which

sends (g, X) € G x I to Ad(g)X, where Ad means the adjoint action of
1
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G. This is a restriction of the moment map and its image is the closure
of one unique nilpotent orbit, which we denote by O;. This orbit is
called the associated orbit of the ideal I.

There are various equivalence relations on 200. The equivalence rela-
tion studied by Mizuno in [19] is simply that two ideals are equivalent
if and only if they have the same associated orbit. To further distin-
guish ideals with same associated orbit but has different properties,
Sommers defined in [28] an equivalence relation on A9 based on some
group cohomology of ad-nilpotent ideals. We define a new equivalence
relation ~ on A0 based on its generators and normalizers. This turns
out to be related to the star operator of affine Weyl groups in the case
of type A.

The left, right and two-sided cells of affine Weyl groups were in-
troduced by Kazhdan and Lusztig [15] to study Hecke algebra and
Kazhdan-Lusztig polynomials. Two elements lies in the same left cell
are left equivalent. The star operation on I/I//\W&S defined by Lusztig,
which induces an Pr-equivalence relation on W. Indeed Pp-equivalence
implies left equivalence. 3

For affine Weyl group of type A,_1, Shi used sign types (namely
regions of the Shi arrangement) to describe combinatorially the cell
structure of affine Weyl groups. Shi showed in [24] that the left cells

(or two-sided cells) of W are in bijection with the left cells (two-sided
cells) of sign types. Also it was proved by Lusztig [21] and Shi [24] that
the two-sided cells are parameterized by the partitions of n.

In this paper, we study the left-equivalence relations of ad-nilpotent
ideals and the equivalence relation of affine Weyl groups for type A,_;.
Our main result shows that for two left /quivalent ad-nilpotent ideals,
there exists two dominant elements of W corresponding to these two
ideals and they lie in the same left /gell.

Conversely, if two elements of W are Pp-equivalent, one of which
is dominant, then the other one is also dominant and their associated
ideals are left equivalent.

The paper is organized as follows. We introduce the basic notations
in section 2 and surveyed the known results about affine Weyl groups,
the generator and normalizer of ad-nilpotent ideals. In section 3, we
discussed mainly the moment maps and how to determine two ideals
have the same associated orbits. We also introduced the left equivalence
relations on ad-nilpotent ideals in this section. Section 4 mainly focused
on dominant sign types. In section 5, we state some commutative
diagram about the ad-nilpotent ideals and prove our main theorem.

2. NOTATIONS AND PRELIMINARIES

Let N be the set of nonnegative integers and NT be the set of positive
integers.
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Let G be a complex semisimple algebraic group. Let g be the Lie
algebra of G. We denote by h a Cartan subalgebra of g. Let A be the
reduced root system associated to (g, ). For each root «, let g, be the
corresponding root space in g. Under the adjoint representation of b
on g, there is a direct sum decomposition g = h ®© P, ga- Let W be
the Weyl group of g.

We fix a positive root system AT inside A. The choice of the positive
root system gives rise to a Borel subalgebra b=h © @ .5+ go and its
opposite Borel subalgebra b~. Let n and n~ be the nilradicals of b and
b~. Let B be the Borel subgroup of G that corresponds to A™.

Let IT = {aq, a9, as, ..., a,} be the set of simple roots of A. Then
Q = @ ,Za; is the root lattice. We set V = &' | Ra; = hi. The
Killing form on g induces a W-invariant positive definite and symmetric
bilinear form on V', which is denoted by ( , ). For each root a, a¥ =

20

oy 1s the coroot for v and Q¥ = ®f_Za) is the coroot lattice.

Now we recall the definition of affine Weyl groups based on Kac’s
book [12].

Let V = V @& Ro @& RA. We extend the bilinear form on V' to the
bigger space V' by letting (4,9) = (§,v) = (A\,v) = (A\,A) = 0 for any
v €V and (6, \) = 1. This is a nondegenerate symmetric bilinear form
on V and by abuse of notation, we still denote it by (,)

Let A = {A+kd | k € Z} be the set of affine real roots. Let

AT = (A + N§) U (A~ + N*t95)
be the set of positive affine roots. We denote by a > 0 when « is a
positive affine root and a < 0 when o € A s negative.
Let [ =TU {—ap + d} be the set of affine simple roots, where «y is
the highest root in A.
For each « in 3, we define the reflection s, on 1% by

2(a, x)

(@, )

So(T) =2 —

for any = € V. The affine Weyl group W is generated by the set of
reflections {s,},.n. For simplicity, we write sy for s_,,1s and s; for

the reflection s,,. Let S be the set of simple reflections {sg, s1, ..., Sn}
Then (W, S) is a Coxeter system.
Set

Co={a eV |(z,a)>0,Va eIl and (z,a9) < 1},
C={zeV|(z,a) >0,Va e Il}.

We call Cy the fundamental alcove and C the (open) fundamental cham-
ber.

For any root a € A and any integer k, let H,, ={z € V | (z,a) =
k} be the hyperplane that is determined by « and k.
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Set
N(w) = {Hay | Hoy separates Co and w(Co)}
—{ae At |w(a) e —AT}.

For each w € W, let [(w) be the cardinality of N(w). We call [ the
length function of W.

Definition 2.1. We call a subset T of AT a (combinatorial) ideal of
At if foranya €Z, € At and a+ 3 € A, we have o+ 3 € T.

Lemma 2.2. The map I — ®acr8a gives a bijection from the set of
ideals of AT to the set of ad-nilpotent ideals of b.

Remark. Unless otherwise stated, we denote the ad-nilpotent ideal that
corresponds to the ideal T of At by I. The set of ad-nilpotent ideals of
b is denoted by A0.

For ad-nilpotent ideals in g, we mainly discuss its geometric proper-
ties and for the ideals in the root system, we mainly discuss its combi-
natorial properties.

Let Z be an ideal of A*. We call a root a a generator of T if a € T
and for any 5 € A", a— (3 ¢ Z. The set of generators of Z (resp. I) is
denoted by T'(Z) (resp. I'(1)).

For two ad-nilpotent ideals I; and I, the bracket relation is
[]1,]2] = {[X, Y] | vX S ]1 and VY € ]2}

Similarly, for any ideals Z; and Zy in A™, we define a bracket relation
as follows:

Z,, L) ={a+p|acI,f €Lyand a+ [ € A}

Then [Z,Z,] is an ideal of AT and corresponds to the ad-nilpotent
ideal [Il, IQ]

Then we can derive inductively a sequence of ideals {Z',Z2, ... ZF}
from Z by letting Z! = Z, Z% = [Z*~!, Z]. This is a descending sequence
of ideals.

Let - -

Waom = {w € W | w(a) > 0 for all a € I1}.

Elements that lie in the subset /Wdom are called dominant. By the
definition of N(w), the following conditions are equivalent:

(1) we W is dominant.

(2) N(w) is a subset of Ug>1 (ko — A™).

(3) there’s no hyperplane H, o separating Cy from w(Cp).

(4) w™(Cp) lies in the fundamental chamber of V.

The first two properties of W come from the linear action of W on W

and the last two properties of W come from the affine transformation
of WonV.
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Now define a map ¢ from /Wdom to the set of ideals in A™ by
w— {u €At |§—pe Nw)}.

(The fact that Z is an ideal of A™ follows from dominance property of
w.)

In fact it’s a surjective map. For combinatorial ideal Z, there is a
special dominant element w that corresponds to Z. These elements
were introduced in [7].

Definition 2.3. An element w € W is called minimal if
(1) w(a) >0 for all o € 11.
(2) If « € IT and w™ () = kd + p, then k > —1.

We denote the set of minimal elements by /I/I?mm From part (1) of

definition, it’s obvious that Wmm - /V[Zlom. Moreover, we have the

following result on the relations between the minimal elements and the
ideals in AT,

Proposition 2.4. [7, Prop2.12] There is a bijection between /Wmm and
the set of ideals in Ai. The bijection is constructed as follows:

(a) For each w € W, its corresponding ideal is ¢p(w).

(b) For each ideal T in AT, the corresponding w is determined by the
set of affine roots

N(w) = Uy (k6 — I%) € AT,

For each w € /Wmm, we denote by Z,, the ideal that is determined
by the element w. Conversely, the minimal element that corresponds
to Z is denoted by w,n(Z), or simply by wz. Because of the bijection
between the set of ad-nilpotent ideals and the set combinatorial ideals,
we have similar notations I,, and w; for the ad-nilpotent ideal I. We
call the ad-nilpotent ideal I, the first layer ideal of w.

It is obvious that for any positive root a in an ideal Z, then w;'(—a+
9) > 0.

Sommers gave a description of the set of generators of the ideal Z in
[27, Cor6.3] and Panyushev showed independently in [22, Thm?2.2].

Proposition 2.5. If w € Wmin; then any positive root o € T is a
generator of the ideal Z,, if and only if w(a—3) is an affine simple root
an I1.

The normalizer of an ad-nilpotent ideal I can also be described in
terms of the minimal affine Weyl group element w;. Since the Borel
subalgebra b normalize I, the normalizer of I must be a parabolic
subalgebra containing b. Therefore the normalizer is determined by
the simple root Levi subalgebras that it contains.

Suppose [(«) is the Levi subalgebra in g corresponding to a simple
root a € II. Namely [(a) = @ go @ g_. Panyushev showed in [23,
Thm?2.8] that:
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Proposition 2.6. If I is an ad-nilpotent ideal of b, then [(a)) C Ny(I)
if and only if wi(a) € I, where Ny4(I) denotes the normalizer of I in
g.

3. THE MOMENT MAPS

Let B be the set of all Borel subalgebras in g, 7B the cotangent
bundle over B and A the nilpotent cone of g. Following [5, Lem1.4.9],
if one identifies the Lie algebra g with its dual g* via the Killing form
of g, the moment map

m:T(B) — N
is equivalent to
m:Gxpn— N.
Therefore, for each ad-nilpotent ideal Z C n, G x5 I may be considered
as a G-invariant subbundle of cotangent bundle 7*B. The image of
G x g I under the moment map is the closure of a nilpotent orbit in N

Let N(g) be the set of nilpotent orbits of g. The moment map m

induces a map

p: A0 — N(g)
by sending I € 200 to a nilpotent orbit O, where the image of G xg I
under the moment map is the closure of @. The nilpotent orbit O is
called the associated orbit of the ideal I.

It is easy to see that the map is surjective. Indeed, if e € O, by
Jacobson Morozov theorem, there exists an sly-triple {e, h, f} with h €
. We conjugate the triple with elements of G such that a(h) > 0 for
positive root a. Then Ij, := ®;>2g;, where g; = {X € g | [h, X] = iX}
is an ad-nilpotent ideal and O;, = O.

Concerning this map p, there is several natural questions to ask:

When two different ideals give rise to the same nilpotent orbit?

Is it possible to describe combinatorially the equivalence relation on
minimal elements of the affine Weyl group corresponding to p(1,,) =
p(Lw,)?

In the special case that the two ideals differ by a single positive
root, then the following result from [10] that partially answers the first
question.

Proposition 3.1. Let I be an ad-nilpotent ideal of n. Suppose that I is
stable under the adjoint action of [(«) for some simple root o € 11 and
B is a generator of I such that s,(3) > (. Let J be the ad-nilpotent
ideal such that I = J @ gg. Then I and J has the same image under p.

If two ideals I and J satisfies the condition of Proposition 3.1, we
denote by I ~y J or J ~ I.

Definition 3.2. Two ad-nilpotent ideals I and J are called left equiva-
lent if either I = J or there exists a sequence of ideals Iy = I, I, ... Iy =
J, such that I; ~p I;1q fori=1,... . k—1.
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It’s easy to see that the relation defined above is actually an equiv-
alence relation.

Proposition 3.1 is a sufficient condition for two ad-nilpotent ideals
have a same associated orbits. Since the moment map sends the left-
equivalent classes of ideals to the same orbit, one may ask whether it is
true that two ad-nilpotent ideals have the same associated orbits only
if these two ideals are left equivalent. For some cases, we can give an
affirmative answer.

Example 3.3. When g s of type Gy. Suppose that oy is the short
simple root, and ag the long root. The other four roots are ag = a1+,
a3z = 201 + ag, g = 31 + g, a5 = 3ag + 2a. There are eight ideals
and five equivalence classes:

1. The zero ideal, which corresponds to the zero orbit,

2. The ideal gos D Ga, D gas, Which corresponds to the §-dimensional
orbit;

3. The maximal ideal, which corresponds to the principal orbit;

4. Bas ~L Bas D Ga,, which corresponds to the minimal orbit;

5. a1 D Fay D Fas D Gay D Bas ~L Fas D Fas D Bay D Gas D Gag ~L
oy D Bas D Goy D Gas, Which corresponds to the subreqular orbit.

In this example above, the left equivalence relation on the ideals
completely determines the image of the moment map. For class cases
other than type A, Proposition 3.1 is not necessary to determine the
fiber of the moment map. The simplest counter example is in type Bj.

Example 3.4. Let g be s0(7). Suppose that ay, oy are the long simple
roots of g and ag is the short simple root. Let I be the ad-nilpotent
tdeal with generators as + a3, + ao and J be the ad-nilpotent ideal
with generators by as+2as and oy +as. Then I = JBgaytas, and I, J
have the same associated orbit. But no Levi subalgebra of g normalizes
I except . I and J don’t satisfy the condition of Proposition 3.1.

In the type A case, we haven’t found such a counter example yet.
We would prove some results in the following section which may shed
some light on whether Proposition 3.1 completely determines the fiber
of the moment map.

Before directly approaching this problem, let us make a short digres-
sion and turn to the geometric description of the ideals via sign types.
It turns out sign types are very useful for us to understand affine Weyl
groups and are also connected with ad-nilpotent ideals.

4. SIGN TYPES

Recall that for any positive root o € A*, H, is the hyperplane
defined by H, = {v € V | (v,a) = k}. We denote three regions that
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are separated by two hyperplanes H,, and H,; by:

Ha,+ = {U eV | (U,Oé) > 1}7
Hoo={veV|0<(v,a) <1},
H,_ ={veV|(v,a) <0}

The non-empty connected simplex of V' —Uqyea+ k—0.1Hak is called a
sign type of V. The definition of sign type was first introduced by Shi
in [24] to study the left cells and two-sided cells of affine Weyl group of
type A,_; and later was generalized by him to other classical groups in
[25]. Notice that in Shi’s original definition, he used the coroot system
of g while here we use the root system.

We denote the set of all sign types by S§. For any sign type s € S, it
lies in one of the three regions H, ., where € € {0, 4, —}. Therefore each
sigh type has the form s = Nyea+t cne{+,0,—} Ha,eor With a — €, a map
from AT to the index set {0,+, —}. This map completely determines
the sign type.

Since the walls H, o for a € AT are used to define sign types, each
sign type either lies in the fundamental chamber or has no intersection
with the fundamental chamber. We call the special sign types that
lie inside the fundamental chamber C dominant sign types. The set
of dominant sign types in S is denoted by Sgom. It’s clear from the
definition that the sign type s is dominant if and only if it lies in the
region H, ., for each « € AT and € € {+,0}.

Proposition 4.1. [26] The map
I— R ={zeC|(r,a)>1ifga CLand0< (z,a) <1 ifgo L I}
gives a bijection from the set A of ad-nilpotent ideals in b to Syom-

Also sign types are closely related to affine Weyl groups.

For each w € W, w™! maps the fundamental alcove Cy to another
alcove. Thus w™(Cy) is contained in a unique sign type s. We obtain
a map WS by sending w to s. It turns out that dominant elements
i/n\ W are mappg(i to dominant sign types. Namely, when restricted to
Waom, we have Wy — Saom-

Recall that for each dominant element w € /V[7, one can associate an
ad-nilpotent ideal I = {a € A" | w(d — ) < 0}. This is equivalent to
say that the hyperplane H,; separates w='(Cy) from Cy if and only if
the positive root « lies in the ideal I. In other words, w™*(Cy) lies in
the region H, 4 for any positive root a € I and lies in the region H,
for any positive root « that is not in the ideal /.

Comparing this with the map W — S defined in the preceding para-
graph and the bijection between dominant sign types and ad-nilpotent
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ideals in Proposition 4.1, we have a commutative diagram.

(1.4.1) /Wdom — 0

| A<

Sdom

Under this commutative diagram, it’s possible for us to explore the
relation between the equivalent classes of affine Weyl group and the
equivalent classes of ad-nilpotent ideals given by Definition 3.2 in fur-
ther detail.

12

5. THE CASE OoF TYPE A,

Now we focus on the affine Weyl group of type A,,_1. In this section,
W denotes an affine Weyl group of type Ay
For affine Weyl groups of type A,_;, there’s a combinatorial de-

scription of the affine Weyl group elements. We regard W as a set of
permutations on Z as follows

W:{JZZ—>Zl o(i+n)=o0(i) fori € Z,
= 0(mod n)}.
t=1
The simple reflection sg, s1, ... s,_1 can be taken to the permutations
as follows. For 0 < j < n —1, j is mapped to:

j+1, if j =i(mod n);
si(j)=4qJ—1, if j =i+ 1(mod n);
Js otherwise .

We denote by < the Bruhat order on W and denote the set of par-
titions of n by P(n).

Let [n] be the index set {1,2,...,n}. For any w € /W, the partial
order >, of [n] is defined by i >, j if and only if either i < j and
w(i) > w(j) ori > j and w(i) > w(j)+n. A chain of [n] is a sequence
of integers {iy,...,i,} with the order iy >, ig- -+ >y i A k-family is
a subset of [n] such that there’s no chain of length &+ 1 in this subset.

Let di be the maximal cardinality of a k-family of [n]. Then d; <
dgggdn:n Let/\lzdl, )\j:dj_djfl forlgjgn Bya
theorem of Green [9], Ay = Xy... = A\, and > | \; = d, = n, which
gives us a partition of n. Let = {ug = pa... > p,} be the conjugate
partition of A = {A\; > ... > \,}, meaning that for any h = 1,... n,
[n 1S ¢ equal to the number of parts in A of size h. This gives us a map
¢ : W — P(n) with ¢(w) = p. This map is related to two-sided cells
of W. (The reason that we choose the conjugate partition u instead of
A is to get a commutative diagram 1.5.1 below).
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Set

L(w) ={s; € S| s;u <w}={a; € I | w(a;) <0},

We follow the usual definition of left cells, right cells and two-sided
cells in [15].

For any two elements w, u € I//V\, we denote by w ~, u (resp, w ~g u;
or w ~pp u) if w and u lie in the same left cell (resp, right cell; or two
sided cell) of W

It was proved by Lusztig in [21] and Shi in [24] that the two-sided

cells of W is parameterized by P(n) and these two-sided cells coincide
with fibers of ¢. In particular, to describe the fiber of the map, Shi
[24] constructed a map ® : § — P(n) such that the following is a
commutative diagram:

W S

] %
P(n)

For the map W — S, Shi proved in [24, Chap 18] that if two affine
Weyl group elements are mapped to the same sign type, then these two
elements lie in the same left Cell./]\Because of the commutative diagram
1.4.1, two dominant elements of W with the same associated ideal also
lie in the same left cell.

When g = sl(n), the set of nilpotent orbits of g is parameterized
by P(n) (see [6]) and the moment map of g gives us p : Ad — P(n).
Since the set of dominant sign types Sgom is in bijection with the set
of ad-nilpotent ideals, there might be some relation between the map
®|s,,,. and the map p.

Indeed the work of Shi (see [24]) and the work of Lawton (see [20])
imply that there exists a commutative diagram in the following form:

(151) /Wdom - Sdom i> P(”)
lid L lid
Wotom A0 — = P(n)

Recall that Proposition 3.1 gives us a criterion to determine when
two ad-nilpotent ideals have the same associated orbits. One might
hope that this criterion has some relations with the cell structure of
affine Weyl groups and sign types. Here is the main result about these
relations. -

Let s,t be two simple reflections of W such that st has order 3.
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Definition 5.1.
Dp(s,t) ={w € W | L(w) N {s,t} contains only one element },

If w is in the set Dp(s,t), then {tw,sw} N Dy (s,t) contains only

one element, which is denoted by *w. Then the map that sends w to
*w defines an involution on Dy (s,t) and is called a left star operation.
This involution depends on the two simple reflections s and t. For
example, if w lies both in the sets Dy (s1,t1) and Dy (ss, o) for simple
reflections sq, sg, t1, ta, then the involution * may give two different
*w.
AThe left star operation generates another equivalence relation on
W. The element w is Pp equivalent to w’ if and only if there is a
succession of affine Weyl group elements w; = w, ws, ..., w, = w’ such
that each w; lies in some set Dy (s;,t;) and w;1; = *w; under the left
star operation in Dy (s;,t;). We denote this equivalence relation by
~p, .

It is proved in [15] that w and *w lie in the same left cell, therefore
w ~p, w' implies that w ~p w'.

Now we can come to the proof of the main theorems.

Theorem 5.2. Suppose Iy and Iy are two ideals and Iy ~jp Iy, then
there exists two dominant elements wy and ws, such that I, = I,
Ly, = Iy and wy ~p, ws.

Proof. Since any elements of /Wdom with the same associated ideal
lie in the same left cell, by the definition of left equivalence relation for
the ideals, it suffices to prove the statement when I; and I, differs by
only one positive root.

Suppose that I C I, « is a simple root that normalize I; and
is a generator of Iy, s.t. Iy = Iy & g and s,(5) > [. Let wy, be the
minimal element in W that corresponds to I; (By Proposition 4.1).
Recall from Proposition 2.6, w;, maps « to a simple root in ﬁ, which
we denote by ;. On the other hand, since (3 is a generator of 1, by

Proposition 2.5, wy, (6—9) = «; for some simple root a;. The condition
that s,(5) > 3 implies that (o, 3) < 0. We denote s,, by s; and s,; by
sj. Then s;, s; are two simple reflections of . Since the inner product
on V is invariant under W, (e, ) < 0 and s;s; has order 3. The
fact that wy, (o) = «a; implies that s,w;, > wy, and wy, (6 —9) = a;
implies that s;w;, < wy,. Therefore, wy, is an element that lies in the
set Dp(s;,s;). In this case, we can determine *wy, explicitly. Indeed
it’s clear that s;(s;wy,) = wyr, > sjwy, and s;(s;wyr,) < sjwy, because:

(sjwr) M) =w'sj(a;) =wi (i +oy) =a+8-6<0

Hence *w;, = s;wy,. In addition, I(s;wr,) < l(wy,) and N(wy) =
N(sjwr,) U (B —0). Hence N(sjwy,) is a subset of Ugs1(kd — AT),
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which implies that s;wy, is still dominant. We have [Sjwll Dgs =11,
ie. Isjwj1 = 1. O

If two dominant elements in W are Pp-equivalent, we can prove a
converse version of Theorem 5.2. First we need to prove a lemma that
states a special property for the Pp equivalence classes of elements in

Waom.-

Lemma 5.3. Suppose that w is dominant and o is a simple root in 1.
If w(a) <0, then w™'(a) = —ké + B, where k is positive and (3 is
an element of I,. In particular, if k = 1, then (8 is a generator of I,,.

Proof. The element w is dominant implies that w=!(a) = —kd + 83,
where k > 1 and § € A*. Since w(0 — ) = —a — (kK —1)0 < 0, 5 lies
in the first layer ideal I,,. If k = 1, for any v € AT, w(§d — (6 — 7)) =
w(d — B) +w(y) = —a+w(y). Since w(y) is a positive affine root and
« is simple, w(d — (8 —)) > 0 and B — v does not belong to the ideal
I,, which means that § is indeed a generator of I,,. Il

Lemma 5.4. If w € /Wdom and w lies in the set Dy(s;,s;) for some
simple reflections s; and s; with s;s;s; = 5;5;5;, then *w is also a
dominant element.

Proof. Any element u € W is dominant if and only if N (u) is
contained in Ugs1(kd — AT). There are two possibilities for *w. The
first case is [(*w) = l[(w) — 1. Then N(*w) is a subset of N(w) and the
fact that w is dominant implies *w is also dominant.

The other case is [(*w) = [(w) + 1. In this case, by the symmetry of
¢ and j, suppose *w = s;w. Then sjw > w, s,;w < w and s;s;w > s;w.
Let a;, a; be the two simple roots of I that correspond to s; and s;.
By the dominance property of w and the fact that s;w < w, we have
w™(a;) = t§ — 3, where t is a positive integer and 3 € AT. Similarly
s;w > w means that w™'(a;) > 0, namely w™(a;) = kd + 7, where
k>0andye AT ork>1andye A™.

Case (a): k=0 and v € A". From the facts that s;s;w > s;w and
«; has the same length as o;, w™(a; + ;) = (s;w) " () > 0. On the
other hand, w™*(o; + o) = f + v — kd < 0, which is a contradiction.

Case (b) : k> 0and v € AT, Since w is dominant, w(7) is a positive
root in A*. Also w fixes kd. Therefore, a; = w(kd + 7) can not be a
simple root in A+. Contradiction.

The only possible form for w™*(ay) is k6 + v, where k& > 1 and
v € A~. Notice that N(*w) is the union of N(w) and w™'(«a;), then
*w is again dominant. U

Lemma 5.5. [23, Thm3.5] Suppose w € W s dominant, and let I, be
the corresponding ideal of w. If there exist a simple root o € I, such
that w(a) € 11, then () normalize I,.
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Theorem 5.6. Suppose that wy is dominant and wy ~p, ws. Then
wy 1s also dominant and the corresponding ideals of wy and wy are left
equivalent, 1.e. Ly, ~p I,.

Proof. The dominance of wy is shown in Lemma 5.4. By definition of
Pr-equivalence relation, the problem can be reduced to the case when
wy lies in the set Dy (s;, s;) for some ¢,7 € {0,1,...n} and wy = *w;.
In addition, by the symmetry of w; and ws, as well as the symmetry
of i and j, we may assume that [(*w;) < {(w;) and *w; = s;w;. Then
siwy < wi, sjwy > wy and sjs;wy < s;w;. This means that wfl((xi) <
0,wy ey > 0, and wi ' (o + ;) = (s;w1)"Hey) < 0. By lemma 5.3,
wy (o) = B — k6, where 3 is an element of I,,,, and k > 1.

If £ > 1, then ké — 3 belongs to N(w;) and any t§ — 3 for 1 <t < k
also belongs to N(w;). That means kd — (3 is the only element that lies
in N(wy), but not in N(s;w;). Since the definition of the corresponding
ideals of s;w; and w; involves only the first layer of positive roots in
s;ywy and wq, s;w; and wy have the same first layer ideal, i.e. I, = I, -

Suppose k = 1. In this case, from Lemma 5.3, (3 is a generator of I, .
In addition, we have known that w;'(a;) > 0 and w; ' (e + ;) < 0.
There are four possible cases for w; ' (a;) > 0.

Case(a): wy'(a;) = kd + (1, where k > 1 and 3, € A*.

In this case, w; ' (e + a;) = (k —1)§ + 8+ B1 > 0. Contradiction.

Case(b): wi ' () = ké — 31, where k > 2 and 3, € A*.

Similar to case (a), w;*(a; + a;) = (k — 1)6 + 8 — B, > 0. Contra-
diction.

Case(c): wy () = 0 — 1, where 8 € AT,

In this case, wi ' (a;+a;) = f— 3 € A~. Suppose that — 3, = —,
where v lies in AT, Then 3; = 3+, which implies that 3, also lies in
ideal I, since [ is a generator of I,,. This contradicts the fact that
w1 (6 — (1) = a;, which is positive.

Case(d): wy'(ay) = 31, where 3 € A*.

This is the only possible form for wl_l(ozj). In this case, 3 is a simple
root of A*. Indeed, if 8; is not simple, say 31 = 71 + Y2, where y; and
72 are two positive roots in A™, then wy (1) = w1(y1) + wa(72), where
wy (1) and wy(vs) are two positive roots in A*+. This contradicts the
fact that a; = wq(f1) is a simple affine root. From lemma 5.5, [(5)
normalize the ideal I,,. Also 3 is a generator of I, and (8,0;) =
(e, ) < 0. Since N(wyq) is equal to N(s;wy) U (6 — 3), B appears in
the first layer ideal of wy, but not the first layer ideal of s;ws. By the
definition of left equivalence of ideals, I,, is left equivalent to I,,,. U

We have shown above that if two dominant elements in W are P -
equivalent, then their corresponding ideals are left equivalent (see Def-
inition 3.2) and also two left equivalent ideals would give us two P,
equivalent elements. It was proved in [24, Chap 19] that two dominant
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sign types lie in the same two-sided cell if and only if they lie in the left
cell. Therefore, if we can prove that dominant elements in the same
left cell give rise to left equivalent ideals, then Proposition 3.1 is the
necessary condition to determine the two-sided cell structure of sign

types.

However, Shi defined two operations for elements in the same

left cell. The first one is related to Pr-equivalence relation, which we
showed above that it does give two left equivalent ideals. The other
one is called raising layer operation, which we can not get its relation
with the left equivalence relation of ad-nilpotent ideals.

1]

REFERENCES

C. A. Athanasiadis, Algebraic combinatorics of graph spectra, subspace ar-
rangements and Tutte polynomials, PH.D. Thesis, MIT, 1996.

C. A. Athanasiadis, Characteristic Polynomials of Subspace Arrangements
and Finite Fields, Advances in Math. 122, 193-233(1996).

C. A. Athanasiadis, Generalized Catalan numbers, Weyl groups and arrage-
ments of hyperlanes, Bull. London Math. Soc. 36 (2004), 294-302.

C. A. Athanasiadis, On a refinement of the generalized Catalan numbers
for Weyl groups, Trans. Amer. Math. Soc. 357 (2005), no. 1, 179-196 (elec-
tronic).

N. Chriss and V. Ginzburg. Representation theory and complex geometry,
Birkh&user Boston, Inc., Boston, MA, 1997.

D.H. Collingwood and W.M. McGovern, Nilpotent orbits in semisimple Lie
algebras,Van Nostrand Reinhold Mathematics Series, Van Nostrand Co.,
New York, 1993.

P. Cellini and P. Papi, Ad-nilpotent ideals of a Borel subalgebra, J. Algebra
225(2000), no.1, 130-141.

P. Cellini and P. Papi, Ad-nilpotent ideals of a Borel subalgebra II, J. Algebra
258(2002),112-121.

C. Greene, Some partitions associated with a partially ordered set, J. of
Combinatorics Theory(A) 20 1976, 69-79.

P. E. Gunnells and E. Sommers, A characterization of dynkin elements,
Math Research Letters 10, (2003), no. 2-3, 363-373.

J. E. Humphreys, Refelection Groups and Cozeter Groups, Cambridge Univ.
Press,1992.

V. G. Kac, Infinite dimentional Lie algebras , Progress in Math. 44,
Birkh&user, Boston, (1983).

N. Kawanaka, Generalized Gelfand-Graev representations of exceptional
simple groups over a finite field I, Invent. Math. 84(1986), 575-616.

N. Kawanaka, Orbits and stabilizers of nilpotent elements of a graded
semisimple Lie algebra, J. Fac, Sci, Univ. Tokyo. Sect. IA, Math. 34(1987),
573-597.

D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke
algebras, Invent. Math. 53(1979), 165-184.

B. Kostant, The Principal Three-dimensional Subgroup and the Betti Num-
bers of a Complex Simple Lie Group, Amer. J. Math. 81(1959), 973-1032.
B. Kostant, The set of Abelian ideals of a Borel subalgebra, Catan decom-
positions, and discrete series representations, Int. Math. Res. Not. 5(1998),
225-252.



[18]
[19]
[20]

[21]

AD-NILPOTENT IDEALS AND EQUIVALENCE RELATIONS 15

B. Kostant and S. Rallis, Orbits and representations associated with sym-
metric spaces, Amer. J. Math. 93(1971), 753-809.

K. Mizuno, The conjugate classes of unipotent elements of the Chevalley
groups E7 and Eg, Tokyo J.Math. 3(1980), no.2, 391-461.

G. Lawton, Two-sided cells in the affine Weyl group of type A,_1, J. Algebra
120(1989), no.1, 74-89.

G. Lusztig, The two-sided cells of the affine Weyl group of type A,,. Infinite-
dimensional groups with applications (Berkeley, Calif., 1984), 275-283,
Math. Sci. Res. Inst. Publ., 4, Springer, New York, 1985.

D. Panyushev, Ad-nilptent ideals of a Borel subalgebra: generators and du-
ality, J. Algebra 274 (2004),822-846.

D. Panyushev, Normalizers of ad-nilpotent ideals, Europ. J. Combinatorics
27 (2006), 153-178.

J.-Y. Shi, The Kazhdan-Lusztig cells in certain affine Weyl groups, Lecture
notes in Mathematics, no. 1179, Springer-Verlag, 1986.

J.-Y. Shi, Sign types corresponding to an affine Weyl group, J.London Math.
Soc. 35(1987), no.1, 56-74.

J.-Y. Shi, The number of ®-sign types, Quart. J.Math. Oxford 48(1997),
93-105.

E. Sommers, B-stable ideals in the nilradical of a Borel subalgebra, Canadian
Math. Bull. (2005).

E. Sommers, Fquivalence classes of ideals in the nilradical of a Borel subal-
gebra, to appear in Nagoya Journal of Math.



