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Whittaker models, nilpotent orbits and the asymptotics of
Harish-Chandra modules
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Department of Mathematics, University of Washington, Seattle, Washington 981 a5

Received 3 August 1993; accepted in final form 6 Januoary 1994

Abstract. We study the existence of Whittaker models for Harish-Chandra modules. In a real rank
two setting, we prove Matumoto's conjecture, establishing the equivalence of a nilpotent orbit
condition, the existence of a Whittaker model and an asymptotic condition; the equivalence of
these three conditions fails in higher rank.

1. Introduction

One of the most important theorems in the representation theory of a
semisimple Lie group is the Subrepresentation theorem. Every irreducible
admissible representation can be realized as an invariant subspace of some
principal series representation. Using the theory of matrix coefficient
asymptotics, one can give an elegant account that such embeddings must
exist, but a complete determination of all embeddings is still mysterious
and unknown. For certain problems, knowing all possible embeddings is
not important. For example, in order to classify the irreducible admissible
representations {i.e. Langlands classification), the embeddings one must
understand are easily determined; in part, this is due to the fact that these
embeddings are “maximal” among the set of all such embeddings. However,
when studying embeddings into more general types of induced modules
{c.g. the existence of Whittaker modeis), the non-maximal embeddings into
principal series representations are of crucial importance. In this article, we
locate embeddings of an opposite character from the maximal embeddings
of Langlands classification; what one might refer to as “minimal embed-
dings”. These are the most difficult embeddings to understand and, in
general, there is no known procedure to compute them.

QOur motivation is a conjecture of H. Matumoto [26] and his subsequent
work 277, [28]. Simply put, the conjecture links three a priori different
notions: the singularity theory of irreducible Harish-Chandra modules (as
encoded in the associated variety of the annihilator), the theory of matrix

*Supported in part by NSF grant DMS-9300712 and NSA grant MDA 904-93-H-3030.
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