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PREFACE

One of the fundamental techniques in physics and mathematics is the dis-
covery and exploitation of symmetry in a geometrical setting. The history of
mathematics is filled with instances of its use, from Felix Klein’s Erlangen
programme, Sophus Lie’s study of the invariants of differential equations
and the work of Cartan and Weyl to the modern representation theory of
reductive Lie groups in which the geometry of flag varieties plays a cen-
tral role. In physics, there is the development of relativity and of modern
quantum field theories in both of which the requirement is made that the
equations of the theory exhibit natural invariances. Special relativity, for
example, is the result of seeking a Poincaré invariant theory of mechan-
ics; Einstein’s motivation came from the Poincaré invariance of Maxwell’s
theory of electromagenetism.

Twistor theory, introduced by Roger Penrose in [116,118,119,120], is in
part a geometrical study of conformally invariant physics in four spacetime
dimensions. Maxwell’s equations are conformally invariant as is a closely
related family of equations, the zero rest mass field equations. This family
describes massless fields of arbitrary spin; they include Weyl’s equations
for massless neutrinos and the equations of (anti-)self-dual linearized grav-
ity. Initially, Penrose showed how solutions of these equations on spacetime
could be expressed as contour integrals of free holomorphic functions over
lines in three dimensional complex projective space; he later realized that
the freedom allowed in the function for a fixed solution was exactly the
freedom of a Cech representative of a sheaf cohomology class. The result-
ing isomorphism between a sheaf cohomology group on a region of projec-
tive space and solutions of a zero rest mass field equation on a region of
spacetime has become known as the Penrose transform. Since his origi-
nal work an entire industry has developed. Originally the impetus came
from mathematical physics and there is a wide literature from this point
of view [90,120,121,126,128,155,157]. Additionally, much fruitful work has
been done on the generalization of twistors and the Penrose transform to
curved spaces [3,6,8,11,12,26,58,70,86,106,123,154].
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The purpose of this monograph is to construct an analogue of the Penrose
transform when the conformal group is replaced by any complex semisimple
Lie group G and to study its relation to the representation theory of reduc-
tive Lie groups and algebras. Spacetime and projective space are replaced
by suitable open subsets X and Z of compact complex homogeneous spaces
or flag varieties for G; the transform calculates the cohomology of a homo-
geneous vector bundle on Z in terms of kernels and cokernels of invariant
differential operators on sections of homogeneous vector bundles on X.

For the physicist, this means that we are able to give a systematic ex-
ploration of twistor theory in higher dimensions than four. There is much
current physical interest in such generalizations since many mathematical
models of our universe (e.g. Kaluza-Klein [148], supergravity [130], string
theories [89], ...) view the usual four dimensional spacetime as a dimen-
sional reduction of a rather larger manifold. Thus, we hope that the Penrose
transform herein will find application in such settings. One such applica-
tion has already been suggested by Witten [162]. We set up a simple al-
gorithm for computing the transform so that our readers can explore the
consequences of the theory for themselves. In doing this, we make use of
two important results in representation theory, namely, Bernstein-Gelfand—
Gelfand resolutions and the Bott-Borel-Weil theorem. We shall give proofs
of these results which we hope physicists will find geometrically appealing.

For the mathematician, we wish to present the Penrose transform as of
interest in its own right as a construction in representation theory. We shall
see that it can be thought of as a geometric globalization of Zuckerman’s de-
rived functor construction. The transform can be used to construct unitary
representations on cohomology groups (without the technical difficulties of
L%~ cohomology) and to study homomorphisms between Verma modules
(induced from a parabolic) especially those, called non-standard, associated
to multiple subquotients of Verma modules.

Often, Z will be the complement of a Schubert variety and cohomology
over Z will be isomorphic to cohomology supported on the variety (up to
a finite dimensional error). Such relative cohomology occurs in the work
of Beilinson-Bernstein as the cohomology of a Dx-module on the total flag
variety G/B of G. Here, X is a weight for the Lie algebra g of G. Via the
Penrose transform, we can compute examples of such cohomology when A
is not dominant and see how the lack of dominance affects the structure of
the resulting g-modules. Non-standard homomorphisms of Verma modules
seem to be easy to generate when we do this.

We have tried to write this book in a way which will be intelligible
to both mathematicians and physicists. So we presuppose no acquaintance
with twistor theory and a minimum of representation theory. This inevitably
means that we shall have to spend time expounding some basic material in
either camp and we apologize in advance for the irritation this may cause
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the experts. Since our aim is to use this material we have kept such ex-
positions short—[94,127,128] will provide fuller explanations. We require
a certain amount of mathematical sophistication ([25] contains most of the
homological algebra we shall need, especially concerning spectral sequences)
but we hope that in return the reader will be rewarded by the sight of ab-
stract methods being used to compute concrete results. We are keen to
give a practical “user’s” guide to the transform and strongly encourage the
reader to compute examples for each recipe encountered.

For completeness, we begin the book with an introductory chapter which
sketches the development of the Penrose transform. In it we explain what
Minkowski space is (for the non-physicist), show how solutions of the zero
rest mass field equations can be given in terms of integral formulae, and
interpret these geometrically. Along the way we note several topics (e.g. ho-
mogeneous spaces and vector bundles, cohomology, double fibrations) which
we will take up in detail later. None of this chapter is needed in the remain-
der of the book so it may be omitted on a first reading. On the other hand
it could serve as a handy route map when the going gets tough. ,

Chapter 2 reviews the basic structure theory of complex semisimple Lie
algebras and introduces the class of manifolds, namely complex homoge-
neous manifolds or flag varieties, on which the Penrose transform is defined.
In it we introduce a useful notation, based on Dynkin diagrams, for rep-
resenting parabolic subalgebras and the associated flag varieties, which we
shall develop as the book advances until it (or, rather, the reader) is capable
of computing the Penrose transform. In chapter 3 we review some represen-
tation theory, discuss homogeneous vector bundles, and adapt the diagram
notation to these. Chapter 4 deals with the Weyl group of a semi-simple Lie
algebra and explicitly indicates its action on weights. This is in preparation
f(?r computing cohomology using the Bott—Borel-Weil theorem for which we
give a simple proof (in the geometrical spirit of this book) in chapter 5. The
tl}eorem is the first main ingredient of the transform—we use it to compute
direct images in the “push-down” stage. The reader who is already familiar

with the theory of Lie algebras is encouraged to skim these chapters for
notation.

‘ Chapter 6 (which may be omitted on first reading) is by way of a digres-
sion; having developed the abstract theory of Lie algebras, Weyl groups, etc.
we set ourselves an exercise on understanding a little more about the si’;ruc-
ture of flag varieties. We first see how they can be projectively embedded
and given a cell decomposition. Then we compute their cohomology rings
fmd, lastly, study their symplectic geometry. All this is well known, but it
}s derived easily at this point and is so beautiful that we could not resist its
inclusion. We encourage the reader to skip this on a first reading and hurry
along to the next chapter, which is where the book really begins.
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Chapter 7 introduces the Penrose transform itself. We give it first in
a very general setting of a complex or algebraic variety fibred over two
varieties. The transform then relates cohomology on one of these to solutions
of differential equations on the other. Later (in chapter 9) we specialize to
double fibrations of the form

G/R G/P

where G is a complex semisimple Lie group and P, Q and R are parabolic
subgroups. We set X C G /P to be open and, usually, Stein or affine, and
Z =nor~1X. Then, if £ is a homogeneous holomorphic vector bundle on Z,
the Penrose transform computes H*(Z,€) in terms of invariant differential
operators between sections of homogeneous sheaves on X.

The second main ingredient in computing the transform is a resolution,
due to Bernstein-Gelfand—Gelfand, along the fibres of 7. This is dealt with
in chapter 8 and is based on the following simple idea. Suppose given on
a manifold a family of vector fields X; with the property that whilst they
themselves may not span the tangent space at each point, the Lie algebra
they generate does. Then a smooth function f is constant if and only if
all X;f vanish. From this we can develop a differential resolution of the
constants analogous to, but more efficient than, the de Rham resolution.
Exactly this situation pertains on flag varieties and the construction yields
the Bernstein-Gelfand—Gelfand resolutions.

All of this theory is brought together in chapter 9 where we are able to
give many worked examples of the Penrose transform, from the standard
four dimensional conformal Penrose twistor theory to higher dimensional
twistor theories on conformal manifolds, on Grassmannians and for excep-
tional groups. Using the results of this chapter we show (chapter 10) how
the Penrose transform can be used to construct realizations of unitary rep-
resentations for real forms of G on the cohomology groups in the transform.
We should stress again that this construction avoids L? cohomology and its
technical difficulties. It is a cohomological translation of a physical inner
product on solutions of invariant differential equations (specified by a Dirac
operator, say).

Chapter 11 is devoted to understanding the various module structures
on cohomology, comparing the Penrose transform with Zuckerman functors
and with Beilinson—Bernstein theory. In it we study invariant differential op-
erators between homogeneous sheaves and their relation to Verma modules
and show how the Penrose transform, and therefore Zuckerman’s functors,
can be used to generate homomorphisms of Verma modules.

Chapter 12 reviews the constructions of the book and suggests further
avenues for research.
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INTRODUCTION

In this first chapter we want to try to develop the Penrose transform from
scratch. Penrose originally noticed that there are simple contour integral
formulae! for solutions of a series of interesting equations from physics,
namely the zero rest mass free field equations of mathematical physics. The
Penrose transform is, in one sense, a machine for showing that all solutions
can be obtained in this way. It is a lot more than that, for, as we shall see, it
generates the equations as geometric invariants and says much about their
symmetries.

Zero rest mass fields are of fundamental importance in physics. They
describe electromagnetism, massless neutrinos, and linearized gravity. They
all share the property that they are conformally invariant—that is they are
determined by the conformal geometry of spacetime and so depend only
on knowing how to measure relative lengths and angles, not on an overall
length scale. Thus the equations which specify these fields are invariant
under motions which preserve this conformal geometry and so the space of
fields is invariant under the group of these motions. Our ultimate aim is
to develop a Penrose transform when this group is any complex semisimple
Lie group and to see what the representation theory of such groups implies
about the Penrose transform.

We shall begin with a short study of Maxwell’s equations for electromag-
netism, which, in the absence of charges, amount to a pair of zero rest mass
equations on Minkowski space. The idea is first to see where they are most
naturally defined, and then to understand the contour integral formulae for
them geometrically.

The rest of this book does not depend on an understanding of this chap-
ter, which may therefore be omitted at a first reading. We hope, however,
that the reader will eventually take some time out to understand the origins
of the transform in mathematical physics.

1Similar to those of Bateman and Whitacker for the wave equation and Maxwell’s equa-
tions [13]
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Minkowski space

Maxwell’s equations for a free electromagnetic field (i.e. one in the absence of
charges) can be succinctly written down using differential forms as follows:

dF =0 and dxF=0.

Here F is a two-form on R* which represents the electric and magnetic fields,
d is exterior differentiation, and * is the Hodge star operation with respect
to a (flat) Lorentz metric g on R*. Using indices, they may be written as

V[anc] =0 and V[a*Fbc] =0

where [...] indicates that the enclosed indices are to be skewed over. Here
xFy, = %EadeFCd where €504 is the volume form with respect to g and we are
using the Einstein summation convention (as in [127], for example). It is
easy to check from these formulae that * acting on two—forms is independent
of the scale of the metric g—any metric x2g yields the same * on two-forms.
Of course, d is invariant under any diffeomorphism of R*, and it follows
that Maxwell’s equations are invariant under the conformal motions of R4,
i.e. diffeomorphisms of R* which preserve g up to scale. These include the
Poincaré motions which are those globally defined conformal motions which
preserve the scale of g. Now on two forms, x2 = —1 and so we may write

F=¢+¢

where ¢ and qg are in the +i eigenspaces of *—in particular, they are neces-
sarily complex two-forms (and conjugate). In terms of these, Maxwell’s

equations become 3
dp=0 and d¢=0.

There are three observations to make here. First, if the metric g is taken
to be Euclidean, then %2 = 1 and there is no need to introduce complex
two-forms to obtain the decomposition; on the other hand, we may simply
choose to allow F to take complex values and replace R* by C*. This turns
out to be a very convenient thing to do and even the most natural thing
to do when we study contour integral formulae, in a moment. It may seem
rather strange physically, but even then it is a wise move, especially if we
have quantum mechanics in mind—there we are actually interested in the
analytic continuation of fields from R* to tube domains in C*. There is
also the bonus of not having to distinguish between different signatures for
g. So, from now on, we work over C and refer to four dimensional complex
Euclidean space (with its flat holomorphic metric) as affine Minkowski space.

The second observation is that not all conformal diffeomorphisms of
affine Minkowksi space are well defined everywhere. For example, if
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x,b € C* then the mapping

x + b||x||?
14+ 2b-x+ ||x|2|b||

is conformal but not defined on the light cone of the point —b/||b||%2. To
rectify this we need to compactify affine Minkowski space. This is very
similar to forming the Riemann sphere from C so that fractional linear
(Mobius) transforms are globally defined. We will do this in detail in a later
chapter; it turns out that the right choice is the Grassmannian Grz(C*) of
all two dimensional subspaces of C*. The embedding is given by sending the
point x = (z°, z!, 22, 2%) of affine Minkowski space to the subspace spanned
by the vectors

1 0

0 1
z0 + ! and 22 +ixd | (1)
z? —ig® 20 — gt

Denote the image of x in Gry(C*) by z. We shall refer to the resulting
conformal compactification as Minkowski space. Then the global conformal
motions of Minkowski space can be realized as the group SL(4,C) (modulo
its centre) with its natural action. Indeed, consider the matrix

1 0 ®—-b —b2—4bd
0 1 —b>+ib® bO+p!
00 1 0
00 0 1

Applying this to the two vectors representing x yields the image of y in
Grg(C4).

Homogeneous bundles on Minkowski space

This brings us to our third observation—the two-form F' is a section of a
homogeneous vector bundle on Minkowski space and the decomposition given
above is its reduction into its irreducible components. Let us briefly recall
the natural bundles on Gry(C*). The simplest is the so—called tautological
bundle, S’, whose fibre S, at z is the two dimensional subspace z C C* itself.
Similarly, there is the quotient bundle S whose fibre S, at z is C*/z. §’,8
are the spinor bundles on Minkowski space. In Penrose’s abstract index
notation [44,127] they are denoted

S = OA/ and S = OA.
Their duals are denoted

S* =04 and S§*=0,.
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(Thus the natural pairing between dual bundles is achieved by contrac-
tion between an upper and lower index.) Both S and S’ are homogeneous
bundles—this means that the action of SL(4,C) on Minkowski space lifts to
an action on sections of these bundles. This is easy to see, since any ele-
ment of SL(4,C) mapping z to y in Minkowski space is by definition a map
sending S, to ). Furthermore, both bundles are irreducible in the sense
that the isotropy group of z acts irreducibly on S;,S,. Put another way,
neither contains a proper homogeneous subbundle. Bundles formed from
S, S’ by taking tensor products, direct sums, etc. are also homogeneous, in
the obvious way.

Now it is a standard fact that on any Grassmannian the tangent bundle
is the tensor product of the quotient bundle and the dual of the tautological
bundle; so the tangent bundle of Minkowski space is

0=5®5" =0
and the cotangent bundle, or bundle of one—forms, is
AN =5"®S5 =044
From this it is easy to compute that two-forms are sections of
02 = [025%] ® [A2S' @ A2S" ® ©25']

where ©*S’ indicates the k™ symmetric power of S’. The bundle L = A%S
is called the determinant line bundle on Minkowski space. It is convenient
to fix an element of A*C? so that we can identify L = A%2S™. In the notation
of [44] L = O[1] and L* = A’S* = O[-1]. Then

0= O(AB)[—l] (&) O(A'B')[_ll

(where (A'B') indicates that the enclosed indices are to be symmetrized).
This gives the decomposition F' = ¢ + ¢. Maxwell’s equations become

vﬁlQSAB =0 and Vﬁ,&AIB/ = 0.

To write these equations we have had to choose a metric locally on
Minkowski space and form the Levi-Civita connection V 44 on spinors. We
must choose a metric in the conformal class of metrics. To see what this
means, notice that a metric must be a section of

®2 Ql = [@25* ® ®2sl] o) [/\25* ® /\2511 (2)

and is in the conformal class if its projection onto the first factor is zero.
Such a metric must have the form

Jab = €ABEA'B
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where €45 and €4 are antisymmetric and each is a square root of g
(noting A28* = A25’). Let €4P and €4’ be their inverses. Va4 is defined
by the requirement that it be torsion free and preserve both €’s; define
V4, = 4BV and V4 similarly. The fact that Maxwell’s equations are
conformally invariant corresponds to the fact that the operators

bap — Vidap and dap — V4 bup

do not depend on the metric g, but only on the decomposition (2).

Penrose’s contour integrals

Consider the second of these equations. Penrose has given a contour integral
formula for its solutions [119,128]:

Pap(@) = § mams fn(m,2))n” drp.

To interpret this formula, let = be fixed and let 74 € S; determine a vector
z = n(m,z) € C*. f is a holomorphic function on an appropriate region of
C* which is homogeneous of degree —4 so that f(Az) = A=*f(z) for A € C.
Let 72" = ¢P'E' g, It is easy to see that the integrand is independent of the
scale of 7 (because of the homogeneity of f.) It is therefore well defined on
a domain contained in the projective line P S, of one dimensional subspaces
of z. By requiring f to have appropriately situated singularities, we may
suppose that this domain is not simply connected and choose to evaluate
the integral over a non-trivial contour. We may also suppose that this
prescription may be carried out smoothly as we vary z.

To check that ¢ is a solution we confine ourselves to affine Minkowksi
space X. Then V4 = 8/8z44 where z44" is the matrix

204+t 2?4 izt
2 —ird 20—zt

and the index A labels rows whilst A’ labels columns. Following (1), z is

the column span of
IS
(%)

IC/I A
z=17(7r,av)=(w;{‘c,)ﬂ'c/=(QEAC‘I1 )

VYol

and

It follows that we may write

0
Wf(z) = 7o fo(2)
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and so - ) .
V&dap(z) = *“Vaoocdan
= fﬁAlClﬂAlﬂBlﬂclfc(z)’n’Dldﬂ'D/

=0

(by the antisymmetry of e4'C").
We required that f be homogeneous of degree —4; it is clear from this
calculation that if f is homogeneous of degree —n — 2 and if

Yap..c(z) = f{ﬂ'AfWB' ey f(ﬂ(”ax))ﬂpldﬂ'pf

n terms

then
VA bap. o =0

where ¢ € O"S' ® L* = O pr..cn[—1]. Solutions of these equations are
called free zero rest mass fields of helicity n/2. The operator

7
Yap..o— Vitap. o

is conformally invariant and is nothing more than the Dirac—Weyl operator
of helicity n/2.

Let us try to give a geometrical interpretation of these integrals. Notice
that f should be thought of as a section of a homogeneous line bundle over
CP3. The natural homogeneous line bundle on CP? is again a tautological
bundle, H, whose fibre at a point is the one dimensional subspace of C*
specified by that point. We claim that if f is homogeneous of degree —1 on
C* then f determines a section of H. This is easy to see: for Z € C* consider
f(Z)Z € C*. This is constant along any one dimensional subspace of C*
and defines an element of that subspace. Moreover, if f is homogeneous
of degree —k < 0 then f defines a section of H®*. (This bundle is usually
denoted by O(—k).)

Notice also that f may not be defined over all of CP3, for otherwise,
by Cauchy’s theorem, 1) would be zero. To avoid this, f should have singu-
larities arranged in such a way that f(n(w,z)) is non-singular over, say, an
annulus in PS,, for each z € X. There is also a natural freedom to change f
without affecting ¢; by Cauchy’s theorem, again, if we add to f a function
f with f(n(m,z)) non-singular over a contractible region of PS; for each
x € X, 9 is unchanged.

Penrose recognized that this freedom is exactly the freedom of a Cech
representative of a first cohomology class with values in O(—n — 2) defined
over the region Z in CP® swept out by all the lines PS,. So contour inte-
gration gives a map

P: HY(Z,O(—n —2)) — zero rest mass fields 945 on X.
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(It has to be checked that the domain of P is all of the cohomology group.)

We shall see that P is an isomorphism. The general machine which has
been developed to prove this is the Penrose transform. We can construct this
machine from the contour integral formula by trying to give it a geometrical
interpretation.

The Penrose transform

The first thing to note is that the contour integral is really defined on the
projective bundle P5’, for that is where its integrand lives. The second is
that it is well defined if we replace f(n(m,z)) by any function f’ of z and
7 which is homogeneous of degree —n — 2 in « (although, of course, the
resulting field 1) may not then satisfy the zero rest mass equations). What
does such a function represent? The reader will be unsurprised to learn that
it is a section of a homogeneous line bundle. To see this, observe that

PS ={F,CFKCcC!'|dmF =i}=Fp

is a partial flag variety with an evident transitive action of SL(4,C); if H' is
the tautological line bundle assigning to ([r], z) the span of 7 then f’ gives
a section of H'®"*2, Adapting the comments of the previous paragraph
we see that, provided the singularities of f’ are appropriately situated, f’
represents a first cohomology class with values in H'. If 7 : PS" — Gry(CY)
sends ([r],z) to z and if Y = 771X then

f' € HY (Y, H'®"*?).
The point is that contour integration identifies
HY(Y,H®"*?) 2 (X, Oap..co[~1]).

Put another way, cohomology on Y can be computed by first computing
cohomology along the fibres of Y — X (using a contour integral) and then
by taking sections over X.

Now let us understand where the zero rest mass equations arise. If 5
denotes the map PS’" — CP3, then it is evident that H' = n*H and that
any section f of H defines a section n*f of H' by the formula

n*f(m z) = f(n(rw,z)).
This means there is a map
n* : HY(Z,0(=k)) — H'(Y,H'®"). @)

Furthermore, any f’ is of the form n* f only if it is constant along the fibres
of 1; we can express this as a differential equation:

[l =74V gu f (m,2) = 0.
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f4 is also a section of a homogeneous vector bundle on PS’; we shall simply
call this Q,(H’) to indicate that it arises when we differentiate sections of
H' along the fibres of . (The justification for the notation will come later.)
Contour integration (for example) shows that

HY(Y,Q,(H"®"*?)) 2 (X, 04 5...cH[—2])
N —

n — 1 terms
and that 74V g4 induces the operator

Hl(Y, Hl®n+2) N HI(Y, Qn(Hr®n+2))
Yap.. .o — Vibas. o

The facts that n* H'(Z, O(—k—2)) is the kernel of this operator and that n* is
an isomorphism onto this kernel now seems intuitively reasonable (although
there is a substantial amount of technical detail to be checked here).

We may summarise this discussion as follows. We have been considering
a double fibration or correspondence

Fi2
n T
/ N\
CP3 Gr,y(C?)

of generalized flag varieties. Given an open (affine) X C Gry(C*) such as
affine Minkowski space we induce a sub-double fibration

Using n*, we identify cohomology on Z with coefficients in a homogeneous
sheaf F with cohomology on Y of the sheaf =1 F (an isomorphism requiring
a topological restriction on X, in general—affinity is sufficient). This is a
submodule of the cohomology of *F on Y, distinguished by means of certain
invariant differential equations along the fibre of . Finally, we interpret the
cohomology of n*F and these differential equations in terms of sections of
homogeneous bundles on X. Modulo technical questions this should express
H*(Z,F) in terms of invariant differential equations on X.

This, in a nutshell, is the Penrose transform. We have glossed over
several technical matters and swept a large amount of homological algebra
(or abstract nonsense as some call it) into a future chapter where it properly
belongs. But at last we are in a position to explain to the reader what this
book is really about.
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The Penrose transform on flag varieties

Our aim is to provide the reader with a streamlined and finely tuned version
of this machine in the context of arbitrary complex semisimple Lie groups.
To construct it we shall replace Gry(C*) and CP? by two compact complex
homogeneous manifolds G/P and G/R for an arbitrary complex semisimple
Lie group G. P,Q are parabolic subgroups of G and we shall require that
@ = P N R is parabolic also. The basic geometric setting is the double
fibration
G/Q

7
7 N\
G/R G/P.
Let X be an open submanifold of G/P; X may, for example, be a maximal
affine subvariety (an affine “big cell”) or a union of open orbits of a real
form of G. Set Y = 77X and Z = nX. Let F be the sheaf of germs of
holomorphic or regular sections of a homogeneous vector bundle on G/R.
By following the ideas sketched above we shall interpret H'(Z, ) in terms
of kernels and cokernels of invariant differential operators on sections of
homogeneous vector bundles on X. The invariant differential equations
on Y will be induced by Bernstein-Gelfand-Gelfand resolutions and the
cohomology of the homogeneous sheaves on Y will be computed as sections
of homogeneous sheaves on X using the Bott-Borel-Weil theorem. The
whole construction will be manifestly invariant under the action of the Lie
algebra g of G and under any subgroup of G which preserves X.
So now it is time to begin our journey. We do so with a review of the
theory of Lie algebras and their representations.



LIE ALGEBRAS AND FLAG MANIFOLDS

This and the next few chapters are concerned with developing the mathe-
matical background we shall need for the Penrose transform. They consist
of (brief) reviews of the representation theory of complex semisimple Lie
algebras and the geometry of flag manifolds.

In this chapter, we review the structure and geometry of generalized
flag manifolds; these are the varieties of parabolic subalgebras of complex
semisimple Lie algebras and so are homogeneous spaces G/P where G is
a complex semisimple Lie group and P is a parabolic subgroup. As com-
plex manifolds, they are compact, Kéhler (indeed, projective), and simply
connected; they exhaust all such manifolds which also admit a holomorphic
homogeneous action of a complex Lie group.

There is no loss of generality in assuming that this Lie group G is simply
connected, in which case its properties are determined by the Lie algebra g
associated to G. Accordingly, we review the structure theory of semisimple
complex Lie algebras and their parabolic subalgebras, introducing a par-
ticularly useful notation, using Dynkin diagrams, to distinguish parabolic
subalgebras and flag manifolds. In fact, we shall usually assume that our
Lie algebra g is simple, the semisimple case being a fairly trivial extension
of the simple theory.

Several examples are constructed: in particular, we give a brief exposi-
tion of fibrations of generalized flag manifolds.

The reader who is unfamiliar with the details of the structure theory of
Lie algebras may wish to consult [94] and more detail on generalized flag
manifolds may be found in [18,85,156].

2.1 Some structure theory

Let g be a complex semisimple Lie algebra and G the associated simply
connected Lie group. A maximally Abelian self-normalizing subalgebra h
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is called a Cartan subalgebra, and any two of these are conjugate under the
adjoint action of G. Fix such a subalgebra, once and for all, and consider
its adjoint action on g:

for heh, veg, (adh)v=[h,v].

Then g decomposes as a direct sum of joint eigenspaces under this action.
The zero eigenspace is h itself. All others (called root spaces) are one-
dimensional. We set, for « € h* = Homg(h, C),

8o = {v € g s.t. [h,v] = a(h)v}.
The collection
A(g,h) = {a € b s.t. g, # {0},a £ 0}

encodes much of the structure of g and is called the set of roots of g relative
to h. (Having fixed h, we shall often simply write A for A(g,h).) Thus,

g=h@®ga~
aEA

Since, by the Jacobi identity on a Lie algebra, [g4,8s] C 8a+s (which may
be zero), A(g,h) spans an integral lattice in h* called the root lattice: let
hg be the real span of that lattice. Then hy is totally real and has real
dimension the same as the complex dimension of h*. In other words, h* is
the complexification of hg.

A subset S C A with the property that every @ € A may be expressed
as a linear combination of elements of & with all non-negative or all non-
positive coefficients is called a system of simple roots of g. Such S exist and
then S is a basis for h* and A is contained in the integral lattice generated
by S. Any two such S are conjugate. We shall fix a choice of S once and
for all. There is then an induced partial ordering on h*; if A\, u € h*, write

A p <= A-p=)_ a;o; witha; €S and a; > 0.

The subset
At(g,h,S) ={a € A(g,h) s.t. a > 0 w.r.t. S}

is called the set of positive roots (with respect to S).
Now g admits a bilinear form, the Killing form, as follows: if u,v € g,
let ad u and ad v be the corresponding endomorphisms of g given by

(adu)z = [u, z] etc.
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Table 2.1. Dynkin diagrams of simple Lie algebras

A, sl{(n+1,C)) o o o ---0—o
B, (so(2n+1,C)) e --- e
C, (sp(2n,C)) oo o - ote

E8 o—o—[—a——o—o—c
Fy .—‘.=)=._.
G2 -

Then set
(u,v) = tr(ad u)(ad v).

This bilinear form is non-degenerate on h and hence on h* which is thus iden-
tified with h by means of { , ). It restricts to a positive definite quadratic
form on hg.

It is the central theorem of the structure theory of complex semisimple
Lie algebras that a knowledge of the conformal structure of this Euclidean
space together with the basis S determines and is determined by g. Specifi-
cally, if o € A(g,h) and

a¥ =2a/{a,a)
is its co-root, then for S = {a;}, the Cartan integers
Cij = (ai,a}/)»

called the Cartan matriz, uniquely specify g. This matrix is severely re-
stricted. A useful shorthand to describe it is a so-called Dynkin diagram
(as in table 2.1). This is a graph (with some directed edges) whose nodes
correspond to the simple roots «; and whose edges determine c;; thus:
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1. {a; ) =2

2. a; # a; are connected iff (a;, o) # 0

Q
)

3. o = (apY)=-1
L:=)=lz — (a,ﬂv) = -2 (ﬂaav> = -1
s = (@) = -3 (BaY) = -1

2.2 Borel and parabolic subalgebras

We shall be concerned with a certain class of subalgebras of g. The sim-
plest of these are the Borel subalgebras defined to be the maximal solvable
subalgebras of g. The prototype or standard Borel subalgebra is

b=h®n

where

n= P g

acAt(g,h)

Example (2.2.1). If g = sl(n, C), then h consists of the diagonal ma-
trices, n the strictly upper triangular matrices, and b the upper triangular
matrices.

Every Borel subalgebra is G-conjugate to the standard prototype b. A
parabolic subalgebra of g is one which contains a Borel subalgebra. Again,
there exists a standard form for these. Given g, h, and S as usual, let Sp
be a subset of S and set

A(l,h) = spanSp N A(g, h)

so that

l1=he P ga
aeA(lh)

is a subalgebra of g. 1is reductive: 1= [1,1] 4+ 1; where 17 is the centre of 1
and 1g = [1,1] is semisimple of rank = |Sp|. Let A(u,h) = A*(g,h)\ A(l,h)
and take
u= P 8.
a€A(uh)

Then u is nilpotent, and the subalgebra

p=1l6u (4)
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contains b and is hence parabolic. Up to conjugation, all parabolics arise
in this way. The decomposition (4) of p is called a Levi decomposition. It
will also be useful to set

uw= P g

aeA(u,h)
This gives a complement to p in g, that is a subalgebra u_ with
g=u_op.

A parabolic is called mazrimal if it is a maximal proper subalgebra of g.
Then Sp, is just one element short of S.

A useful notation for a standard parabolic p C g is to cross through all
nodes in the Dynkin diagram for g which correspond to the simple roots of
g in §\Sp. For example, the standard Borel subalgebra has crosses through
every node whilst a maximal parabolic has only one crossed node. The Levi
factor 1 of p then comprises a semisimple part lg, whose Dynkin diagram is
obtained from that of p by deleting crossed nodes and incident edges, and
a centre 1z C h of dimension |S \ Sp| = number of crossed nodes. We may
choose a Cartan subalgebra hy of g so that hy @1z = h. Specifically, for our
standard parabolic, if we use the Killing form to identify h with h* then we
should take

h; = spanSp, = hNls.

Example (2.2.2). Let g = sl(4,C) with h and S as above. It can
readily be checked that, for example,

Xk ) ok ok
Xk ) ok ok
o — . €sl(4,C)
0 0!x x
JKAK Kk
O!x x x
X—o—o — 0% % x € sl(4,C)
0 E * k%

The subalgebras 1, u consist, respectively, of the “diagonal blocks” and the
“top right hand block”.

2.3 Generalized flag varieties

Again, let g be a complex semisimple Lie algebra and p C g a fixed parabolic
subalgebra. Let G be the associated simply connected Lie group with g as
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Lie algebra. Then p gives rise to a subgroup of G which will be denoted by
P. The subgroups which arise in this way are called the parabolic subgroups
of G. All are conjugate to a standard parabolic subgroup i.e. one obtained
from a standard parabolic subalgebra. Let X be the set of all parabolics in
G which are conjugate to P. The stabilizer of the conjugation action of G
on X is exactly P whence X may be regarded as a homogeneous space:

X =G/P

as in, for example, [95,139]. As pointed out above, X is simply connected
and compact. In fact, P is parabolic if and only if G/P is compact [95].
As a complex manifold it is Kéhler; indeed we will show how to construct
a projective embedding in section 6.1. Conversely, Wang [152] has shown
that all compact simply connected homogeneous Kéhler manifolds are of
this form.

These spaces will be called generalized flag varieties, in honour of the
case g = sl(n,C). To designate a particular generalized flag manifold we
shall abuse notation and denote X by the same Dynkin diagram as p.

Example (2.3.1).  The basic examples of flag manifolds are the varieties
of complete flags in a vector space V; a complete flag in V is a nested
sequence of subspaces

wcwc...cV,=V

where dimV; = i. If {e;} is a basis of V, then a standard flag is given by
V; = span{ey, e3,...,€;}. SL(V) clearly acts on this variety, with stabilizer
the subgroup B of upper triangular matrices, at the standard flag. Thus,

F (V) = Variety of complete flags in V = SL(V)/B.

In the notation introduced above, F, = %—<—X -+ %—X (m—1 nodes). The
simplest case is x = CP;.
More generally, we may consider the varieties of partial flags in V. Let
n = (a,b,...,d) be a strictly increasing sequence of natural numbers with
d < m = dimV; then a partial flag of type n in V is a sequence of nested
subspaces
Vv,.cV,c...cV,CcV

where dimV, = e. A standard flag is easily constructed from a basis {e;}
and, relative to this basis, the stabilizer of the standard flag is the parabolic
- Qa ap
p— —@ - 0—X—@ - 0—X—9 - etc'

realizing the variety Fn(V) of partial flags of type n in V as a generalized
flag variety. Projective spaces and Grassmannians are particular examples
of such varieties.
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Example (2.3.2). In Penrose’s twistor theory [90,126,128,155], we
should take G = SL(4,C). To see why this is so, begin with complex
(affine) Minkowski space which is just C* with a complex metric which may
be written in null coordinates as

Iy 11? = 2(y194 — v2us)
where y € C*. Similarly, if x € CS write
[x)1? = 2(z126 — 225 + T324).

Then define a mapping C* — C¢ by

1
qS:y—* (5,:‘/1,-"7?/47”3’”2)

so that ||¢(y)]| =0, i.e. ¢(y) is null.

Twistor theory, however, concerns itself primarily with the conformal
geometry of Minkowski space; so we should allow for the replacement of the
metric on C* by a conformally rescaled metric

IIyII':’ = 252(311114 — Yay3)

with k € C and adjust ¢ to
K 1112
¢I€ 'y — (§,ﬁy1,-'~,'€y4”‘3 ”y”n)

so that again ||¢.(y)|| = 0. Of course, ¢, = k¢ so that the conformal geom-
etry of C* defines an embedding of affine Minkowski space into CP5 whose
image is evidently an open dense subvariety of the quadric corresponding to
the null cone of the origin in C%. In twistor theory it is customary to call
this quadric (complexified, compactified) Minkowski space; it is a conformal
manifold, for locally we may use ¢, to define a complex metric up to scale.
Of course, this quadric is also the complexification of the four sphere (since
signature is irrelevant over C.) Denote it by

M = CSs*

Spin(6, C) acts transitively on M and a moment’s thought shows that
it covers the group of conformal motions of M which is just the image
of Spin(6, C) in PSL(6,C) so that the covering is 4 — 1. Now recall that
Spin(6, C) is just SL(4,C), for we may identify C® with A2C* and SL(4,C)
is simply connected. The metric on CS8 is defined by the following: let
n € A*C* be a volume form preserved by SL(4,C) and if x € A2C* then

zAhz = |x|*n.
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So a vector is null if and only if it is represented by a simple two-form; but
simple two forms defined up to scale are in one-to-one correspondence with
two dimensional subspaces of C* so that

M = Gry(C*) = e—x—s,

As an even dimensional quadric, M has two distinct families of (totally
null) two-planes usually called a-planes and (-planes. These families con-
stitute generalized flag varieties also: they are projective spaces

PT = %—e— and PT* = e—e—x,

Each point in M corresponds to a complex line in PT or PT*—a fact
classically known as the Klein correspondence. Any two a-planes or (-
planes in M intersect in a single point. However, an a-plane and a (-plane
generically miss each other. If they happen to intersect, then they intersect
in a line which is null in the conformal structure on M. All null lines of M
arise in this way and so the space of such lines is the partial flag variety

N = x—e—x,

Remark (2.3.3). In standard twistor theory, N is called ambitwistor
space A, since a point of A is a pair of points ([Z?],[W,]) (in homogeneous
coordinates) with [Z°] € PT, [W,] € PT*, and Z*W, = 0. This extremely
useful situation has no analogue for spaces of null lines in dimensions other
than four (see example 2.3.5).

The remaining partial flag varieties of T play the role of correspondence
spaces in the Penrose transform.

Remark (2.3.4). The observations of example 2.3.2 led one of us
[50,51] to generalize the well-understood Penrose transform between these
spaces [44] to a transform between all partial flag varieties; this book may be
regarded as a continuation of that programme to generalized flag varieties.

Example (2.3.5). It is easy to generalize example 2.3.2 to higher
dimensions; the analogue of Minkowski space will be the complexified sphere
or complex quadric CS™. Simply replace C* and C® by C™ and C™*? and
adapt the formulae for the metrics and the embeddings ¢, in the obvious
way.

In even dimensions m = 2n we find

CS™M= o 4 o... ,_< (n + 1 nodes).
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CS2" again contains two distinct families of n-planes, namely

Z2n= —e ....g_<
Z2n = .._<

each being n(n + 1)/2-dimensional. They generalize the (projective) twistor
spaces for M and so we shall call them higher dimensional twistor spaces.
In example 6.1.3 we shall identify them as the projective spaces of reduced
pure spinors for SO(2n,C).

In odd dimensions m = 2n +1

and

Cs2n+1 — X—e—9 " .%:‘ (TL + 1 nodeS).

0Odd-dimensional quadrics have only one family of (totally null) n-planes.
This is the generalized flag variety

720+l _ o o0 - &FX

of dimension (n + 1)(n + 2)/2. It is again the natural generalization of the
twistor space for M and the projective space of pure SO(2n + 1,C) spinors.
In even dimensions, there is a natural analogue of the ambitwistor space

in four dimensions, namely

A2n= o——+—4‘—< .

However, for n # 2, A?® is not the space of null lines in CS2". This latter
space N2% may be identified as follows: LeBrun observed [105] that the space
of null geodesics in any conformal manifold admits a contact structure. The
homogeneous contact manifolds were identified by Boothby [21], there being
exactly one for each complex simple Lie algebra. So

Nznz .—X——.""_<

N2n+1:.+.....=):. .

Of course, these identifications may also be made by pure thought.
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2.4 Fibrations of generalized flag varieties

If q C p are parabolic subalgebras of g, then we have a natural fibration
G/Q 5 G/P.

The fibre is easily identified: let p = 1@ u be a Levi decomposition with Lg
the semisimple simply connected Lie group corresponding to the semisimple
part .ls of the reductive factor 1. Then q N1 is parabolic in lg and the fibre
of 7 is isomorphic to P/Q = L/(LN Q) = Ls/(Ls N Q) and, consequently,
a generalized flag manifold. The Dynkin diagram for the fibre is evidently
obtained from the following

Recipe (2.4.1). Delete from the Dynkin diagram for q all crossed
nodes (and incident edges) shared with p and then delete all connected
components with no crossed through nodes.

Thus, for example, the fibration
has fibres isomorphic to

x x = CP! x CP!.

i

Similarly, the fibration -

G™= .._.< S e < = cs™

has fibre

*x—e ’—<: (one node fewer) = CS2n-2

Taking p and r to be standard parabolics, now otherwise unrestricted,
P Nr = q is a standard parabolic (with Dynkin diagram obtained by cross-
ing through all nodes which are crossed in either of p or r). Thus, to any
pair of generalized flag varieties, G/P and G/R, there is associated a double
fibration:
G/Q

n T

v N
G/R G/P.
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Notice that 7 and n provide an embedding
G/Q— G/P x G|R

so that the fibres of 7 are embedded into G/R by means of n and vice
versa. This gives a correspondence (see page 67) between points of G /P atnd
certain submanifolds of G/R and vice versa. This is exactly the situation
obtaining between Minkowski space and twistor space in Penrose’s original
construction.

Example (2.4.2).  The double fibration

has x for the fibre of n; thus, points of N2 correspond to lines in Cs2n,
On the other hand, as we have seen, the fibre of 7 is CS2n-2 50 all the lines
in CS?" (arising from points in N2®) through a particular point in Cs2n
generate the null cone through that point, as expected.

So now we have the basic geometric structure required in Penrose’s orig-
inal transform. We next need a class of bundles on these spaces, whose
cohomology is to be the subject of the transform.

HOMOGENEOUS VECTOR BUNDLES ON G/P

In this chapter we recall the construction of homogeneous vector bundles on
homogeneous spaces G/P from representations of P. We shall use as our
building blocks those which arise from irreducible representations of P and,
occasionally, the restriction to P of an irreducible representation of G. Thus,
we must briefly review the representation theory of semisimple Lie algebras;
in particular, we introduce a useful notation for weights and representations
with which we shall be able to compute later. We also briefly discuss the
question of taking pull-backs of homogeneous bundles under homogeneous
fibrations, since this forms the start of the Penrose transform.

3.1 A brief review of representation theory

In section 2.1 we fixed, once and for all, a Cartan subalgebra h and a set of
simple roots S of g. Recall that a weight for g is an element of h* and that
if v € V with V a representation space of g then v is a weight vector for h,
of weight A € h*, if and only if

Vh € h, hv = A(h)v.

The set of all vectors in V of weight A is called the A-weight space of V, its
dimension being the multiplicity of A\. Denote by A(V) the set of all weights
whose weight spaces in V' are non-trivial. If A € A(V') then A is said to be
a weight of V. Let

n= @ g; n= P sg.

acAt(gh) acAt(gh)

be the raising and lowering subalgebras of g. A vector v € V is called
mazimal (resp. minimal) if and only if it is annihilated by n (resp. n_) under
the action of g. Recall that h* has a partial ordering as in section 2.1; then
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a maximal (resp. minimal) vector of weight A is highest in V (resp. lowest
in V) if A = X (resp. A < X) VX € A(V).

Next, consider the weights in hf. The form (, ) on h* restricts to
a positive definite form on hy. For each a € A(g,h), W, is the wall or
hyperplane in hi perpendicular to a. These walls partition hf into distinct
open regions called Weyl chambers. A unique chamber, the fundamental
chamber, is distinguished by requiring its elements A to satisfy

(\,a) >0 Vae A*(g,h,S)

(equivalently, Va € ). A weight in the closure of the fundamental chamber
is called dominant for g. A weight not on any wall is called regular.
Given S = {a;} define a dual set of weights {\;} by requiring

(Aiy o) = 65
Then {\;} is a basis for h* and any X € h* is expressed as

A= a)) A

3

)\ is said to be integral if and only if the coefficients in this sum are integers;
clearly, X is dominant if and only if they are non-negative. We need a

Notation for weights:
Represent a weight A for g by inscribing the coefficient
(A, @)) over the j* node of the Dynkin diagram for g.

Example (3.1.1).
1
-1 0 3 4 -2 1
5_—<1 oo o

The classification theorem of irreducible finite dimensional representa-
tions of semisimple Lie algebras, g, is:

Theorem (3.1.2). A finite dimensional irreducible representation of
g has a unique highest weight vector, of weight \, which is dominant in-
tegral for g, and this induces a one-to-one correspondence between finite
dimensional irreducible g-modules and dominant integral weights.

If V is such a representation space, then V*, its dual, has a lowest weight
vector of weight —A. So the theorem may equivalently be given in terms
of lowest weights. We shall adopt this seemingly perverse point of view

3.1 A BRIEF REVIEW OF REPRESENTATION THEORY 23

because the Bott—Borel-Weil theorem (which we shall use extensively below)
is most easily expressed in this form. Furthermore, we shall extend our
abuse of notation and allow the Dynkin diagram for A to denote also the
representation with lowest weight —A. (This is consistent with the notation
we shall shortly establish for vector bundles. View a representation of g as
a vector bundle over G/G = {pt}.)

If p is a parabolic subalgebra of g, then, since h C p, weights have a
meaning also for p. Notice that if p = 1 ® u is a Levi decomposition of
p, then u acts trivially on any irreducible representation of p (since, by
Engel’s theorem, u acts by nilpotent endomorphisms). Thus, an irreducible
representation of p corresponds to an irreducible representation of 1. Let
7 : h* - (hNlg)* be the natural projection. Then a weight A is integral
or dominant for p according as 7(\) is integral or dominant for lg. These
are the obvious conditions on the nodal coefficients (), ;') for ; € Sp.
Namely, coefficients over the uncrossed nodes are constrained to be integral
or non-negative respectively. Then we obtain

Theorem (3.1.3). The finite dimensional irreducible representations
of p are in one-to-one correspondence with A € h* which are dominant and
integral for p.

Remark (3.1.4). A similar comment concerning lowest weights is
applicable here and the Dynkin diagram for A (with choice of p recorded
by means of crosses) will be used to denote the representation of p whose
lowest weight is —A.

Remark (3.1.5). Since the same weights could be used to determine
representations for different parabolics p and p’, this distinction must be
incorporated into the notation for the corresponding representation. This is
automatic in the Dynkin diagram notation. A useful alternative is to write
Fp(p) for the irreducible representation of p with p as an extremal weight.
Thus, F(—A) is the required representation of p. In case p = g, we shall
simply write F/(—A). These notations agree with [151] but we shall further
set
Ep(A) = Fp(=A) and E(X) = F(=)).

Again, our reasons for these slightly odd conventions stem from the Bott—
Borel-Weil theorem of chapter 5 and also our use of the Bernstein—Gelfand-
Gelfand resolution of chapter 8 in a form dual to the usual.

Remark (3.1.6).  In fact, we are really concerned with Lie groups and
their representations rather than just Lie algebras. For semisimple g, the
classification coincides with that for the associated simply connected Lie
group G. However, if the parabolic p C g corresponds to P C G, then in
order for an irreducible representation of p to “exponentiate” to one for P,
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Table 3.1. A Young diagram

[ 1]

(a,b,...,c,d) =

it is necessary and sufficient that the dominant weight A in theorem 3.1.3
above be integral for g and not just for p. We shall assume this to be the
case unless otherwise indicated.

Example (3.1.7). Recall that any irreducible finite dimensional rep-
resentation of sl(n + 1,C) is obtained as an irreducible submodule of the
tensor algebra on the self-representation of sl(n + 1, C). Indeed, a similar
statement is true for GL(n+1, C) and the representations of sl(n+1, C) are
obtained by restricting to SL(n + 1,C) and differentiating. The irreducible
finite dimensional representations of GL(n+1, C) may be specified by means
of a Young diagram as in table 3.1 [50,112,127,159]. If the abstract index
approach is used, as in [127], then Cn*! = V@ and the Young diagrams with
m boxes specify symmetries on the m-fold tensor power of Ve

m

——
®"C =V L.

Strictly speaking a Young diagram does rather more than just this. The
imposition of symmetries may be regarded as projecting from V% onto
a copy of the required representation by a GL(n +1, C)-equivariant homo-
morphism. Since such representations are apt to occur inside V%% with
multiplicity greater than one there is a good deal of choice for such a pro-
jection. Indeed, the symmetric group Sy, acts transitively on the space of
such projections via its action on Vo8 This action provides an irreducible
representation of S, and all such representations of S,, arise in this way.
In other words, Young diagrams also parametrize the irreducible represen-
tations of S,, and are best thought of as describing the splitting of yop-s
under the action of GL(n + 1, C) x Sp.
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For any Young diagram thought of as a representation of S,, a basis for
the representation space is provided by filling in the m boxes with the num-
bers 1,2,...,m such that each row and each column is in increasing order,

forming a Young tableauz. Thus, (1,1) is a two dimensional representation
of 83 with basis

2 | 13

3] 2]

These two elements describe, in the notation of [127], the particular projec-
tions

=8 = M-

Restricting to SL(n + 1, C) eliminates the determinant representation.
In other words, under SL(n + 1, C) we have

(a,b,...,d) = (a+n,b+n,...,d+n)

fc.)r any n. This redundancy shows up in our notation for the finite dimen-
sional irreducible representations of sl(n + 1, C):

(a,bye,d,....e,f,g) =23 8 dg  Fe &f
so that, in particular, the self representation is

0 0 0 0 1

(The reader will easily check that this is consistent with the “dual” approach
that we are taking when specifying representations using Dynkin diagrams.)

Thus, for the mathematical physicist, (non-projective) twistor spaces
are

T = ¢ e s To = oo
Ts) = o—o—s Tiog) = o—a—s =TI

0 1

Note that 5 1 9 may also be regarded as the self-representation of
s0(6,C) and the last of these demonstrates the isomorphism of this self-
representation with its dual, afforded by the metric preserved by so(6, C).
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Example (3.1.8). Spinors are of great importance in mathematical
physics; these correspond to the following representations (cf. e.g. (81,149]):

1
0 0 0 0o 0
0

(

For SO(2n,C) :

For SO(2n+1,C) : o4 4 ... s -

Example (3.1.9).  The adjoint representation of SL(3,C) is L 5. The
“baryon octet” consisting of spin—% particles, the proton, the neutron, and
their siblings is regarded as providing a basis for this representation (of the
corresponding real form SU(3)), as described, for example, in [111]. This
symmetry group is known as a gauge group, the classification scheme being
known as the “eight-fold way” of Gell-Mann.

Example (3.1.10). An important representation of a parabolic p C g
is the adjoint action of p on g/p. Unless p is a maximal parabolic, it is
evident that the representation is reducible (we see from the root space
decomposition of g that g/p has no highest weight vector). Maximality
is a necessary but not sufficient condition for irreducibility. To investigate
further (following Kobayashi and Nagano [100]) let

p=1du g=u_-@p

be fixed with S, = S\ {a}. Fix e € 1z by a(e) = 1 and observe that
the eigenvalues of ad e are integral, negative on u_, zero on 1, and positive
on u. If p acts irreducibly on g/p, then the eigenvalues of ad e are -1, 0,
or 1; conversely, if this is so, then, by a simple argument involving roots
strings [94], p acts irreducibly on g/p. Equivalently, the coefficient of a in
an expansion of the highest root 6 of g (in terms of §) is 1. When g/p
is irreducible, the lowest weight of g, namely —0, is the lowest weight of
this representation; by consulting a table of highest root vectors for simple
g (e.g. [94]), we can list the irreducible g/p as in table 3.2. The general
structure of the representation is explained in section 9.9.

Remark (3.1.11). For p C g as above, the decomposition
g=u_@®louis a |l|-grading of g (cf. [115]); this is significant for the
extension of the Penrose transform (and its various invariant differential
operators) to curved spaces [8,11].

3.1 A BRIEF REVIEW OF REPRESENTATION THEORY

Table 3.2. Irreducible g/p

| g | Irreducible g/p as a p-module |

an

bn

Cn

€6

€r

1 0 0 0 0 0 1
T any node
0 1 0 0.0
x_._..=>=.
2 0 0 0.0
(
0 1 0 0 0 0
0
0 1 0 0 0 0
0
o1 0 o o0o2°
0
\

27
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Remark (3.1.12). Note that g/p is irreducible if and only if u- is
Abelian (this latter condition being equivalent to ade having eigenvalues in

{-1,0,1}).

3.2 Homogeneous bundles on G/P

We can now construct the bundles which will be the subject of the Penrose
transform in this book. Let p : P — End(V) be a representation of P on
s finite dimensional C-vector space V and induce the homogeneous vector

bundle
y = GXPV

1
G/P.
A section of V may be thought of as a V-valued function on G satisfying
the relation

flgp) = u(@)f(9)

(for g € G and p € P). We shall usually take f to be holomorphic and so an
equivalent differential condition is (for z € p, thought of as a left invariant
vector field on G):

o[f] = —du(z)f.

The sheaf of germs of holomorphic sections of V is denoted by OV);ifVis
the trivial representation on C, then O(V) = O, the holomorphic structure
sheaf of G/P. Thus, for each integral weight for g which is dominant for
p one obtains an irreducible representation of P (as in remark 3.1.6) and
hence an irreducible homogeneous bundle on G/P. In this case we shall
write Op() for O(Ep(X)). With the Dynkin diagram notation we can omit
the reference to p. Thus,

O(e—3s) (p,r20)

is a bundle on CS* and

0k 35%...9%) (5)

is a bundle on CP,, (namely the k*h tensor power of the hyperplane sec-
tion bundle, usually denoted by O(k)). Many more examples are given
below (and related to standard bundles on various spaces). Before looking
at these, note that we shall yet further abuse our long-suffering notation:
when Dynkin diagrams are used to indicate irreducible P-modules, the same
diagram shall also stand for the sheaf of the associated homogeneous bun-
dle. In other words, where no confusion will arise, we shall omit “O( ) in
the notation above.
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Example (3.2.1). Regarding g as the left invariant vector fields on G
yields an isomorphism

O(G/P)= O(g/p)

identifying the holomorphic tangent bundle of G/P as a homogeneous vec-

tor bundle. The cases in which this is irreducible were discussed in example

3.1.10 above. They comprise projective spaces, Grassmannians, complex-

ified spheres, and their twistor spaces (in even dimensions), Lagrangian

((i}lrassmannians, and two exceptional examples. Dually, the cotangent bun-
e is

QY(G/P) = O(g/p)" = O(u)

where u is the maximal nilpotent part of p and we have used the Killing
form on g to identify (g/p)* = u. For both these bundles, table 3.2 may
now be interpreted as giving the irreducible cases of ©(G/P) and Q'(G/P).

Example (3.2.2). On the complete flag variety F.(V) (cf. 2.3.1) we
have homogeneous line bundles such as

]:_pqr t u

It is easy to give a simple geometric description of these bundles: at a flag
{Vi} € F(V), the stalk of F is isomorphic to

le ® (VZ/Vl)p+q ®...0 (Vn_l/Vn_2)p+q+T+...+t+u

or
(V2/V1)p ® (VS/V2)p+q ®...® (V/Vn_l)p+q+r+..‘+t+u

(since detV is trivial). A similar identification is possible on partial flag
manifolds as in [50]. Thus, for example, on ®—x—e :

%o = (0,1)V,®(1,2)(T/V,)
> VeT/V,

where V, C T is the two dimensional subspace of T corresponding to z.
This is the tangent bundle to Minkowski space. Another example is

8
o
o
o
o

(0,m)L ® (m,m,...,m)(C"*!/L)
(_‘m’ O)L ® (07 0,..., 0)(Cn+1/L)
Lo,

|
|

R 1R 1R

This is the m' tensor power of the hyperplane section bundle on CP,
verifying the claim at (5).
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Example (3.2.3). Bundles on Minkowski space

We identify here the standard bundles on Minkowski space M = e&—x—e
as given, for example, in [44,127]; this provides theoretical physicists with
some concrete examples of homogeneous bundles and will serve to introduce
others to Penrose’s abstract index notation [127].

Spinor bundles

0 A’ — 1 0 O 0 A — 0 0 1
Op = L0 04 = 0 L1
O[n) = 3_% 3 (the conformal weight n line bundle)

and, taking tensor products,

y4 T

o’ / EF H r
OWB .DVEF. Mg =% 8 {=0up  pyer. mp+a+r]
N —— ——

Tangent bundle on M

Forms on M

Q' = O = o e

2 _ 2 30,0 3 2
Q = Oup)-1]®O0up)[~1] = e % oDex—s
DB = Oual-2] = o %
o = 04 = 3 % e
O’ = Owupyap) ® O[-2] =I5 ies i q.

Example (3.2.4). Bundles on CS?" and CS?7*!
Generalizing from above it is natural to make the following definitions on
CS?n and CS20+1,

Conformal weights on CS2™:

Olg] = x_0._2u<°
0
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Sections of this line bundle may be represented locally, given a choice of
metric g, by functions f which rescale according to f — x9f when g is
replaced by x%g. g must be a metric in the conformal class of metrics—see
remark 3.2.5 below.

Spinor Bundles on CS2?™:

1

’ 0 0 0 0 0

or = x—o—o‘—<

0
0

0 0 O 0 0
0% = x-o—oo——<
1

If n is odd, these are dual, up to a conformal factor:

-1 0 0 000
Oa’=x.o-~~
1
1
0_-100 0 0
a T X—e—e - .
0

If n is even, the spinor bundles are self-dual, again up to a conformal factor:

1
-1 0 0 0 0
Oa’:x—o—-o-n’-{
0
0
-1 0 0 0 0
0 = LS8 .<
1

On CS22+1 there is only one type of spinor:

0% = % o o e
with dual
O, =—>1(—(0]—00---2%=£-

The tangent bundles are given in table 3.2; it is useful to work out the
bundles of p-forms. A simple method of doing this is given in chapter 8,
but in any event it is not too difficult to compute them directly by taking
exterior powers of the one-forms.
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Forms on CS2n

0
» = x_Fg._._.u< 0<p<n-1
nodep+1T 0

1
Qn_l _ m 0 0 0 0
T x—e—0 - 0o«
1
10 0 0 0 2 10 O 0 0 0
_ -n- -n- —_ On n
Qn = oo - @ X—0o—@ --- —Q_‘_@Q_
0 2
1
Qn+1 _ =20 0 0 0
= x—e—0 - 04«
1

0
o =>e_._2._._22_.< n+1<p<2n
node 2n + —pT

0

an _ 2n 0 O 0 0
-_ F._.~-o .
0

Remark (3.2.5). Regarded as generalized flag manifolds, the complex
spheres CS?™ come with a conformal structure; this is the distinguished line

bundle
2 0 0 0 0::0
0

in 2, the bundle whose sections are (complex) metrics. A choice of a
metric g in the conformal class together with a choice of complex orientation
gives a Hodge operator

x 1 Qp 5 Qo (6)

This scales by

* - k2P « when g — k2g.

The isomorphism (6) together with this scaling is evident in the above enu-
meration of the forms as homogeneous bundles. When p = n, * depends
only on the conformal structure. ** = %1 and so * has two eigenvalues.
Q" = QF @ Q" is a splitting into the eigenspaces of *, i.e. the self- and
anti-self-dual n-forms.
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Forms on CS2n+1,

@ = R0 00 0<p<n
nodep+1T
-n-1 0 0 0,2
Q" = l;&.—...%:.
1 _ -n20 0 0 2
Qnt = nx__._..%:.
974 = ";1_0._24..(14_0....(;)3. n+l<p<2n+1
nodep+1T
2 2020 0 0.0
Qn+1 = nx._._..=)=.

3.3 A remark on inverse images

As in section 2.4, suppose that Q C P so that there is a fibration
G/Q % G/P.
Then there is a natural map of sheaves
0= n7'0p(A) — Og() (M)

induced by the projection Ep(A) — Eq(A). Irreducibility of the representa-
tion Ep(A) yields injectivity of the map. (7) is the beginning of a resolution
of n7'Op(A) on G/Q by homogeneous vector bundles, which will be com-
pleted in chapter 8.



THE WEYL GROUP, ITS ACTIONS, AND HASSE
DIAGRAMS

The combinatorial key to the Penrose transform is the Weyl group of a
semisimple Lie algebra and the Hasse diagram or subgraph associated to
a parabolic subalgebra, together with their action on weights. With this
machinery we may describe the two key ingredients of the transform—
the Bernstein—Gelfand—Gelfand resolutions and the Bott—Borel-Weil the-
orem for computing cohomology and direct images of homogeneous sheaves.
Again, the forbearance of the reader who is familiar with this material is re-
quested whilst we review it for the mathematical physicist. A good reference
for what follows is the excellent book by Humphreys [94].

4.1 The Weyl group

Recall that on hg, the bilinear form ( , ) is positive definite. For any
a € A(g) the wall W, as in section 3.1, is the hyperplane perpendicular
to a. Let o, be the reflection in W, : then the Weyl group of g, Wg or
simply W if g is understood by context, is the group generated by the o,
for o € A(g). In fact it is sufficient to deal with simple roots only—if S
is a fixed system of such for g then {o, s.t. o € S} generates Wg. Given
any w € W, there exists a minimal integer £(w), called the length of w,
such that w can be expressed as a product of £(w) simple reflections. Such
an expression, which is generally not unique, is called a reduced expression
for w. W is finite, and there is an unique element w® of maximal length.

Example (4.1.1). [The Weyl group of s1(3,C)] Let g = sl(3,C)
with simple roots numbered as ‘g % and denote by (i...k) the product

Oq; --+0q,. Then the reader may verify that reduced expressions for ele-
ments of Wy are

{id, (1), (2), (12), (21), (121)}.
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Notice that (121) = (212). The reader should check that Wg = S, the
symmetric group on three letters; o,, and ¢4, correspond to the simple
transpositions {12} and {23}. Generally, if g = sl(n, C) then Wg = S,,;.

Remark (4.1.2). Simple realizations of Weyl groups for various g may
be found in several places—for example [85]. Wy is a particular example of
a class of finite groups called Cozxeter groups.

W acts on hk, by definition. It permutes the set A of roots of g. The
orbit of any root consists of roots of the same length, since reflections pre-
serve (, ) and, in fact, consists of all such roots. As in section 3.1, the walls
W, for a € A carve up hj into cones known as Weyl chambers all of which
are congruent. The Weyl group acts faithfully on these chambers. In other
words there is precisely one element of W which maps any given chamber
into any other. Thus, if one chamber is arbitrarily chosen then there is a
one-to-one correspondence between these chambers and the elements of W
in which the identity element of W corresponds to the chosen chamber. In
particular, we can take this to be the fundamental or dominant chamber as
in section 3.1. Recall that the dominant chamber is obtained from a choice
of simple roots. Conversely, any chamber determines a set of simple roots.
The action of the Weyl group on the chambers corresponds to its action on
choices of simple root systems.

W also permutes the weights in any finite dimensional irreducible rep-
resentation of g. The highest weight lies in the closure of the dominant
chamber, the lowest weight is obtained by action of the longest element w®
of W, and the orbit of the highest weight under W is called the set of ez-
tremal weights. Thus, an extremal weight A determines the representation,
which, as in remark 3.1.5, we denote by F'(A).

To realize this reflection action of W we shall need an explicit form for
the action of a reflection o, on a weight A, written in the Dynkin diagram
notation. If A € hy then:

g.(A) =2 = (A a)a

(recall that o¥ = 2a/{a, @) is the co-root of ). Thus the node coeflicients
for o,(A) are given by the formula

{oa(V), o) = (A, o) = (A, @) e, o)
where the a; range over S. If « is simple, (a,a)) is a Cartan integer ob-

tainable directly from the Dynkin diagram as in section 2.1. This yields the
following;:
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Recipe (4.1.3).  [The action of a simple reflection] To compute
a(A), let ¢ be the coefficient of the node associated to .. Add ¢ to the
adjacent coefficients, with multiplicity if there is a multiple edge directed
towards the adjacent node, and then replace c by —c.

Example (4.1.4). Reflect in the simple wall W, indicated by 1:

a b ¢ a+b -b b+c
— e o o oo
]

a b,c  atb-b2btc
’_‘=)=‘T ’_‘;'

a b ¢ a+b -b b+c
-=)=T’—° T e
The Weyl group Wy admits the structure of a directed graph as follows:
let w,w’ € Wy and write
w— w

if £(w') = £(w)+1 and w’ = o,w for some o € A(g). These are precisely the
directed edges in Wg. This directed graph structure gives a partial ordering
known as the Bruhat ordering [18] on Wg: we write w < w' if either w = w’
or there exists a directed path from w to w’ in Weg.

Example (4.1.5).  [Directed graph structure of W3 o))

— (12)

(1)
id< >< >(121).
(2) = (21)

This directed graph structure is important for several reasons. As will
be seen below, it is closely related to the topology of a generalized flag
manifold, by specifying a stratification by affine cells of increasing complex
dimension. It also restricts the possibility of the existence of invariant dif-
ferential operators between homogeneous sheaves, for these correspond to
homomorphisms of Verma modules (see section 11.1 and [17,39,53,110,150])
which are restricted to lie between Verma modules whose highest weights
are related by the affine action of Wy given below. The differential opera-
tors which occur in the Penrose transform are precisely of this form (and
this is one reason for studying it). It is therefore important to have at hand
a method for computing the structure.
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The actual computation of Wy from its definition is extremely tedious. A
straightforward alternative (which will be generalized in the next section) is
obtained by noting that the elements of the orbit of any regular weight are in
one-to-one correspondence with Wyg. This follows because a regular weight is
defined to be one which lies on no wall. In particular, set p = % Yaent(g) O
It is readily checked that (p,a)) = 1 for all simple «; so that p = >, A,
Thus the Dynkin diagram for p has a 1 over each node. Geometrically, p
is the integral weight in the dominant chamber which lies closest to the
origin i.e. right in the corner of the chamber. We may now compute the
orbit of p by repeatedly applying simple reflections (using the recipe given
above). This results in a one-to-one correspondence with the elements of
Wg. Reduced expressions for such an element are then obtained by tracing
back all possible concatenations of simple reflections producing an element
of the orbit from p.

Example (4.1.6). [Computing the Weyl group of sl(4,C)]
The diagram in table 4.1 shows the action of Wgycy on p = P
where the lines denote the application of a simple reflection according to

recipe 4.1.3. Other reflections are not recorded on this diagram (see exam-
ple 4.1.9 below).

To obtain the directed graph structure of Wg, we make use of the fol-
lowing lemma [18]:

Lemma (4.1.7). If w — w' then a reduced expression for w is obtained
from any reduced expression for w' by omitting one simple reflection. More
generally, if w <X w' then a reduced expression for w is obtained by omitting
several simple reflections.

Remark (4.1.8). Notice that simply omitting a reflection from a re-
duced expression for w’ may produce w with ¢(w) < £(w’) — 1 so that
w - w'—consider omitting the (2) from (121) in example 4.1.1 above, for
example.

Since the method of computing Wy yields all possible reduced expressions
for elements of Wy, it is feasible, with care, to apply this lemma. Let us do
this for the Weyl group of s1(4,C):

Example (4.1.9). [Directed graph structure of W4 )]
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-
'
-
'
-

(1)

1

Table 4.1. Orbit of p under Wy4 c)
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(321)
(21) (1321)
(121)
(1) (12) (2321) (21321)
(213)
id (2) (13) (2132) (12321) 121321).
(132)
(3) (32) (1213) (12132)
(232)
(23) (1232)
(123)

4.2 The affine Weyl action

It turns out, as a consequence of Harish Chandra’s theorem [94], that the
most significant action of the Weyl group on weights is not the straightfor-
ward one generated by reflection as in the previous section but rather the
affine action obtained by conjugation with translation by p =3 A;:

w A =wA+ p) —p.

It is this action which determines the correct parameters in calculating co-
homology (via the Bott—Borel-Weil theorem) or resolutions (of Bernstein,
Gelfand, and Gelfand). A crucial distinction occurs in both these results
which depends on whether A has a non-trivial stabilizer under the affine
action: if it does, we call A singular and A + p is in some wall. Otherwise,
X is non-singular (rather than regular which means that A itself is not in a
wall). If X is singular, then for some w € W and o; € S, (w(A + p), &) = 0.
So a singular weight may be detected by applying the reflection recipe to
the Dynkin diagram notation for A + p and seeing if a node integer can be
made zero.

4.3 The Hasse diagram of a parabolic subalgebra

The Weyl group introduced above has an important subgraph or Hasse
diagram WP (see, for example, [35]) attached to a standard parabolic sub-
algebra p of g. This diagram is related to the topological structure of the
generalized flag manifold G/P and the structure of the Bernstein-Gelfand-
Gelfand resolution on G/P explained in chapter 8. It is important also in
determining the direct images of homogeneous sheaves under projections
between generalized flag manifolds (using the Bott-Borel-Weil theorem as
in chapter 5).

It is distinguished as the subset of Wy whose action sends a weight A,
dominant for g, to a weight dominant for p. To elucidate this condition, let
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=1 u be the Levi decomposition of p given by the fixed choice of the
Carta,n subalgebra h and the system of simple roots S = {a;}. Let {\i} be
the basis of weights dual to {a)} under ( , ), as before. Then if w € WP
and if A is dominant for g, we must have

(A wla) = (wA,a) >0 Va € A*T(1).

Letting A run over {);} forces w™'a € A*(g). This is clearly sufficient, also,
for wA to be p-dominant and hence for w € WP. Defining

A(w) = {a € A*(g) s.t. wla € ~AT(g)},
we obtain
WP = {w € Wg s.t. A(w) C A(u)}.
Remark (4.3.1).
L. Note that [A(w)| = £(w) as in [94, pp. 51-52].

2. A(w) and its complement A*(g) both have the property that a sum of
two elements in the set is either in the set or is not a root. A(-) is a bi-
Jection of Wy with such sets [102]. Complementation then corresponds
to multiplication by w®, the longest element of Wg.

3. We induce the subgraph structure on WP.

Example (4.3.2). [Minkowski space] If p = e—x—e then, as can be
seen directly from examples 4.1.6 and 4.1.9, WP is

(21)

/! N
id — (2) (213) — (2132)
N\ 037

Computing WP from the definition is usually lengthy. However, the
method introduced above to compute the Weyl group Wy is readily modified
to yield a method which can be very efficient indeed. To give it, we need an
alternative characterization of WP, due to Kostant [102]. This identifies WP
WIth the set of minimal length right coset representatives of the subgroup

p of Wy generated by simple reflections o, for a € Sp (Wp is just the
Weyl group of a reductive Levi factor of p).

Lemma (4.3.3).  [Kostant] Any w € Wy admits a unique decomposition
w = wpwP with wp € Wy, and wP € WP. Moreover, f(w) = £(wp) + £(wP)
and wP is the only element of the right coset WpwP with this minimal length.

To use this, let pP = 3~ A; where i ranges such that a; € S\ Sp. Thus the
Dynkin diagram for pP has ones over nodes crossed through in the diagram
for p and zeros elsewhere. The idea is to identify the orbit of pP under Wy
with WP just as the orbit of p is identified with Weg.
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Lemma (4.3.4).  The stabilizer of pP in Wy is Wp.

Proof  Certainly Wy, stabilizes pP, so we need to prove that wpP = pP =
w € Wp. By Kostant’s lemma (4.3.3) we can write w = wpwP, in which
case wPpP = pP and it suffices to shew that then wP is the identity. By
definition, wP takes any weight dominant for g to a weight dominant for p.
In particular, wPp is dominant for p—in terms of Dynkin diagrams, wPp
has non-negative integers over the uncrossed nodes. Hence, for sufficiently
large N, wPp + NpP is dominant for g. However, this is wP(p + NpP) and
p+ NpP is strictly dominant for g. Since W acts faithfully on the Weyl
chambers this forces wP to be the identity. O

Thus the orbit of pP under the right action of Wy given by
(PP, w) — w1 P

is in one-to-one correspondence with WP, by Kostant’s lemma. To trace out
the orbit, we again repeatedly apply simple reflections to pP. Every member
of the orbit is connected to pP by one or more paths of such simple reflec-
tions. The corresponding member of WP has reduced expressions which are
obtained by taking their composition in the reverse order (to account for the
inverse in the above action). This is illustrated in the following examples.

Example (4.3.5).  [Minkowski space] If p = &—%—# as in example 4.3.2
as above then the orbit of pP under the Weyl group of s1(4,C) is

0

01 0 -11/ \1- 0.1 0

H—.—’0+0\1 1/0—%(—.—’.+.-

This gives WP as in example 4.3.2. For later use (in section 8.5.1) notice that

the left action of the elements of WP on the dominant weight p = 1.__;%1

is

11 -2/' \2-2 1 1

.—)&—.—’.—)(—O\3_21/G—)6—._’F+.'

Notice that these weights are all dominant for p as in our original definition
of WP,

Example (4.3.6). [Complex projective space]

. 0 o, .
Consider p=w_o o ---0o—e ;0P = >1<__2_0. 99 (it is convenient to

0 0 0 0
)

carry the cross rather than just use 1._._. ... e—e )- We compute the
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orbit of pP under Wy (using the recipe) as:
10 0 00 -1 1 0 00 0 -1 1 0 0

0 0 O .11 0 0 O 0 -1

from which the Hasse diagram for p follows as

id - (1) —» (12) — (123) — --- — (123...n).

Example (4.3.7). [Even dimensional spheres]

Let p= % o _0--- ._< with n + 1 nodes numbered from left to right

and top to bottom. Then WP has a single element of each length 0,1,...,n—
1,n+1,...2n and two elements of length n as follows:

element length

So = id 0

§; = 0102...0; j, IS]S'R—].
S84 =0102...0,_10y n

§_ =0102...0p-10pn4+1 n

Sn+l = 0102...05_10p0n41 n+1

Sntj = 0102...0n 10n0ny10n_10n_2...0n41—5 N+j, 2<j<n

giving rise to the following picture:

7N

o—»o—>~-.o\ /o-—+--~o—>o

for WP as a graph. Notice, from example 3.2.4, that the de Rham sequence
on CS?" displays exactly the same pattern. This is not a mere coincidence
(see chapter 8).

Example (4.3.8).  [Odd dimensional spheres]
Let p = %x—%—» - 5= a0ain with n + 1 nodes numbered from left to
right. Then WP has a single element of each length from zero to 2n + 1:

element length
To = id 0
’I'j=0'10'2...0'j j, IS]S'R-FI

Tntj = 0102...0p0n410n0n-1..-Ony2-j N+J, 2<j<n+1.
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Remark (4.3.9). The weights for g traced out in computing WP are
the extremal weights of a finite dimensional irreducible g-module, of highest
weight pP.

Remark (4.3.10). The cardinality |WP| = |[Wg|/|Wp|, by Kostant’s
lemma. The table on page 66 of [94] gives |Wg| for g simple. Of course
dimG/P = |A*(g)| — |A*(Is)[, and these cardinalities are also given in the
table. This difference is also the length of the unique longest element wg in
WP since A(wp) = A(u).

4.4 Relative Hasse diagrams

In the sequel we shall usually need to apply Bernstein-Gelfand—Gelfand reso-
lutions and the Bott—Borel-Weil theorem to the fibres of a double fibration;
we have already seen that these are generalized flag varieties in their own
right. To do this we shall need to work with a relative Hasse diagram which
we shall now define. As in section 2.4 consider the fibration

G/Q = G/P

and recall that the 7 fibres have the form P/Q = Lg/LsNQ where Lg is the
semisimple part of a reductive Levi factor of P. The Weyl group of the Lie
algebra of Lg is W}, and this plays the role of Wy in fibrewise computations.
The only difference is that Wp, as a subgroup of Wy, acts on weights for
g. This is important in later calculations where, in terms of our Dynkin
diagram notation, we must keep track of what happens to coefficients over
the crossed nodes as well as over the uncrossed nodes. The latter merely
specify a weight for 1. For example, the Weyl group of the Lie algebra of
LsNQ sits inside W and so defines a relative Hasse diagram Wy which we
identify again as a subset of W}, and hence of Wy by representing each right
coset by its unique minimal length representative. Relative Hasse diagrams
may easily be calculated by adapting the method given above for ordinary
Hasse diagrams.
In summary our notation is

Wg Weyl group of g—associated with topology
and resolutions on G/B.

Wp Weyl group of a reductive Levi factor of p
and a subgroup of Wg.

WP = W, \ Wg Hasse subgraph of p—associated with G/P.

Wgt = Wq\ W Hasse diagram associated to the fibration
G/Q — G/P. 1t is a subgraph of W} and
hence of Wy.



THE BOTT-BOREL-WEIL THEOREM

It is now time to introduce the first key ingredient in computing the Penrose
transform for homogeneous spaces. This is the Bott—Borel-Weil theorem
[24], which computes the global sheaf cohomology of irreducible homoge-
neous vector bundles using the Weyl group and its affine action on weights.
We shall use it in the Penrose transform in a relative form to compute di-
rect images—see section 5.3 below. For completeness, we give a very simple
proof of the theorem in section 5.1 below; the proof is in keeping with the
flavour of the book so far and depends on first explicitly computing coho-
mology for the SL(2,C) case and then reducing the general case to this one.
For simplicity, the theorem will from now on be referred to simply as BBW

Theorem (5.0.1). [Bott-Borel-Weil] Let G be a simply connected
complex semisimple Lie group and P C G a parabolic subgroup. Suppose
A € h* is an integral weight for G dominant with respect to P. Consider the
homogeneous bundle Op(A) on G/P. Then:

o If X is singular for g, then
H"(G/P,0p()\)) =0Vr.

o If A is non-singular for g, then as a representation of G,
HY)(G/P,0p(X)) = E(w.))

for w € Wy the unique element such that w.\ is dominant. All other
cohomology vanishes. (Recall that w.\ refers to the affine action of
the Weyl group as described in section 4.2.)

Remark (5.0.2).  Notice that if A is dominant for p and w.) is dominant
for g as in this theorem, then w.\ + p is dominant for g and

wHwA+p) =w (wA +p) =A+p
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is dominant for p whence w=! must be in the Hasse subgraph WP. This is
one reason for our concern with WP in section 4.3. It is used implicitly in
section 5.2 and explicitly in section 5.3.

5.1 A simple proof

We shall first give a proof for G/B where B is Borel. As is often the case in
these matters, a general proof for G/P follows by considering the fibration
G/B — G/P.

The structure theory of semisimple Lie algebras follows from the example
of sl(2,C): it is used as a building block in the investigation of a general
algebra. A similar comment applies to generalized flag manifolds. In order
to study G/B, choose a@ € § and let P, be the parabolic subgroup of G
corresponding to the subset {a} C S as in section 2.2. Thus, there is
fibration

7:G/B— G/P,

whose fibre is the Riemann sphere P; as a homogeneous space for SL(2, C):

P1=><=SL(2,C)/(; :)

This is a well-known trick (cf. Demazure’s proof of Bott’s theorem [37]). It
is easy to prove the BBW theorem for SL(2, C). This reads:

HO(X) = & fork>0
H(%) = Ofork<—1
H1(>]<) = % for j < -2
HY(X) = 0forj> 1.

k
In more familiar notation, x = O(k) is the sheaf of functions homogeneous

of degree k and ¢ = O*E for E the self-representation of SL(2,C). Thus,
the first two equations above are just a restatement of Liouville’s theorem of
one-variable complex analysis. The last two equations either may be verified
by using the Mayer—Vietoris sequence and Laurent expansions for the cover

P; = (P1\ {south pole}) U (P1 \ {north pole})

[73] or may be deduced from the first two equations as an extremely special
case of Serre duality [140]

H(%)" = H(Q'® %) = H (% @ ) = H( X ).
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. j o —i-2. . .
Notice that @ ‘e _is indeed the affine action of the Weyl group of sl(2, C),
generated by just one simple reflection.

To use this in the general case consider the following typical example:

G/B = %—ax L, x—e3x = G/P,.

The P; case above applies to the fibres of this mapping to allow computation
of direct images:

T(eseds) = e if k>0 ®)
T (ek) = 0ifk<—1 (9)
ﬂ_i(a j C) a+j+l_]_26+2j+2 lfJS—2 (10)
T (xdas) = 0ifj> -1 (11)

The third of these equations comes from the affine action of the simple
reflection o, inside the Weyl group Wg. In particular, note that for any
irreducible representation s s of B, at most one direct image is non-
zero. Thus, the Leray spectral sequence [69] degenerates to give, for j < —2,

a c

Ho (% da%) = HP(G/Pa,mh(%dak))

_ Hp_l(G/Pm a+j+1"I—2c4+2j+2 )

= HPU(G/Paymd( *H g )

HrY( atj+177"2c+2j+2 ).

To summarize, for a corresponding to the middle node of the Dynkin dia-
gram e—e==e if ) is an integral weight with (\,a") < —2, then

HP(G/B,0u(X)) = H*(G/B, Op(04-1)).

Notice also that if X is singular by virtue of this of" node, that is if
(A, a¥) = —1, then both direct images vanish under = : G/B — G/P, and
so all cohomology H?(G/B, Op())) vanishes.

Of course, these are perfectly general results, i.e. they hold for any com-
plete flag manifold and any simple root.

Lemma (5.1.1). Suppose that X is an integral weight for the simply
connected complex semisimple Lie group G and consider the cohomology
of the holomorphic line bundle Op()\) on G/B. If A is singular, then all
cohomology vanishes. If A is non-singular and X\ lies to the non-dominant
side of the a'® root plane for some simple positive root o (in other words,
(A, aV)y < =2), then

HP(G/B,0y(\)) = H1(G/B, Op(0a-})).
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Repeated application of this lemma now shows that if w € Wy is chosen
so that w.\ is dominant for g, then

HP*)(G/B,0y(N)) = H?(G/B, Op(w.}))
and
H?(G/B,0p(A)) =0 for p < 4(w).

However, the lemma also shows that if A is dominant then all higher coho-
mology vanishes for if wy € Wy denotes the longest element, then

H?(G/B, Op(X)) = HY*)(G/B, Op(wo.)))

but £(wy) = dimg(G/B) and so the right-hand side vanishes for p > 1. To
summarize:

Theorem (5.1.2).  [Bott] Suppose that A is an integral weight for the
simply connected complex semisimple Lie group G and consider the coho-
mology of the holomorphic line bundle Oy () on G/B. If X is singular, then
all cohomology vanishes. If A is non-singular and w € Wy is the unique
element such that w.\ is dominant, then

H'™)(G/B,0p(X)) =T(G/B, Op(w.}))

and cohomology in all other dimensions vanishes.

The Borel-Weil theorem [24] now identifies
I'(G/B,0p(A) = E())

for dominant A. However, this too may be proved by similar means as fol-
lows. In chapter 8 we shall construct a resolution of the constant sheaf E())
on G/B by sheaves of holomorphic sections of homogeneous line bundles.
Actually, we shall only sketch the proof of the existence of this Bernstein-
Gelfand—Gelfand resolution but the first step is straightforward and gives
an exact sequence

0 — E(X) = Op(A) = @ Op(0a-A).
a€eS

Now by Bott’s theorem above, the right-hand term has no global sections
S0

E()) = T(G/B, Op(N)).
Finally we say how to deduce the BBW for G/P. Consider the projection
7:G/B— G/P.

The fibre of 7 is itself homogeneous: as described in section 2.4 the fibres
may be identified with P/B which is isomorphic to Ls/(Ls N B) for Lg the
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semisimple part of L, the reductive part of P. Hence, since LsN B is a Borel
subgroup of Lg, these fibres are complete generalized flag manifolds and the
BBW theorem now applies fibrewise. In particular, if A is an integral weight
for G, non-singular and dominant for P, then

Op(A) = 7(Ob(N))

and all higher direct images vanish. The Leray spectral sequence degenerates
to an isomorphism

H'(G/P,0p(A)) = H"(G/B, Op(}))
and the full BBW theorem is immediate.

5.2 Some examples

To compute examples, we use WP as given in the examples of section 4.3
above, for various p.

Example (5.2.1).  [Borel-Weil]
If X is already g-dominant,

H°(G/P,0p())) = E())
and all other cohomology is zero.
Example (5.2.2). [Hyperplane section bundle]
IfG/P=% o o ---e—e = CPythen for
A=k 00 00
we have that Op(\) = O(k). For k > 0 it follows from the previous example
that

HY(CP,,0(k) =% § 3...0.% = of(C™)).
This isomorphism is easily realized in abstract indez notation [127,128]. If
Z* € C™1 50 that [Z°] are homogeneous coordinates for CPy and if A, g =
A(a...p) € ©F((C™)*) then the isomorphism above is given by

A@.p — Aa.pZ®... VA

If —n < k < 0 we can readily check that A + p is singular. For if the
simple roots are ordered from left to right in the Dynkin diagram for A,
then oq_,,, *** 0ay0a, (A + p) has a zero over the (—k)*™® node. Thus, in this
range, all cohomology vanishes.

If k< —n—1then H*(G/P,0(k)) = 3 5 & ... 3¢ =z ok 1(C).

These results are standard in complex analysis [63].
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Example (5.2.3).  [Global vector fields]
Now consider Minkowski space ®—>—=. Since & *0 L is dominant already
we have

0 ifi#0

HiM,l 0 1 —
( ) {1._2_l=sl(4,0) ifi=o0.

Now w is the holomorphic tangent bundle of Minkowski space (see
example 3.2.3) and since SL(4,C) acts on Minkowski space by left translation
there is an evident map

sl(4,C) > T(M, ¢—%_s)

whose image consists of the conformal Killing vector fields on M. The BBW
theorem tells us that this is an isomorphism and the only global holomorphic
vector fields on M are the Killing fields.

Indeed, if € is a highest root of g for any g then

0 ifi#0

H'(G/P,05(0)) = { g ifi=0.

Recall that the holomorphic tangent bundle © of G/P is induced by g/p;
the p-module with lowest weight —6 is a quotient of this and it follows that
Op(0) is a quotient of ©. If p = 1@ u is a Levi decomposition of p then the
remaining composition factors in © are of the form Op(u) where p is a root
of u with u < 6 so that at least one nodal coefficient of y is strictly negative.
It follows that p + p is not dominant regular so that H(G/P, Op(u)) = 0.
Taking the long exact sequence in cohomology for each short exact sequence
in a composition series for © now shows that

i _Jo ifi#0
H(G/P’@)_{g ifi=0.
So again the natural map
g~ I(G/P,©)

is an isomorphism—otherwise put, the global vector fields on G/P are pre-
cisely the infinitesimal symmetries of G/P.

Example (5.2.4).  [Cohomology on Minkowski space]
Consider & again. As a first example of a bundle with no non-
trivial global cohomology at all consider A = 32 3. Then o(A+p) =

o1 (1._;1<_£) =e_> & 50 that A is singular and so

Hi(M, e 2 $)=0 for every i.
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Sections of this line bundle are metrics in the conformal class on Minkowski
space so we see in particular that none of these metrics is globally defined.

Next let A = 52 & so that Op(\) = Q'. Then

nO+p) =0 (i i) =gt =0

so that
H' M, Q) =C
and all other cohomology vanishes. The Kahler form given by the projective
embedding of the following chapter generates this isomorphism.
More generally, the reader may verify that each irreducible summand of
QP on M has p** cohomology equal to C whilst the cohomology in all other

. . 1 -4 1
degrees vanishes. For instance, 0= and we compute

1 -4 1 0 0 0
010302 " &—x—o = &—x—»

so that
H3(M, 93) =C.

More examples of how to use the BBW theorem to compute cohomology
appear in the next section.

5.3 Direct images

The main use of the Bott—Borel-Weil theorem in this book is to comp?ute
higher direct images of holomorphic homogeneous sheaves under ﬁbratlops
between generalized flag manifolds. Consider, for @ C P standard parabolic,

Ga/Q = GJP.

Then, as observed in section 2.4, the fibre P/Q is itself a generalized flag
manifold. If lg is the semisimple part of the reductive Levi factor 1 of p
and if Lg is the corresponding subgroup of G, then P/Q = L/(LN Q) =
Ls/(LsNQ). Applying the BBW theorem along these fibres tq compute 'the
direct image of Og()) on G/P, we seek a p-dominant weight in the orbit

(WI‘,‘)'I./\ = {wlAst we Wi}

Recall that, as in section 4.4, Wf,‘ is the Hasse subgraph of W), associated
to the parabolic g N ls and regarded as a subgraph of Wg by means qf the
inclusion Wi, = Wp C Wy. If none of these weights is p-dominant (i.e. /\
is p-singular) then all direct images of Og(A) vanish. Otherwise there is
a unique p-dominant element, w='., and the direct image (R“*)7,)Oq(}),
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or simply Tf(w)(’)q(/\), is given by Op(w™'.A) whereas all the other direct
images vanish.

Recall that the method of determining Wy as in sections 4.3 and 4.4
directly gives (Wg')~! instead. This makes it especially straightforward to
compute direct images in the Dynkin diagram notation:

Recipe for computing direct images

Step one: Determine the Hasse diagram Wy by allowing Wy to act on p9.
It is only necessary to record the simple reflections.

Step two: To compute the direct images of Oq(A) add one to each node
coefficient of A (so forming A + p) and act on the result (as one acted
on p%) with the graph of simple reflections constructed in step one.

Step three: If any element of the resulting orbit is repeated, \ is p-singular
and all direct images vanish. Otherwise . ..

Step four: Precisely one element of the orbit has positive entries over all
nodes not crossed through in p. Subtract one from each of its node
coefficients obtaining u, say. This is p-dominant. If ¢ is the number
of simple reflections required to produce y then

Tfoq()‘) = Op(p)
and all other direct images vanish.

Remark (5.3.1). In practice, of course, it is seldom necessary to
compute the entire orbit in steps one and two. Indeed, step one can be
omitted entirely! This is because if in step two we start with a weight A+ p
which has large negative numbers over all the uncrossed nodes and act on
this with the simple reflections of W}, then we will create precisely the same
pattern as acting on p9. In other words, we will construct (Wg)~1. For a
weight which is not so antidominant the pattern persists as far as the first
occurrence of a weight dominant for p. At this stage, however, if the weight
is not strictly dominant (i.e. if there is a zero over one of the uncrossed
nodes) then all direct images vanish (in other words, step three is valid)
whereas if the weight is strictly dominant the fourth step can be invoked.
This should become clear in the following:

Example (5.3.2). Consider — , numbering the
simple root associated to the i*" node a;. So we are studying the projection
of the projectivized bundle of pure spinors on CS® to CS®. Apply the recipe

to compute direct images of (i) 8(_2_(;); and (ii) M.
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Step one: Compute Wy by acting on 0 ! with simple reflections

corresponding to the nodes az, a3 and ay. Obtain the following graph,
for use in the next step:

1R (3) ()

W ® gy N, 100
/M—*M RE RS
4

9988 — 0945} — 21-1;5<
PP

where ¢ denotes g,.

Step two: (i) Consider A = 2(_2_(;); . Add ones to the node co-efficients
to obtain X »_ 2. Act with the simple reflections in the graph

of the previous step, obtaining

(9 234 (2) ()
(4) (3) . N (3) . N
>£}&>'\2 — %}'.%% — :£9.1>9 N y. }9.;9 — S e .)3 — >£&.>?
(2) X4 (4

Note the zeros which appear after just two reflections and which
ensure repetitions.

(ii) Consider A = 2(_‘1_‘1%.;5. Add ones to the coefficients over the
nodes to obtain 7 . Act with the simple reflections in

the graph of the previous step, obtaining

(4) A28 ()
(3) S N 5(3)_ N (4)_11
AL — LG — A /MAM—*M-

Step three: In (i), all direct images vanish.

Step four: In (ii), the last element in the orbit yields

5 0 0,2

Tf@q(o 0 0 -8)= .

REALIZATIONS OF G/P

To conclude our survey of some of the geometry of generalized flag manifolds,
we shall present two realizations of these manifolds using standard tech-
niques from algebraic and symplectic geometry. We shall do so at this point
because we now have the requisite machinery in place. But we earnestly
recommend that the reader leave this chapter for a second reading, since it
is only incidental to the rest of the book. Hasten on to the next chapter,
where we begin the Penrose transform!

The first of these, the n-tuple embedding, realizes a G/P as a complex
projective variety; indeed, it is easy to give a direct embedding into the
projective space of a finite dimensional G-module. This shows, amongst
other things, that G/P is a Kahler manifold, as claimed. The imaginary
part of the Kéhler structure is a symplectic structure, preserved by the
action of the compact real form Gy of G. Consequently, we may take the
moment map of this action and so obtain a second realization of G/P as an
orbit in the co-Adjoint representation of Gy.

Closely related to these realizations is the study of orbit structures on
G/P. There are two possible kinds of orbit that might be studied. The
first are those which arise from the left action on G/P of a Borel subgroup
of G. These are easy to describe—they are all affine and affinely embedded
and in one-to-one correspondence with the elements of WP. The dimension
of an orbit corresponds to the length of an element and the partial order
on the graph WP indicates when an orbit is in the closure of one of higher
dimension. Indeed, all of this can be realized explicitly and we do this
below. The set of orbits stratifies G/P; the stratification is perfect and it
determines the integral homology of the space. It is also the link between
the structure of G/P and the structure of a large class of g-modules. The
link is realized in the beautiful geometry of Kempf [98] used in the proof
by Beilinson—Bernstein [15] and Brylinski-Kashiwara [28] of the Kazhdan-
Lusztig conjecture [97).
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The example which may be familiar to the mathematical physicist is
complexified compactified Minkowski space, viewed as a generalized flag
manifold as above, and acted on by the lower triangular matrices of SL(4,C).
This can be constructed as the union of an affine Minkowski space (C*—the
largest orbit) and the light cone “at infinity”. This light cone itself is a union
of five orbits—the vertex i, a single generator (not including the vertex),
two totally null two-surfaces (less their intersection in the distinguished
generator), and the remainder of the cone. Each orbit is biholomorphic with
some CF. This example is quite generic—note especially how the boundaries
of orbits can be singular.

The second possibility is to study orbits of a non-compact real form
G, of G on G/P. These are, unfortunately, rather more difficult to de-
scribe and we shall not do so here—the interested reader may consult the
exhaustive work of Wolf [160] on the subject. Again this geometry re-
lates to some representation structure theory, namely the form given by
Vogan [151] for the Langlands classification of Harish Chandra modules and
the Kazhdan-Lusztig conjecture in that setting. It is also extremely im-
portant in the construction of unitary representations of G,; the simplest
form of this is the technique of geometric quantization [77,102,163]. An ad-
vanced version of geometric quantization, using L?-cohomology and finally
constructed in [136,137], obtains the so-called discrete series of unitary rep-
resentations for G,,. The problem is to construct an invariant inner product
on a Harish Chandra module. There are indications that this can be done
without L?-cohomology by using the Penrose transform (in a guise some-
times called the twistor transform). (More on this, again, in chapters 10
and 11.)

The example of Minkowski space will again be familiar to the mathe-
matical physicist. Here, G, is SU(2,2). Thinking of Minkowski space as the
Grassmannian Gry(C?), again, the orbits of G, consist of sets of planes on
which the restriction of the Hermitian form has a particular signature and
(in)definiteness. The possibilities are (+,+), (=, —), (+, =), (0,+), (0,—-),
and (0,0). The last of these is the (unique) closed orbit of SU(2,2) which
is just real compactified Minkowski space. The orbits (+,+) and (—,—) are
usually referred to as M+ and M~; see e.g. [127].

The material we present is standard—further details may be found in
[18,77,160]. Much of what we say is not immediately related to the construc-
tion of the Penrose transform; it seems reasonable to include it since it is
both extremely beautiful and readily accessible given the material we have
presented thus far. We shall indicate in detail how G/P may be realized as
a projective variety and how the Weyl group W can be used to compute the
cohomology ring H*(G/P,C). Also, we shall explicitly construct a moment
mapping G/P — g to realize G/P as a co-Adjoint orbit.
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6.1 The projective realization

In section 4.3 we assigned a weight pP to a parabolic subalgebra p of g by

letting
w_J0 aes
(", a >‘{ 1 a€8\S

Take G to be simply connected, and consider the finite dimensional irre-
ducible G-representation F'(pP) with highest weight pP. Let f be a highest
weight vector in F'(pP) (unique up to scale) and consider the action of G on
f. Being maximal, f is annihilated by the positive roots spaces of g and
hence fixed by their exponential group. Maximality and (pP,a") = 0 for
a € Sp, hence for o € A(l), implies that f is fixed by the reductive Levi
factor L of P, also. The Cartan subgroup H (corresponding to h) preserves
f up to scale, and so it follows that P is contained in the stabilizer of the line
[f] in the projective representation of G on P(F(pP)). It is easy to see that
ifg=ud®pandifyeu_,say y € g, for a« € A(u_), then (pP,av) < 0,
so that y acts non-trivially on [f]. y cannot kill [f] because, for z € g_,,

zyf = [z,ylf = (z,y)(p®, a) f #0.
Thus P is precisely the stabilizer of the line [f], and
G/P = G[f] C P(F(pP))

realizing G /P projectively.

Remark (6.1.1). By the Borel-Weil theorem, FE(pP) =
I'(G/P,Op(pP)). The above construction is then nothing more than the n-
tuple embedding construction of algebraic geometry. A similar construction
obviously works for any line bundle Op()) provided A — pP has no nega-

tive nodes. Note that the pull-back of the tautological bundle on P(F(pP))
under such a realization is just Op(A).

Example (6.1.2). [Complex spheres] Consider Minkowski space
o—>—e; then pP = 34 §. F(pP) is just A2C* with SL(4, C) acting on C*
by the self-representation. Alternatively, F'(pP) is the self-representation of
SO(6, C). It is easy to see that a highest weight vector for this representation
is a simple bivector, equivalently null, as a vector in the self-representation
of SO(6, C), and that its orbit under G simply consists of all such. So the
above construction giving the projective embedding finds e—<—e — CP®
and identifies —<— as the quadric of null directions at the origin of C8,
as we saw in example 2.3.2. Similarly, the projective construction above
applied to the complexified spheres CS?, that is to x—e—e --- == and

o --- ,_< , realizes each as the projective light cone of the origin

in CP+2,
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Example (6.1.3). [Pure spinors] The associated representation for the

space
7= .._.<

is a (reduced) spinor representation for Spin(2n + 2, C). A highest weight
vector is easily seen to be a pure spinor (see e.g. [81]) and its orbit again
consists of all such. So Z is the space of projective pure spinors as claimed
in example 2.3.5 and is therefore a space of totally null n-planes in the
quadric CS?". It is the natural higher dimensional analogue of Penrose’s
original (projective) twistor space. Similar comments apply to the other
higher dimensional twistor spaces.

6.2 The cell structure of G/P

We now indicate how an affine stratification of G/P may be constructed
which characterizes the integral homology of the space. A little further
work, using the full Weyl group Wy, characterizes the cohomology ring also.
A model for this is the decomposition of CP™ into a disjoint union of a point
and one copy of C* for 1 < k < n. For example, CP? is C? with a CP* “at
infinity” which is itself stratified as the one point compactification of C.

For w € Wg let f* be a vector of weight wlpP in F(pP) defined up
to scale, so the projective point [f*] is well defined. As in chapter 4, the
extremal weights of F(pP) are in one-to-one correspondence with the ele-
ments of WP. Thus we obtain, for each w € WP, a distinct point [f*] in the
projective realization of G/P. Pick a weight vector basis {f*} of F(pP), and
let {f;} be the dual basis of F(—pP). Let U = expu in G where p=1&u
is the Levi decomposition as above. Then, for w € WP, define the Schubert
cell

Xy = {[f/1€Ulf"]st fulf) #0}.

X, is an affine subvariety of G/P open in its closure, the Schubert variety
X,. To see this, note that the annihilator of [f*] in U corresponds to the
root spaces in u conjugate to positive root spaces under w. For under such
a conjugation of g, [f*] becomes a highest weight space. It follows that X,
is codrdinatized by wunNw®u (where w° is the longest element of WP so that
wPu is a direct sum of negative root spaces). Hence X,, has dimension £(w)
and is contained in the open affine “big cell” ww®U[f*]. The boundary

X\ Xo = Xu N {[f: fu(f) =0}

(which is generally a singular variety) contains exactly those [ Y] with
w' < w. This is evident if we think of “raising” [f*°] through the extremal
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weight spaces of F(pP) using u, repeatedly. The same consideration shows
that G/P = U,cwp Xy In summary, we have proved :

Lemma (6.2.1). G/P is stratified by affinely embedded affine cells X,,,
of dimension £(w) for w € WP and

BX_w = U Xw’-

w eWP; w/<w

Corollary (6.2.2). The integral homology module of G/P is freely
generated by the Schubert varieties X,,.

In other words, we have the remarkable fact that the directed graph WP
records the homology of G/P.

Remark (6.2.3). The Bruhat decomposition of G with respect to P
[156] is the disjoint union G = II,.cyyp BwP, for the (presently fixed) Borel
subgroup B; so the strata X, are just the B orbits on G/P.

Remark (6.2.4). For each w € WP and for each U_ = expu_, where
g8 = u_®p, wU_[f*] is an affine coordinate system about [f*], again referred
to as a “big cell”.

Example (6.2.5). [Even dimensional quadrics] For Minkowski space,
WP was computed in example 4.3.2 above. The reader will easily relate this
to the cell decomposition given in the introduction to this chapter. For even
dimensional quadrics the situation is similar (WP is given in example 4.3.7 ).
Thus their integral homology is zero in odd degrees, Z ® Z in the middle
degree and Z in all other degrees.

Example (6.2.6). [Projective spaces and odd dimensional quadrics]
The Hasse diagram associated to projective space CP™ has a single element
of length £ for 0 < £ < n (see example 4.3.6); the resulting stratification is
the usual one by copies of C* “at infinity” so that the integral homology of
CP" is Z in even degrees [25].

On the other hand, the Hasse diagram for an odd dimensional quadric
similarly has a single element in each length (see example 4.3.8); so an odd
dimensional sphere is a homology projective space even though these spaces
are quite distinct. For example, the line bundle >1<_2_0. .39 hasa
(2n + 2)-dimensional space of sections whereas no such a line bundle exists
on CP". Thus they are holomorphically distinct. We shall see in a mo-
ment that they are topologically distinct by computing the ring structure on
their cohomology. Then the difference is unsurprising, for the ring structure
depends on the full Weyl group Wg.

?30 WP does not, in general, completely determine the topology of G/P;
notice, however, that it is occasionally possible for the same manifold to
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admit distinct homogeneous structures. This certainly occurs whenever G
can be embedded in a larger group G’ so that U maps to a unipotent sub-
group U’ which is the unipotent factor of a parabolic P’ c @, for then
G'/|P' = G/P.

Example (6.2.7).  Take G = Sp(2n) and let G’ = SL(2n). Then G acts
transitively on CP?"~! identifying it with the space e—e—e --- eEtx | This
space is the homogeneous complex contact manifold associated to Sp(2n)
[21], obtained by projectivizing C?" with a fixed symplectic structure pre-
served by Sp(2n).

Example (6.2.8). Consider the exceptional quotients %= and €=X;
both are five dimensional and for both the Hasse diagrams have a single
element of each length £, 0 < £ < 5, so that both spaces have the same
homology groups as CP®. They are not holomorphically CP? since the
line bundles w3 and 25)31< have fourteen and seven dimensional spaces of
global sections. Actually it is easy to identify the second space directly. The
representation F(0 1) used in its projective realization is the restriction of
the self-representation of SO(7) under the inclusion Gy — SO(7); it follows
that €=x is the five quadric. The space %3 is topologically different,
again, as we shall see in the next section.

6.3 Integral cohomology rings

To say more about the topology of G/P we shall investigate its integral
cohomology. As a module, of course, it is simply the dual of the integral
homology. But its cup product ring structure is more delicate. We shall
investigate this by first computing the first Chern classes of homogeneous
line bundles on G/P and then computing their products, and so the total
Chern class of any homogeneous bundle. Central to this computation is
the observation that since we may regard WP as a subgraph of Wy each
Schubert variety of G/P lifts to a Schubert variety of G/B. It follows that
if v : G/B — G/P is the projection then v* : H*(G/P,Z) — H*(G/B,Z) is
an injection which maps a basis dual to the Schubert varieties in G /P toa
similar one on G/B".

So let us compute the first Chern class of a homogeneous line bundle
Op(Ai). Recall the exact sequence of sheaves

0-Z2F 00 -0

where O is the sheaf of nowhere-vanishing holomorphic functions on G/P.
HY(G/P,0*) is the space of line bundles on G/P and (using the BBW

Indeed [18], H*(G/P,Z) is the space of Wp-invariants in H*(G/B, Z).
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theorem) the long exact sequence on cohomology gives an isomorphism
HY(G/P,0°) B H*(G/P,Z) ~ 7P (12)

where k(p) = |S\Sp|. The image of a line bundle under chy is its first Chern
class, and the isomorphism with Z*P) is obtained by pairing with Schubert
varieties X,, with ¢(w) =1 and w € WP. To calculate the composition use:

Lemma (6.3.1).  [18] Let a € S\ Sp and let o, be its simple reflection.
Then

(O] = (Aa).

In particular, in (12) Z*®) s the lattice in H?(G/P,C) C H*(G/B,C) = h*
spanned by weights \; annihilating [p, p] N h.

(See remark 6.4.2 for an explicit calculation which can be used to prove this
lemma.)

Let z;(p) = ch;Op(A;)—these Chern classes span H*(G/P,Z). By the
remark above, there is no confusion in identifying z;(p) with z;(b) and
writing z; for either. Note that the z;(b) generate H*(G/B,Q) as a ring
over Q but do not in general generate the integral cohomology ring.

The next step is actually to compute the ring structure on H*(G/B, Z)
from which, again by the remark above, the ring structure of H*(G/P, Z) fol-
lows. Let z(;z; ...z (£ terms) be the symmetrized product in HY(G/B, Z).
Then

Lemma (6.3.2).  [18] Ifw € W

2T w0 Xo] = D _(AauYAims) - Q)

where the sum runs over all collections py, . .., e of positive roots of g such
that

-1 __
W =00, ...0y

is a reduced expression. (Recall that these collections may be read off the
graph structure of Wyg.)

Example (6.3.3). We compute the initial part of the ring structure on
H*(=Ex,Z) as follows: let \; = IE)EO, and Ay = %:_)El. . The initial part of

a1, a2

the Weyl group of FRe is

i A i
$ <2 -1 ><-2 5><3 -5
Nep L Nep e
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(the entry against each edge signifies the simple root whose corresponding
reflection links the nodes—the remaining edges correspond to reflections in
non-simple walls). If u is not a simple root then there exists a w € Wy with
a = wp simple—w is easily read from the Weyl group. Because reflection
preserves (, ) we have (A, n’) = (w™'A;,@¥) and so these quantities are
easily calculated. We find that

23 [Xep) =3 z3[X(12)) =0
l‘%[X(zl) = 0 III% X(12)] =1
zazy[Xenl =1 zazy[Xay] =1

where X;; is the Schubert cell for 0,,04;. Observe that

z? + 322 — 3Ty, =0

(see [2]). From this the initial algebra of H*(%3= , Z) and H*( =X, Z) is eas-
ily derived. Note that on 3=, z? does not generate the fourth cohomology
(3 # 1). This compares with the situation for CP?® where the first Chern
class of the hyperplane section bundle generates the integral cohomology
ring. So == is not homeomorphic to CP°.

Finally we calculate the total Chern class of a homogeneous bundle £
on G/P. To do this, we employ the splitting principle [25]. The bundle v*€
on G/B has a composition series whose terms are line bundles—evidently,
there is a term Oy (p) for each weight p (with multiplicity) in the p-module
inducing £. Then v*ch(€) is the product of the ch(Oy(1)). Thus

ch;(§) = formal character of representation inducing €.

Example (6.3.4). To illustrate, we compute the total Chern class and
first Pontrjagin class of the tangent bundles on X3 and €. The weights
of these two homogeneous bundles are easily read off the list of roots of G2
and so, continuing the notation of the previous example,

ch(0(==)) = (1 + 271 + 3z2)(1 + 71 — 2)(1 — z2)(1 — &1 + 3z2)(1 + 71)
ch(O(&=x)) = (1 — 1 + 232) (1 + 21 — 22)(1 — z2)(1 — 21 + 3z2)(1 + 1).

Recall that if
ch(€) = ] A +dy)

1<i<n
then

p€)= [ (1-d)

1<i<n
is the total Pontrjagin class of £. The Pontrjagin class of a manifold is the
Pontrjagin class of its tangent bundle and is a topological invariant. The
first Pontrjagin class is its component in degree four. For example

p(E=)=-1€Z= H' (== 2)
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compared with —6 for CP®, confirming, again, that these spaces are topo-
logically distinct. Also,

pi(E) = ~1 € Z = H'(e=,Z)

which is consistent with our identification of this space as CS®.

Very much more is known about the geometry of generalized flag mani-
folds explored using a projective realization and its relation to Wg. See
[2,18,22,85].

6.4 Co-Adjoint realizations and moment maps

The second realization of G/ P is as an orbit in the dual gf of the Lie algebra
of the compact real form Gy of G. This realization is important for the
emphasis it places on the real structure of G/P, particularly its structure
as a non-trivial example of a real symplectic manifold. We shall say more
about the physical implications of this structure in a remark below. From
a mathematical point of view recall that any symplectic manifold with a
symplectic action of Gy is (a covering of) an orbit in gj; G/P is such a
manifold by virtue of its projective realization (the symplectic structure
following from the inherited Kéahler structure and complex structure). The
passage from the projective realization to the co-Adjoint realization is the
moment map of the action of Gy which we shall explicitly construct.

The first step is to observe that if Ky = Go N P then Gy/Kp = G/P.
Recall that it is possible to find a basis es of the root spaces of g so that
the root space decomposition of g takes the form

g= he (®aEA+Cea) b (®aeA+Ce—a)—
Then gy may be taken to be
80 =t ® (Gaca+R(ea — €_0)) ® (Daca+Ri(en +e_a))

where t corresponds to ihg under the Killing form. kg has a similar form
where « ranges over the positive roots of a Levi factor of p and its comple-
ment in this direct sum will be denoted by gg. k, p are the complexifications
of these. It is clear from the differential action of gy that Gy acts locally
transitively so that the orbit of any point is open and closed (by compact-
ness) hence all of G/P.

The second is to find a vector in g whose stabilizer under the co-Adjoint
action of Gy is K. The evident candidate is a weight canonically associated
to p; we have already encountered pP defined by

0 ifaes
P V) = P
(0%, a%) {1 ifaes\Sp.
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The infinitesimal complex co-Adjoint action of a vector v € g, on pP is
given by

coad(v) - pP(w) = —(pP, ") (v, w)
for w € g. From this formula and the decomposition of g, it follows that
the stabilizer of ipP € t* under Gy is K. So its orbit in g} is G/P.

A complex projective space is a real symplectic manifold whose sym-
plectic form is constructed from the Fubini-Study metric b and the complex
structure J by the formula w(v,w) = b(Jv,w). If G/P — P(F(pP)) is a
projective realization then G/P is a complex submanifold of P(F(pP)) and
it follows that the restriction of w to G/P makes G/P a real symplectic
manifold. It may be assumed that the Fubini-Study metric is invariant un-
der Gy and so the action of Gy on G/P is symplectic and that there is a
moment map ® : G/P — g} [77)].

This symplectic form and moment map may be explicitly constructed as
follows. A left invariant two-form on Gy may be defined by the formula

([v, wlf, f)
(£, 1)

where v, w are right invariant vector fields on Gy, [f] € G/P C P(F(pP))
and (-,-) is a Gy invariant Hermitian form on F(pP). Q is exact; define

P,(v) = Z((U;j,].tf))

and observe that, since ® is also left invariant,
d®(u,v) = ®([u, v]) = Qu, v)

for u, v right invariant. Now  descends to a two-form on G/P. To see this,
let u,v be root vectors in g with u € k, realized as right invariant vector
fields. By the left invariance of it is no loss of generality to suppose that
[f] is a highest weight space. Then either [u,v] € [k, k] and [u,v]f = 0 or
[u,v] € p and [u,v]f, f lie in different orthogonal weight spaces so that in
either case Q(u,v) = 0. The resulting closed form, w, is the Gy invariant
symplectic form on G/P.

Recall that if (X,w) is a symplectic manifold with a symplectic G, ac-
tion then w may be pulled back to a left invariant closed form on Gy; this
represents a class in the Lie algebra cohomology group H?(gp, R), which
is the second cohomology group of the complex of left invariant differential
forms on Gy with the de Rham differential. It is a classical result that g
semisimple implies H2(gy, R) = 0. The pulledback form is therefore the dif-
ferential of a left invariant one-form on Gy which defines a mapping X — gy,
the moment mapping of the action [77,163]. In the present situation, this
construction is transparent and the moment map is

®:9P - 9,

Qy(v,w) =1
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(acting on gp realized as the right invariant vector fields on Gy).
Observe that if g € Gy then

o= v9f9f) _ (g7vg £ f) _
Sl === =" Coad(g)®([/])v

so that @ intertwines the actions of Gy. If [f] is a A-weight space in F'(pP)
then the orthogonality of weight spaces implies that

o([fI)v = iA(v).

In particular, if [f] is the highest weight space of F(pP) then ®([f]) = ipP.
In other words, the image of the moment map on the projective realization
of G/P is its co-Adjoint realization.

Example (6.4.1). To illustrate this construction consider Minkowski
space M C P(T*) in the abstract index notation [127]. Let Z* ~» Z, [128]
be the conjugate linear mapping T* — T, given by a Hermitian structure
(of signature (+,+,+,+)) on T%; so

(Z2*,2P) = Z°Z,.
Then gy = so(6, R) and consists of A{zf]] satisfying a reality condition:
] voT 6]
A = € caprs Al
and a skew symmetry condition:
[aB] _ afByé gloT

Here, €7 is the preserved element of A*T* under SL(4,C); equivalently,

regarding a skew pair [a/3] as a single abstract index and Tl as the selfrep-

resentation of so(6,C), € is the preserved inner product. Its appearance in

the two previous equations therefore serves to raise and lower such indices.
Then the moment map

®: M — s0(6)*
is determined by

B(X](A) = iAp] X IR o/ XDIX
or, taking account of the skew symmetry of A,

1o —fuw -
o([X]) = 5Z(X[” X fag) — Xiap X )/ XOX

(where Xop = €455 X, etc.).
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Equivalently, take gy = su(4), a typical element of which is a trace-free
matrix Aj satisying

Zﬂ = _Ag.
Then 9
? ay Yy a 5d
XD = s, (X Xy = 85X X ).
Remark (6.4.2). Observe that ® does not descend to a one-form on

G/P for it does not annihilate vectors parallel to Gy — G/P. It follows
that w may represent a non-trivial class of H2(G/P,R). Which class it is
is easy to check; for each o € S\ Sp, O, = X, is the orbit of the identity
coset under the corresponding copy of SU(2) C Gy. Then

(@) [0u]) = [ w.

(-1

Setting
1 i
Lo = ﬁ(e-a —€) and Yy, = ﬁ(e—a + eq)
whose projections span the tangent space of O, at eP and using the left
invariance of w we obtain

([w]’ [Oa]) = Wep(Ta,Ya) = (PP, aV).

So [w] = pP € H*(G/P,R) C h} (see lemma 6.3.1).

In particular, [w] is integral and is the first Chern class of the line bundle
Op(pP) on G/ P, which, we have observed, is the restriction of the tautolog-
ical line bundle on P(F(pP)).

More generally, let A be any dominant integral weight satisfying

(%“){21 ifaes\S.

Then Op(A) is ample and the associated n-tuple embedding realizes G/P —
P(F())). Given this embedding, there is a Gy-symplectic form wy on G/P,
constructed as above. Thus w) is determined by the left invariant form on
Gy defined at the identity by

fo if o £ B
2(Za) ys) = { A aY) fa=p

with Q)(z4, z5) = Qr(Ya, ys) = 0. Then a moment map realizes G/ P as the
co-Adjoint orbit through i\ with the standard symplectic form.

Given the symplectic realization of G/P, with one of these symplectic
forms wy, the projective realization may be recovered using geometric quanti-
zation. wy determines an integral cohomology class A € H%(G/P,R) and so
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a smooth homogeneous line bundle. The complex structure on the orbit is
given by declaring the complex span of the projections of the right invariant
vector fields {z, — iy, }, @ € A(u), to be the holomorphic tangent bundle.
This is a Lagrangian distribution on G/ P and so yields a holomorphic struc-
ture on the line bundle, recovering Op()). Then H(G/P,Op(X)) = E())
with its Gg-invariant Hermitian form is the quantum Hilbert space associated
to the physical system described by (G/P,w,). Of course, E()\) = F(X)*.
Much information about this physical system can be obtained from
P(F())), for the physical observables are the eigenvalues of operators on
this space. The projectively embedded G/P is recovered by seeking certain
special states, called coherent states, which are in a suitable sense the “best”
approximation to the original classical states, i.e. to the points of G/P. Pre-
cisely, z € G/P C g} determines a vector v, € go via the Killing form and
so an Hermitian operator # = —iv,- € End(F(A)). Finding the best approxi-
mation in P(F())) to z corresponds to maximizing the (normalized) matrix

element @1 f)
TJ,

The stationary points of ¢, correspond to the eigenspaces of . If z = eP,
so that z = i\ € gf, then £ = h) € h and the eigenspaces of & are the
weight spaces of F()). If f is a u-weight vector then ¢ ([f]) = (i, AY); it
is a standard result that (u,p) < (A, A) so that ¢, is a maximum at the
highest weight space which is therefore the coherent state associated to eP.
But

PcoAd(g)z = L;(p (13)
and so the map
z € G/P C g; — coherent state associated to =
recovers the projective embedding G/P — P(F())) as the G, orbit of the
highest weight space.

Remark (6.4.3). @aj/p is a perfect Morse function; its set of critical
points is the Weyl orbit of z. From (13) observe that if v is a right invariant
vector field on G and pr v denotes its projection onto Go/ Ky = G/P then

([v, 21, f)

?

iglvz,fv][, f)

= Qvg,v)

dpz(prv) =

so that the projection of —v, regarded as a right invariant vector field is the
Hamiltonian vector field associated to ¢, and the resulting cell decomposi-
tion of G/P is exactly that outlined above.
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Remark (6.4.4). It is amusing to note that the correspondence implied
by a double fibration has a neat interpretation in terms of coherent states.
Let y € G/R be realized as a point in the co-Adjoint orbit of ip* € g. As
above, y determines an Hermitian operator § on F()). The coherent states
in P(F(pP)) corresponding to y are those maximizing

_hh

In particular, restrict attention to those [f] € G/P. (This restriction is
called the Hartree-Fock approximation in physics and chemistry.) Again,
suppose y = e so that § = h,p and the critical submanifolds of ¢ are
the intersections of direct sums of extremal weight spaces and G/P. At an
extremal p-weight space, ¢, = (u, p9¥) which is maximized for ;1 dominant,
i.e. p = pP. Recalling (13), it follows that ¢, is maximized on Q@ - eP, i.e.
on the subvariety of G/P corresponding to y, and that this last statement
is true for arbitrary y.

Coherent states may be more generally defined in the setting of sym-
plectic manifolds with suitable symplectic group actions; given two such
manifolds, suitably restricted, the observation of this remark will yield a
double fibration and attendant Penrose transform between the manifolds of
coherent states. The details of this symplectic Penrose transform are yet to
be investigated.

THE PENROSE TRANSFORM IN PRINCIPLE

It is now time to set up the Penrose transform—we shall do this first in its
most general setting in this chapter and then, in chapter 9, we shall specialize
to the homogeneous setting in which, thanks to the representation theory
of the earlier chapters, it becomes computable.

The general form of the Penrose transform is as follows. Suppose X,Y
and Z are complex manifolds and suppose given a double fibration

Z'VYYX

where ) and 7 are surjective mappings of maximal rank and the pair (7, 7)
embeds Y as a submanifold of Z x X. This shall be called a correspondence
between Z and X. The simplest example is where the fibres of 7 are just
single points, whence Y is merely the graph of a function
x: X — VA
w w
z — n(r7(z))
In this case the Penrose transform is simply the pull-back of functions
x":I(Z,0) - I'(X,0),

where x*f = fox for f a holomorphic function on Z. More generally, points
of X describe a family of submanifolds of Z and vice versa:

Y Y
VA X A X
w w w w
z — 1(n7'(2)) n(rHz)) ~——
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The situation is not symmetrical, however, because the fibres of 7 are
always supposed to be compact. The Penrose transform starts with data on
Z in the form of an analytic cohomology class

w € H?(Z,0(E))

for F a holomorphic bundle on Z. In its simplest form, the Penrose trans-
form consists of just restricting this cohomology class to the submanifolds
7(n7}(z)) as ¢ € X varies:

(Pw)(z) = H?(r(n"'(z)), O(E)).

Since, by assumption, ¥ may be regarded as a submanifold of Z x X, each
7(n~!(z)) is isomorphic to the fibre n~}(z) and, in particular, is compact.
Thus, H?(7(n~!(z)), O(E)) is finite dimensional [34] and, if of constant di-
mension, gives a holomorphic vector bundle on X as x € X varies. In this
way, Pw has a natural interpretation as a section of this bundle. The sec-
tions which arise in this way are usually further restricted in some way, often
as being annihilated by a holomorphic differential operator.

In order to investigate this rather naive description of the transform it
is evidently a good idea to split it up into two steps.

e Pull back to Y Roughly speaking, the cohomology class w is re-
garded as a cohomolgy class on Y which is constant up the fibres of 7.
This constancy is interpreted by means of a differential equation. If
suitable topological conditions, to be described in section 7.1, pertain
on these fibres, then this pull-back is an isomorphism.

e Push down to X Restricting w to n(77!(z)) now coincides with
the notion of direct image under 7. The transform may therefore be
investigated by means of the Leray spectral sequence which is designed
exactly for the situation. In this way the differential equations along
the fibres of 7 manifest themselves on X and the transform may be
proved to be an isomorphism onto an appropriate solution space.

In fact, this way of looking at things also deals with the general case of the
Penrose transform where the simple idea of just restricting to the corres-
pondence submanifolds is inappropriate. In other words, the Leray spectral
sequence is able to interpret the data on X in all cases. In general, there is
often a final step taken down on X where the output of the whole process is
subject to some further reinterpretation. In the classical case (for Minkowski
space), the simplest form is the twistor description of right-handed fields
whereas the less obvious transform gives a description of left-handed fields.
The combined form of the transform in the classical context is given in [44].

Our application of this machine is in the case in which X,Y and Z
are corresponding open subvarieties in a double fibration of generalized flag
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varieties. If P and R are standard parabolic subgroups of G then so is
@ = PN R and there is a double fibration
G/Q

v N
G/R G/P

(see section 2.4). We take X to be an open subset of G/P (most often an
affine “big cell” or an open orbit of a real form G, of G) and let Y = 771X
and Z = n(Y). The transform is then applied to calculate the cohomology
on Z of the restriction of irreducible homogeneous bundles on G//R.

7.1 Pulling-back cohomology

This section discusses just one aspect of the Penrose transform, namely the
first step of pulling back cohomology classes on Z to Y by means of the
mapping n : Y — Z. For the purposes of this discussion it is irrelevant as
to whether Y and Z are homogeneous.

Given any holomorphic vector bundle E on Z with O(E) as the sheaf of
holomorphic sections, there is a natural map on cohomology: :

n~':H(Z,0(E)) — H'(Y,n 'O(E))

where n7!O(E) is the topological inverse image sheaf of O(E); in other
words, the sections of 7*(F) which are locally constant along the fibres of .
Certainly, if these fibres are connected, then there is an isomorphism on
sections:
H®(2,0(E)) = H(Y,n"'O(E))

and this leads to the question as to what happens on higher cohomology.

To investigate this question, consider the Dolbeault resolution (e.g.
[63,78,157])

0 — O(E) — £2°%(E) 5 2Y(E) 2 £%2(E) — - .

of O(F) where £P9(E) denotes the sheaf of smooth forms of type (p,q). This
gives rise to a resolution

0— 7 'O(E) — 1~ 'E°(E)

of n7'O(FE) and the homomorphism above may be realized as the composi-
tion:

H'(2,0(E)) = H'(I(2,£*(E))
> H'(T(Y,n'&%(E))) (if n has connected fibres)
— H'(Y,n'O(E)).






