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The unitary dual for complex classical Lie groups

Dan Barbasch!
Department of Mathematics, Rutgers State University, New Brunswick, NJ 08903, UsA

1. Introduction

In this paper we classify the unitary spectrum of the complex classical groups,

Let G be any complex simply connected semisimple Lie group. There are
two well known ways of constructing unitary representations from lower groups;
unitary induction from a parabolic subgroup and complementary series. A rea-
sonable way to describe the unitary dual is to find a distinguished set of represen-
tations for each group such that every other unitary representation is obtained
from this set by the above constructions from strictly smaller parabolic sub-
groups. This is entirely similar to the classification of admissible modules where
the distinguished representations are the discrete series,

For integral infinitesimal character, such a set js provided by the special

was conjectured earlier by [A] They were shown to have many interesting
properties such as the fact that their annihilator is a maximal primitive ideal,
From this it was possible to obtain character formulas for them.

However it is clear that this set is not large enongh to describe the entire
unitary spectrum. For example in type C the metaplectic representation is not
special unipotent or even one of the larger class of representations considered
infAl
The definition of special unipotent representations suggests that one should
consider representations with maximal primitive ideal and infinitesimal character
as small as possible. It is not clear which of them should be unitary. Imposing
the condition that the annihilator be a completely prime ideal, which is necessary
for unitarity, does not seem to be very helpful either, Thus one is left with
the task of explicitly computing the g-invariant form and ruling out the cases
when it is indefinite. This is an almost impossible calculation. A rough estimate
says that one needs to compute signatures on the K-types in the principal
series which have length<|[2p1.
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120 D. Barbasch

4.5. Definition. “¢ =indr¥ ;[ {0} ] is called Richardson induced. ¢ is called coin-
duced. Suppose A is dominant integral. By 4.4 there is a coinduced orbit O(4)
attached toit. Let

(1) = Grothendieck group generated by the characters of elements in 2'(4). (4.5.1)

Proposition, The following are equivalent,
(1) X4, wheZ(A)
(2) WFLX {4, wi)]=0(A).
(3) LAnn X (4, w2)=RAnn X (4, wd)=[{—wgA)=I(A).

Proof. This is the same as 5.20 in [BV 1]. We omit the details.

4.6, The cardinality of # (1) is computed in the same way as for the special
nilpotent representations in section 5 of {BV 1],

Propaosition.
{2 () =dim Homy, [V (wiA) wel: ¥R (w{A) wol]

where VE(w{A} wg)z= VE(w(k) wy} are the left and right cell representations respec-
tively.

4.7. We make the following assumption.

Assumption. V5 (w(4) wo) decomposes with multiplicity I as a representation of W.

This is true in all cases except for some A’s in the exceptional cases, the
most interesting being “g(A)=C, in F, and “g(d)> 45 x 4, in E.

For these cases the R, in 4.8 do not form a basis. However it is still possible
to exhibit each element of & (1) as an induced representation from a finite dimen-
sional representation on a Levi component, We will give the details of this
calculation elsewhere. '

4.8. Proposition. Let o VE(w{4) wy). Then define

1
R () =—r tro(w) X(A, wi).
= T trommX(
Then
{Ra(’u}aeywwu)wo)
forms a basis of 9(4).

Proof. This is the same as 531 in [BV 1]

4.9. Theorem. There is a finite group A(() and correspondences

[x]e[A(@)]}— 0, Viw(d) wy)
1€ A(O) X € F (A) (4.9.1)

The unitary dual for complex classical Lie groups 121

such that at the level of characters,

i
X T e R )L
A o) [x;.f§(g,ltr1(x] e
R, (A= 3 tryx)X,. {4.9.2)
Zed)

The proof follows 11 of [BV1] closely and will be sketched in the next

sections. In particular, A(0) is the same as in [L] but the correspondence (4.9.1)
is different,

4.10. Definition. Let 4, 1' be two dominant (singular) integral weights. We say

that A and A" are linked if “g(1) and “g(2) are linked in the sense of §7 in
[BV1].

The main result about linked parameters is the following.

Propoesition. There is a canonical bijection
B (A —~aAY
which when extended linearly to % () has the property that
PR (1) =R, (A"},
The proof takes up most of §7 in [BY 1].
4.11. Definition. We say 4 is final if
(A,'&] &1 forallsimple wed?,
i A} is minimal among all A! linked to 1.
Given any integral A there is a final A, linked to 1. In view of 4.10 and

the Jantzen-Zuckerman translation principle {Z], we may assume 1 is final
when proving character formulas,

Definition. We say 1 is special unipotent if *¢ is even and }1} is minimal
among all s attached to @. By [BV 17, A== 4(0)=1/2 “h(*).
4.12. Assume the following.

(1) There is “p="m-+"n such that @ meets “m. Let “¢,, be an orbit in
the intersection,

{2} ¢ is smoothly induced from ¢,.
{3) There is a conjugate A, of A such that

LY =indiit .  [103 T

The unexplained notation is as in §8 of [BV 1],

Under these conditions, 4, 4 give rise to 4,,(3,), 4 (1) satisfying the follow-
ing. If X_ =&, then

Ind?® [ X ] has WF-set ¢ and all its composition factors are in &' (1), 4.12.1)

i
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Proposition. Let X}, .., X% be the elements of %,,(A,.). Then

(1) X'e=Ind® [ XL] is irreducible.

(D) Suppose o, ..., 6% are the representations in VE(w(l,) wolm)). Because
O is smoothly induced,

Gi = J;’Vim) [:ﬂ'f,“_}

are the irreducible representations in V(w(i)). If

Xfﬂ = 2 aij Ru.i.l (A'm)’
18isk

then

L i Ro{4)

1505k

Proof. The proof in §8 in [BV 1] applies to this case; We omit the details.

4.13. Assume now that A and 4,, are linked and ¢ ahd ®,, are the corresponding
orbits. Assume, i m a,ddltmn the following.

(1) There is “p="Lm+Ln such that ¢ is smoethiy induced from a special
nilpotent “&,,.

@ “@mwmdi& a0}

Propesitiou :
(1) If ok...ck are the representations in Vi(w(4,) then

of =[ 4 (ol @ sgn)1 @ sgn

are the representations in V*{w(A)). :
(2) If X.... X% are the elements of & (4,.) and

Xi=Y 2y Ry
i
then there is a canonical bijection
Ez.,., it FA) — 3" {4

E.,,. }.(Xm} Zau ai(}‘)

This is proved for special unipotent representations in §7 in [BV 1], The
proof applies to this case as well,

such that

Definition, A pair (&, 1) is called triangular if it does not satisfy 4.12 or 4.13
for any proper parabolic subalgebra.

For A= A{#) corresponding to special unipotent representations the orbits
are described in [L] and the representations in [BV 1]. The more general case
is treated in detail for g classical in Sect. 5.
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5. The triangalar case

In this section we describe the character theory of ¥'{i) for @, A triangular
(Definition 4.13).

5.1. Type B, C. & and *¢ have symbol

0 2 2mi -
1 3. 2m—1 ) (.14

The Levi components from which “@ is induced are as follows. For cach k
=0, ..., m there is a A(k) such that

La(Ak) = 2/ (1) x s (3) x ... x o 2k — 1) x Lalkyx o (2k+2)x ... % o (2m). {5.1.2)
According to proposition 4.6 and [L], #(A(k)| = 2™ Define

m{AN =/ (1) % ... x S (2m—2k—1)
xmlm—kyx o Qm--2k+2) % ... x of (2m). (5.1.3)

Relabel the factors so that
m{A =o' <Lt m® T (5.1.4)
whered‘ af (2m - 214+ 2) for L SISk, oft = of 2m- 21+3)Fork+2<l<m+i

and m° =wm(m-k). Then let &=+ 1 for all =1, ...k, k+2,..., m+ 1. For each
such {£} we define a finite dimensional representation

Fik)= @ FARSXA W, LN R Fk) (5.1.5)

PSSk k+2sigm+ L

of m{A(k)) as follows. Let

FUAky:tm—1+1,.. . L0, ~1,..., —m+10}y  for {5igk,
FOUK): (m—k, ..., 1), (5.1.6)
FIAR)y n—142, ., 1, ~ ., —m+1—1)  for k+2sism+1.

Foriglskork+2gism+ 1, let
CFLAR) = FAK)Y® FHAKY,  FL (A0 = FIAK) @ (FAKN*, (5.1.7)
where » denotes the dual. For /=0 write

X(A20k), A% (k)= F(A(k}) @ FO(L{K)). (5.1.8)
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