LIFTING OF CHARACTERS ON
ORTHOGONAL AND METAPLECTIC GROUPS

JEFFREY ADAMS

§1. Introduction.

An important principle in representation theory and automorphic forms is that
of lifting or transfer of representations between reductive algebraic groups. Endo-
scopic transfer and base change are primary examples. Another type of example is
provided by theta-lifting between members of a reductive dual pair. In this paper
we study lifting, defined directly on characters, between special orthogonal groups
SO(2n+ 1) over R and the non-linear metaplectic group Sp(2n,R). This is closely
related both to endoscopy and theta-lifting, and is an aspect of the duality between
root systems of type B,, and C),.

Let m be an irreducible representation of SO(p, q), the special orthogonal group
of a symmetric bilinear form in p + ¢ = 2n + 1 real variables; 7 has a non-zero
theta-lift to a representation 7’ of Sp(2n,R). A natural question is: what is the
relationship, if any, between the global characters of 7 and 7’7 When n = 1 this
is closely related to the Shimura correspondence, which has been the subject of
extensive study.

Evidence for such a relation is provided by the orbit correspondence, which pro-
vides a matching of semisimple conjugacy classes of SO(p, q) and Sp(2n,R). This is
analogous to the matching of stable conjugacy classes in the theory of endoscopy. In
fact there is a natural bijection between (strongly) regular, semisimple, stable con-
jugacy classes in the split groups SO(n + 1,n) and Sp(2n,R). In elementary terms
two such conjugacy classes correspond if they have the same non-trivial eigenvalues.
Alternatively there is a bijection between conjugacy classes of Cartan subgroups in
these two groups.

The main ideas are best illustrated by the example of the discrete series. Let
mso(A) be a discrete series representation of SO(n+1,n). We have fixed a compact
Cartan subgroup 7', and A € t* is a Harish-Chandra parameter. In the usual
coordinates

)\:(al,...,ak;bl,...,bg) (1.1)(&)

with a;,b; € Z+ ,a1 > -+ > ap >0,by > -+ > by > 0.
Fix a compact Cartan subgroup 77 of Sp(2n,R), with inverse image 7" in

Sp(2n,R). The theta-lift of mso(\) to Sp(2n,R) is the discrete series represen-
tation mg, () with Harish-Chandra parameter

*
)\/:(al,...,ak,—bg,...,—bl)Gt/ . (b)
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The character ©go(\) of mso(A) has the following formula on 7' (all such for-
mulas are on the regular elements):

50N (1) = Zwewgsfjg)ew Y e, (1.2)(a)

Here Wi is the Weyl group of T'in K ~ S(O(n+1)xO(n)), and D = [, ca+ (e*/2—
e/ 2) is a Weyl denominator, which depends on a choice of positive roots A*. (The
usual steps must be taken to interpret this formula since Dgo does not factor to
T.)

The character formula for 7g,()\') on T” is similar:

ZwEWK/ sgn(w)e® (')

D7) et 2

Osp(N)(t) =

where K’ ~ U(n) and the Weyl denominator is for Sp(2n,R).

Now T and T’ are isomorphic, and it makes sense to compare (a) and (b),
at least on the Lie algebras so the issue of covering groups does not arise. We
choose an isomorphism ¢p : T — T" such that d¢f : A’ — X; then ¢ corresponds
to ¢r(t) under the correspondence of stable conjugacy classes. Because of the
difference between Wy and Wi it is natural to replace mgo(A) and ws,(A') by
stable sums of discrete series. Therefore let Tso(A) = -, cye\w Tso(wA), where
W =W(so(2n+1,C),t) ~ W(sp(2n,C),t') is the Weyl group of type B,,/C,,. The
character of Tgo(\) on T is

sgn(w)e”?
Fso0 = ZweWDio((t; =

(teT) (1.3)(a)

and similarly Ts,(\') = >_, e, \w Tsp(wA) has formula

sen(w)ev (¢
@Sp()\’)(t,) = EweWDgSp((t/)) (t )

(' e T"). (b)

Roughly speaking (b) may be obtained from (a) (using ¢ : 7'~ T”) by multi-
plying by
_ Dso

= .
Dg,,

(1.4)(a)

This a transfer factor of the type considered in endoscopy [23]. More precisely,
suppose t' is a regular element of T”, with image p(t') € 7" (p : Sp(2n,R) —
Sp(2n,R)). Let t = ¢' (') € T and define

_ Dso (t)

Ot = DSp(t/).

(b)

Although Dg,, factors to 7", Dgo is only well-defined on a cover of T'. Nevertheless
®(t') is a well-defined function on 7”. In fact, let w = Weyen @ woaq be the oscillator
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representation, with its decomposition into two irreducible components, and let
Q = Qevent$04q be its character, considered as a function on the regular semisimple
elements. The key observation (cf. [1]) is:

+P(t') = Qeven(t’) — Qoaa(t') (' €T) (1.5)

and we conclude

O5p(N)(t') = Oso(N) () 2(t'). (1.6)

The problem remains to extend (1.6) to other Cartan subgroups. For each Cartan
subgroup H of SO(n + 1,n) we choose an isomorphism ¢y : H — H' with a
Cartan subgroup H’ of Sp(2n,R) (satisfying certain conditions, essentially that ¢ g
is conjugate over the complex groups to ¢7). We define ® by (1.5): for ¢’ a regular
element of H' let

q)(g/> = Qeven(g,> - Qodd(g,)- (17)

This is a reasonable definition: let Dgo and Dg, be Weyl denominators on H and

H’ respectively. These depend on choices of positive roots, and in the case of Dgo

is only defined on a covering group. However their absolute values are well-defined,

and (Theorem 8.2)

_ |Dsolg)]
[Dsp(g')]

where g = ¢5' (p(g')). We emphasize that the character of the difference of the
two halves of the oscillator representation satisfies this identity, not the sum. The
analogue of (1.6) now holds on all Cartan subgroups. The main result (see below) is
that the same statement holds for any stably invariant eigendistribution of SO(n +
1,n).

The analogue of (1.8) for endoscopic groups is one of the main requirements of
a set of transfer factors ([29],§3). Definition (1.7) has the advantage that it defines
transfer factors for all Cartan subgroups simultaneously.

We now state the main result (Theorem 4.6). Some of the terms here remain to

|2(g")] (1.8)

be defined, for example stability for :S?D(Qn, R). See section 4 for details.

Let © be a stable invariant eigendistribution on SO(n + 1,n), considered as a
function on the (strongly) regular semisimple elements. Define a function ©’ on
the regular semisimple elements of :S?D(Qn, R) as follows. Fix a regular semisimple
element g’ € Sp(2n,R). Choose g € SO(n+1, n) corresponding to p(g’) € Sp(2n, R)
via the correspondence of stable conjugacy classes. Equivalently let H’ be the

centralizer of p(g’) in Sp(2n,R), choose an isomorphism ¢y : H — H’ as above,
and let g = ¢~ (p(g’)). Define

0'(g") = ©(g9)®(g"). (1.9)

This is independent of the choices since © is stable.

Theorem.

(1) The map T' : © — ©’ is a bijection between stably invariant eigendistributions
on SO(n+ 1,n), and genuine stably invariant eigendistributions on Sp(2n,R),
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(2) T restricts to a bijection of stable virtual characters,
(8) T restricts to a bijection of stable tempered invariant eigendistributions,

(4) Suppose © s the character of a stable tempered virtual representation m of
SO(n + 1,n). Consider 7 to be defined for all real forms of SO(2n + 1,C) simul-
taneously (cf. §2). Then ©' is the character of the theta-lift of m.

Let G be a connected reductive algebraic group defined over R, with real points
G. Write \G for the (connected, complex) dual group of G. Recall an endoscopic
group H for G is (in part) a quasisplit group such that YH is the centralizer of a
semisimple element s of ‘G. In particular if s is central H = G5, the quasi-split
inner form of G, and in this case endoscopic transfer takes stable distributions on H
to stable distributions on G. The preceding theorem may be interpreted as realizing
SO(n 4 1,n) as an endoscopic group for Sp(2n, R)—analogous to the quasi-split
inner form, since I' preserves stability.

The dual group of Sp(2n,R) is SO(2n + 1,C), so SO(n + 1,n) is not an endo-
scopic group for Sp(2n,R) (it is on the dual side). Interpreting SO(n + 1,n) as an
endoscopic group for :S'\]/J(2n, R) suggests that for non-linear groups the roles of the
group and dual group are combined in some way that is not understood. Heuristi-
cally it makes sense to consider SO(n + 1,n) to be an endoscopic group defined by
a central element of Sp(2n,R) lying over —1 € Sp(2n, R) (4.12).

In the theory of endoscopy, transfer factors are used to define a map f — fgy
between smooth compactly supported functions on G and H. This is compatible
with a matching of orbital integrals. Dual to this is a transfer of characters, which is
shown to satisfy character formulas on each Cartan subgroup. We have proceeded in
reverse order, defining the lifting of characters directly. Our lifting is characterized
by the condition that the characters of an invariant eigendistribution on SO(n+1,n)
and its lift to :S?)(Qn, R) have the same Weyl numerator on each Cartan subgroup
(Proposition 9.3). It would be interesting to obtain a map f — fy and matching
of orbital integrals as a consequence. It should also be possible to define f — fg
directly.

The precise statement of the main theorem is Theorem 4.6. A sketch of the proof
is found there — it is an application of Hirai’s matching conditions and the induced
character formula. The proof takes up sections 5-12. In Section 13 we discuss the
case of complex groups. The map I' commutes with coherent continuation; this is
discussed, together with some consequences, in section 14.

The case of n = 1, in which most of the main features of the argument may be
seen, is discussed in detail in section 15. This is the case of the Shimura correspon-
dence, and related character formulas appear in [9].

I thank David Renard for carefully reading a preprint of this paper, and for some
useful comments.

§2. Orbit Correspondence.

In this section we describe the matching of semisimple elements which underlies
character lifting. This is analogous to the matching of conjugacy classes in a group
G and an endoscopic group H [23].

Let V be a vector space of dimension 2n + 1, equipped with a non-degenerate
symmetric bilinear form (,), and let W be a vector space of dimension 2n, with
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non-degenerate symplectic form <,>. Let G = SO(V) and G’ = Sp(W) be the
isometry groups of the forms, with Lie algebras go = so(V') and g(, = sp(WW). The
orbit map ([19], [25]) defines a correspondence between orbits (under the adjoint
action) in go and gf,. We recall the definition.

Let W = V @ W. Identifying V* = Hom(V,R) with V via (,) gives an iso-
morphism W ~ Hom(V,W). For T' € Hom(V, W) define T* € Hom(W,V) by
< Tv,w >= (v, T*w). Then a : T — T*T defines a map from W to gg, identified
as the set of elements X in Hom(V, V') satisfying

(Xv,v") + (v, X0v') = 0. (2.1)(a)

Similarly o/(T) = TT* € g, where g consists of the elements of Hom(W, W)
satisfying
< Xv,w >+ <v,Xw>=0. (b)

This defines the graph of a correspondence: we say X € gg corresponds to X’ € g,
if there exists T' € W such that o(T) = X, a/(T) = X’. This is equivariant for the
actions of G and G’, and defines a correspondence of orbits. We write X < X',
andif O =G-X,0' =G - X" write O « O'.

If X — X’ then X is of maximal rank if and only if X’ is of maximal rank (i.e.
2n). If this is the case Witt’s theorem implies

a1 (X) is a single G'-orbit, (2.2)

so O = G - X corresponds to a single G’-orbit @', and vice versa. Therefore the
orbit correspondence is a bijection when restricted to orbits of maximal rank.
If v is an eigenvector of T*T with non-zero eigenvalue A (over C), then

(TT*)(Tv) = T(T*Tv) = A(Tv) # 0, (2.3)

so A is an eigenvalue of TT*. The semisimple elements of maximal rank are precisely
the regular semisimple elements. It follows that the orbit correspondence also
preserves regular semisimple elements. Furthermore if X < X’ are regular and
semisimple, then X and X’ have the same non-zero eigenvalues (X in addition has
the eigenvalue 0 with multiplicity one). This fact is useful for computing the orbit
correspondence explicitly.

We now collect the real forms of SO(2n + 1,C) as in ([5],§1). We specialize to
the present case, and thereby avoid some of the subtleties of [5]. In particular since
SO(2n + 1,C) is adjoint, the notions of real form and strong real form coincide.
The groups SO(p,q) with p 4+ ¢ = 2n + 1 and the parity of ¢ fixed form a set of
representatives of the equivalence classes of (strong) real forms of SO(2n + 1,C).

Definition 2.4. Fiz 6 = £1, and a set V = {V'} of representatives of the equiva-
lence classes of orthogonal spaces of dimension 2n+1 and discriminant 6. In other
words V is parameterized by signatures (p,q), p+q=2n+1 and (—=1)? =4§. Write
V =V,q and SO(V) = SO(V,,) = SO(p,q). Then SO(2n + 1) will stand for
the set of groups SO(V) (V € V), i.e. {SO(p,q)|p+q=2n+1,(—-1)7=4¢}. A
representation w (resp. conjugacy class C) is a pair (V,my) (resp. (V,Cy)) with
V eV and my (resp. Cy) a representation (resp. conjugacy class) of SO(V).
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Proposition 2.5. The orbit correspondence is a bijection between the reqular semi-
simple adjoint orbits of Sp(2n,R) and SO(2n + 1).

Proof. This uses ideas from [19]. Fix V € V. For X € so(V), by (2.1)(a)

< v, >Xd§f (v, Xv') is a skew-symmetric form on V. The radical of <, >x
is Ker(X), so <, >x is a non-degenerate symplectic form on V/Ker(X). Now sup-
pose X has maximal rank, i.e. 2n. Then dim(V/Ker(X)) = 2n, and there is an iso-
morphism of symplectic spaces ¢ : V/Ker(X) — W. Let T = ¢pop: V — W where
p is projection of V on V/Ker(X). Then for allv,v' € V, < Tv, TV >=<v,v" >x,
and
(v, Xv') =< v,v >x
=<Tv, TV > (2.6)
= (v, T*Tv")

so X = T*T. Therefore @ maps onto the regular semisimple elements of so(V),
and the correspondence is a bijection between all regular semisimple orbits of so(V)
and a subset of the regular semisimple orbits of sp(W).

Now suppose Y € sp(WW). Then (w,w’)y el < Yw,w" > is a symmetric bilinear
form on W, non-degenerate if Y is of maximal rank. Let V be the orthogonal
space (W, (,)y) @ Vy (orthogonal direct sum) where Vj is a one-dimensional non-
degenerate orthogonal space. Let S : W — V be inclusion in the first factor, so
(Sw, Sw’) = (w,w)y. It follows as in (2.6) that Y = S*S, where S* is defined by
< S*v,w >= (v, Sw). Letting T'= S* and noting S** = S we conclude Y = TT™.

Therefore Y is in the image of the orbit map for two isomorphism classes of V'
of opposite discriminant, depending on the two choices of V|, (positive or negative
definite, up to isomorphism). In fact these are the only choices of V. For suppose
Y < X’ for some V' ie. Y =TT* for some T' € Hom(V’, W). Then w — T*w is
an isomorphism of W with Im(T*) C V', taking the form (,)y to the restriction
of the form on V’. Therefore Y determines the form on V up to isomorphism on a
space of codimension one, and the claim follows. This completes the proof.

This information is enough to compute the orbit correspondence explicitly (at
least on regular semisimple elements). We make this explicit in §7, once we have
chosen coordinates on Cartan subgroups. We now stabilize the orbit correspon-
dence.

Let We = W®C, and let Sp(2n,C) = Sp(W¢). Fix a non-degenerate orthogonal
space V{ of dimension 2n + 1 and let SO(2n + 1,C) = SO(V{). For V € V let
Ve = V @ C and choose an isomorphism Ve — V{ of orthogonal spaces. This
induces an embedding ¢y : SO(V) — SO(2n 4+ 1,C). Any two such maps are
conjugate by SO(2n + 1,C).

Definition 2.7.

(1) Let X, X" be reqular semisimple elements of sp(W). We say X, X' are in the
same stable orbit if X' = Ad(g)X for some g € Sp(2n,C).

(2) Let V,V' € V (Definition 2.6). Let X € so(V), X' € so(V') be reqular
semisimple elements. We say X, X' are in the same stable orbit of SO(2n + 1)
if duy (X') = Ad(g)dey(X') for some g € SO(2n+ 1,C).

Condition (2) is independent of the choice of ¢y, ty.
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Lemma 2.8. The stable orbit of a semisimple element of so(V') or sp(W) is de-
termined by its (unordered) set of eigenvalues.

Proof. This is just the fact that a semisimple orbit for SO(2n + 1,C) or Sp(2n,C)
is determined by its eigenvalues.

Let O be a stable orbit of SO(2n +1). Let O, = Uxco {X'|X <« X'} —
this is a union of stable orbits. By the lemma OV, is a single orbit. Therefore:

Proposition 2.9. The orbit correspondence induces a bijection between the set of
stable regular semisimple adjoint orbits of SO(2n+1) and Sp(W). Two such orbits
correspond if and only if they have the same (non-zero) eigenvalues.

We write O, 222 O, for the stabilized orbit correspondence.

We now extend the orbit correspondence to the groups. One method is to use
the exponential map. This has the disadvantage of not being surjective, even onto
the regular semisimple elements. Instead we use the Cayley transform ([19], [25]).

Let G = SO(V) or Sp(W), and gg = Lie(G). For X € G or gy such that 1 + X
is invertible, define

CX)=1-X)1+X) 1 (2.10)

Then C : go — G, C : G — go, and C? = Id, so C is a bijection between subsets of
G and gg. It is equivariant for the adjoint action of GG on gy and conjugation on G.
Finally X is semisimple if and only if C'(X) is semisimple, so C' defines a bijection
between semisimple adjoint orbits and conjugacy classes.

Note that if X is contained in a Cartan subalgebra by then C'(X) is contained in
the corresponding Cartan subgroup H = Cent(hg). Furthermore if X is semisimple,
with eigenvalues \; then C(X) has eigenvalues (1 — A;)(1 4+ \;) "L

Recall [30] a semisimple element of a connected reductive algebraic group G is
strongly regular if its centralizer H is a Cartan subgroup, and regular if the identity
component of H is a Cartan subgroup. Strongly regular implies regular, and the
converse holds if G is simply connected.

A regular element g of SO(2n+1, C) is strongly regular if and only if —1 is not an
eigenvalue of g. For Sp(2n,C) a regular element cannot have —1 as an eigenvalue.
Therefore the Cayley transform maps onto the strongly regular semisimple elements
of SO(V) and Sp(W).

Definition 2.11. We say strongly regular semisimple elements g of SO(V') and ¢’
of Sp(W) correspond, written g < ¢’, if C(g) «<» C(g’). This defines a correspon-
dence of conjugacy classes, written C < C’.

The next result follows immediately from Proposition 2.5.

Proposition 2.12. The correspondence of conjugacy classes is a bijection between
the strongly reqular semisimple conjugacy classes of SO(2n + 1) and Sp(W).

This result is a little misleading: this correspondence is somewhat unnatural,
and does not lend itself to lifting of characters.

0 6
Example 2.13. Let X30(f) or X;2(6) equal [ —60 0 , considered as an
0
element of 50(3,0) or s0(1, 2) respectively. (The orthogonal groups are defined with
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respect to the forms I and diag(—1, —1, 1) respectively.) Let Xg,(0) = (_09 g) <
s[(2,R). Then

Xg’o(e) >0
Xsy(0) = { o 0 (2.14)(a)
For (i,7) = (3,0) or (1,2) let
cos(f)  sin(0)
9i;(0) = exp(X; ;(0)) = | —sin(d) cos(0) 1 ,
(b)

g50) = con(Xs0) = (T ).

Write the regular elements of the compact Cartan subgroup 7" of SL(2,R) as T UT—
where Ty = {gsp(0)| £6 > 0}. Then
g30(0) geTy

9sp(6) = { g12(0) geT_. ©

The numerator of the character of an invariant eigendistribution is analytic on 7". In
particular its values on 7 are determined by its values on 7T'y. This suggests iden-
tifying the compact Cartan subgroups of SO(3,0) and SO(1,2), which is precisely
what stable conjugacy accomplishes. Therefore the matching of stable conjugacy
classes of the next theorem is the crucial one.

Recall strongly regular elements g, ¢’ of the real points G = G(R) of G are
said to be stably conjugate if they are conjugate in G(C), and a stable conjugacy
class is an equivalence class for this relation. Stable conjugacy classes for real
forms of SO(2n + 1) considered simultaneously are defined analogously to stable
adjoint orbits (Definition 2.7). That is strongly regular semisimple elements g €
SO(V),g" € SO(V') are defined to be stably conjugate if ¢/ (g) is conjugate to
tyr(g') via SO(2n + 1,C). As in Lemma 2.8 we have

g is stably conjugate to ¢’ < g, g’ have the same eigenvalues. (2.15)

Theorem 2.16. The correspondence of conjugacy classes induces a bijection of sta-
ble (strongly reqular, semisimple) conjugacy classes. Two stable conjugacy classes
correspond if and only if they have the same eigenvalues.

Explicitly let Cs; be stable conjugacy class for SO(2n+1). Let C., = Ugec,, {9’ €

Sp(W)|g < ¢'}. Then C., is a single stable conjugacy class, and Cs; < C., is a bi-

. . . stable stable .
jection. We write g <— ¢’ and Cs; «<— C.,, and refer to this as the correspondence

of stable conjugacy classes.
Proof. This follows immediately from Proposition 2.9.
Remark 2.17. Theorem 2.16 could be taken as the definition of the correspondence.

Remark 2.18. The elements diag(1,—1,—1) of SO(2,1) and —I of SL(2,R) corre-
spond. The former element is regular but not strongly regular, whereas the latter
is not regular. Hence the correspondence preserves strong regularity, but not reg-
ularity. This is another reason to restrict to strongly regular semisimple elements.
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§3. Stable Conjugacy (Continued).

We have defined stable conjugacy for SO(2n + 1). This is a minor variation
of the usual definition since we have grouped together different real forms. We
now define stable conjugacy of regular semisimple elements of Sp(2n,R), which is
non-standard since %(27@, R) is not a linear group.

We first recall results of ([28],82). Let g, ¢’ be strongly regular elements of a
connected reductive algebraic group G defined over R. If g, ¢’ are stably conjugate,
after conjugating by G = G(R) if necessary, we may assume g, g’ are contained in a
single Cartan subgroup H = H(R). Let A be the maximal R-split torus in H, and
let M = Centg(A). Let W(M,H) ~ W(m, ) be the Weyl group of H in M, and
W(G, H) the Weyl group of H in G. Then W (M, H) acts on by, and this action
exponentiates to H. Furthermore g is stably conjugate to ¢’ if and only if g = wg’
for some w € Wy (G, H) where

W (G, H) =W (M, H)W (G, H). (3.1)

Therefore the “additional” conjugacy is that of W(M,H). Note that W (G, H)
normalizes W (M, H) and there is an exact sequence

1—-W(MH)—W(G,H) x WM,H) - Wy (G, H) — 1. (3.2)

Now let H be a Cartan subgroup of Sp(2n,R), with A and M as above. Let H
be the inverse image of H in Sp(2n,R) under the projection map p : Sp(2n,R) —
Sp(2n,R); this is a Cartan subgroup of Sp(2n,R) (cf. §6).

Lemma 3.3. The action of W (M, H) on b exponentiates to an action on H.
Proof. This follows from ([28], Proposition 2.2). It also follows from the explicit

information of Lemma 7.4.

We say a semisimple element g of %(27@, R) is regular if its image in Sp(2n,R)
is regular. We define strongly regular to be equivalent to regular, since this holds
for Sp(2n, R).

Definition 3.4. Stable conjugacy of (strongly) reqular semisimple elements of
Sp(2n,R) is the equivalence relation generated by relations:

(a) conjugacy by Sp(2n,R), )

(b) the action of W(M,H) on H (Lemma 3.3).

In other words letting
Wy (Sp(2n, R), H) = W (Sp(2n, R), H)W (M, H), (3.5)

(a subgroup of the automorphism group of H ), two strongly regular elements
9,9 of H of Sp(2n,R) are stably conjugate if and only if they are conjugate by

Wst(sp(2n7 R)? H)

For G = SO(V) or Sp(2n,R) let Gy be the strongly regular semisimple elements
of G. This is an open and dense set. By [12] an invariant eigendistribution on G
is represented by an invariant function on Gy. An invariant eigendistribution on
SO(2n + 1) is represented by a function on SO(2n + 1)g = UyepSO(V)o.
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Definition 3.6.
(1) An invariant function on SO(2n + 1) is a sum

O=> Oy (3.7)

Vevy

of invariant functions Oy on SO(V)g (cf. Definition 2.4).

(2) An invariant function on SO(2n + 1)¢ or Sp(2n,R) is stably invariant if it is
constant on stable conjugacy classes.

(3) An invariant eigendistribution on G = SO(2n+1) or Sp(2n, R) is stably invari-
ant if the function on G representing it is stably invariant.

We identify a stably invariant eigendistribution with the function representing
it.
Remark 3.8. Every (strongly regular, semisimple) stable conjugacy class for SO(2n+
1) contains a representative in the split group SO(n+1,n) (or SO(n,n+1), depend-
ing on §). Equivalently every Cartan subgroup H of SO(V') is stably conjugate to a
Cartan subgroup of SO(n+1,n). A stable invariant eigendistribution on SO(2n+1)
is therefore determined by its restriction to SO(n + 1,n). (The distributions on
the other real forms are obtained by lifting from the split form as in [28]). There-
fore we may identify a stably invariant eigendistribution on SO(2n + 1) with its
restriction to SO(n + 1,n). Furthermore, isomorphic Cartan subgroups Hy, Hy of
SO(V1), SO(Vs) are identified by an isomorphism unique up to stable conjugation.

§4. Character Lifting.

Fix a stably invariant eigendistribution ©® on SO(2n+1), identified as in §3 with
a stably invariant function on SO(2n+1)(. Define a stably invariant function 7(0)
on Sp(2n,R)y by the correspondence of stable conjugacy classes (Theorem 2.16):
for ¢’ € Sp(2n,R)o,

stable
7(©)(¢) =6(9) (9% ). (4.1)
This is independent of the choice of g since © is stably invariant.

Definition 4.2. Fix a non-trivial unitary additive character ¢ of R. Let

w(¢> = w(¢>even % w(¢>odd (43)(&)

be the corresponding oscillator representation of S’E(Qn,R). Here w(v)eyen has a
line invariant under a maximal compact subgroup; in the usual models wW(¥)eyen
(resp. w(¥)odq) is realized on even (resp. odd) functions. Write

Q(w) = Q(¢)even + Q(¢)odd (b)

for the character of w(vy). The transfer factor associated to v is the invariant
eigendistribution

®(¢> = Q(d])even - Q(d])odd (C)

considered as a function on %(27@, R)o. If ¢ is understood we write w = w(¢), Q2 =

Q) and & = ().
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By Corollary 8.10 @ is stably invariant. By ([19], Appendix, cf. [1], 1.7), for
g € Sp(2n7R)0 and g :p@):

+1

~\2
d(g)° = Tt tg) (4.4)
In particular ® takes values in R* U ¢R* and is bounded in a neighborhood of the
identity. By standard results, ®(a?v) = ®() (a € R*) so without loss of generality
we may take ¢ = 14 where ¢4 (z) = e*2™®, Finally ®(v) = ®(¢), a consequence
of the fact that w(z)) and w(v)) are dual.

It is worth noting that €2, which might seem a more natural candidate for a

transfer factor than ®, is neither stable nor non-singular near the identity.

Definition 4.5. Let © be a stably invariant function on SO(2n + 1)y (Definition
3.6). For ¢’ € Sp(2n,R) let

T(¥)(©)(g") = 7(0)(p(g)®(¥)(¢)
=0(9)®W)(d) (9 p(g)).

If 4 is understood we write I' = T'(¢)).

This is a stably invariant function on :9;9(211,]1%)0, and is genuine: T'(0)(zg’) =
—T'(0)(g’) for z the non-trivial element of p~1(1). We often write © = I'(0).

By a virtual representation (resp. character) we mean a finite linear combina-
tion of irreducible representations (resp. characters) with integral coefficients. We
identify a virtual representation 7 with its virtual character ©(w). We say 7 is
stable if ©(m) is stable, and define I'(7m) = I'(O(7)).

Theorem 4.6.

(1) The mapT : © — © =T(O) is a bijection between stably invariant eigendis-
tributions on SO(2n+1) and genuine stably invariant eigendistributions on
Sp(2n,R).

(2) © is a virtual character if and only if © is a virtual character.

(3) © is tempered if and only if © is tempered.

(4) T takes the (stable) discrete series of SO(2n + 1) to the (stable) genuine
discrete series of Sp(2n,R).

(5) T' commutes with parabolic induction (cf. Theorem 12.16).

(6) If © is a tempered virtual character then ©' is the (normalized) theta-lift of
© (Theorem 12.27).

Remark 4.7. Using Remark 3.8, we could define I'" on stably invariant eigendistri-
butions on the split group SO(n + 1,n) or SO(n,n + 1). Statements (1-5) of the
theorem hold without change, but (6) would fail (cf. Remark 12.31).

Here is an outline of the proof. The map I' is determined by the property
that the numerators in the character formulas for © and ©’ are the same on all
Cartan subgroups (Proposition 9.3). In section 10 we show this implies © satisfies
Hirai’s matching conditions [18] if and only if the same holds for ©’. This proves
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(1) (Theorem 10.1). Temperedness is determined by the character formulas on all
Cartans, and this proves (3) (Corollary 10.13).

If © is a stable sum of discrete series representations, then by (3) ©' is tempered.
The character of ©" on the compact Cartan subgroup is determined by Proposition
9.3, and by a result of Harish-Chandra this is enough to show ©’ is a stable sum
of discrete series representations (Theorem 11.3), proving (4). That I' commutes
with parabolic induction is a straightforward application of the induced character
formula (Theorem 12.16). The stable virtual characters are spanned by certain
stable induced representations, and (2) follows from (5) (Corollary 12.22).

Finally theta-lifting from SO(p, q) to %(27@, R) has been computed explicitly in
[3], and (6) follows from this (Theorem 12.27). We note that the failure of I" to
agree with theta-lifting for some non-tempered representations is analogous to the
failure of the sum of the representations in a non-tempered L-packet to be stable.
A standard (full induced) module has a simple character formula, which is what is
seen by I'. On the other hand theta-lifting is defined on the irreducible quotient of
a standard module, which may be proper in the non-tempered case.

We record a few simple properties of I'. Recall [7] the order of an invariant
eigendistribution © is a measure of the singularity of © at the identity. In partic-
ular the order of the character of an irreducible representation of Gelfand-Kirillov
dimension d is d/2. By (4.4) ® is bounded in a neighborhood of the identity. The
next lemma is an immediate consequence of the definitions (cf. [7], Corollary 2.4).

Lemma 4.8. © and I'(©) have the same order.

For example the trivial representation of SO(2n+1) has Gelfand-Kirillov dimen-
sion 0. The lift to %(Qn, R) is w(¥)even — w(%)odd, the difference of the two halves
of the oscillator representation. Each w(%)eyen,oda has Gelfand-Kirillov dimension
n; these singularities cancel and the difference has order 0.

The dependence of I on ) follows from ®(1)) = ®(¢)) and the definitions:
L(¥)(©) =T(¥)(O). (4.9)

Alternatively it is an entertaining exercise to compute ®(¢)/®(z)). This factors to
Sp(2n,R), and for ¢’ a strongly regular element of Sp(2n,R):

2W) oy — sgable g
q)@(g) C(g) (g q). (4.10)

Here ¢ is the unique non-trivial one-dimensional representation of SO(V) (trivial
if SO(V) is compact), considered as a stable virtual character of SO(2n + 1).
Therefore

L(¥)(©) =T (¥)(6). (4.11)
An alternative interpretation of I' is obtained by considering invariant eigendis-

tributions on Sp(2n, R) in a neighborhood of a central element z of Sp(2n,R) lying
over —1 € Sp(2n,R). Let x(¢)(z) be the scalar by which x acts in the even half

W()even of w(1). Then w(v))eda(r) = —x(¢)(x) and
(¥)(g") = x(¥)(2) ') (zg") (4.12)(a)
and (dropping 1 from the notation):
stable

I'(0)(¢) = x(z)7'0(g)zg") (9 == p(g")). (b)
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§5. Matching of Cartan Subgroups: Linear Groups.

We use the correspondence of stable conjugacy classes (Theorem 2.16) to iden-
tify each Cartan subgroup of SO(p, ¢) with a Cartan subgroup of Sp(2n,R). These
identifications depends on some choices, but any two such choices are stably con-
jugate.

Fix X %% X’ where X € s50(V), X’ € sp(W) are regular semisimple elements.
Let bo, b be the centralizers of X and X’ respectively. By Proposition 2.9 X and
X’ have the same non-zero eigenvalues. Considering the Lie algebras as complex
matrices, after conjugating by GL(2n + 1,C) and GL(2n,C) respectively we may
assume ho, h(, are diagonal, X = diag(A1,...,\2p,0) and X' = diag(A1, ..., Aap).
It follows from Proposition 2.9 that a neighborhood of X in by corresponds (via
the stable orbit correspondence) to a neighborhood of X in by, and the correspon-
dence is given by diag(z1, ..., zon,1) — diag(z1, . .., 22,). This extends to a linear
isomorphism 7 : ho — b, with complexification v : h — b'.

Let H (resp. H'’) be the centralizer of ho (resp. bhj). The kernel X (H) of the
exponential map exp : hyp — H consists of those elements of h all of whose eigenval-
ues are in 2miZ. The corresponding statement holds for X (H’) so v exponentiates
to an isomorphism ¢ : H — H’ which restricts to ¢ : H — H’

Suppose ¢; : H — H! (i = 1,2) are two isomorphisms constructed in this
manner. Then for any (strongly regular) g} € H}, g5 = ¢2(67'(g})) has the same
eigenvalues as ¢}, and hence g, = zgjx~! for some x € Sp(2n,C). It follows that
rH{z~! = H) and ¢ = int(x) o ¢1.

Similarly a Cartan subgroup H’ of Sp(2n,R) may be isomorphic to two Cartan
subgroups H;, Hy, where now H; and Hs may be subgroups of different orthogonal
groups SO(V1), SO(V;). We summarize this discussion.

Lemma 5.1. Let H be a Cartan subgroup of SO(V'), and choose a strongly reqular

element g € H. Suppose g sable g, and let H' = Cent(g’'). Then there is an
isomorphism ¢ : H — H' taking g to ¢’. Any two isomorphisms ¢; : H — H]
(i = 1,2) obtained this way are stably conjugate: there exists x € Sp(2n,C) such
that ¢o = int(x) o ¢1. In particular if H] = H) then ¢ = w o ¢1 for some
w € W (Sp(2n,R), Hy).

Analogous statements hold with the roles of SO(2n+ 1) and Sp(2n,R) reversed.
In this case a Cartan subgroup of Sp(2n,R) may be isomorphic to Cartan subgroups
Hy of different orthogonal groups SO(V).

Definition 5.2. We refer to the isomorphisms ¢ constructed in Lemma 5.1 as
standard isomorphisms.

The standard isomorphisms play a fundamental role in what follows. We record
some elementary properties. Fix a standard isomorphism ¢ : H — H’'. Write
50 = s50(2n + 1,C), sp = sp(2n,C). We normalize the invariant form on b’ so the
long roots have length 2. For a a root of h’ in sp, let

¢”(a) =2d¢"(a)/(a, ) € b". (5-3)(a)

Then ¢V (a) is a root of b in so. Of course this is just the duality between root
systems of type B,, and C,, and ¢"(«) corresponds to the coroot of . We have
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resisted the temptation to label this o, to emphasize the role of ¢ and so as not
to confuse roots and coroots. Then for all g € H,

e (M (g) = /1) (g(g)) (b)
which we also write
N e?" @ (g)  «long, ¢V (a) short
g =14 9 ! (©)
e® () (g)?  a short, ¢V (a) long.
Suppose AT (H’) is a set of positive roots of b’ in sp. Then
AT(H) = ¢Y(AT(H")) (d)
is a set of positive roots of b in so0. There is a unique isomorphism ¢" : W (so0, ) —
W (sp, ') satisfying

¢ (0)odp =dpoa (e)
for all o € W(so0,h). Furthermore ¢" restricts to an isomorphism
o™ i Wii(s0,h) — Wit(sp, b'). ()

The last statement follows from Lemmas 7.6 and 7.8.

§6. Matching of Cartan Subgroups: Covering Groups.

We extend the preceding results to Cartan subgroups of Sp(2n,R). It is con-
venient to pass to a certain covering group Spin(p,q) of SO(p,q) as well. In this
way Lemma 5.1 extends to an isomorphism of Cartan subgroups of Spin(p, q) and
:S?D(Qn, R). Also Spin(p, q) is an acceptable group and plays a role in the matching
conditions (§10).

Given a Cartan subgroup H of an algebraic group G, let

QY c X.(H) c PY (6.1)(a)
be the co-root lattice, lattice of one-parameter subgroups, and co-weight lattice
respectively. These play an important role in what follows, and we give a little

detail in our case. Let G = Sp(2n,R). In the usual coordinates (a) is isomorphic
to

n n n 1 n
VARSYARSY/ GB(Z+§). (b)

On the other hand for G = SO(2n + 1) the picture is
(Z")even & Z" S 7" ()

where (Z™)eyen is the sublattice of sequences with even sum. The kernel X (H) of
the exponential map exp : h — H is 2mi X, (H).

Now let G = SO(V), and embed G in SO(V¢) ~ SO(2n + 1,C) as in §2. Let
Spin(V') be the inverse image of SO(V') in Spin(2n + 1, C). Note that if SO(V) is
non-compact, Spin(V') is not the real points of a connected algebraic group: the real
points of Spin(2n + 1, C) are connected and of index two in Spin(V'). For example
Spin(2,1) is isomorphic to the subgroup of SL(2,C) generated by SL(2,R) and
diag(i,—1).

Let G = Sp(W) or SO(V), G = :S'\]/J(W) or Spin(V). A Cartan subgroup of
G is by definition the centralizer of a Cartan subalgebra of go, or equivalently the
inverse image of a Cartan subgroup of G.
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Lemma 6.2. B

(a) The Cartan subgroups of G are abelian.

(b) Let C be a regular semisimple conjugacy class in G = Sp(W). Then p~1(C) is
the disjoint union of two conjugacy classes in G.

Proof. Since G = Spin(V') is a subgroup of Spin(2n + 1,C), (a) is immediate in
this case, so suppose G = Sp(W).

Write G = {(g,¢)|g € G,e = +1}, with multiplication given by the standard
cocycle c(, ) [26]: (g,€)(¢’,€") = (99’ , €€'c(g,¢")). It is well known that the restriction
of ¢(, ) to a Cartan subgroup is symmetric (cf. [1], §5, for example). Part (a) follows
immediately. For (b) it is enough to show for all regular semisimple elements = € G,
x is not conjugate to zz, where p~1(1) = {1,2}. Suppose grg~! = zx for some
g € G. Then p(g9)p(z)p(g)~" = p(x), so p(g) € H = Centg(p(x)). But then g € H

and grg~'z~! = 2, contradicting the fact that H is abelian.

Remark 6.5. Lemma 6.2(b) is in contrast to the situation for GL(n), in which g is
conjugate to zg for some regular semisimple elements g, which forces the character
of a genuine representation to vanish on g ([9],§1.1).

We continue to let G = Sp(W) or SO(V). Fix a maximal compact subgroup K
of GG, and a Cartan subgroup 7" of K (and of G). Write T, or Tso accordingly,
and Tsp, Tso for their inverse images in G.

Now let H be a Cartan subgroup of G, with inverse image H. After conjugating
by G if necessary we may assume HNK C T, and write H = Ty A with Ty = HNT
as usual. Then H = Ty A (identifying A with A).

Lemma 6.4. Let ¢ : H — H' be a standard isomorphism. Then ¢ lifts to an
isomorphism ¢ : H — H'.

Proof. We first assume H = Ts,, H = Tso. In this case the results is immediate
from the Lie algebra: Tsp and Tso are connected, and d¢ takes the kernel of
exp : tgp, — Tsp to the kernel of exp : tso — Tso The general case follows from
this: ¢ restricted to Ty lifts to an isomorphism TH — TH/

A subtle point is that if H is not connected the isomorphism ¢ of Lemma 6.4
is not unique. We specify the choice by the following Lemma. Let H = TyA be
a Cartan subgroup of Sp(W)). As in ([27], §2), suppose ¢ : t — b is a Cayley
transform, with adjoint ¢* : h* — t* (also see ([1], §5) for some explicit choices).
Suppose A € h* satisfies: ¢*A € t* exponentiates to T. For g =t - exp(X) € Ty A
we define

e g) = e M), (6.5)

Lemma 6.6. In the setting of Lemma 6.4, let A1 (h') be a set of positive roots of
b’ in sp(2n,C), and let AT (h) = ¢V (AT(Y)) (cf. (5.3)(d)). Let p = p(AT(h)) and
let X = d¢* " (p). Then there is a unique choice of ¢ : H — H', lifting ¢, such that

eMNolg) =e€(9) (g€ H). (6.7)

Proof. The Cayley transform is trivial on t N b, so (6.7) is immediate on the Lie
algebra, and on the identity component of H. The result then reduces to the split
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Cartan subgroup A ~ R* of SL(2,R). The inverse image A of A in SE(ZR) is
isomorphic to R* U {R*, with covering map z — 22. The choice of ¢ is unique up
to automorphisms of A lying over the identity map on A; there is a unique non-
trivial such automorphism 7 : z — Z. Then e*(z) = e*(72) so this indeterminacy
is eliminated by condition (6.7). See §15.

We use the term standard also for the isomorphisms of Lemma 6.6.

§7. Cartan Subgroups.

It is convenient to choose representatives for the conjugacy classes of Cartan
subgroups of Sp(2n,R) and SO(V'). For Sp(2n,R) this was done in [1], and we
briefly recall the definitions. For 2m+r+s =n, H™"* ~ C*™ x S17xR** is a Cartan
subgroup of Sp(2n, R), its inverse image H™"™* in Sp(2n, R) is a Cartan subgroup
of :5?9(271, R), and these form a set of representatives of conjugacy classes of Cartan
subgroups in Sp(2n,R) and S’E(Qn,R) respectively. The Lie algebra of H™"™* is
denoted bhy""*, with complexification h™ 5. The compact Cartan subgroup is
T = H%"0 and each H™"™* comes with a Cayley transform ¢™"™% : t — §™"5,
We write Hg"*, I:Ig;jm etc. to indicate the larger group.

The elements of hy""" are written

X = hg;“s(wl, ey Wiy 01, Oy Cs) (7.1)(a)

and those of H gy’s are written

g=Hg," (21, s Zmy Uty -+ o U, T1,y - oo, T) (7.1)(b)

(wi €C,0;,c, e R,z € C"u; € Sl,a:i € R*)
We make similar choices in SO(p, q). Let v1,...,vp,v1,...,v; be a basis of V/
so that (vi,v;) = —(v;,v}) = d;; and (v;,v;) = 0 for all 4, j. Suppose 2m + s <

min(p, q). Write V.="V1 @ V2 @ V3 where V; is spanned by {v;,v; |1 < 4,5 < 2m},
Vo =<{v;, v [2m+1 <i,j < 2m+s} >and V3 =< {v;, v} | 2m+s <i < p,2m+s <
j < g} >. Then SO(V;) is embedded naturally in SO(V) and we identify SO(V;)
and so(V;) with their images in SO(V') and so(V'). For w; = x; +iy; € C let

Y X
-Y X

X -Y
X Y

b0 (wy, .. W) = € so0(V7) (7.2)

where X = diag(x1,...,2n),Y = diag(yi,...,Ym). For ¢; € R let

K005 (cr, ... eq) = (X X) c so(Va)

p—2m—s q—2m—s

where X = diag(ci,...,cs). Finally let r; = [F=5"==], rp = [£=5—"], and for
0;, (]5]' € R let

bO’T1+T2’0(617 .. '70T17¢17 .. '7¢T‘2) = diag(éb .. '7é1”17(£17 e '7(257"2) € 50(‘/3)
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0 6
—6 0
Taking the sum of these elements gives us an element

with 6 =

= b (W Wi, 015 Or G1y e By €y Cs) € 50(pq)  (7.3)(a)

and this defines a Cartan subalgebra b""t", with complexification hy’;"*. Let

Hre = C X ST x R*$ be the Cartan subgroup of SO(p,q) with Lie alge-

bra b;anbs. This gives a set of representatives of the conjugacy classes of Cartan

subgroups of SO(p, q). The compact Cartan subgroup T is H%™0.
We choose coordinates on Hg”é’"’s: for z; € C*,u;,v; € St and x; € R* let

m,r,s
= H (21, oy Zmy ULy« ooy Upy ULy oo oy Uryy Ty e T) (b)

be the exponential of h';"*(log(21), . . .,log(zs))-
We now make some of the construction of the preceding sections explicit.

Lemma 7.4. Let H = H)';*, H' = Hg,"", and use notation of (7.1) and (7.3).
(1) Let
bmrs(wlw"7w1717917'"79T17¢17"'5¢T27cl7---acs)

be a regular element. After conjugating by W (SO(p, q), H) we may assume 0;, p; >
0 for all i. Then the orbit of X corresponds to the orbit of

= b (Wis e Wiy 01y Oryy = Prys o =151y, ).

(2) The conjugacy class of a strongly reqular element

H (21, ooy Zmy ULy e e vy Uy s ULy ey Upgy Ty v oy Tg)
corresponds to the conjugacy class of

Hg " (215 s Zimy Wl « oo Upyy gy o5 D1, Ty 5 L)
(8) The stable orbit of a regular element

S5 (W, Wi, 01, ., O Cry L C)

corresponds to the stable orbit of

by “(wi, ... Wi, 01, .. 0 c15. 00 C5).

(4) The stable conjugacy class of a strongly reqular element
Hy (21, ooy Zms Uty ooy Upy T, -, L)
corresponds to the stable conjugacy class of

m,r,s
Hg, (215 ey Zms ULy e ooy Upy Ty e e oy Ts)e
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Proof. The stabilized correspondences (3) and (4) follows immediately from the
eigenvalues by Theorems 2.9 and 2.16. The extra work in proving (1) and (2) comes
down to the compact Cartan subgroups (subalgebras). The result follows from the
proof of Proposition 2.5. We omit the details. (See [2] for similar computations.)

Given an additive character ¢ (cf. §4) let AT (T, 1)) be a set of positive roots

of t in sp(2n,C) satisfying: w(v) has a vector annihilated by the root vectors
corresponding to the positive non-compact roots. (The reason for using v here is so
Theorem 8.2 will hold without it.) Let H = Hg>"* be a standard Cartan subgroup
with Cayley transform ¢ = ¢™"™* : t — h. Let AT(H,¢) = ¢* " (AH(T, ).

Up to conjugation by the compact Weyl group, we may take AT (T,v_) to be
the usual set of positive roots 2i6,,4(0; —0y) (j < k) (notation (7.1)(a)); A*(T,¢4)
is obtained from this by replacing each 26; by —26,.

For each p,q,m,r,slet ¢ : H}";"* — Hg """ be the isomorphism taking

Hg?érﬂs(’zl? ceey Bmy ULy e ey Up, T - - .,CE’S> (75)(&)

to
Hg:r,s(zp...,Zm,ul,...,ur,xl,...,xs), (b)

This is a standard isomorphism. Let
AT(H ) = ¢V (AT (Hg, ™", ) (c)

(cf. (5.3)(d)). By Lemma 6.5 we obtain a standard isomorphism

p.q

(g:I:Im,r,s N ﬁ&r,s (d)
The long real roots of AT (Hg, " 1) are

F1, - Fys €(g) = af (e)

(9 as in 7.1(b)). The short real roots of A*(H]%™% 4. ) are
FYs-Frss €7(g) = (f)

(g as in (7.3)(b)).

Let W(B,,) ~ W(C},) be the Weyl group of type B,,, acting in the usual way
by permutations and sign changes, and let S™ be the symmetric group acting by
permutations. We compute the Weyl groups of our Cartan subgroups by standard
procedures, for example see ([21], cf. [32], Proposition 4.16). The results are as
follows.

Lemma 7.6.
(1) W(SO(V'), H™"*) is isomorphic to

S™ X (Z)2Z x Z]2Z)™ x W (By,) X W(B;,) x W(Bs). (7.7)(a)
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In the notation of (7.3)(b), the first term acts by permutations of z1,...zm and

2i = Ziy %5 1,22_1. The factors of type W (B) act as usual on coordinates uy, . .., Uy, ;

Vi, ...,Vp, and T1,...,Ts TESPECtively.
(2) In the setting of (1), W (M, H) is isomorphic to

(2/22)™ x W(B) (b)

(r = r1+ry), with the first term acting by z; — Z; and the second on the coordinates
Uty oo e Upy U1y e ooy Upy e

(3) W5t (SO(V'), H™"%) is obtained from (a) by replacing W(B,,) x W(B,,) by
W(B,).

Lemma 7.8.
(1) W(Sp(2n,R), H™™*) is isomorphic to

S™ X (Z)27 x Z.J2Z)™ x S" x W (Bs). (7.9)(a)
In the notation of (7.1)(b), the action on zi,...,zy and x1,...,2s is as in the
previous lemma, and S” acts by permutations on uy,. .., U.
(2) In the setting of (1), W (M, H) is isomorphic to
(Z/22)™ x W(Br) (b)
with the first term acting by z; — Z; and the second on uy, ..., U.

(3) Wst(Sp(2n,R), H™"*®) is obtained from (a) by replacing S™ by W (B,).
68. Transfer Factors.

Recall (Definition 4.2) the transfer factor ® = ®(1)) = Q(¥)even — (V) oda. We
show this is the quotient of (normalized) Weyl denominators (Theorem 8.2), which
is a defining property of transfer factors (cf. §1).

Let G = %(211,]1%) or Spin(p, q), and choose a Cartan subgroup H of G and a
set of positive roots AT of b in g. Let p = p(AT) = 2> A+ @ Then e” is defined
and following [18] for g € H let

D(g)=e(9) ]I 1—e"(9)) (8.1)(a)

aeAt
and
eg)= [ sen(l—e(9). (b)
a€AH(R)
Here AT (R) denotes the real roots in A™. For w € Wy (G, H) (cf. 3.5) let
e(w, g) = (eD)(g)/(eD)(wg) = £1. (c)

This is independent of the the choice of AT (cf. [18], Lemma 2.2).

Consider the standard Cartan subgroups H)%"™* and Hg ™" of Spin(p,q) and
Sp(2n,R), with positive roots AT(H®,4p) and AT (H m”,d]) as in §7 (since
we Wﬂl be Working entirely in the covers, we drop ~ from the notation.) Let
DY Dgp, 5, be the corresponding functions of (8.1). Let ¢ : H}""* — Hg "™

p.q p Q
be the isomorphism of Lemma 6.5.
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Theorem 8.2. Let g’ be a reqular element of Hg)™* and set g = ¢~ (g') € H).
Then

(D} 46p.a)(9)

p,q paq

PN = D8 gy

(8.3)

Note that all terms on the right hand side factor to the linear groups with the
exception of D;ﬁ q

This follows from [1]. Write Hg), = Hg """, A+ =AY (Hg",¥), p = p(Agp) €
h* and Wg, = W(sp(2n,C),h). Write H, 4, Ap’q, Pp.q and WSO similarly. Let

Ao = dﬂs*_l(pp,q)

:d(b*_l(% Z a) (84)(&)
O‘GA;q
which by (5.3)(a,d) equals
1 2c
— (8.4)(b)
2 ye! (o, @)

This is the infinitesimal character of the oscillator representation. Recall (cf.
(7.5)(f)) the long real roots of A*(Hg """, 1) are Fy1, ..., F7s.

Theorem 8.5 ([1], Theorem 3.11). Let ¢’ be a regular element of Hg,. Then

saon(w ew)\o /
(1) (9 Hsgn (1+ eFi/2(y’ ))ZwEWso gn(w) (9")

1l EwGWsp sgn(w)evr(g') (8.6)

Proof of Theorem 8.2. The denominator on the right hand side of (8.6) equals
Dsp(g'), and the numerator is D), 4(g). To see the latter, by (8.4)(b) the numerator
is

e(g) ] @—e /(g

+
ozEAsp

which by (5.3)(b) and the definition of ¢ (Lemma 6.5) equals

efra(g) H (1—e"%(g)) = Dpql9)-

O‘GA;q

Therefore

Dy.q(9)

®(y£)(g H sgn(1+e=/%(g")) Dsp(9)

=1
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Furthermore (with ¢ = 1y ):

¢pa(9) _ acag,mmsend — e ()

csol@) ~ Tcat i 58001 — e *(7)

HaeAgp(R) sgn(1 — e~ (@)

HaeA+ (r)ysgn(l —e~*(g"))

sgn(l = e/2(g')
N 1:[1 sgn(1 — e7i(g")) by (7.5)(e,f)

= Hsgn(l +e®1/2(g").
=1

)

=)

by (5.3)(d)

(8.8)

Inserting (8.8) in (8.7) gives (8.3), completing the proof of the Theorem.
From Theorem 8.5 we obtain the following formula for ® ([1], Theorem 3.11):

[T7_ sen(1 + e*7/%(g"))
HO&GA"S—p(lOng) (eoz/4 + e—a/4)(g/)

(The product in the denominator, although not each individual term /% s
well defined on Hg,"".)

Corollary 8.10. & is stable.

P(Y)(g) = (8.9)

Proof. Since @ is the character of a virtual representation it is invariant under
W (Sp(2n,R), H), so we only need to check

(wg) = @(9) (9 € H,we W(M, H)\W(M,H)).

In the notation of (7.1)(a) let a;(X) = 26;. By Lemma 7.8 W (M, H)\W (M, H)
is generated by s; = 8o, (i = 1,...,7). Then e*/%(s;g') = e~*/%(g’), and the
result follows from (8.6) and (8.9).

§9. Character Formulas.

We write an invariant function © on SO(2n + 1)y or ©’ on Sp(2n, R), in terms
of functions on our standard Cartan subgroups. When ©' = I'(0) (Definition 4.5),
we show the numerators of © and ©’ are the same (Proposition 9.3).

As in the preceding section we lift an invariant function ® on SO(p, q) to the
acceptable group Spin(p, q). So let © be an invariant function on G = :S?)(Qn,]R)O
or Spin(p,q)o (the strongly regular semisimple elements, cf. §4).

We work with our fixed set of Cartan subgroups H};"* of Spin(p, q) and Hg"*

of :S?)(Qn,R) (8§7). As in §8 we drop ~ from the notation. Recall we have defined
positive systems A+ (Hg ™", ¢) and AT (H}%™*,4p), and D, e (cf. (8.1)) are defined
accordingly. Let ¢ : H)"."* — Hg ™" be as in Lemma 6.5.

For g a strongly regular element of H = Hg " or HJ":™* let

™0, 9) = O(g)e(9)D(9) (9-1)
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(cf. [18], 1.13). We refer to this as the normalized Weyl numerator of © on H. We
often write k = k™5, By (8.1)(c)

k(O,wg) = e(w, g)k(O, g) for all w € W(G, H). (9.2)(a)

Conversely given the family {£" "}, (9.1) extends to an invariant function © if
and only if (9.2)(a) holds for all m,r, s, in which case the extension is unique.

The preceding discussion generalizes immediately to stably invariant functions
of Sp(2n,R). If © is a stably invariant function then {£""°} as defined by (9.1)
satisfy

k(O,wg) = e(w, g)k(0O, g) for all w € Wy (G, H). (b)

Conversely such a family {k"""*} define a unique stably invariant function if and
only if (b) holds.

For G = Spin(2n + 1) a similar statement holds once the different real forms
are taken into account. A stably invariant function © on Spin(2n + 1) is a family
of invariant analytic functions ©,, ,. Then (9.1) defines a family of functions x
satisfying (9.2)(b) for each p, ¢. Furthermore

s 9) = mpr(9) (©

whenever there is an element of Spin(2n + 1,C) conjugating H,""* to H)J"”,
AT (H %, 90) to AT (H ) 5", ¢) and g to g'. Conversely a family {x};*} satisfying
(c) defines a stably invariant function © on Spin(2n+1) by (9.1). Note that H,""*
is conjugate to H,,""; by a unique element of Spin(2n+1, C) preserving the positive
roots, so these Cartan subgroups may be canonically identified.

Hence it makes sense to associate to a stably invariant function © on Spin(2n-+1)

m,r,s

p,q

a family k5" of Weyl numerators parameterized by m,r, s, satisfying (9.2)(b):
define kg3%(g9) = Kp*(g) whenever g € H)'™*. Conversely a family {kg5"”

satisfying (9.2)(b) defines a stably invariant function ©.

For © a stably invariant function on SO(2n + 1)y we lift © to Spin(2n + 1),
and define k accordingly. The following theorem is an immediate consequence of
Theorem 8.2.

Proposition 9.3. Let © be a stably invariant function on SO(2n + 1), and set
©' =T (¢)(©) (Definition 4.5). Then for all strongly reqular elements g of Hgp™*

K(0,9) = k(0. 9)
where g' = ¢(g) € Hg,"™".

§10. Matching Conditions.
The main result of this section is

Theorem 10.1. The map
0 —T(0)

is a bijection between stably invariant eigendistributions on SO(2n+1) and genuine
stably invariant eigendistributions on Sp(2n,R).

The correspondence of infinitesimal characters is given by the orbit correspon-
dence (Lemma 10.14).
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The proof uses Hirai’s matching conditions [18], which give a necessary and
sufficient condition for a function to represent an invariant eigendistribution. We
summarize the result in terms convenient to our situation.

Hirai’s result applies to acceptable groups [12]. The primary requirement is that
one-half the sum of the positive roots exponentiate to a Cartan subgroup. This
holds for Sp(2n,R) but fails for SO(p,q). We follow the standard procedure of
lifting to a finite acceptable cover: Spin(p, q) is acceptable. (Both Spin(p,q) and
Sp(2n,R) also satisfy Condition B of ([18], §7)).

Let H be a Cartan subgroup of G = %(27@,]1%) or Spin(p, q), and choose a set
of positive roots AT. For o a real or non-compact imaginary root, let

Yo(H)={he€ H|e*(h) =1} (10.2)(a)
and let X0 = X0 (H) be the semiregular elements of type a:
YO(H)={hec H|e*(h)=1,e’(h) #1V3 € AT,3 # a}. (b)
Let A1 (R) be the real roots of A™, and define

H(R)={h € H|e*(h) #1Va € AT(R)}
= H — Ugea+(r) Xal(H). (c)

For a a real root, let j be a Cayley transform of h. Thus j is a Cartan subalgebra
of g, which comes with an isomorphism c,, : h ~ j, and let 8 = ¢! (a) € j*. Let J
be the corresponding Cartan subgroup of GG. Then

So(H)=%s(J)=HNJ. (d)

Using ¢, we transfer At to A*(J) for J. Given an invariant function ©, together
with its normalized Weyl numerators "% (§9) we define k”/ (¢) = (De)(g")x™"*(g")
where there is an element of G conjugating J to H™"™* A*(J) to AT(H™"*) and
g€ Htog € H™™S,

Let H, € h be the coroot of a (H, of [18], 1.7), and similarly J3 € j, considered
as differential operators on H and .J respectively. Then ¢, (Hy) = J3.

Let I(h) be the W (g, b) invariant polynomials on b, which we identify with the
left-invariant differential operators on H. We identify I(h) with the center 3(g)
of the universal enveloping algebra via the Harish-Chandra homomorphism, and
identify each element A € h* with an infinitesimal character as usual.

Theorem 10.3 ([18], Theorem 3). Let G = Sp(2n,R) or Spin(p,q). For each
Cartan subgroup H™"™® of G let k™" be an analytic function on the regqular ele-
ments of H™"°. Let © be the invariant function defined by (9.1). Then © is an
invariant distribution with infinitesimal character X\ if and only if for all m,r, s (let
H = Hm,r,s’ K = /{m,r,s):

(C1) Dk = X(D)k for all D € I(h),

(C2) Kk extends to an analytic function on H(R),
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(C3) For any a € AT(R), let J be a Cayley transform of H. Then for any
g € X%(H), k and k7 in a neighborhood of g satisfy

Ja(r7)(9) = %[Ha(fiﬁ(g) — Ha (k)" (9)]- (10.4)(a)
Here k7 is analytic at g and
Ho(w)*(g) = (g exp(tHa) oo (v

Remark 10.5. 1f (C1) holds then x(©, h) may be written as follows. Identify A with
an element A € h*. Then for g a regular element of H and X in a sufficiently small
neighborhood of 0 in fj,

K(©,gexpX) = > plw,g)(X)e" X (10.6)
weW

for some polynomials p(w, g) on h ([11], Theorem 4, cf. [18], Lemma 2.7).

Before turning to the proof of Theorem 10.1, we state a simple result relating the
data of Theorem 10.3 on our two groups. Let H be a Cartan subgroup of Spin(p, q),
with standard isomorphism ¢ = ¢y : H — H' C :S?)(Qn, R) as in Lemma 6.5. Let «
be a real root of h and let J be a Cayley transform of H. Let o/ = gbv_l(a) be the
corresponding root of h’; and define J’ similarly. Let ¢y : J — J’ be a standard
isomorphism. Without loss of generality we may assume ¢y |gns = ¢7|HnJ-

Lemma 10.7.
(1) ou(Xa(H)) C o (H'), with equality if and only if o is long (i.e. o is
short),
(2) éou(H(R)) D g;(R), l
L o long,
3 H,) =
(3) én(Ha) { 1H!, « short,
(4) Fiz g € Ea(Hﬁ,g’ = ¢u(g) € Lo (H'). Then ¢y U@y is a diffeomorphism
from a meighborhood of g in H U J to a neighborhood of ¢’ in H' U J'.

Proof. Since e factors to the Cartan subgroups of the linear groups, X, (H) =
p~1(Za(p(H))), and it is enough to prove the corresponding statements in the
linear groups. Then (1) follows immediately from (5.3)(b,c), and (1) implies (2).
Statement (3) follows from (5.3) applied to the Lie algebra, and (4) also follows
from the Lie algebra.

Remark 10.8. The main subtlety occurs in the case of SO(2,1),5L(2,R). The main
point is that the split Cartan subgroups of SO(2,1) and SL(2,R) are isomorphic
to R*, and —1 € R* is regular in SO(2, 1) but not in SL(2,R).

More precisely, take H = A, the split Cartan subgroup of SO(2,1). Then «
is short (o’ is long) and ¢ (Xa)(H) & Yo/ (H'). The Cayley transform of A is a
compact Cartan subgroup T, and TN A = 1. Writing T, A for the inverse images in
Spin(2,1), we have T~ S', A ~ R* UiR*, and X(A) = TN A = +1. On the other
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hand in S~L(2, ]}Q) the compact and split Cartan subgroups T, A satisfy TN A = +1,
and X, (A)=TNA={£1,+i}.

Proof of Theorem 10.1. Fix a stably invariant function © on SO(2n + 1)y and let
©’ =T(0O). It is enough to show: O satisfies conditions (C1-C3) of Theorem 10.3 if
and only if ©” does as well. By Proposition 9.3, © and ©’ have the same numerators
k on each Cartan subgroup (identified via ¢).

The equivalence of (C1) for © and ©' follows immediately. By Lemma 10.7(2)
conditions (C2-3) for © and ©’ are equivalent except possibly in the neighborhood
of a regular element g € SO(2n+ 1) satisfying: e*(g) = —1 for some short real root
a. By (5.3)(c) e*(¢(g)) = 1, and ¢(g) is semiregular. Of course the numerator
of an invariant eigendistribution ® must be analytic in a neighborhood of g. The
same is not true of the numerator of an arbitrary invariant eigendistribution ©’
in a neighborhood of ¢(g). However this does hold if ©' is stable and genuine, as
follows from the next Lemma.

Lemma 10.9. Let J = Hg;"" be a standard Cartan subgroup of :S?D(Qn,]R). Let
g € J be a semiregular element of type a for some long imaginary root «, satisfying
e*/?(g) = —1. Let © be a genuine, stably invariant function on Sp(2n,R)o, with
normalized Weyl numerator of k’ on J. Then (with notation as in Theorem 10.3):

Jo(k7)(g) = 0. (10.10)

Proof. In the notation of (7.1)(a) a(X) = 2i6; and

Jo = B575(0,...,0,6, = 1,0,...,0) (10.11)(a)
and
p(g) = Hg) " (21, up = —1,..., x). (b)

Write g = gg exp(m.J,) for some gy € J, and let &(0) = 7 (go exp(6.J,)). We need
to show

d _
@m(e)h = 0. (c)
Let
7 =2nJ,; (d)

then exp(Z) = z € %(2%,R), where z is the non-trivial element of 379(211,]1%) in
the inverse image of the identity in Sp(2n,R).

The condition that © is genuine is k7 (zg) = —k”(g), which implies &(6 + 27) =
—£/(0). On the other hand s, (goexp(0J,)) = goexp(—0J,) (note that by Lemma
6.2(b) sa(g0) = go). Therefore stability implies #(—0) = —&(0), and we conclude

R(m—0)=—R(—m+6) (e)
= R(m+0).

By (C2) & is analytic in a neighborhood of 7. The result follows from the fact that
an even analytic function has derivative zero at the center of symmetry.
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Now suppose g € H is a regular element of SO(2n + 1) satisfying e*(g) = —1 for
exactly one short real root o of H. Let ¢’ = ¢(g) € H'. The Lemma implies the
numerator k¥’ of © on H' is analytic in a neighborhood of ¢’ (cf. [18], §10, proof of
Theorem 6). This shows conditions (C2-C3) for © and ©’ in neighborhoods of g, ¢’
respectively are equivalent. A similar argument holds in the case g is a semi-regular
element of SO(2n + 1) and ¢’ is not semi-regular. In this case e®(g’) = ¢’(¢') = 1
for some roots a, # and e®/2(g') = —1; by the previous case first extend the function
analytically in a neighborhood of ¢’ for which e?(g’) # 1. This completes the proof
of Theorem 10.1.

Remark 10.12. The assumptions of genuine and stable in Lemma 10.9 are neces-
sary. For example let 7 be an irreducible discrete series representation of SL(2,R)
(genuine or not), or a stable sum of discrete series representations of SL(2,R) (lifted
to SL(2,R)). Then the numerator x of 7 does not satisfy (10.10), so x has a jump
at the elements +i of the split Cartan subgroup of §E(2,R) (cf. Remark 10.8).
On the other hand since the corresponding elements of SO(2,1) are regular, the
numerator of a character of SO(2,1) must be analytic at these elements. Therefore
7 cannot match a character of SO(2,1). See §15.

Corollary 10.13. In the setting of Theorem 10.1, © is tempered if and only if
I'(©) is tempered.

Proof. By a basic result of Harish-Chandra ([13], Theorem 7) an invariant eigendis-
tribution is tempered if and only if the numerators of its character on each Cartan

subgroup have at most polynomial growth. The corollary follows from Proposition
9.3.

The correspondence of infinitesimal characters follows immediately from the
proof of Theorem 10.1. The set of infinitesimal characters for SO(2n + 1) or

%(27@,]1%) is canonically identified with the set of semisimple coadjoint orbits of
SO(2n 4+ 1,C) or Sp(2n,C) on so(2n + 1,C)* or sp(2n,C)*. The (dualized) orbit
correspondence for the groups SO(2n+ 1,C) and Sp(2n, C) restricts to a bijection
O « O’ of these orbits (cf. §13).

Lemma 10.14. Suppose O = T'(0O) are corresponding invariant eigendistributions
as in Theorem 10.1. Let O (resp. O') be the infinitesimal character of © (resp.
©'). Then O < O'.

In the obvious coordinates if © has infinitesimal character (the orbit of)
A= bgo(21, PN 7ZTL>

then the infinitesimal character of © is (the orbit of)

)\/ = h*Sp(zl, ey Zn).

§11. Discrete Series.
We now show that I" takes discrete series representations of SO(2n+1) to discrete

series representations of S’??(Qn, R).
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Let Ts, = Hg;gn,o be our fixed compact Cartan subgroup of Sp = Sp(2n,R).
Write X*(Tg,) C ts, for the differentials of characters of Ts;,, and let A\g € ts,
be the infinitesimal character of the oscillator representation (cf. (8.4)(a)). The
genuine discrete series representations of %(2%,R) are parametrized by regular
elements A in Ao + X*(Tsp), modulo W (Sp, Tsp). We write g, () for the discrete
series representation corresponding to A.

For G any group with maximal compact subgroup K of equal rank, let ¢ =
¢(G) = 1dim(G/K). Let

Tsp(A) = (—1)75P) > Tp(WA), (11.1)
weW (Sp,Tsp)\W

the averaged discrete series of %(Qn, R) with infinitesimal character A\. Here W =
W (sp(2n,C), tgp).

We make a similar definition for SO(2n + 1). Here we identify the compact
Cartan subgroups H&g’o (resp. positive systems A*’(Hg”g’o, 1)) of each SO(p, q),
and call it Tso (resp. AT (Tso,1)). For A a regular element of p+ X*(Tso) we let

Tso(A) = > (—1)250M) > m(wA). (11.2)

Vey weW (SO(V),Tso)\W

(We have identified W = W (sp(2n, C), tg,) with W(so(2n + 1,C), tso).) By ([13],
cf. [28],85) Tso and Tg, are stable.

Proposition 11.3.
Suppose X € t5, corresponds to N € ts, via the stabilized orbit correspondence
(Proposition 2.9). Then
D(Fso(N) = Fsp(N).

Here ' =T'(v) (Definition 4.5) for any .

Proof. Without loss of generality we assume A is dominant for AT = AT (Tso, ).
By Harish-Chandra’s formula for discrete series characters [13] the character © of
Tso () satisfies

> wew sgn(w)e = (g)

[loea+ (1 —e7(g))

O(g) = (9 € Ts0)- (11.4)(a)

Upon lifting to the inverse image Tso of Tso in Spin this may be written (cf.

(8.1)(a))

sgn(w)e”? -
Zuew ST ) (g ¢ To). (b)
SO

©(g) =
By Proposition 9.3 and our choice of positive systems (§7), taking \" dominant for
A1 (Tsyp, 1) gives:
> e sgn(w)e”™
Dg,

L'(©)(y") = (9) (9" €Tsyp). ()
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By Harish-Chandra’s formula again this is the restriction of the character of Tg,(\’)
to Ts,. Therefore T'(Ts0())) and Tg,(\) have the same restriction to Ts,.

The numerators, on each Cartan subgroup, of the character of a discrete se-
ries representation are bounded ([13], cf. [22], Theorem 12.1). By Theorem 10.1
['(mso(A)) is an invariant eigendistribution, with bounded numerators by Propo-
sition 9.3. The theorem now follows from ([13], Theorem 3): the character of a
discrete series representation is characterized, among all invariant eigendistribu-
tions, by its infinitesimal character, formula on the compact Cartan subgroup, and
having bounded numerators on each Cartan subgroup.

Remark 11.5. The restriction of the transfer factor ® (1) to T, is independent of 1,
and therefore I'(1)) restricted to the discrete series is independent of 1. Equivalently

(cf. (4.11)) the characters of the discrete series vanish off of the identity component
of SO(V).

§12. Induced Representations.

We now show I" commutes with induction (Theorem 12.16). Furthermore a
character induced from a stable sum of discrete series representations on a parabolic
subgroup P = M N is stable, and these span the stable virtual characters. As a
consequence I is a bijection of stable virtual characters (Corollary 12.22). Finally
we prove that ' agrees with theta-lifting for tempered representations (Theorem
12.27).

We first discuss induction for G = SO(2n + 1). We work in the setting of
Definition 2.4. We need to consider different discriminants so let § = +1 and write
V(6) for the set V = {V, 4} of Definition 2.4. Fix m,r, s and a Cartan subgroup
H = Hgy"® of SO(2n+1). Recall this is really a family H,""™* of Cartan subgroups
which have been identified (cf. §9). Here p, ¢ run over

p+qg=2n+1,(-1)?=46 and p,q > 2m + s. (12.1)(a)
Then the centralizer of the split component of H}""* in SO(p, q) is isomorphic to
My,q = SO(p',q') x GL(2)™ x GL(1)* (b)

(GL(j) = GL(j,R)) with p’ =p —2m — s,¢' = g — 2m — s.

As p, g vary over the set (12.1)(a), the orthogonal group factors of M, , run over
the real forms of SO(2n' +1) (n' = n —2m — s), with discriminant §(—1)°. We
write V) for the set of orthogonal spaces so obtained; this depends on § as well as
m,r,s. For Vy € Vy we write M (V}) for the corresponding Levi factor. We let M
denote the family of Levi factors M (Vy) (Vo € Vo).

Using (7.5)(d) we identify the GL(2) and GL(1) factors of each Levi factor. A
stable distribution on M is defined to be a sum

> W), (12.2)

VoEVo(9)

where each 6(Vp) is a distribution on M (Vp) which is stable on the factors SO(V})
as in Definition 3.6, and such that each 6(V;) agrees on the GL factors. Thus a
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stable distribution is given by a stable distribution on SO(2n’+1) as in §3, together
with families o; (1 < i < m) of distributions on GL(2) and 7; (1 < <'s) on GL(1).
Let ©js be a stable distribution on M. We define

SOV
IndSin(Ou) = > Indypv )y (O(V)). (12.3)
Vo€Vo

Here N(Vj) is the nilpotent radical of a parabolic subgroup P(Vy) = M (Vo) N (Vo)

and ©(V}) is extended trivially to N (Vp) as usual. Since we are interested only in

characters the choice of N(V}) is irrelevant. (The notation M N is purely symbolic.)
Letting H' = Hg """, we obtain a Levi factor

M’ ~ Sp(2n') x GL(2)™ x GL(1)° (12.4)

of Sp(2n,R). The isomorphism ¢ : H ~ H' extends to an isomorphism of the GL
factors of M and M’, which we use to identify them without further comment. Let
M'N'" be a parabolic subgroup of Sp(2n, R)

The preceding discussion applies to Sp(2n R) with only minor changes We
identify the inverse image of a parabolic subgroup M N with MN where M is the
inverse image of M.

The matching of stable conjugacy classes for SO(2n + 1) and Sp(2n, R) restricts
to a bijection of stable conjugacy classes of M and M’. We now define a transfer
factor for lifting of invariant eigendistributions from M to the inverse image M’ of
M’ in Sp(2n,R). This is a slight modification of the obvious one (cf. Remark 12.6).

For H a Cartan subgroup of M let AT, (H 1 (H) be any choice of positive roots of h
in m. Choose a standard isomorphism ¢ of H with a Cartan subgroup H' of M’,
and let A}, (H') = ¢V~ At (H A (H). Define Dyy, err, Dy and ey accordingly. Let gb
be as in Lemma 6.5.

Definition 12.5. 3 .
(1) For ¢’ a semisimple element of M’, strongly regular for Sp(2n,R), let

(Damenr)(g)

") = Dy

where g = ¢~ 1(g'), and
| Dol

()]

(2) For 0); a stable invariant eigendistribution on M let

To(¥)(Oar)(g) = Oum(9)@)(¥)(g) (9 %2 p(g")).

Y (¥) = ()

Although @, depends on the choice of Al (H), its absolute value does not (and
factors to Sp(2n,R)). Consequently ¢$(¢) and I'g(¢)) depend only on .

Remark 12.6. We may write

(4)/12(¥)|

ol (1) = Dy By /|0
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and the quotient on the right hand side takes values in +1,+:. Up to this factor
<I>;r) is given by (a), which is formally similar to the formula for ® of Theorem 8.2.

We have one more covering group issue to take care of. Write %(211’ ) for the
inverse image of Sp(2n’) in Sp(2n,R), and GL(2) and GL(1) similarly. Then taking

(90,91, -+ - s Gm+s) tO Gog1 - - - gm+s (product in Sp(2n,R)) defines a map from
M = Sp(2n) x GL(2)™ x GL(1)*

to M' C 5/759(271,]1%). We pull & and &} back to functions on (a subset of) .

Then (cf. 12.8) &y and @8 factor as products according to this decomposition, and
it makes sense to speak of the restriction to each factor.

Lemma 12.7. .
(1) The restriction of <I>(T)(7,ZJ) to Sp(2n’) is equal the transfer factor ®(v) defined in
84, applied to Sp(2n’). In other words this equals the character of the difference of

the two halves of the oscillator representation (defined by 1) of %(QR/,R).

(2) The restriction ofég(zb) to each copy ofé\l//(Q) or 61(1) is equal to the character
of a genuine one-dimensional representation.

Proof. Just as in (8.9), we have:
ITi_y sen(l +e/?)
l_laeA;\r/I,(long)(ea/4 + e_a/4) ‘

D = (12.8)

Here (31,...,(; are the long real roots of AIJ\},.

Since the roots of h’ in the GL factors of M’ are short, ®q is trivial on these
factors. Furthermore (12.8) agrees with (8.9) (at least in absolute value) when
restricted to the Sp factor of M’. Therefore (dropping v from the notation)

5 () = { 2(g) g' € Sp(2n") (12.9)

0 e
o(g)/12(9")] ¢ € GL(H).
The long roots of AT(H")\A}, (H') are trivial on Sp(2n'), so (1) follows by com-
paring (12.8) and (8.9). So suppose g’ is contained in a copy of GL(j) (j = 1,2)
and let x = p(¢’), considered as an element of GL(j). By (4.4)

®f(g")? = sgn(det(1 + z) det(1 + z~1))
= sgn(det(x(z™! 4 1)) det(1 4+ 2z~ 1))
= sgn(det(x)). (12.10)

In fact GL(j) is isomorphic to the cover of GL(j) defined by the square-root of
the determinant ([26], [33]). This cover comes equipped with a genuine character
x satisfying x2(g’) = det(z), i.e. (x/|x|)? = sgn(det), and ® = x/|x|. We leave the
details to the reader.

The following lemma is now immediate. On the orthogonal /symplectic factors,
[y agrees with the lifting defined previously. On each GL(j) factor it is a bijection
between invariant eigendistributions on GL(j) and genuine invariant eigendistribu-

tion on a\f( J), given by tensoring with a genuine one-dimensional representation.
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Lemma 12.11. 0/, = 'o(©y;) is a stable invariant eigendistribution on M'.

We now state a version of the induced character formula (Lemma 12.13). Let
G = S0O(2n +1),Sp(2n,R), or :5’79(211,]1%), with parabolic subgroup P = M N, and
invariant eigendistribution ©,; on M, pulled back to P as usual (for SO(2n+1) we
are following the conventions discussed at the beginning of this section). Let © =
Ind%(©yr). Let g be a strongly regular semisimple element of G, with centralizer
H (a Cartan subgroup).

If H is not G-conjugate to a Cartan subgroup of M, then O(g) = 0, so assume
g€ M. Let HH = H, H,, ..., Hy be representatives of the M-conjugacy classes of
Cartan subgroups of M which are conjugate in GG. For each H; choose g; € H;
which is G-conjugate to g. For x € H; let

_1
7(z) = | det(Ad(z) — 1)[g/m| "2

= [Du(2)]/|Dg ()] (12.12)

Here D¢ and Djs are Weyl denominators for G and M respectively (cf. (8.1)(a)).

These depend on choices of positive roots; however |Dg| and | Dy, | are independent

of the choices (and are well defined even for non-acceptable groups). The induced
character formula ([14], [15], [35]) applied to a stable distribution on M gives:

Lemma 12.13. Let ©); be a stably invariant eigendistribution on M. Then

O(g) =Y > On (wg;)T(wg;).

7: wEWst(M,Hi)\Wst(G,Hi)

Remark 12.14. The usual induced character formula involves a sum over
W (M, H;)\W(G, H;).
For ©,, stable we have replaced this by
W(M, H;) x W(M, H;,\W(G, H;) x W(M, H;) ~ Wy (M, H;)\Wu(G, H;)
(cf. 3.2).

As in (]28], §5) the next lemma follows immediately:

Lemma 12.15. Let ©y; (resp. O ) be a stable invariant eigendistribution on M

(resp. M'). Then Indjswoj\g%ﬂ)(@M) and Indif,(]?’R)(@M/) are stable.

Theorem 12.16. Let Oy be a stable invariant eigendistribution on M. Then

D(Indyy™" P (Oar)) = Ind 22 (To(Or)). (12.17)

Before proving this we state a result comparing the data of Lemma 12.13 on
SO(2n + 1) and Sp(2n,R). Let g be a strongly regular semisimple element of
SO(V), and let H = Cent(g). Choose a standard isomorphism ¢ : H — H' with
some Cartan subgroup H’ € Sp(2n,R). Let {g;, H;} (1 < i < k) be as in Lemma
12.13, applied to g. Let ¢’ = ¢(g) and choose {g¢;, H/} (1 <i < k') by Lemma 12.13
applied to ¢’.
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Lemma 12.18. The Cartan subgroups H; are pairwise isomorphic: k = k', and
(renumbering if necessary) we can choose standard isomorphisms

¢i - Hy — Hi, ¢i(9:;)=9g; (1<i<k). (12.19)(a)

Furthermore we can find isomorphisms

¢ Wa(SO(V), H;) — W (Sp(2n, R), H;) (b)
satisfying
oV W(M,H;) - WM, H) (c)
and
pi(wg) = ¢} (w)¢i(g) (w e Wy (SO(V), H;), g € Hy). (d)

Proof. The fact that k = k' and the Cartan subgroups are pairwise isomorphic
follows from a simple enumeration of conjugacy classes of Cartan subgroups of M
and M’. The remaining assertions follows from Lemmas 7.6 and 7.8.

Proof of Theorem 12.16. We calculate (12.17) at a strongly regular semisimple
element of %(2%,R). Since we will be Working both in %(Qn,R) and Sp(2n,R),
let ¢’ be such an element and ¢’ = p(g’). If ¢’ is not Sp(2n R)-conjugate to an
element of M’ then both sides of (12.17) are zero, so assume g’ € M’'. We compute
the value of the left hand side of (12.17) at g".

Let H' = Cent(j') and H "=p(H') = Cent(g’). Choose a standard isomorphism
¢: H— H' and let ¢ = ¢~'(g’). Choose {9:, Hi}, {3/, H!} as in Lemma 12.13,
applied to g and §’. Let gl = p(g}), H; = p(H!); equivalently this is the set of
Lemma 12.13, applied to ¢’. By (12.19)(d)

¢i(wgi) = p(¢; (0)g;) (w € Wy (SO(V), Hy)). (12.20)
By the definition of I' and Lemma 12.13,
©'(g") = 0(9)2(7) (12.21)(a)

_Zszwﬂmﬁﬁ%w> (b)

with the inner sum over Wy, (M, H;)\W4 (G, H;). By definition of lifting on M we
have

Onr(wg;) = Onr () /B () ()
for any x € p~(¢i(wg;)). By (12.20) choose z = ¢" (w)g;. Inserting this in (b)
gives

Dol (o1 (w)g))
By Lemma 12.18 we may write this

/ / |DM(wgl>| (b(§/>
2.2 0w WD oolo) wpr) ©
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with the inner sum over W (M', H))\Wy:(G’', H!), and w = (¢}V)~1(w’). This
equals

) IDar (W) [Das(wg)|_2@) 1D (4]
2.2 O Tp AT Toela)] alwg) D gl D

We claim the product of the final three terms is equal to 1. By stability ®(g’) =
®(w'g.), and similarly |Dg(g)| and |Degr(g')|. Replacing wg; by g and w’g, by g’ it
is enough to show

[ D (9)]/|1Dn(9')]

|Da(9)l/|1Dar(9)]
which follows from Theorem 8.2 and Definition 12.5. Therefore

! / ‘DM’(U) gz)‘
=22 O ) )

oi(5) = ©(7) (2)

which by Lemma 12.13 is the character of Ind$; y/(Io(©4s)). This completes the
proof.

Corollary 12.22. Let © be an invariant eigendistribution on SO(2n + 1) and let
© =T(©). Then © is a virtual character if and only if © is a virtual character.

Proof. The definition of the stable sum of discrete series representations with a
given infinitesimal character for SO(2n + 1) or Sp(2n,R) extends in the obvious
way to Levi factors M, M’ (with relative discrete series representations on the GL(2)
factors). We refer to a (virtual) representation induced from such a sum as a stable
standard module. By Theorem 12.17 and Proposition 11.3 I' takes stable standard
modules for SO(2n + 1) to stable standard modules for Sp(2n,R), and vice-versa.
By ([28], Lemma 5.2, cf. [5], Lemma 18.11) the stable standard modules span the
stable virtual characters of SO(2n + 1). Therefore if © is a virtual character then
©’ is also. N

Conversely suppose 0’ is a stable virtual representation of Sp(2n,R). By [24] the
complex-virtual characters are characterized among all invariant eigendistributions
by the condition that all coefficients p(w, g) of (10.6) are complex constants. (By
complex-virtual character we mean a finite linear combination of irreducible charac-
ters with complex coefficients.) Therefore the coefficients appearing in (10.6) for ©’
are (complex) constants, and by Proposition 9.3 the same holds for ©. Therefore ©
is a sum of stable standard modules with complex coefficients. By Theorem 12.17
the same holds for ©', and these coefficients must therefore be integers. Therefore
O is a virtual character.

Remark 12.23. Corollary 12.22 implies the stable virtual characters for %(27@,]1%)
are spanned by the stable standard characters. This can also be proven directly,
from which the Corollary follows. Alternatively, it is a folk-theorem that [24] holds
with integers in place of complex numbers, i.e. the virtual characters are precisely
the invariant eigendistributions for which all coefficients (10.6) are integers. The
Corollary follows from this as well.
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We now discuss the relation with theta-lifting. Associated to the dual pair
(O(p,q), Sp(2n,R)) in Sp(2n(2n + 1),R)) (p + g = 2n + 1) is the dual pair cor-
respondence, or theta-lifting [20]. This is a correspondence between irreducible
genuine representations of Sp(2n,R) and a certain two-fold cover of O(p, q). After
tensoring with a genuine one-dimensional representation of this cover it may be
written on O(p,q). Furthermore for each irreducible representation 7 of O(p,q)
precisely one of m and 7 ® sgn occur in the correspondence, and we may restrict to

SO(p, q).

Proposition 12.24 ([3], Corollary 5.3). Fiz § = £1 and . Then the dual pair
correspondence defines a bijection

U SO(p, q>A<_> 5/7;7(2”7 R);\enuine'

p+g=2n+1
(-1)7=0

Suppose 7 is an irreducible representation of SO(p, q), and m < 7’ in this corre-
spondence. Define the normalized theta—correspondence

Lo (4, 0)(m) = (—1)1V)+a5P)x! (12.25)
and extend by linearity to virtual representations. By ([3], Lemma 1.3)

Lo(¥,6) =To(—9, —0). (12.26)

Theorem 12.27. Let 7 be a stable, tempered virtual representation of SO(2n+1).
For 6 = +1,

[(@)(m) = To(6(=1)"1), 6)(m). (12.28)

Proof. For discrete series representations this follows from Proposition 11.3 and
([3], Theorem 3.3). Note that in this case the choice of v is irrelevant. In general it
follows by comparing Theorem 12.16 and the main theorem (5.1) of [3]. The only
issue is to compare the character, call it n(¢), on GL factors coming from (12.9)
with the character x (v, Vs) of [3] (here V' is an orthogonal space of dimension 2n+1
and discriminant ¢). The result is

n(¥) = x(6(=1)", Vs) (12.29)

and the theorem follows from this.

Remark 12.30. By (12.26) the right hand side of (12.28) is independent of §, as it
must be.

Remark 12.31. It is necessary to consider m to be defined on all real forms for
this result to hold. For example the stable discrete series of SO(2n + 1) with a
given infinitesimal character is the sum of 2" irreducible representations on various
SO(p, q). These correspond bijectively to the 2™ discrete series representations of
%(27@,]1%), both via I and I'y. While I' gives the same result when applied to
SO(n+1,n), I'g does not.



LIFTING OF CHARACTERS ON ORTHOGONAL AND METAPLECTIC GROUPS 35

Remark 12.32. Theorem 12.27 fails for some non-tempered representations. For ex-
ample the trivial representation of SO(2n+ 1), considered as the constant function,
corresponds via I' to w(¥)even — w(¥)oaq- However as a virtual representation it is
the sum of the trivial representations on the n + 1 real forms of SO(2n + 1), which
correspond via I'y to the sum of n + 1 irreducible representations of :S’\}/?(Qn,R).
These clearly cannot agree for n > 1.

§13. Complex Groups.

The analogues for complex groups of the preceding results are substantially easier
and in some sense well known. We will be very brief.

Throughout this section let G = SO(2n +1,C), G’ = Sp(2n,C). The orbit and
conjugacy class correspondences are defined as in the real case. The conjugacy
class correspondence is a bijection between strongly regular semisimple conjugacy
classes of G and G’. Recall for a complex group stable conjugacy is the same as
conjugacy, and every invariant distribution is stable.

Let Q = Qcpen+Q0qa be the character of the oscillator representation, considered
as a function on the strongly regular semisimple elements of H'. Let

® = Qeven — Qoda. (13.1)

If © is an invariant function on G, let

r'©)(g") =0(9)2() (9«9 (13.2)

Let H be a Cartan subgroup of G. The virtual characters of G are spanned by
the standard characters I (A1, A2) [36]. Here \; € h* and

Al — Xy € X(H) (133)

where X (H) is the kernel of the exponential map exp : hy — H. Analogous
statements hold for H” a Cartan subgroup of G’. Let ¢ : H — H’ be an isomorphism
satisfying g < ¢(g) for all strongly regular elements g € H (cf. Lemma 5.1). Then
d¢ takes X (H) to X (H').

The proofs in section 10 and 12 carry over easily to this setting. Together with
[4] this gives:

Theorem 13.4. The map I' : © — ©" =T(O) is a bijection between the invariant
eigendistributions on G and G'. Furthermore
(1) © is tempered if and only if © is tempered,
(2) © is a virtual character if and only if ©' is a virtual character,
(3) Suppose Iq(A1, \2) is a standard module, and let N, = d¢* '\ (i = 1,2).
Then
I'(Ia(M, A2)) = I (A1, A3).

(4) If © is a tempered virtual character then I'(©) is the theta-lift of ©.

Choose positive roots AT (H) of b in g, and define the Weyl denominator D

and numerator x(0, g) accordingly. Similarly define D’ and x(©’, ¢") for G’ where
d¢*(AT(H')) = AT (H). Then (cf. [1], §6)

D(g) = (9=0""(9). (13.5)
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If ' =T(0),¢9" = ¢(g), then as in Proposition 9.3
k(©',g") = k(O,9) (13.6)

and this could be taken as the definition of I' : © — ©’.
For A\ € h* let F(H, \) be the space of analytic functions on H satisfying

r(wg) = k(g)  (we W(G, H))

D(s) = A(D)r (D € I(h)). (13.7)
Here I(h) is the left invariant differential operators on b (cf. §10). Define F(H', )
similarly.

By the matching conditions the map © — k(O, *) is an isomorphism between
invariant distributions with eigenvalue A and F(H, ), and similarly for G’ [17].
Therefore I' may be interpreted as an isomorphism I' : F(H,\) — F(H', \') with
N =d¢* 1 (\). Then I is simply the isomorphism induced by ¢, i.e.

L(f)(g) = fF67 (g")- (13.8)

In these terms the isomorphism is discussed in detail in ([16], Appendix II).

For example I" takes the trivial representation of SO(2n+ 1, C) to the difference
of the two halves of the oscillator representation of Sp(2n,C). It is interesting to
note that the trivial representation is a special unipotent representation in the sense
of [8] while this is not the case for the oscillator representation.

§14. Coherent Continuation.

It follows directly from the definition that I takes a coherent family for SO(2n +
1) to one for %(211, R). As a consequence it commutes with the coherent continu-
ation action of the Weyl group, and certain translation functors.

As in §11 let T be a compact Cartan subgroup of SO(2n + 1), with X*(T") the
lattice of differentials of characters of T'. This is the lattice of weights of finite
dimensional representations of SO(2n + 1). Fix an arbitrary element \g of t*

Following ([31], Definition 7.2.5) and ([14], 3.38) we define a coherent family for
SO(V') to be a collection of virtual characters {©(\)} of SO(V) parametrized by
A € N + X*(T), satisfying the following two conditions:

(1) ©(A) has infinitesimal character A,
(2) For any finite dimensional representation F' of SO(2n + 1,C)

ON®F = Y O\+p). (14.2)
HEA(F)

Here F' is considered a representation of SO(V') by restriction and A(F') C t* is
the set of weights of t in F.

Since SO(V) may be disconnected, this is slightly cruder than ([31], Definition
7.2.5), in that we impose (14.2) only for finite dimensional representations of SO(V')
which extend to SO(2n + 1,C). This excludes, for example, the non-trivial one-
dimensional representation ¢ of SO(p,q) (pq # 0). In particular a coherent family
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in the sense of [31] must satisfy O(\) ® ( ~ O(A); we do not impose this condition.
With this definition it is equivalent to work with coherent families based on T rather
than on the split Cartan subgroup. In any event it is this definition which matches
up correctly with coherent continuation on Sp(2n,R).

The condition that ©(\) is stable is independent of A (for A regular) and we
say the family is stable if each ©()\) is stable. It then makes sense to define stable
coherent families for SO(2n + 1). Such a family may be identified with a stable
coherent family for the split form (cf. Remark 3.8).

Now fix a compact Cartan subgroup 7" of Sp(2n,R) and consider the usual
coherent families parametrized by A, + X*(T”) C t'*. Note that X*(7") is the
lattice of differentials of weights of finite dimensional representations of S’\}/?(Qn, R),
equivalently Sp(2n,R), and since Sp(2n,R) is connected there is no question of
which finite dimensional representations to use.

Choose any standard isomorphism ¢ : T — T’; then d¢* ™' : X*(T) — X*(T").
In particular we may choose T,T" and ¢ as in §7.

Proposition 14.3. Let {O(\) | A € Ao + X*(T)} be a coherent family of stable
virtual characters of SO(2n +1). Let Ny = d¢* " (No). For X € X, + X*(T") let
A =dep*(N) € Ao+ X*(T) and set

O'(X) = [(O(\)).

Then {O' (X)) | N € \y+X*(T")} is a coherent family of genuine virtual characters.

Conversely T~ takes a genuine coherent family for Sp(2n,R) to a coherent
family for SO(2n + 1).

Proof. This follows immediately from Proposition 9.3 and ([14], Lemma 3.44),
which characterizes coherent families in terms of character formulas on each Cartan
subgroup.

For \ € t*, let
W) ={weW(so(2n+1,C),t) |wh— X € X*(T)}. (14.4)(a)

Since X*(T) is the root lattice of t in so(2n + 1, C), this agrees with ([31],7.2.16).
The coherent continuation action of W(A) on virtual characters of SO(V) with
infinitesimal character A is defined as in ([31], Definition 7.2.28). We write © —
w-©. This extends to an action on stable virtual SO(2n + 1) modules (for example
using Remark 3.8).

For N € ¢ let

W(N) = {w e W(sp(2n,C),t) [wN — X € X*(T")}. (b)

Since the root lattice is strictly contained in X*(7”) this condition is weaker than
([31], 7.2.16); nevertheless the definition in [31] extends to this case and defines an

action of W (X) on virtual characters for Sp(2n, R) with infinitesimal character X’

(cf. [1]).
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Corollary 14.5. Let © be a stable virtual SO(2n + 1) module with infinitesimal
character \, and suppose w € W (). Then

[(w-0)=w"-T(O).

where w' = ¢ (w).

Proof. This follows immediately from the definition of coherent continuation and
Proposition 14.3.

Remark 14.6. Care must be taken when applying this result to w for which w\ — )\’
is in X*(7”) but not in the root lattice. (This is the case where w satisfies (14.4)(b)
but not the definition of W (') in ([31],7.2.16).) For example holds if w is reflection
in a long root (cf. [1], Remark 2.10).

Now suppose A1, A € t*, and A\; — Ay € X*(T'). The translation functor @D/’\\f ([31],
Definition 4.5.7) takes virtual characters for SO(V) with infinitesimal character A\;
to virtual characters with infinitesimal character Az. This definition makes sense for
stable virtual SO(2n + 1) modules, as well as for stable virtual Sp(2n,R) modules.

Corollary 14.7. Suppose A1, Ay € t* satisfy
(1) Ao — A € X*(T),
(2) A1 is regular,
(3) Az is dominant for the positive integral roots defined by A1 ([31], Definition
7.2.16).
Let © be a stable virtual character on SO(2n + 1) with infinitesimal character ;.
Then

A/
T32(0) = ¢y (1(©))
where N, = d¢* () (i =1,2).
Proof. This follows immediately from Proposition 14.3 and ([31], Lemma 7.2.15).

By a result of Zuckerman the trivial representation (of a connected group) may
be written as an alternating sum of coherently continued discrete series represen-
tations. We stabilize this formula and apply it to SO(2n + 1). Let Tso be the
averaged discrete series of SO(2n + 1) with the same infinitesimal character as the
trivial representation (cf. 11.2). Zuckerman’s result (cf. [6], Lemma 7.3) implies:

2
I Z sgn(w)w - Tgo = trivial + ¢. (14.8)
weWw

(The factor of 2 comes from the fact that SO(p, q) is disconnected if pg # 0.) Here
W =W(so(2n+1,C),t) ~ W(sp(2n,C), t'). Let Tg, be the averaged discrete series
for S’??(Qn, R) with the same infinitesimal character as the oscillator representation.
We apply I' to both sides. Recall I'(trivial) = w(¥+)even — w(¥4)odd, and by (4.9,
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4.11) I'(¢) = w(¥- ) even — w(¥—-)oda- By (8.4), Corollary 14.5 and Proposition 11.3
we conclude
2 —
ﬁ Z Sgn(w)w *TSp = (w<¢+)even - w(¢+)odd) + (w(w—)even - w(¢—)odd)
weWw
= O(Py) + (¢-).
(14.9)
This is a slightly weaker version of ([1], Theorem 2.3) which was used to compute

D(1h).

615. Example: n=1.

We discuss the case of (SO(3), SL(2,R)) in some detail. As is well known this is
closely related to the Shimura correspondence (cf. [34] and the references there), via
the isomorphism PGL(2,R) ~ SO(2,1). Theorem 5.2 of [9] gives similar character
relations (in the p-adic case as well).

Let SO(2,1) be the set of 3 x 3 real matrices g satisfying gK¢g* = K with
K = diag(1,1,—1). Then s0(2,1) = {X | XK + KX' = 0}. As in Remark 3.8 we
work only on the split group Spin(2,1) which is the inverse image of SO(2,1) in
Spin(3,C).

0 0 =z
For z € C let X(2) = 0 z]|,Y(z)=|[-2 0 € s0(2,1). For
z 0 0

c € RomiZlet a(c) = exp(X(c)) € Spin(2,1). This gives the split Cartan subgroup
A of Spin(2,1), which is isomorphic to R* UiR*. For § € R let t(0) = exp(Y(0)) €
Spin(2,1); this gives the compact Cartan subgroup 7. Note that a(c+4mi) = a(c),
t(0+47) = £(0), p(a(c+2mi)) = p(a(c)), and p(t(0+27)) = p(t(9)) (p : Spin(2,1) —
SO(2,1)).

The intersection of A and T consists of 1 = @(0) = #(0) and z = a(27i) = £(27);
z is the non-trivial element in the center of Spin(2,1).

Now consider SL(2,R) and ng(Q,]R). Let

0

X'(2) = diag(z,—2),Y'(z) = < S) € sl(2,C).

Let #(0) = exp(Y () (6 € R), this is the compact Cartan subgroup 1" of ﬁ(Q, R).
For ¢ = ¢y +i0 € R @ miZ let @' (c) = t'(0)exp(X'(co)); this is an element of a
split Cartan subgroup A’ of SL(2,R). The intersection of A’ and T is the center
of SL(2,R), consisting of the four elements @ ! (ki) = f’(knr) (0 < k < 3). Let
2/ = a/(mi) = t'(r). The inverse image of 1 in SL(2 R) is 1, 2’2, so a representation
7 is genuine if w(2'%) = =1, i.e. 7(2') = +i.

Let ¢ = 14. The positive roots are a(X (2)) = Fz, /(X' (2)) = F2z, f(Y(2)) =
Fiz, 0/ (Y'(z)) = F2iz (recall (§7) the corresponding root vectors annihilate a vector
in w(v)). Choose the Cayley transform c : Y’(z) = X'(iz). The isomorphisms ¢
of Lemma 6.5 are given by ¢(a(c)) = @(c) and ¢(£(6)) = #'(#). Note that the map
¢(a(c)) = a'(¢) is also an isomorphism of A with A" with the same differential.
However this map does not satisfy the conditions of Lemma 6.5.



40 JEFFREY ADAMS

We next compute the Weyl denominators. On the compact Cartan subgroups
we have

(De)(i(9)) = eTH/2 — eH0/2 (15.1)(a)
(D'E)(F(9)) = e — &= (b)
The formulas on the split Cartan subgroups are as follows. We always write
c=co+mik (co€eR,keZ). (15.2)
With this notation:

(De)(a(c)) = (T2 — e*/2)sgn(1 — e*°)
= (:Fi)k|ec/2 _ 6_6/2‘ (153)(3)

(D'é)(@'(c)) = (7 — e)sgn(1 — )

= (—1)*[e® —e7°| (b)
o (De)((9)) 1
(D) (9)) e/ + =it/ (15.4)(a)
and

(Doa(e) (i)
D)@ (e) [ + el (b)

which by a short calculation agree with ®(¢1) (cf. (8.9)).
We describe the standard characters of Spin(2,1); these form a basis of the

virtual characters. In fact both for Spin(2,1) and SL(2,R) all invariant eigendis-
tributions are virtual characters ([18],5.3). For © an invariant eigendistribution

write O7(6) = O((9)) and Oa(c) =0O(alc)).
Spin(2,1),mps(A) (A= 21,1,2,...):

27 )9
_ei)\0 —|—€_i>\0
0 k27
Oa(c) = mik(A+1) ,—A|co| b
ale)=q 2t k € 2. (b)

|€C/2 _ e—c/2|

This is the discrete series representation with Harish-Chandra parameter A\. The
central element z acts by —(—1)?* so mpg(A) factors to SO(2,1) if and only if
ANEZ+ 3.

Next consider the principal series character mpg(m, A) induced from the character
x(a(c)) = e™*merc of A, By the induced character formula this character vanishes
on T and on A is given by:

Spin(2,1),mps(m,\) (m € iZ,X € C):
eﬂikm(e)\co + (_1)2kme—)\co)

|ec/2 _ e—c/2|

O(c) = (15.6)
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Note that mpg(m, ) = mpg(m+2,\) and mpg(m,\) = mps(—m, —\). In this case
z acts by (—1)?™, so mps(m, \) factors to SO(2,1) if and only if m € Z.
The infinitesimal character of mpg(A) and Tpg(m, A) is .

We turn next to SL(2,R).
SL(2,R), mhg(e, ) (e=+A=11,3 ).

Or () = e (15.7)(a)

ettt _ g—ib
eeﬂik(k+1)e—)\|co|

Ou(c) = (b)

e e

This is the discrete series. In addition taking A = 0 gives the limit of discrete series.
The element 2’ of the center of G/ acts by i =2}, so 2’ acts by (—1)2*. In particular
7 is genuine if and only if A € Z + 1. Note that w5 5(+, A), 7, (—, A) have distinct
central characters in the genuine case.

We stabilize the discrete series: let Tpg(A) = 7hg(+,A) + mhg(—, A) (we have

omitted the sign (—1)7 of (11.1)). The character formula for 7T g()) is:
SL(2,R), 7pg(A) A=11,32

2 ,5,...2

_ i | o—iNd

0 NET k2T
@A/ (C) = 2e7rik(>‘+1)e_>‘|c()| (b)

NEZor ke 27.

e =]

Note that in the genuine case, i.e. A € Z—i—%, the character of 7, g(\) vanishes on the
two components +iR* (given by & = 1,3) of A. This is an example of Lemma 10.7,
and corresponds to the fact that the character of a discrete series representation of
S0(2,1) vanishes on —R™, since this not in the identity component of SO(2,1) (cf.
Remark 10.12).

Finally we have the principal series attached to the character x (&’ (c)) = e™**™meAco,

SL(2,R), mhg(m,\) (m € 17 )€ C):

eﬂikzm (e)\co + e—)\co )

e =]

O (c) = (15.9)

Note that 7 g(m, \) = mpg(m + 2, A) and mpg(m, ) = 7pg(m, —A). In this case
2" acts by ™, so this is genuine if and only if m € Z + %

These characters span the virtual characters. The stable virtual characters are
spanned by the principal series and the averaged discrete series.

We see (15.5)(a,b)x(15.4)(a,b) equals (15.8)(a,b) (using ¢) provided A € Z +
1. This shows I'(mps()\)) = Tpg(A) (independent of t). Similarly for m € Z
(15.6)x(15.4)(b) equals (15.9), provided we replace m by m +  in (15.9). This
proves I'(¢4 )mpg(m, A) = Thg(m £ £, A). We summarize these results.
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Proposition 15.10. Let ' = F(@Di)

(1) T(rps(A) =Tps(A), A=35.3....,
(2) D(rps(m, ) = hg(m=*=1,X) (meZ;XeC).

Since we are only interested in stable characters we don’t need to compute all
irreducible characters, i.e. reducibility of the principal series. For representations
factoring to SL(2,R) this is well-known, and for genuine representations see ([10],
Lemma 4.1). We mentlon only that for m € Z + 3, wpg(m,A) is reducible if
and only if A\ € Z + 1 5. In this case it has two composmon factors, a discrete series
representation 7/, ¢ ((—1)*™ |\|]) and an irreducible non-tempered representation.

For example consider representations of SL(2,R) with the same infinitesimal

character as the oscillator representation, i.e. \ = % The discrete series repre-

sentations 7 ¢ (=, %) are the odd halves of the oscillator representations w(4)o4q
(with lowest K- type +3). The (characters of the) two principal series representa-

tions mpg (1, 1) decompose as

272
W%S(%?%) :w<¢+)even+ﬂ—DS< 1)
= WY+ )even + wW(P-)odd (15.11)(a)
Tps(=3,3) = W¥-)even + Tps(+. 3)
== w( )even +w(¢—|—>odd (b)

and w (Y1 )even are non-tempered (with lowest K-type £3). There are four repre-
sentations w (4 )odd,even With this infinitesimal character. The subspace of stable
virtual characters is three dimensional, spanned by T ¢(3) and mphg(£3,3). An-
other stable sum is

W%S(% %) - 7/DS(%) = wW(Vy)even T+ W(V-)odd — (W(¥4)oad + w(P—)oda)
(15.12)
= W(¥4)even — W(Vy)odd
(cf. Corollary 8.10) and w(¥—)epen — w(¥—)odd similarly.
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