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Introduction

These lectures lead by a relatively straight path from the end of a one-semester
course in Lie groups through the Langlands classification of irreducible admissible
representations of linear connected reductive groups. The lectures are for the most
part distillations from the first author’s books [K1] and [K2], which have extensive
bibliographies. A continuation of this introduction, a section called “Motivation”,
places the content of these lectures in a broader representation-theoretic context by
relating the subject matter to the so-called unitarity problem.

The prerequisites are the elementary theory of Lie groups as in Chevalley [C],
including elementary facts about Lie algebras over R and C. In addition, it is
assumed that the reader knows standard material from algebra, analysis, and point-
set topology as is commonly taught in first-year graduate courses in the United
States. Any advance knowledge of complex semisimple Lie algebras, universal
enveloping algebras, and representation theory of finite or compact groups would
be quite helpful for orientation, but no such knowledge is really assumed.

Too much mathematics is involved along the path of these lectures to allow
time for many proofs. Instead these lectures work a great deal with examples. It is
a wonderful feature of representation theory that examples are easily at hand and
much of the general behavior can be anticipated from fairly simple examples.

Lecture 1 gives some basic definitions but is otherwise exclusively about exam-
ples. For the most part, the group under discussion is the group G = SL(2,R) of
real 2-by-2 matrices of determinant 1 under multiplication. A number of concepts
from later lectures are introduced at this stage in the context of this G. Lecture 2
defines semisimple groups in general, gives a host of examples, and examines the
structure theory of these groups and their Lie algebras.
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Lecture 3 develops the abstract representation theory of compact groups and
the theory of induced representations. Both these notions are tools for what is
to come. The theory for compact groups is also a prototype for the more general
theory that will follow, and a certain class of induced representations provides
easy examples of infinite-dimensional representations of semisimple groups that are
almost irreducible. Lecture 4 specializes to the representation theory of compact
connected Lie groups, where the Theorem of the Highest Weight parametrizes the
irreducible representations of such a group. Universal enveloping algebras figure
into the proof of this theorem.

Lecture 5 begins to develop tools for handling infinite-dimensional representa-
tions. The center of the universal enveloping algebra of a semisimple Lie algebra
turns out to be large. The Harish-Chandra isomorphism identifies the center and
makes it available for defining a nontrivial invariant, known as the infinitesimal
character, of an irreducible infinite-dimensional representation. When using the
Lie algebra to work with an infinite-dimensional representation, one works only
with nice vectors in the representation space, and these are the next objects of
study.

Lecture 6 discusses global characters, which are tools for characterizing more
complicated irreducible representations. The first part of Lecture 7 discusses the
most important of these representations, the discrete series. The remainder of
Lecture 7 and the first part of Lecture 8 discuss some preliminary notions for the
Langlands classification, and the end of Lecture 8 actually states the Langlands
classification and gives its meaning for SL(2,R).

At the end of each lecture is a brief section “Notes” that tells where one may
do further reading about the material of the lecture. The Notes refer to expository
sources, not repeating historical information that may be found in those sources.
For most lectures, a few gentle exercises appear in a section at the end of the
lecture. Readers who seek more exercises may consult [K1] and [K2]. References
are collected at the very end of this article.

We use the following notation beyond what one might expect. The dual of a
vector space V is V/, the transpose of a matrix or linear transformation L is L,
and the conjugate transpose of a matrix L is L*. For a topological group G, Gg
denotes the identity component; this is a closed normal subgroup. For a Lie group
G with Lie algebra g, Ad and ad denote the natural adjoint actions of G and g,
respectively, on g. If V is a complex vector space, S(V) denotes the symmetric
algebra of V. Generally we use the expressions Z4(B) and N4(B) to denote the
centralizer and normalizer of B in A; these notions need to be interpreted according
to the nature of the objects A and B.

Motivation

Let us place the content of the lectures in a broader representation-theoretic
context. This discussion will help show the importance of the Langlands classifi-
cation and indicate the nature of the path we shall take to get there. Necessarily
we shall have to make some definitions quickly here that will later be made with
more deliberation and with more use of examples. The context for this section is
an overview of one of the fundamental problems in the representation theory of Lie
groups: the problem of determining the “irreducible unitary representations” of a
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Lie group G. We shall be largely interested only in such representations in the case
where G is “semisimple” or, more generally, “reductive”. This section consists only
of motivation, and the reader who wants to do so may postpone looking at it until
any later stage of the lectures.

A unitary representation of G is a continuous norm-preserving group action of
G by linear transformations on a Hilbert space. It is irreducible if it is nonzero and
the only G invariant closed subspaces are 0 and the whole space. The interest is
in classifying the irreducible unitary representations of G up to the obvious kind
of equivalence. The set of these equivalence classes is called the unitary dual, and
we use the term unitarity problem to refer to the effort to find the unitary dual. A
substantial fraction of Lie theory since 1950 was developed to tackle the unitarity
problem, and the point of this section is to provide motivation for this lecture series
from the point of view of this problem.

We begin with some motivation for the study of unitary representations. The
classical theory of Fourier series decomposes an arbitrary function in L%(S!), S?
being the circle group, into a discrete sum of imaginary exponentials €!*?. We may
regard the Hilbert space L?(S') with the translation group action as a unitary
representation of S'. When the exponentials €*? are viewed as homomorphisms
of S' into the multiplicative group of nonsingular 1-by-1 complex matrices, the
exponentials are precisely the irreducible unitary representations of S§*. Thus one
aspect of the classical theory of Fourier series is that the unitary representation
of S* on L?(S') gets decomposed into a discrete “sum”, with limits allowed, of
irreducible unitary representations.

From this point of view, the theory of the Fourier transform on R is more inter-
esting and indicative. The noncompactness of the real line forces the decomposition
of an element of L?(R) via the Fourier transform to be no longer discrete: the sum
is replaced by an integral. Only the purely imaginary exponentials appear in the
definition of the Fourier transform, and again these are all the irreducible unitary
representations of IR. Once one knows about invariant measures on Lie groups, it
is natural to ask for the analogous decomposition of L?(G) for any unimodular Lie
group G, i.e., one having a nonzero two-sided invariant Borel measure.

It is natural also to expect that the representation of G on L%(G) by left
translation, say, will decompose discretely if G is compact and continuously if G is
noncompact. In 1947 Bargmann made the remarkable discovery that the analysis of
L%(QG) for G equal to the group SL(2,R) of 2-by-2 real matrices of determinant one
involves both a discrete part and a continuous part. The representations appearing
in the discrete part are called “discrete series” and play a decisive role in the theory.
Of course, since L?(Q) is unitary, the discrete series are necessarily unitary.

The name Harish-Chandra figures prominently in the decomposition of L?(G)
in the case that G is semisimple or reductive (terms that are defined in Lecture 2).
In 1966 Harish-Chandra succeeded in parametrizing the discrete series for such
groups. The description involves a great deal of structure, and we shall not get to
it until Lecture 7.

Ten years later Harish-Chandra published the full decomposition of L%(G) for
this class of groups. The irreducible unitary representations that appear in L?(G)
do not nearly exhaust the unitary dual; the trivial representation is absent, for
instance, if G is noncompact. Roughly, but not exactly, the members of the unitary
dual that appear in L?(G) can be obtained by a process called “induction” that
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starts from discrete series of certain reductive subgroups of G. Induction is discussed
in an example in Lecture 1 and in general in Lecture 3.

As we said, these lectures deal with representations largely in the case that G is
semisimple or reductive. Before proceeding with the motivation, let us comment on
how the unitarity problem for these special groups fits into the theory for general
Lie groups. The Levi decomposition for Lie algebras says that a real Lie algebra
is the semidirect product of a solvable Lie algebra and a semisimple Lie algebra,
and it follows that a connected Lie group is, up to a covering group, the semidirect
product of a connected solvable Lie group and a semisimple group. The unitary dual
of solvable Lie groups is by now fairly well understood, and, at least for “Type I”
groups, the effect on the unitarity problem of the semidirect product construction
is understood, too. Thus the unitarity problem for semisimple groups is the main
thing standing in the way of solving the unitarity problem for all Lie groups of
Type I. As was noted in the previous paragraaph, a portion of the unitary dual of a
semisimple group G is obtained by induction starting from discrete series of certain
reductive subgroups of G. In this construction, it is not enough to use semisimple
subgroups, and thus we are led to study reductive groups instead. Fortunately the
analogous subgroups of a reductive G are still reductive, so that we do not need
to enlarge our class of groups a second time. This matter is discussed more in
Lectures 2 and 3.

For the remainder of this section, we shall assume that G is reductive in the
sense of Lecture 2. Such a group has a maximal compact subgroup, which we denote
by K, and G is topologically the product of K and a Euclidean space. Early on,
Harish-Chandra realized that the Hilbert space structure of an irreducible unitary
representation is so rigid that it is essentially superfluous. This matter is treated
in detail at the end of Lecture 5, but we indicate the basic picture here. In the first
place, the restriction of any unitary representation from G to K is a discrete “sum”
(allowing limits) of irreducible unitary representations of K (Lecture 3), and, in
the case of an irreducible representation of G, each equivalence class of irreducible
unitary representations of K is represented only finitely many times in this sum.
This finite-multiplicity property plays such a prominent role that we make it into
a definition: we say that a representation of G with this property is admissible.
Irreducible unitary representations are admissible.

Let us now assume only that the given unitary representation of G on V is
admissible. Let Vx be the algebraic direct sum within V of the spaces of the
irreducible representations of K. This is a countable-dimensional dense subspace
of V, and we disregard its topology. The idea is that for many purposes we may
replace V by Vx and work with the representation algebraically. The action of G on
V can be differentiated on Vi to give Vi the structure of a module for the universal
enveloping algebra U(g) of the complexification g of the Lie algebra of G. In the
passage from G to U(g), any information that helps distinguish covering groups of
G from G itself is lost. On the other hand, K acts on Vx by construction. Since K
captures the fundamental group of G, the action of K keeps track of the information
that helps distinguish covering groups of G from G itself. The space Vi, equipped
with the actions of U(g) and K, is called the underlying (g, K) module of V. The
restriction of the G invariant Hermitian inner product on the Hilbert space V is
invariant in the natural senses under the actions of K and the Lie algebra of G,
and the underlying (g, K) module is said to be infinitesimally unitary.
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One is led to define a (g, K) module to be a vector space together with a
left U(g) module structure and a locally finite linear action of K satisfying some
expected compatibility conditions. When the underlying (g, K) modules of two
admissible unitary representations satisfy the expected notion of isomorphism,
the original representations are said to be infinitesimally equivalent. It is not
immediately obvious that (g, K) modules form the appropriate setting for studying
unitary representations, but they do: Every “irreducible” infinitesimally unitary
(g, K) module is the underlying (g, K') module of an essentially unique irreducible
unitary representation, two irreducible unitary representations are equivalent if
and only if their underlying (g, K) modules are infinitesimally equivalent, and all
questions of reducibility of an admissible unitary representation can in principle be
addressed on the level of underlying (g, K) modules. If we write G, for the set of
equivalence classes of irreducible unitary representations of G, what we are saying
is that the original problem of identifying G, amounts to the same thing as finding
all classes of infinitesimally unitary (g, K) modules, the classes being defined by
infinitesimal equivalence. In this formalism the Hilbert spaces have disappeared
from the picture.

Because of this passage from G to U(g) and K, we may expect that the
representation theory of compact groups will be an important tool in studying
unitary representations of noncompact groups. We study the abstract theory of
representations of compact groups K in Lecture 3, and we identify the unitary dual
of K in Lecture 4. In fact, it is important to remember that K itself is an example
of a reductive group. Thus we cannot expect to say more about the representation
theory of reductive groups than we can about the representation theory of K.

A natural starting point in the classification of irreducible U(g) modules is
restriction to a large abelian subalgebra of U(g). In Lecture 5 we shall see that
the center Z(g) of U(g) is large and that Z(g) acts by scalars in any irreducible
U(g) module. Thus we may attach an algebra homomorphism from Z(g) into
C to any irreducible (g, K) module X. In Lecture 5 we give Harish-Chandra’s
result establishing that the set of all nonzero such homomorphisms is canonically
isomorphic to h'/W. Here K’ is the dual of a Cartan subalgebra of g and W is the
Weyl group of f in g. If X is the Weyl group group orbit in h' attached to X, we
say that X has infinitesimal character A. All these matters are in Lecture 5.

Unlike the case of irreducible unitary representations, two irreducible admissi-
ble representations can have infinitesimally equivalent underlying (g, K') modules
without being equivalent by bounded operators. In defining what set of equivalence
classes of irreducible admissible representations to consider, we have to decide what
kinds of equivalence to use. We choose infinitesimal equivalence. Let G, be the
set of classes of irreducible admissible representations. Then @u C éa in a natural
way.

The set G, is large enough to contain the classes of unitary representations, but
small enough to have a well-developed character theory. Characters are discussed
in detail in Lecture 6, but we mention a few highlights here. In the theory of finite
groups, the character of a finite-dimensional representation is the numerical-valued
function on G whose value at ¢ € G is the trace of the action by g. Characters
are constant on conjugacy classes of G, and one knows that characters provide
a powerful means to pass between representations of a group and the structure
of the set of conjugacy classes in G. When G is compact, a similar theory is
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applicable (Lecture 3). If G is also connected, each conjugacy class meets any
particular maximal toral subgroup of G, according to Lecture 6, and the analysis of
representations of G can thereby be reduced to the theory for the toral subgroup.
In particular, the Weyl Character Formula of Lecture 6 gives a relatively simple
expression for all irreducible characters of a compact connected Lie group.

Because elements in G, may be infinite dimensional if G is noncompact, some
serious care is required in generalizing character theory to the noncompact case. It
turns out that we can attach to each element of @a, not a conjuagation-invariant
function on G, but rather a conjugation-invariant distribution on G called a global
character. The modifier “global” is meant to indicate that the distribution is at-
tached initially, not to a (g, K') module itself, but instead to a global representation
of G with a given underlying (g, K) module. Such globalizations of a (g, K') module
always exist—typically there are many—but the global character does not depend
on the choice of globalization. Because of this fact, we need not be careful to
specify whether we are dealing with an irreducible admissible (g, K) module or one
of its globalizations. As in the case of finite groups, global characters are complete
invariants in the sense that two elements of G, are infinitesimally equivalent if and
only if their global characters coincide. In fact, the global characters corresponding
to the members of @a are linearly independent.

Unlike what happens in the compact case, the conjugacy classes of a non-
compact G need not meet a particular abelian subgroup. What does happen,
however, is that each conjugacy class in an open dense set meets exactly one of
a given particular finite set of abelian subgroups. The fact that each element of
G, has an infinitesimal character implies that the global character satisfies a large
system of differential equations coming from the center of Z(g), and the simple
structure of most conjugacy classes essentially reduces the system to a system of
differential equations on Euclidean space involving the infinitesimal character. This
is discussed in Lecture 6. These equations can be solved, and the result is that the
global character takes a particularly simple form on an open dense set; in fact, the
formula for the global character bears a striking resemblance to the Weyl Character
Formula in the compact case. A deep theorem of Harish-Chandra asserts that the
complement of the open dense set of conjugacy classes cannot contribute anything
interesting to the global character, and as a consequence one deduces that, for each
infinitesimal character, the space of solutions satisfying the system of differential
equations mentioned above is finite dimensional. Since the global characters of
members of G, are linearly independent, each of the sets of members of G, of
infinitesimal character A is finite.

In any event, the unitarity problem can be stated as follows: parametrize
the set @a, and determine the subset of parameters corresponding to unitary
representations. The rephrased problem is potentially useful only because it is
possible to parametrize G,.. This is the content of the Langlands classification
as treated in Lecture 8, and a subsequent classification of “irreducible tempered”
representations by Knapp and Zuckerman. We now briefly outline the shape of the
Langlands classification.

The Langlands classification (Lecture 8) first builds a family of irreducible
admissible representations of G from a special kind of irreducible admissible rep-
resentations of certain reductive subgroups of G. This construction proceeds by
parabolic induction (Lecture 3). The hard step is to show that this family exhausts
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the irreducible admissible representations of G. The technique here is to analyze
the asymptotics of the matrix coefficients. Lecture 7 deals with asymptotics; the
core of the idea is as follows. It turns out that we can write G = K AK, where A is
a certain Euclidean group. Given an admissible representation of G, we can think
of the elements of G acting by some infinite-dimensional matrix whose coefficients
are functions on G. If we arrange our basis to be compatible with the restriction
of the representation to K, then the K AK decomposition implies that a block of
matrix coefficients is determined by its restriction to the Euclidean space A, and it
makes sense to study its asymptotics there.

The idea of the classification is then to take an irreducible admissible represen-
tation and study the asymptotics of its matrix coefficients. If these coefficients do
not have the best possible growth characteristics at infinity, then it is possible to
write the original representation as parabolically induced by means of an irreducible
admissible representation of a smaller reductive group H with best possible decay
characteristics at infinity. “Best possible decay characteristics at infinity” means,
for this purpose, that the block of matrix coefficients is in L2+¢(H) for every ¢ > 0,
hence that the representation is almost in the discrete series of H; in this case we
call the representation tempered. Qualitatively the theorem is that the irreducible
admissible representations of G are obtained by parabolic induction by means
of irreducible tempered admissible representations of certain subgroups H of G.
When the subgroup H is G itself, we recover the irreducible tempered admissible
representations of G, in a kind of tautology. These tempered representations of G
require a separate analysis, which is carried out earlier in Lecture 8, and they are
obtained as constituents of representations essentially induced from discrete series
of the subgroups H of G.

Thus we are left with problem of locating @u in terms of the above parametriza-
tion. We have an easy chance of succeeding only if we can relate the property of
being unitary to the asymptotic growth of matrix coeflicients. Already this seems
like an unattainable goal: the discrete series, whose matrix coefficients are in L?,
are unitary; and so is the trivial representation, whose unique matrix coefficient is a
constant function. This example is a little misleading—the trivial representation is
anomalous in some sense—but even the more precise statements that are available
are not very useful. The unitary representations simply do not fit nicely into the
Langlands classification. This behavior helps account for the fact that the unitarity
problem, if considered group by group, remains open except for G L(n, R), GL(n, H),
complex classical groups, and most groups for which the dimension of the Euclidean
group A above is < 2.






LECTURE 1
Some Representations of SL(n,R)

Group Representations for the Case n — 2

We are going to be studying group representations, and we begin with some
examples. The group in question will be SL(n,R), the group of real n-by-n matrices
of determinant 1. Mostly we consider SL(2,R) for the time being.

A representation of G on a complez vector space V is defined to be a homomor-
phism & of G into the group of invertible linear transformations from V to itself.
If G and V are topological, the map G X V — V is assumed continuous.

Equivalently, a representation is a group action G x V. — V with (g,v) — v
linear for all g € G.

The continuity condition for a representation ® of G on a Hilbert space V is
equivalent with the condition that ||®(z)|| be bounded in a neighborhood of the
identity and that ®(z)v — v as z — 1 for each v in a dense subset of V. (See the
exercises.)

Here are three beginning examples. We do not need to specialize G to SL(n,R)
yet.

Example 1. Let G be any subgroup of GL(n, C), i.e., the group of all n-by-n real
or complex matrices, and let V = C*. Define ®(g)v = gv, matrix product. This &
is called the standard representation of G.

Example 2. Suppose that a group G acts on a set X. Let V be the vector space
of all functions f : X — C, and define (®(g)f)(z) = f(¢~'z). This & is called
the left regular representation of G on the space of all functions on X. The use of
g~ ! rather than g in the formula for & makes & a homomorphism instead of an
antihomomorphism.

Example 3. Let ® be a representation of G on V. An invariant subspace U of V,
i.e., a vector subspace such that ®(G)U C U, defines by restriction a representation
of G on U. This is called a subrepresentation.

A unitary representation ® of G on V is a representation in which V is a Hilbert
space, finite or infinite dimensional, and each ®(g) is unitary, i.e., invertible linear
and also norm-preserving. The condition “norm-preserving” means that ||®(g)v|| =
[|v]| for all v and g, and it is equivalent with the condition that the inner product
satisfy (®(g)vi, ®(g)v2) = (v1,vz) for all v1, v, and g.

11
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Example. The space V = C* may be made into a Hilbert space in the usual way.
Define the unitary group U(n) to be the subgroup of all matrices g € GL(n,C)
with g*g = 1, where (-)* denotes adjoint. In Example 1 if G is a subgroup of the
unitary group U(n), then ® is unitary. If G is any subgroup of GL(n,C) that is
not contained in U(n), then the ® in Example 1 is not unitary.

The obvious notion of isomorphism for two representations of the same group G
is known as “equivalence”: The representations (®1, V1) and (P2, V3) are equivalent
if there is an invertible linear map F : Vi — V; such that the action of G on V;
by ®; matches the action of G on V; by ®;. In symbols, E®1(g) = ®2(g)F for all
g € G. If G, V1, and V; are topological, then E and E~! are assumed continuous.

Now let us specialize G to be SL(2,R), the group of all 2-by-2 real matrices of
determinant 1.

Here are some examples of finite-dimensional representations of G = SL(2,R).
We start from Example 1, the standard representation of G on C2?. Since a
representation is in particular a group action, we can use Example 2 to form the
corresponding left regular representation of G on the space of functions from C2
to C. Restrict in the sense of Example 3 to the subrepresentation on the space
of polynomial functions in two variables homogeneous of degree N. This means
that P (2) is a linear combination of monomials zf,_kzz as k varies, and the
representation is given by

(o(z )7 (2)-7((c ) (2)

The dimension of the space is N + 1 because the monomials form a basis.

The above representations turn out to be irreducible, having no (closed) invari-
ant subspaces. Up to equivalence, these are all the irreducible finite-dimensional
representations. We omit the proof.

Theorem 1. Every finite-dimensional unitary representation ® of SL(2,R) is
trivial, i.e., has ®(g) = 1 for all g.

Proof. Say ® maps SL(2,R) into U(n). Since

(G266 -6T)

all ((1) ?) with z > 0 are conjugate. So all & ((1) i) with z > 0 are conjugate. Since

U(n) is compact, its conjugacy classes are closed. Thus the limit ® (é 2) = 1lisin

the conjugacy class. Hence ® ((1) “1:) = 1for z > 0. Similarly & ((1) i) =1forz <0,

10 lz 10
and ® (y 1) = 1. The elements (0 1) and (y 1) together generate SL(2,R). So
®(g) =1 for all g.

Yet there are nontrivial infinite-dimensional unitary representations. The group
SL(2,R) has a nonzero left-invariant Borel measure dz (“left Haar measure”). We
obtain the left regular representation of SL(2,R) by using the action of G on G and
then taking the action on functions. The representation space is LZ(SL(2,R),dz),
and the action is

(®(9)f)(=) = f(g~ ).
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This representation ® is unitary by the invariance of dz:

19(q)fI? = /G flg ) do = /G () dz = || ]2

Proving continuity requires observing by dominated convergence that
[ 1#a712) - flgg ) da —> 0
a

as g — go for f € Ceom(G) and knowing that Ceom(G) is dense in L(G).

Similarly SL(2,R) has a “right Haar measure” (it is actually the same as left
Haar measure), and the right regular representation of SL(2,R) on L?(SL(2,R), dz)
has (®(g9)f)(z) = f(zg). Note that the formula for this action uses g and not g~1.

The above unitary representations, namely the left and right regular repre-
sentations of G on L%(G) are not close to irreducible. We shall next give some
examples of unitary representations that are irreducible except in one particular
case. The idea for constructing a nearly irreducible family of representations is to
start from a transitive group action of G on a small coset space G/H and pass to
the regular representation on functions. It turns out that the group-action property
remains valid when certain kinds of coefficients, called multipliers, are included in
the formula, and we use multipliers that make the representations unitary.

The examples we have in mind are the members of the principal series of
SL(2,R) in the noncompact picture. The principal series consists of two infinite
families Pt% and P~'%" of representations. Here v is an arbitrary element of R,
and we get one member of each family for each v. The space is L%(R) for each
representation, and the action is given by

v (@ b = |- g (G2 C
P (c d)f(z)_| be+d f(—bz—l—d)’

- fa b . ar —c
P = —bz+d))|—bz+d|" 1V —— ).
(& 5) s0) = Ggn-bo + @l - o +dovp (222
The group action property needs to be checked in each case. The unitarity property
is proved by an easy change of variables.

We shall sketch a proof that the principal series representations are almost irre-
ducible. But first we isolate a fundamental property of any unitary representation:

(%) If U is a closed invariant subspace, so is UL,
The argument in obvious notation is that
(P(g)ut,u) = (u™, P(g9)"w) = (u™, P(9)""u) = (u, P(¢™")u) € (u",U) = 0.

Unitarity has been used in the formula P(g)* = P(g)~!.
Returning to the question of irreducibility of the principal series, let £ be the
orthogonal projection on a closed invariant subspace U. This commutes with all

P(g) by (x). The operator P (; (1)) acts in L?(R) by translation by —y. So E

commutes with translations on L?(R). From Fourier analysis on R, one knows

o~ o~

therefore that (Ef)€) = m(€)f(§) for some m € L*®(R). where f(€) denotes
the Fourier transform f(f) =[x f(z)e~?"®¢ dz. The equality E? = E shows that

m? = m a.e. Hence m takes values in {0,1} a.e. Analysis of commutativity of



14 A. W.KNAPP, P. E. TRAPA, REPRESENTATIONS OF SEMISIMPLE GROUPS

E with P (; 'r91 ), together with an application of Fubini’s Theorem, shows m is

constant a.e. on each half line. Thus the only nontrivial closed invariant subspaces
are the two spaces of all members of L%(IR) whose Fourier transforms are 0 on one
of the two half lines.

Actually it turns out that all of P*t% and P~* are irreducible except for P2,
which is reducible. This fact is quite a bit harder to prove.

Let us consider another realization of the principal series, the induced picture.
Historically it was not so easy to realize that the noncompact picture could be
transformed to the induced picture. But once this transformation has been carried
out, we obtain a framework that readily generalizes to groups other than SL(2,R).
Before defining the induced picture, we give names to some subgroups of G =

SL(2,R):
cosf —siné
K_{<sin9 cos 8 )}’

M = {+1},

Starting from the data (+, 2v) or (—, iv), define
(a 0) { € if —
oz =
0 e 1 if +,
t 0 . t 0
V(O _t)_wt and p(O —t)_t'

Then man > €”1°6%¢(m) is a representation of M AN. It is one-dimensional and
unitary.
Consider the space of functions

{F € C(G) | F(zman) = e~ “TP)1%825(m)~1 F(z)},

where € = +1, and

where C(G) denotes the space of continuous functions from G to C, and put
PH®(g)F(z) = F(g™'z).

The fact that left translation by g=! commutes with right translation by man (the
associative law for G) is what makes it so that P%(g) F is still in the above space.
Given F, define LF to be essentially the restriction to N. Specifically

(LF)(y)zF(; 2) for y € R.

We check that . .
LP:l:,‘LU(g) — /P:l:,l‘u (g)L
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In fact, the computation is based on the identity

a BY (1 0 a 0 1 Bla
vy &) \y/e 1 0 at/\0 1 /'
valid for matrices of determinant one, and is as follows:
+,iv a b _ +,iv a b 1 0
s (¢ a)ro=r(20)7 () )
(% )G )
—c a y 1
:F(—by+d —b)
ay —c¢ a
(g DY alan) 6 7))
_“gy—:d 1 0 (—by+d)~?! 0 1
: 1 0
=(sgnorl)|—by+d '""F ( ay—c 1)

—by-l—d

Here L is onto a dense subset of L?(R), namely onto at least the space Ceom(R)
of continuous functions of compact support on R. In fact, if f € Ceom(IR) is given,
put

c 0 ifa=0.

Then we check easily that LF = f.
We can compute the value of the norm in the induced picture that makes L
preserve norms, and then L will exhibit the equivalence. The answer by a change

of variables is
2 4 cosf —sinf ‘2
171" = C‘/;w ‘F (sin@ cos ) dé.

The functions on the rotation subgroup K = { (Cose ~sind ) } that are involved are

F(“ Z):{|a|—1—%(sg3“sg2a)f(c/a) ifa#0,

sinf cosf

those that transform under M by

(o5 ) ) o

If we identify the rotation subgroup with the circle group {e*}, then these functions
are identified with those having only even-numbered Fourier coefficients in the case
of P+, odd-numbered Fourier coefficients in the case of P&,

Actually restriction to K is onto the space of L? functions of this kind. This fact
is a consequence of a fundamental structural property that will turn out later to be
a special case of the “Iwasawa decomposition” of G, namely that the multiplication
mapping K x A X N — G is an analytic diffeomorphism onto. The proof is by
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inspection from the identity

(2 4)-
(et il ) (0 ) (0 5F)

We write G = K AN for this decomposition.

To see that restriction to K is onto the space of L? functions of the appropriate
kind above, we can start with a function on K satisfying the appropriate transfor-
mation law under M and extend it to SL(2,R) so as to satisfy the transformation
law under M AN. Then we get unitary representations of SL(2,R) on L?(K,o);
each is the compact picture of the corresponding induced representation.

In summary we have three equivalent ways of viewing the principal series:

e noncompact picture
e induced picture
e compact picture.

Each has its advantages, as we shall see.

Lie Algebra Representations for the Case n =2

To define “representation” for a Lie algebra, let us return to the setting that
G is any Lie group. Let g be its Lie algebra, identified as a real vector space with
the tangent space to G at the identity 1 and having bracket structure given by
bracketing the corresponding left-invariant vector fields.

We motivate the definition by the finite-dimensional case. Recall that a (finite-
dimensional) group representation is a continuous homomorphism ® : G — GL(V)
with V finite-dimensional over C. Since a continuous homomorphism between Lie
groups is necessarily smooth and since the Lie algebra of GL(V) may be identified
with the Lie algebra gl(V') of linear maps of V to itself, we can differentiate and
get a homomorphism of g into gl(V). The homomorphism property yields

P[X,Y] = [p(X),e(Y)] = o(X)p(Y) — o(Y)p(X),

the second equality following from the definition of bracket in gl(V'). The formula
for ¢ is
d
p(X)v = - ®(c(t)) |e=o,

where ¢(t) is any smooth curve in the group with ¢(0) = 1 such that the differential
of ¢(t) at t = 0 satisfies deg (%) = X. An example of such a curve ¢(t) is ¢(t) =
exptX.

The above considerations motivate the definition in general. If g is a real Lie

algebra and V is a complex vector space, a representation of g on V is a real linear
map ¢ : g — gl(V) such that

P[X, Y] = o(X)p(Y) — o(Y)p(X)

for all X and Y in g.

We know in the finite-dimensional case that group representations lead to Lie
algebra representations on the same vector space. Let us see what to expect in the
infinite-dimensional case.
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We use as an example the group G = SL(2,R), and we consider the principal
series of G in the compact picture. The representation space consists of certain

functions on the rotation subgroup K = { (Cos § —sin? ) }, K acts on these functions

sinf cosf

by translations, and the Lie algebra element (0 _1) wants to differentiate the

10
function in 8. Some smoothness condition is needed. To apply ((1) _é) repeatedly

requires the function to be in C*(K). Then the extension from K to G = KAN
via the formula

F(kan) = e~ (v+P)1o82 p(k)

is in C*°(QG) since multiplication K x A x N — G is a diffecomorphism, and we can
differentiate by any X € g. The space

(s )+ ) )

is the space of C*® wvectors for the representation, and we have a representation of
g on this vector space (no topology). The bracket property has to be checked, but
we omit this computation.

As we shall see, a space C®°(V) of C* vectors can always be defined for a
representation on a Hilbert space V. We return to this matter in Lecture 5.

To understand what to expect from the Lie algebra representation obtained
from an infinite-dimensional group representation, let us consider the correspon-
dence of invariant subspaces. Let ® be a representation of G on V, and let U be a
closed invariant subspace under G. Then U N C*° (V) is invariant under g. But if
U C C*(V) is g invariant, U need not be G invariant. Here is an example.

{F € C™(K)

Example. Let the group be the 2-by-2 rotation group K as above, acting on
L%(K). Take

U = {C* functions supported for — % <8 <

[VIE]

}.

The subspace U is invariant under differentiation in 8, hence under the action of
the Lie algbera of K. But its closure is not invariant under translation in 8, hence
under the group K.

The difficulty in this example can arise only with infinite-dimensional represen-
tations. In the finite-dimensional case, a subspace invariant under the Lie algebra
is automatically invariant under the Lie group.

To remedy this difficulty that arises in the infinite-dimensional case, one intro-
duces the notion of “analytic vectors” for a group representation. In the case of
the principal series of SL(2,R), the analytic vectors are exactly the real analytic
functions on K. We defer the definition in the general case to Lecture 5. In any
event, for a general representation on a Hilbert space V, the space of analytic
vectors is denoted C¥(V). It will be the case that if U C C¥(V) is invariant under
g, then U is invariant under G. What is not so obvious is that the space of analytic
vectors is nonzero. Once it is known that the space of analytic vectors is nonzero,
however, we see that the action of the Lie algebra does give some information about
the action of the Lie group.
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Representations for the Case of General n

Now quickly let us mention how some of the above considerations generalize
from SL(2,R) to G = SL(n,R) for general n. Taking our cue from the case n = 2,
we define the following subgroups of G:

K = 50(n) = rotation subgroup

A = positive diagonal subgroup

M = diagonal subgroup, entries || = 1

N = upper-triangular group, 1’s on diagonal

N = lower-triangular group, 1’s on diagonal.

Before coming to the principal series, let us consider certain decompositions of
G that will allow us to relate different pictures for the principal series.

The decomposition theorem G = K AN, which we saw by a direct computation
for n = 2, continues to be valid for G = SL(n,R). The hard step in the proof is that
every member of G decomposes as a product from KAN. This follows from the
Gram-Schmidt orthogonalization process in linear algebra. In fact, let wq,...,u,
be the standard orthonormal basis of R™. Given g, form gui,...,gu,. The Gram-
Schmidt process yields an orthonormal basis vy,..., v, such that gu;,...,gu; al-
ways has the same span as v1,...,v; and v; is in

R*(gu;) + span{vy,...,v;_1}.

If k! is the matrix that carries the column vector v; to u; for each j, one can
check that k is in SO(n) and that k~1g is upper-triangular with positive diagonal
entries.

The more precise statement of the result is that the multiplication map
K x AXx N — G is a diffeomorphism onto G. Another relevant decomposition
theorem is that the multiplication mapping NM AN < G is a diffeomorphism onto
an open dense subset of G whose complement has lower dimension.

Now we define the principal series. The straightforward setting to generalize
is the induced picture. Let

o = one-dimensional representation of M

v = imaginary linear functional on diagonal subalgebra

p — a certain real linear functional that we specify in Lecture 3.
The members of the induced space have
F(zman) = e () o825 (m) =1 F(z),
and the group action by G is
P7¥(g)F(z) = F(¢'z).

Initially we take the functions in question to be continuous. Then a norm has
to be imposed, and the whole space for the induced representation is obtained by
completion. The presence of p makes the resulting representation unitary.

As with SL(2,R), there are two other pictures for principal series represen-
tations: Restriction to K gives the compact picture, while restriction to N gives
the noncompact picture. For these two pictures, the Hilbert space norm is easy
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to specify. Both K and N have two-sided invariant measures (“Haar measures”),
given in the case of N simply by Lebesgue measure in the natural matrix-entry
coordinates, and the Hilbert space norms are the L? norms with respect to these
measures. Not all members F of L%(K) are involved in the compact picture of
Po¥ | only those satisfying F(km) = o(m)~1F(k) for each m € M and almost
every k € K.

Notes

As is pointed out in the Introduction, these lectures are a distillation of material
in [K1] and [K2]. The section of Notes at the end of each lecture largely gives
references to expository sources for further reading, quite often to [K1] or [K2].
Historical information and an extensive bibliography may be found in those two
books.

Elementary Lie theory is the topic of Chevalley [C], particularly the first four
chapters. A summary of some of this material appears in [K2], pp. 43-55.

Three standard books on the representation theory of semisimple groups are
[K1], Wallach [Wal], and Warner [War|. All of these have material on abstract
representation theory; in [K1], this material is very brief and is on pp. 10-14. For
some further material in this direction, see [Bal].

Constructions of some finite-dimensional representations of concrete groups
may be found in [K2], pp. 181-186. The finite-dimensional irreducible complex-
linear representations of s(2,C) are classified in [K2], pp. 37-43. See also [K1],
pp- 28-32.

Infinite-dimensional representations of SL(2,R) and SL(2,C) are discussed in
more detail in [K1], pp. 33-42. For additional information about representations
of SL(2,R), see [Do].

Exercises

1. Check that the action in Example 2 of representations gives rise to a
homomorphism, and not an antihomomorphism.

2. Prove that the continuity condition for a representation ® of G on a Hilbert
space V, in the presence of the homomorphism property, is equivalent with the
condition that ||®(z)|| be bounded in a neighborhood of the identity and that
®(z)v —» v as # — 1 for each v in a dense subset of V. Conclude that a
homomorphism of G into unitary operators on a Hilbert space V is continuous
(and hence is a representation) if g — ®(g)v is continuous for a dense set of vectors
veV.

3. Use the result of Exercise 2 to fill in the details that the left regular
representation of G on L?(G) is continuous.

4. If (®,V) and (¥, W) are representations of G, make V ® W into the
representation space of a representation ® ® ¥ of G.

5. If (®,V) is a representation of G and V' denotes the linear dual of V,
define ®¢(g)(v’)(v) = v/(®(g~1)v) for v € V and v’ € V'. Show that (®%, V') is a
representation of G. For the situation that V is topological and ® is continuous,
construct a representation ®¢ as the subrepresentation of ®' on the subspace of
continuous members of V. [®€ is called the contragredient of ®.]
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6. Check the group representation property and unitarity of the unitary prin-
cipal series representations of SL(2,R).

7. Verify that the norm for the induced and noncompact pictures of the
unitary principal series of SL(2,R) match, up to a scalar factor.



LECTURE 2
Semisimple Groups and Structure Theory

Semisimple Groups and Examples

A linear connected reductive group is a closed connected group of real or complex
matrices that is stable under conjugate transpose. A linear connected semisimple
group is a linear connected reductive group with finite center.

For a Lie group of matrices, we know that the Lie algebra can be identified
with all matrices ¢/(0), where ¢(t) is a smooth curve in the group with ¢(0) = 1.
The bracket is [4, B] = AB — BA. Here are some examples of various kinds of
linear connected reductive groups.

Example 1. Complex groups G with Lie algebra g:
a) General linear group:

G = GL(n,C) = {nonsingular n-by-n matrices over C}

g = gl(n, C) = {all n-by-n matrices over C
b) Special linear group:
G =SL(n,C) ={g € GL(n,C) | detg = 1}
g=s5l(n,C) = {X €gl(n,C) | Tt X = 0}
c¢) Complex orthogonal group:
G = SO(n,C) = {g € SL(n,C) | g¢* = 1}
g =s0(n,C) = {X €5l(n,C) | X + X* =0}

d) Complex symplectic group:
G = Sp(n,C) = {g € SL(2n,C) | ¢*Jg=J} with J = (_01 1&)
g = sp(n, ©) = {X € sl(2n,C) | X*J + JX = 0}.
Some people write Sp(2n,C) for the name of (d). Among the above complex

reductive groups, (a) has a one-dimensional (infinite) center, while the others have
finite center and are hence semisimple.

21
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Example 2. Compact groups G with Lie algebra g:
a) Rotation group:
G = SO(n) = {g € SL(n,C) | g*g = 1, real entries}
g =so(n) = {X €5l(n,C) | X* + X =0, real entries}

b) Unitary group:
G=U(n)={g € GL(n,C) | gg =1}
g=u(n) ={X € gl(n,C) | X' + X =0}
c) Special unitary group:

G=5U(n)={g€U(n)|detg =1}
g=su(n) ={X eu(n) | Tt X = 0}

d) “Unitary group” over quaternions H (up to isomorphism):

G = Sp(n) ={g €U(2n) | g"Jg = J}
g =sp(n) = {X €u(2n) | X*J + JX = 0}.

Example 3. More groups G with Lie algebra g:

a) Groups of real matrices in above complex groups. The group GL(n,R) is
disconnected and therefore is not reductive in the above definition. However, its
identity component is a reductive group in the above definition.

G = GLo(n,R) = {nonsingular n-by-n matrices over R, positive determinant}

g = gl(n, R) = {all n-by-n matrices over R}

G=SL(n,R)={g € GL(n,R)|detg =1}
g=sl(n,R)={X € gl(n,R) | Tr X = 0}

G = 50(n, &) = SO(n) = {g € SL(n, ®)| gg* = 1}
g = s0(n,R) = so(n) = {X €sl(n,R)| X + X* =0}

G = Sp(n,R) = {g € SL(2n,R) | g*Jg = J}
g =sp(n,R) = {X €sl(2n,R) | X*J +JX = 0}.

b) Isometry groups for indefinite Hermitian forms. The group O(m,n), the
linear isometry group for the real quadratic form z% +---+ 22 —22 , —---—22
in R™+7" has four components if m > 0 and n > 0. Restricting to determinant
one cuts the number of components down to two. We obtain a reductive (actually
semisimple) group by passing to the identity component.

identity component of linear isometry group for real quadratic form
mf—i—---—}—zfn—mfn+1 —---—mfn+n in RM*n

SOo(m, n) = {
Ul )= linear isometry group for Hermitian quadratic form
= |21|2+“'+|Zm|2— |zm+1|2—---—|zm+n|2 in (@’H’”

SU(m,n) ={g € U(m,n) | det g = 1}.
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We discuss the corresponding Lie algebras so(m, n), u(m,n), and su(m,n) later in
this lecture.

A linear connected reductive group G is mapped to itself by conjugate trans-
pose, and thus inverse conjugate transpose is an automorphism © of G with ©2 = 1.
It is called the (global) Cartan involution of G.

Let K = {g € G | ©g = g} be the subgroup of elements in G left fixed by ©.
If G is realized in n-by-n matrices, K is a closed subgroup of G N U(n), hence is
compact.

Let 8 be the differential of © at 1, namely negative conjugate transpose. This
is an automorphism of g with #2 = 1. It is called the Cartan involution of g.

Any linear transformation whose square is 1 has +1 and —1 eigenspaces whose
direct sum is the whole space. We write

g=tdp

for the corresponding eigenspace decomposition for . This decomposition is called
the Cartan decomposition of g. It has the following properties:

(a) t C {skew-Hermitian matrices}
(b) p C {Hermitian matrices}

(c) &Y Ct[e,p] Cp, and [p,p]CE
(d) ¢ = Lie algebra of K.

These properties are all elementary. For example, to see that the middle inclusion

holds in (c), let X € ¢ and ¥ € p. Then
0[X,Y]=[0X,0Y]=[+X,-Y] = —[X,Y],
and hence [X,Y] is in p.
Examples of t and p.
1) Let G = GL(n,C). Then K = U(n) and

t = {skew-Hermitian matrices}

p = {Hermitian matrices}.
2) Let G = SL(n,R). Then K = SO(n) and

t = {real skew-symmetric matrices}

p = {real symmetric matrices}.

3) Let G = S0O(n) or U(n) or SU(n) or Sp(n), i.e., any of our compact
examples. Then © =1,0=1, K =G, t =g, and p = 0.

4) Let G = SO¢(m,n). If we group the m + n indices into a set of m indices
and a set of n indices, then

X o0
?-{(0 Y),realskew}
_ 0 Z 1
p= gt o ) reale.

The sum g = ¢ @ p is the Lie algebra so(m, n) of SOq(m, n).



24 A. W.KNAPP, P. E. TRAPA, REPRESENTATIONS OF SEMISIMPLE GROUPS

5) Let G = U(m,n). Then

X 0 -
t= { ( 0 Y) , skew—Hermltlan}

[ D)

The sum g = ¢ @ p is the Lie algebra u(m, n) of U(m, n).
6) Let G = SU(m,n). Then

X 0 -,
t= { ( 0 Y) , skew-Hermitian of trace 0}

=iz 1)

The sum g = ¢ @ p is the Lie algebra su(m, n) of SU(m, n).

Structure Theory

All Lie algebras in this section are defined over R and are finite-dimensional
unless stated otherwise.

A simple Lie algebra is a Lie algebra with dimension greater than one and with
no nontrivial ideals. A semisimple Lie algebra is a Lie algebra with no nonzero
abelian ideals.

Simple clearly implies semisimple. The full relationship between “simple” and
“semisimple” will be discussed shortly.

The Killing form on g is defined by

B(X,Y)=Tr(ad X adY) for X and Y in g.
This is a symmetric bilinear form on g that is ‘nvariant in the sense that
B((ad 2)X,Y) = —B(X, (ad 2)Y).
Example. Let g = s[(2,R), and let {h, e, f} be the basis

—_ (10 _f{o1 _ (oo
=(s5) e= (). £=(20):

The bracket relations among the basis vectors are given by
[h'ae]:2ea [haf]:_zfa [eaf]:h'

800
We readily compute that the matrix of Bis | 004 |. For example, the entry in the

040
second row and third column is B(e, f) = Tr(ad ead f). The linear transformation
ad ead f carries h to 2h, e to 2e, and f to 0. Thus B(e, f) =2+2+0=4.

The theorem that gets the subject started is as follows.

Theorem (Cartan’s Criterion for Semisimplicity). A Lie algebra is semisimple if
and only if its Killing form is nondegenerate.

The word “nondegenerate” means that B(X,g) = 0 implies X = 0. Equiva-
lently the matrix of B is to be nonsingular.

It is fairly easy to derive from this theorem the full relationship between
“simple” and “semisimple”.
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Corollary. A Lie algebra is semisimple if and only if it is the direct sum of simple
Lie algebras that are each ideals.

A reductive Lie algebra is a Lie algebra that is the direct sum of two ideals, one
equal to a semisimple Lie algebra and the other equal to an abelian Lie algebra.

Proposition. A Lie algebra is reductive if and only if each ideal a in g has a
complementary ideal, i.e., an ideal b withg = a @ b.

Proposition. If G is linear connected semisimple, then g is semisimple. More
generally if G is linear connected reductive, then g is reductive with g = Z; @ [g, g]
as a direct sum of ideals. Here Z; denotes the center of g, and the commutator
ideal [g, g] is semisimple.

Example. gl(n,R) = {scalars} @ sl(n, R).

Let us pause to comment on other definitions of “semisimple” and “reductive”
for Lie groups.

Most authors define a semisimple Lie group to be a connected Lie group whose
Lie algebra is semisimple. Such a group G is a finite or infinite cover of the group
Ad(G), which, relative to any basis of g, is a group of real matrices with a semisimple
Lie algebra. A hard theorem shows that in a suitable basis Ad(G) is linear connected
semisimple. Thus the most general semisimple Lie group is the finite or infinite cover
of a linear connected semisimple group.

For example, it turns out that SL(2,R) has a double cover and that this double
cover is not isomorphic to a linear connected semisimple group.

The need for reductive Lie groups will be clearer when we consider induced
representations. One wants to construct as many representations as possible by
induction on the dimension of the group. The prototype is the principal series of
SL(n,R), which is constructed from representations of the diagonal group. Even
when the given group is semisimple, the natural candidate subgroups to use have
reductive Lie algebras (not necessarily semisimple) and may even be disconnected.
This is the case with the diagonal subgroup of SL(n,R). The exact conditions
in the definition of “reductive Lie group” vary from author to author, but in any
definition one wants certain important subgroups of a reductive Lie group to be
reductive.

Now let us return to structure theory. Every complex matrix decomposes as
the product of a unitary matrix and a positive semidefinite Hermitian matrix.
The positive semidefinite matrix is unique. If the given matrix is nonsingular, the
positive semidefinite matrix is positive definite, and the unitary matrix is unique.
In other words, the group G = GL(n,C) has G = Kexpp, where K = U(n)
and p is the vector space of Hermitian matrices. This decomposition is called the
polar decomposition of matrices. The generalization is called the (global) Cartan
decomposition, and the precise statement is as follows.

Theorem. If G is linear connected reductive, then K is compact connected and is
a mazimal compact subgroup of G. Its Lie algebra is . Moreover, the map of K x p
into G gwen by (k, X) = kexp X is a diffeomorphism onto.

Note in particular that the interesting part of the topology of G is carried by
K.



26 A. W.KNAPP, P. E. TRAPA, REPRESENTATIONS OF SEMISIMPLE GROUPS

Corollary. If G is linear connected reductive, then the center Zg of G satisfies
Zg = (Zg N K)exp(pN Zy).

In Lecture 1 we saw that G = SL(n,R) has a decomposition G = K AN, the
multiplication map being a diffeomorphism onto, as a consequence of the Gram-
Schmidt orthogonalization process. The generalization to all linear connected
reductive G is known as the “Iwasawa decomposition”. In order even to state
the theorem, we need definitions of A and N. These are obtained by working with
the Lie algebra.

Fix a linear connected reductive group G, and let a be any maximal abelian
subspace of p. The trace form on g is the complex-valued real-bilinear form given
by Bo(X,Y) = Tr(XY). This is invariant in the same sense as the Killing form,
namely

Bo((ad Z2)X,Y) = —Bo(X, (ad Z)Y).
Also (X,Y) = —Bo(X,0Y) = Tr(XY*) is a real-valued inner product on the real
vector space g.

Proposition. Relative to the inner product (-, -) on g,

(ad X)* = ad X* forall X € g.

Proof. For X, Y, and Z in g, we have (Y,(edX)*Z) = ((adX)Y,Z) =
Bo((ad X)Y, Z*) = —Bo(Y, (ad X)Z*) = (Y, [X, Z2*]*) = (¥, (ad X*) Z).

Consequently ad X is Hermitian for X € a. We seek a simultaneous eigenspace
decomposition relative to ad a. If X and Y are in a, then [ad X,adY] = ad [X,Y] =
ad 0 = 0 shows that ad X and ad Y commute. Thus if Hy, ..., H; is a basis of a, then
{ad H;} is a commuting family of Hermitian operators on g and is simultaneously
diagonalizable by the finite-dimensional Spectral Theorem. Let Vi,...,V, be the
eigenspaces in g for the different systems of eigenvalue tuples. If ad H; acts as A;;
on Vj, define a linear functional A; on a by A;(H;) = Ajj. If H = Y ¢;H;, then
ad H acts on V; by

Zci)\ij = ZC’L}\](H’L) = )\](H)
] ]
In other words, ad a acts in simultaneously diagonal fashion on g, and the simulta-
neous eigenvalues are members of the dual vector space a’. There are finitely many
such simultaneous eigenvalues, and we write gy for the eigenspace corresponding to
A € d’. The nonzero such A are called restricted roots.

Let us summarize. For A € o/, let g, be the corresponding simultaneous

eigenspace, namely

ov={X €g|(adH)X = A(H)X for all H € a}.

If A\ # 0 and g # 0, then X is a restricted root, and any X € g, is called a
restricted-root vector. Let ¥ be the set of all restricted roots. The result of the
previous paragraph is that we obtain a direct sum decomposition

g=0go @D @GA-
res

This is called the restricted-root space decomposition of g.
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Examples.

1) Let g = sl(n,R). Then ¥ = {e; —¢; | ¢ # j}. Here g,
go = {real diagonal, trace 0}.

2) Let g = sl(n,C). Then ¥ = {e; —e; | i # j}. Here ge;,_., = CE;; and
go = {complex diagonal, trace 0}.

3) Let g = su(p, q) with p > ¢. Recall that g consists of all (:* Z) with the

indices grouped into groups of sizes p and g and with a and d skew-Hermitian of
total trace 0. It can be shown that

Y =A{xfi £ fiIu{£filu{x2fi}

with f; defined as follows. One choice of a that we can use is to take a = 0,
d = 0, and b equal to 0 except in the bottom ¢ x ¢ block, where it consists of

0 - a4
). Then f; € o has value a; on this. The

= REij and

—e;

all real antidiagonal matrices (
a; - 0
formulas for the restricted-root vectors and the verifications of our formulas for

all the restricted roots are too complicated to give here, and we omit them. The
exercises ask for a computation in a relatively easy case and in the general case.

Proposition.

1) (92, 8] C @rpu-

2) Ogx = g_». Hence X € T implies —X € .

3) g» and g, are orthogonal with respect to (-, ) if X # p.

4) go = a ® m, where m = Zy(a) is the centralizer of a in t. Moreover the sum
is an orthogonal sum.

To define n, we introduce a “lexicographic ordering” in a’. Namely fix an
ordered basis A1,..., A of d’. Define A = 3 ¢;A; to be positive if the first nonzero
¢; is > 0. The ordering comes from saying A > p if A — p is positive.

Let 1 be the set of positive members of .

Examples. In the examples above, we can arrange that
° E"’:{ei—ej i< 3}
° E"’:{ei—ej i< 3}
o St={fitfili<j}u{fi}u{2fi}.

Now define
- D o
Aexz+

This is a Lie subalgebra of g as a consequence of conclusion (1) of the proposition.
Let A and N be the analytic subgroups of G with Lie algebras a and n. We can
now state the Iwasawa decomposition, first on the level of Lie algebras and then on
the level of Lie groups.

Proposition. For G linear connected reductive, g is a direct sum g = ¢ D a @ n.
Here a is abelian, n is nilpotent, a ® n is solvable, and [a @ n, a ® n] equals n.

Theorem. For G linear connected reductive, let A and N be the analytic subgroups
with Lie algebras a and n. Then A, N, and AN are simply connected closed
subgroups of G, and the multiplication map K X Ax N — G given by (k,a,n) — kan
is a diffeomorphism onto.
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We conclude this lecture by discussing “minimal parabolic subgroups”. We
define M = Zg(a) to be the centralizer of a in K, i.e., the set of all £k € K such
that Ad(k) =1 on a. In SL(n,R) or SL(n,C) with A chosen as in the examples
above, M is the diagonal subgroup. In SU(m,n), M is nonabelian if m > n + 1.

Proposition.
1) M is a closed subgroup of K, hence compact.
2) M centralizes a and normalizes each g .
3) M centralizes A and normalizes N. In fact, Ad(m)gx C gx for all X.
4) M AN is a closed subgroup of G.

Proof of (2). Take H € a, m € M, and X5 € gx. Then [H,Ad(m)X,] =
Ad(m)[Ad(m)~1H, X,] = Ad(m)[H, X»] = AM(H)Ad(m)X,.

The subgroup M AN is called a minimal parabolic subgroup of G.

Theorem. The natural inclusion Ng(a) < Ng(a) induces an isomorphism
Nk (a)/Zk(a) = Ng(a)/Za(a), and these quotients are finite groups.

The left side, for example, is the set of distinct linear transformations by which
members of K act on the vector space a.

Example. For G = GL(n,(C), Ng(a) consists of all matrices with one nonzero
entry in each row and column.

Theorem (Bruhat decomposition). The double coset space MAN\G/M AN is
parametrized in one-one onto fashion by Na(a)/Zg(a), the double coset correspond-
ing to w in this quotient being MANwWM AN, where w is any representative of w
n Ng(a).

We do not make much use of this theorem in these lectures, but the theorem
can be used in proving that generic principal series representations are irreducible.

Notes

Examples of semisimple Lie algebras and groups are given in [K2], pp. 33-36
and pp. 66-73. Some of this material may be found also in [K1], pp. 4-6. Structure
theory of the kind in this lecture is discussed for linear groups in [K1], pp. 3-4,
pp- 7-10, and Chapter V. A more thorough treatment, not limited to linear groups,
is in [K2], pp. 24-32, pp. 291-318, pp. 379-384, and pp. 397-401. Structure theory
may be found also in [He].

Exercises

1. Verify that the polar decomposition for any g € GL(n, C) is unique.

0 0 O
2. For su(2,1) with ag = 0 0 a a € R 3, find the restricted root
0 a O

space spaces, and verify that the restricted roots are as given in the lecture.
3. Redo Exercise 2 for the general case of su(p, gq).



LECTURE 3
Introduction to Representation Theory

Abstract Representation Theory of Compact Groups

A multiplicative character of a topological group is a continuous homomorphism
of G into C*. It may be canonically identified with a one-dimensional representation
by identifying C* with GL(1,C). The condition Image C {|z| = 1} is equivalent
with the condition that this one-dimensional representation be unitary.

Some authors use the word “quasicharacter” when the image is allowed to be
in C*, reserving the word “character” for the case that the image is in {|z| = 1}.
Later in this section we shall discuss characters associated to representations of
dimension greater than 1; the adjective “multiplicative” is used to stress that the
associated representation is one-dimensional.

The setting for this section is that G is compact. Our interest is in the
irreducible finite-dimensional representations of G. Only near the very end do
we consider any infinite-dimensional representations.

The prototype is the case that G is the circle group, namely R/277Z. In this
case the measure % dz is invariant under translation (i.e., is a “Haar measure”),
and its total mass is 1. The multiplicative characters for the circle group are the
functions z — €', and there are no others, as is shown in the exercises. These
functions have the properties that they are orthogonal and and have norm one in
Lz(% dz). If f is any integrable function on G, its Fourier coefficients are given by

1 " .
Cn = %/_7r f(z)e ™" de.

Parseval’s formula expresses the completeness of the orthonormal set of multiplica-
tive characters of the circle group in L?(G):

[o¢]

@) de= ) lenl®.

n=—00

1 K

2m ),

The left side here is nothing more than the L? norm of f with respect to our choice
of invariant measure.

For a general compact group G, the multiplicative characters are insufficient
for an analysis of L?(G). To see this, let [G, G] be the subgroup of G generated by
all elements zyz~'y~!. Every multiplicative character is trivial on these elements.

29
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Hence if G = [G, G], as is the case with G = SU(2), then G has no nontrivial
multiplicative character.

We shall need to develop a general theory as a substitute.

We begin by generalizing %dz from the circle group to a general compact
group G. A left or right Haar measure on G is a nonzero regular Borel measure on
G invariant under left or right translations.

Theorem. A compact group G has a left Haar measure unique up to a constant,
and it is also a right Haar measure.

Normalize Haar measure to have total mass 1, and write it as dz.

Proposition. If ® is a representation of G on a finite-dimensional vector space
V, then V admits a Hermitian inner product such that ® is unitary.

Sketch of proof. From any given Hermitian inner product (-, -) on V, define
( Tt ) by
(u,v) = / (®(z)u, ®(z)v) de.
G

One checks readily that (-, -) is an inner product and that ® is unitary relative to
it.

This proposition is fundamental, and it is often applied without specific men-
tion. When we write (-, - ) for a Hermitian inner product on the space of a finite-
dimensional representation, we assume that it exhibits the representation as unitary,
i.e., that (-, -) is invariant under the group action.

Corollary. If ® is a representation of G on a finite-dimensional vector space
V, then ® is the direct sum of irreducible representations. In other words, V —=
Vi® .- ® Vi, with each V; an invariant subspace on which ® acts irreducibly.

Sketch of proof. As we saw in Lecture 1, the orthogonal complement of an
invariant subspace for a unitary representation is an invariant subspace. Decompose
the representation, and keep on decomposing the resulting pieces. The finite-
dimensionality forces the process to stop with all pieces irreducible.

The corollary has an interesting interpretation in terms of matrices. It says
that the space V admits a basis in which all ®(g) are simultaneously block diagonal
matrices, and each block is an irreducible representation.

Theorem (Schur’s Lemma). Suppose ® and ¥ are irreducible representations of G
on finite-dimensional vector spaces U and V, respectively. If L : U — V is a linear
map such that ¥(g)L = L®(g) for all g € G, then L is one-one onto or L = 0.

Sketch of proof. ker L and image L are invariant subspaces. Sort out the possi-
bilities.

Remark. Note that the alternative in Schur’s Lemma that L is one-one onto means
that ® and ¥ are equivalent. Thus the conclusion of the result is that either L = 0
or L exhibits ® and ¥ as equivalent.

Corollary. Suppose ® is an irreducible representation of G on a finite-dimensional
vector space V. If L : V — V is a linear map such that ®(g)L = L®(g) for all
g € G, then L is scalar.
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Proof. Consider L — A for an eigenvalue A of L, and apply Schur’s Lemma to see
that L — A = 0.

Corollary. For a compact abelian group, every irreducible finite-dimensional
representation is one-dimensional and hence is given by a multiplicative character.

Proof. Take L = ®(go). Since ®(g9)L = LP(g) for all g € G, the previous corollary
shows that ®(go) is scalar for each go € G. Any one-dimensional subspace is then
invariant, and irreducibility forces the whole space to be one-dimensional.

Theorem (Schur orthogonality relations).

1) Let ® and ¥ be inequivalent irreducible unitary representations of G on finite-
dimensional vector spaces U and V, respectively, and let the understood invariant
Hermitian inner products be denoted (-, -). Then

/G(<I>(1:)u, v)(¥(z)u',v')de =0

forallu, v inU and v/, v/ in V.

2) Let ® be an irreducible unitary representation on a finite-dimensional vector
space V, and let the understood invariant Hermitian inner product be denoted (-, -).
Then

/ (®(2)ur, v1)(B(2)us, v) d — (L1 ¥2)(v1,02)
a dimV

fO’I' U1, V1, U2, V2 € V.

The functions (®(z)u,v) in the above theorem are called matriz coefficients.
According to the first conclusion of the theorem, matrix coeflicients of inequivalent
irreducible finite-dimensional representations are orthogonal. The prototype for
this conclusion is the orthogonality of e™® and e for the circle when m # n.

The second conclusion of the theorem generalizes the fact for the circle group
that each e has L% norm 1. It says that +/dimV (®(z)u,v) has L? norm 1
provided the representation on V is irreducible.

At the beginning of the lecture we promised that we would introduce a notion
of character for a finite-dimensional representation of dimension greater than 1, and
we now come to that. The degree d = ds of a finite-dimensional representation ®
is the dimension of the underlying vector space. The global character of ® is the
function

xa(z) = Tr&(z) = Y (B(2)us, w),
]
provided the u; form an orthonormal basis of the vector space.
Proposition. Global characters of finite-dimensional representations of G satisfy
the following properties:
(a) xa depends only on the equivalence class of ®
(b) x=(9zg™ ') = xa(z)
() xe =Xz, +-+x2, fE=2,0--- O Py
(d) For contragredients ®°(z) = ®(z~1)* and tensor products (® ® ¥)(z) =
®(z) ® U(z), the characters satisfy xa- = Xa ond Xage