
Homework 7, due 10/5/2015

1. (Artin 2.4.7+) Let x and y be elements of a group G. Assume that each of
the elements x, y, and xy has order 2. Prove that the set H = {1, x, y, xy}
is a subgroup of G. What’s another name for this group H, i.e. what group
that we have already seen is H isomorphic to?

2. (Artin 2.4.9+) How many elements of each order (first decide what the
possibilities are!) does the symmetric group S4 contain?

3. (Artin 2.4.11b+) Recall we have defined the sign homomorphism ε : Sn →
{±1} given by the composite det ◦p, where p(σ) is the permutation matrix
associated to the permutation σ. Define the alternating group on n letters,
An, to be the kernel of ε.

(a) What is the order of An?

(b) What is a simpler ‘name’ (up to isomorphism) for the group A3?

(c) Prove that, for n ≥ 3, the 3-cycles generate the alternating group An.
(Recall that you showed the transpositions, i.e. 2-cycles, generate Sn.
But the transpositions are not elements of An!)

4. Let V be a vector space over a field F , and let W be a subspace of V . In
class we defined the quotient vector space V/W : it is simply the quotient
taken in the sense of abelian groups, but it moreover inherits a well-defined
scalar multiplication, so it is also a vector space over F . Show that there
is a bijective correspondence between subspaces of V/W and subspaces of
V that contain W in the following steps:

(a) If V1 is a subspace of V containing W , then V1/W is naturally a
subspace of V/W .

(b) If V1 is a subspace of V/W , then its preimage V1 in V under the
quotient map V → V/W is a subspace of V containing W .

(c) These two constructions are inverse to one another.

If V is R3, and W is a line through the origin (a 1-dimensional subspace),
describe the subspaces of V containing W .
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