Smooth Macro-Elements Based on Powell-Sabin Triangle Splits

Peter Alfeld^{1)} and Larry L. Schumaker^{2)}

Abstract. Macro-elements of smoothness C^r on Powell-Sabin triangle splits are constructed for all r ˘ 0. These new elements are improvements on elements constructed in [13] in that certain unneeded degrees of freedom have been removed.

§1. Introduction

A bivariate macro-element defined on a triangle T consists of a finite dimensional linear space S defined on T , and a set Λ of linear functionals forming a basis for the dual of S.

It is common to choose the space S to be a space of polynomials or a space of piecewise polynomials defined on some subtriangulation of T . The members of Λ, called degrees of freedom, are usually taken to be point evaluations of derivatives.

A macro-element defines a local interpolation scheme. In particular, if f is a sufficiently smooth function, then we can define the corresponding interpolant as the unique function s ∈ S such that λs = λf for all λ ∈ Λ. We say that a macro-element has smoothness C^r provided that if the element is used to construct an interpolating function locally on each triangle of a triangulation △, then the resulting piecewise function is C^r continuous globally.

The first C^r macro-elements were constructed using polynomials of degree 4r + 1, see Remark 8.1. To get macro-elements using lower degree polynomials, it is necessary to split the triangle. Here we focus on the case where T is split into six subtriangles as follows. Suppose the vertices of T are V := {v_1, v_2, v_3}, that v_T is a point inside of T , and that W := {w_1, w_2, w_3} are points on the edges ⟨v_i, v_{i+1}⟩. Then the corresponding Powell-Sabin split T_{P S} of T consists of the six triangles

T^{[i]} := ⟨v_T , v_i, w_i⟩, ~T^{[i]} := ⟨v_T , w_i, v_{i+1}⟩, i = 1, 2, 3, (1.1)

1) Department of Mathematics, University of Utah, 155 South 1400 East, JWB 233, Salt Lake City, Utah 84112-0090, alfeld@math.utah.edu.

2) Department of Mathematics, Vanderbilt University, Nashville, TN 37240, s@mars.cas.vanderbilt.edu. Supported by the National Science Foundation under grant DMS-9803340 and by the Army Research Office under grant DAAD-19-99-1-0160.

Fig. 1. The Powell-Sabin split.

where we identify v_4 = v_1, see Fig. 1. Let E be the set of edges ⟨v_T , w_i⟩ for i = 1, 2, 3.

The classical Powell-Sabin macro element [17] is based on the triangulation T_{P S} and the 9-dimensional space of C^1 quadratic splines on T_{P S} . The 9 degrees of freedom are chosen to be the values and gradients at the three vertices of T .

Several authors have created smoother versions of this classical quadratic PSelement, see [5,13,18–21] and references therein. C^r elements based on the PS-split and using polynomials of the lowest possible degree were constructed recently in [13] based on the superspline spaces

~S^{r,ρ,μ}_d (T_{P S}) := {s ∈ C^r(T ) : s is a piecewise polynomial of degree d on T_{P S} ,

s ∈ C^ρ(v) for all v ∈ V, s ∈ C^μ(v) for all v ∈ W,

and s is C^μ across all edges in E} (1.2) for appropriate values of ρ and μ depending on r. As usual, C^μ(v) means that all polynomials on triangles sharing the vertex v have common derivatives up to order μ at that vertex. Note that (1.2) is a superspline space with additional continuity across certain interior edges.

The purpose of this paper is to show how the elements of [13] can be improved by reducing the number of degrees of freedom, resulting in macro-elements on the PS-split which can be parametrized in terms of point-evaluations of derivatives at the vertices and certain cross-boundary derivatives only.

The paper is organized as follows. In Sect. 2 we introduce some notation, and in Sect. 3 we review the theory of minimal determining sets for spline spaces. In

Sect. 4 we state and prove the main result of the paper. In Sect. 5 we illustrate the result with some examples, and in Sect. 6 we translate our results to nodal form. in Sect. 7 we discuss the use of our elements for Hermite Interpolation. The paper concludes with remarks in Sect. 8.

§2. Preliminaries Our starting point is [13], and we closely follow the notation used there and in the papers [1–14]. Given a triangle T := ⟨u_1, u_2, u_3⟩ and an integer d, we use the Bernstein-Bézier representation p = ∑ i+j+k=d c^T_{ijk}B^d_{ijk}, for polynomials of degree d. Here B^d_{ijk} are the Bernstein polynomials of degree d associated with T defined by B^d_{ijk}(u) := d ! i ! j ! k !

α^iβ^j γ^k, i + j + k = d, (2.1)

where (α, β, γ) are the barycentric coordinates of the point u ∈ IR^2 in terms of the triangle T .

As usual, we denote the associated domain points by ξ^T_{ijk} := (iu_1 + ju_2 + ku_3) d , i + j + k = d. We will work with rings and disks of domain points defined by R^T_n (u_1) := {ξ^T_{ijk} : i = d − n}, D^T_n (u_1) := {ξ^T_{ijk} : i ≥ d − n}, with similar definitions at the other vertices of T . In the sequel we shall frequently say that a coefficient is on a ring or in a disk when what we really mean is that its associated domain point is in that location.

Suppose that T := ⟨u_1, u_2, u_3⟩ and ~T := ⟨u_4, u_3, u_2⟩ are two adjoining triangles which share the edge e := ⟨u_2, u_3⟩. Let p and p̃ be two polynomials of degree d with B-coefficients c_{ijk} and c̃_{ijk} relative to T and ~T , respectively. Then it is well known that p and p̃ join with C^r continuity across the edge e if and only if c̃_{n,m−n,d−m} = ∑ i+j+k=n c_{i,j+d−m,k+m−n}B^n_{ijk}(u_4), (2.2) for m = n, . . . , d and n = 0, . . . , r. Here B^n_{ijk} are the Bernstein polynomials of degree n on the triangle T .

Assuming that the coefficients of p are known and that p̃ joins p with C^r continuity, the smoothness conditions (2.2) can be used to compute the coefficients c̃_{n,m−n,d−m} of p̃ for 0 ≤ n ≤ r. They can also be used in situations where some of the coefficients of both p and p̃ are known and others are unknown. We need the following lemma which shows how this works for computing coefficients on the ring R^T_m(u_2) ∪ R~^T_m(u_2), assuming that an appropriate set of smoothness conditions across the edge e are satisfied.

Lemma 2.1. [2] Suppose T and ~T are as above, and that all coefficients c_{ijk} and c̃_{ijk} of the polynomials p and p̃ are known except for c_ν := c_{ν,d−m,m−ν} , ν = ℓ + 1, . . . , q, c̃_ν := c̃_{ν,m−ν,d−m}, ν = ℓ + 1, . . . , q̃, (2.3)

for some ℓ, m, q, q̃ with 0 ≤ q, q̃, −1 ≤ ℓ ≤ q, q̃, and q + q̃ − ℓ ≤ m ≤ d. Then these coefficients are uniquely determined by the smoothness conditions c̃_{n,m−n,d−m} = ∑ i+j+k=n c_{i,j+d−m,k+m−n}B^n_{ijk}(u_4), ℓ + 1 ≤ n ≤ q + q̃ − ℓ. (2.4)

§3. Minimal determining sets

Let S^0_d (△) be the space of continuous splines of degree d on a triangulation △, and let D_{d,△} be the union of the sets of domain points associated with each triangle of △. Then it is well known that each spline in S^0_d (△) is uniquely determined by its set of B-coefficients {c_ξ}_{ξ∈Dd,}4. In particular, the coefficients of the polynomial s|_T are precisely {c_ξ}_{ξ∈Dd,}4_{∩T} .

In this paper we are interested in subspaces S of S^0_d (△) which satisfy additional smoothness conditions, including smoothness conditions across edges, smoothness conditions at vertices, and certain special individual smoothness conditions. Suppose that T := ⟨u_1, u_2, u_3⟩ and ~T := ⟨u_4, u_3, u_2⟩ are two adjoining triangles which share the edge e := ⟨u_2, u_3⟩. Let c_{ijk} and c̃_{ijk} be the coefficients of the Brepresentations of s_T and s~_T , respectively. Then for any n ≤ m ≤ d, let τ^n_{m,e}s := c̃_{n,m−n,d−m} − ∑ i+j+k=n c_{i,j+d−m,k+m−n}B^n_{ijk}(u_4), (3.1)

where B^n_{ijk} are the Bernstein polynomials of degree n on the triangle T . In terms of these linear functionals, the conditions (2.2) for C^r smoothness across the edge e can be restated as τ^n_{m,e}s = 0, n ≤ m ≤ d, 0 ≤ n ≤ r. If s is a spline in S^0_d (△) which satisfies additional smoothness conditions, then clearly we cannot independently choose all of its coefficients {c_ξ}_{ξ∈Dd,}4. We recall that a determining set for a spline space S ⊆ S^0_d (△) is a subset M of the set of domain points D_{d,△} such that if s ∈ S and c_ξ = 0 for all ξ ∈ M, then c_ξ = 0 for all ξ ∈ D_{d,△}, i.e.,, s ≡ 0. The set M is called a minimal determining set (MDS) for S if there is no smaller determining set. It is known that M is a MDS for S if and only if every spline s ∈ S is uniquely determined by its set of B-coefficients {c_ξ}_{ξ∈M}.

A MDS M is called stable provided that for each θ > 0 there exist positive constants K_1 and K_2 depending only on θ such that K_1‖c‖_∞ ≤ ‖s‖_∞ ≤ K_2‖c‖_∞, whenever △ is a triangulation whose smallest angle exceeds θ. Here ‖c‖ := max_{ξ∈M} |c_ξ|, and ‖s‖_∞ is the maximum of |s(x)| over the union of the triangles of △.

We conclude this section with some additional notation. If v is a vertex of △, the rings R_m(v) and disks D_m(v) are defined to be the unions of the rings R^T_m(v) and disks D^T_m(v), respectively, taken over all triangles T attached to v.

§4. The main result

We begin by defining certain spline spaces defined on the PS split. The notation is somewhat complicated since (as we discovered from computational experiments, see Remark 8.2), it is necessary to distinguish eight cases based on the value of r. Let ~S^{r,ρ,μ}_d (T_{P S}) be the space of supersplines defined in (1.2). For ease of notation, in the remainder of the paper we will write τ^n_{m,l} := τ^n_{m,⟨vl,vT ⟩}, 1 ≤ l ≤ 3, (4.1) where τ^n_{m,e} are the linear functionals defined in (3.1).

Definition 4.1. Given r ≥ 0, let k be such that 8k ≤ r ≤ 8k + 7. Let ρ, μ, d, p, q, n be the associated integers defined in Table 1, and let S_r(T_{P S} ) be the subspace of all splines s ∈ ~S^{r,ρ,μ}_d (T_{P S}) such that τ^{r+i}_{ρ+j,1}s = τ^{r+i}_{ρ+j,2}s = τ^{r+i}_{ρ+j,3}s = 0, 1 ≤ i ≤ { 2j − 1, r even 2j − 2, r odd, (4.2)

for 1 ≤ j ≤ p, and τ^{r+i}_{ρ+j,1}s = 0, 1 ≤ i ≤ n − 2j, τ^{r+i}_{ρ+j,2}s = 0, 1 ≤ i ≤ n − 2j − 1, τ^{r+i}_{ρ+j,3}s = 0, 1 ≤ i ≤ n − 2j − 2, (4.3) for p + 1 ≤ j ≤ q.

Tab. 1. Parameters for the space Sr(T_{P S}). r ρ μ d p q n 8k 12k 12k + 1 18k + 1 k 2k 4k + 3 8k + 1 12k + 1 12k + 1 18k + 2 k 2k 4k + 2 8k + 2 12k + 3 12k + 3 18k + 5 k 2k + 1 4k + 3 8k + 3 12k + 4 12k + 5 18k + 7 k + 1 2k + 1 4k + 4 8k + 4 12k + 6 12k + 7 18k + 10 k + 1 2k + 1 4k + 5 8k + 5 12k + 7 12k + 7 18k + 11 k + 1 2k + 1 4k + 4 8k + 6 12k + 9 12k + 9 18k + 14 k + 1 2k + 2 4k + 5 8k + 7 12k + 10 12k + 11 18k + 16 k + 1 2k + 2 4k + 6

Tab. 2. Parameters for Theorem 4.2. r a b κ 8k 57 3 6k^2 + 3k 8k + 1 93 9 6k^2 − 3k 8k + 2 165 30 6k^2 + 3k + 1 8k + 3 207 48 6k^2 + 3k 8k + 4 279 87 6k^2 + 9k + 3 8k + 5 315 111 6k^2 + 3k 8k + 6 387 168 6k^2 + 9k + 4 8k + 7 429 207 6k^2 + 9k + 3

Theorem 4.2. Given 8k ≤ r ≤ 8k+7, let a, b be the associated integers in Table 2. Then dim S_r(T_{P S}) = 222k^2 + ak + b. (4.4)

Moreover, the following set M_r is a stable MDS for S_r(T_{P S}):

1) D^{T [i]}_ρ (v_i) for i = 1, 2, 3, 2) {ξ^{T [i]}_{j,j+μ−d−1,2d+1−μ−2j} , . . . , ξ^{T [i]}_{j,0,d−j}} for j = d − μ + 1, . . . , r and i = 1, 2, 3. Here ρ and μ are the integers in Table 1.

Proof: First we show that M_r is a determining set. Suppose s is a spline in S_r(T_{P S} ) and that c_ξ = 0 for all ξ ∈ M_r. We claim that all other coefficients must also be zero, and so s ≡ 0. For ease of notation, we write R_j(v_i) for the ring R^{T [i]}_j (v_i), where T^{[i]} are the triangles defined in (1.1). We also define E_{j,i} := {ξ^{T [i]}_{j,d−j−ν,ν} }^{d−j}_{ν=0} ∪ {ξ ~^{T [i]}_{j,ν,d−j−ν} }^{d−j}_{ν=0}. These are the domain points in the j-th row of T^{[i]} ∪ ~T^{[i]} parallel to the edge ⟨v_i, v_{i+1}⟩. The process proceeds in steps, and at any point in it, we refer to the coefficients which have already been shown to be zero as known, and refer to the remaining coefficients as unknown. First, we use the smoothness conditions to compute the values of the unknown coefficients in the disks D_ρ(v_l) for l = 1, 2, 3. They turn out to be zero since they depend directly on the values of c_ξ for ξ ∈ M_r which are all assumed to be zero. We then use the C^μ smoothness conditions across the edges ⟨v, w_l⟩ and Lemma 2.1 to compute the μ unknown coefficients in each of the rows E_{0,l}, . . . , E_{r,l}, l = 1, 2, 3. This involves nonsingular systems with zero right-hand sides. Then for each 1 ≤ j ≤ p and l = 1, 2, 3, we compute the 2(ρ − r + j − 1) + 1 unknown coefficients on the ring R_{ρ+j} (v_l). The computation of the remaining unknown coefficients divides into six cases.

Case 1: r = 8k, 8k + 1. We perform a cycle of computations. For each j = p + 1, . . . , q: a) compute the 2(ρ − r + j − 1) + 1 unknown coefficients on the ring R_{ρ+j} (v_1), b) compute the d − r + 2p − 2j + 1 unknown coefficients in the rows E_{r+2(j−p)−1,1} and E_{r+2(j−p)−1,3}, c) compute the 2(ρ − r + j − 1) unknown coefficients on the ring R_{ρ+j} (v_2), d) compute the d − r + 2p − 2j + 1 unknown coefficients in the row E_{r+2(j−p)−1,2}, e) compute the 2(ρ − r + j − 1) − 1 unknown coefficients on the ring R_{ρ+j} (v_3). f) if j < q, compute the d−r+2p−2j unknown coefficients in the rows E_{r+2(j−p),l}, l = 1, 2, 3.

At this point the only remaining unknown coefficients lie inside the disk D_μ(v_T ). In view of the supersmoothness μ at the vertex v_T , we can consider these coefficients to be those of a polynomial P of degree μ = 12k + 1 on a single triangle ⟨u_1, u_2, u_3⟩. Since we have already computed all coefficients of s in the disks D_{ρ+q}(v_l), this gives us all coefficients of P in the disks D_{8k}(u_l) for l = 1, 2, 3. These determine all coefficients of P , and hence all remaining coefficients of s.

Case 2: r = 8k + 2. In this case we do the cycle of computations of Case 1 for j = p + 1, . . . , q − 1. Next we compute the r + 1 unknown coefficients on the ring R_{ρ+q}(v_1). This gives us all of the coefficients of a polynomial P of degree μ = 12k + 3 in the disks D_{8k+2}(u_1) and D_{8k+1}(u_l) for l = 2, 3. These determine all coefficients of P , and hence all remaining coefficients of s.

Case 3: r = 8k + 3. If k > 0, we first compute the d − r − 1 unknown coefficients in each of the rows E_{r+1,l} for l = 1, 2, 3. We then do the following cycle of computations. For each j = p + 1, . . . , q − 1:

a) compute the 2(ρ − r + j − 1) + 1 unknown coefficients on the ring R_{ρ+j} (v_1), b) compute the d − r + 2p − 2j + 1 unknown coefficients in the rows E_{r+2(j−p),1} and E_{r+2(j−p),3}, c) compute the 2(ρ − r + j − 1) unknown coefficients on the ring R_{ρ+j} (v_2), d) compute the d − r + 2p − 2j + 1 unknown coefficients in the row E_{r+2(j−p),2}, e) compute the 2(ρ − r + j − 1) − 1 unknown coefficients on the ring R_{ρ+j} (v_3), f) if j < q, compute the d − r + 2p − 2j unknown coefficients in the rows E_{r+2(j−p)+1,l}, l = 1, 2, 3.

To complete the computation, we find the unknown coefficients on R_{ρ+q}(v_1), on edge E_{r+2(q−p)−1,1} if q > p, and on R_{ρ+q}(v_2). This gives us all coefficients of the degree μ = 12k + 5 polynomial P in the disks D_{8k+3}(u_l), l = 1, 2, and D_{8k+2}(u_3). These determine all coefficients of P , and hence all remaining coefficients of s.

Case 4: r = 8k + 4, r = 8k + 5. We proceed as in Case 3, except now we do the cycles for all j = p + 1, . . . , q. This gives us all coefficients of the degree μ = 12k + 7 polynomial P in the disks D_{8k+4}(u_l), l = 1, 2, 3. These determine all coefficients of P , and hence all remaining coefficients of s.

Case 5: r = 8k + 6. We first compute the unknown coefficients in the rows E_{r+1,l} for l = 1, 2, 3, and then perform the cycles as in Case 3 for j = p + 1, . . . , q − 1. To complete the computation, we then compute the unknown coefficients on the ring R_{ρ+q}(v_1). This gives us all coefficients of the degree μ = 12k + 9 polynomial P in the disks D_{8k+6}(v_1) and D_{8k+5}(u_l), l = 2, 3. These determine all coefficients of P , and hence all remaining coefficients of s.

Case 6: r = 8k + 7. We begin by doing the cycles of Case 1 for j = p + 1, . . . , q − 1. Then we compute the unknown coefficients on R_{ρ+q}(v_1), on edge E_{r+2(q−p)−1,1}, and ring R_{ρ+q}(v_2). This gives us all coefficients of the degree μ = 12k + 11 polynomial P in the disks D_{8k+7}(v_1), l = 1, 2 and D_{8k+6}(u_3). These determine all coefficients of P , and hence all remaining coefficients of s.

This completes the proof that M_r is a determining set for S_r(T_{P S}). We now show that it is minimal. Clearly,

#M_r = 3 ( ρ + 2 2 ) + 3 ( r + μ − d + 1 2 ) , (4.5)

which reduces to the number listed in (4.4). Now for r = 2m, our spline space S_r(T_{P S} ) is a subspace of the spline spaces of Theorems 4.1, 5.1, 6.1, and 7.1 of [13]. S_r(T_{P S} ) is the subspace satisfying the smoothness conditions listed in (4.2)–(4.3). It is easy to see that the number of such conditions depends on k, and is given by the integer κ listed in Table 2. Thus, using the stated theorems, we have

dim S_r(T_{P S}) ≥

57m^2+54m+13

4 − κ, r = 2m, m odd,

57m^2+60m+12

4 − κ, r = 2m, m even,

57m^2+90m+36

4 − κ, r = 2m + 1, m even,

57m^2+96m+39

4 − κ, r = 2m + 1, m odd.

But this is equal to #M_r, and we conclude that M_r is a MDS and dim S_r(T_{P S}) = #M_r.

To verify the stability of M_r, we observe that all of the above computations are stable since the determinants of the systems arising in Lemma 2.1 (cf. the proof in [2]) are bounded away from zero by a constant depending only on the smallest angle in T_{P S} and the barycentric coordinates of the center point v_T .

§5. Examples

In this section we illustrate the construction of the previous section for several values of r. For reference, in Table 3 we list the values of r, ρ, d and the corresponding dimensions for 1 ≤ r ≤ 15.

Tab. 3. Properties of Sr(T_{P S}). r ρ d dim 1 1 2 9 2 3 5 30 3 4 7 48 4 6 10 87 5 7 11 111 6 9 14 168 7 10 16 207 8 12 19 282 9 13 20 324 10 15 23 417 11 16 25 477 12 18 28 588 13 19 29 648 14 21 32 777 15 22 34 858

Figures 2 – 9 show the elements corresponding to r = 2, . . . , 9. This covers each of the eight cases. In each figure we mark the domain points corresponding to item 1) of Theorem 4.2 with black dots, and those corresponding to item 2) with black squares. Each figure also includes additional information on the special smoothness conditions and the calculation of unset coefficients. In particular, we mark the endpoints of special smoothness conditions with a bracket, and also illustrate the steps in the calculation of unset coefficients by drawing lines through the groups of domain points being calculated in each step. The grey line marks the disk D_μ(v_T ) corresponding to the supersmoothness C^μ(v_T ). The grey-shaded area marks the union of the disks D_ρ(v_i) and the sets E_{0,i}, . . . , E_{r,i} for i = 1, 2, 3.

We now discuss two examples in detail.

Example 5.1. The space S_2(T_{P S}) is the 30 dimensional subspace of ~S^{2,3,3}_5 (T_{P S}) which satisfies one additional smoothness condition corresponding to the linear functional τ^3_{4,1}.

Discussion: Fig. 2 illustrates the MDS for this space. It consists of 10 points in each of the disks D_3(v_i), marked with black dots. The tip of the smoothness condition corresponding to τ^3_{4,1} is marked with a bracket. In following the proof of Theorem 4.2, after computing the coefficients corresponding to the points in the sets E_{0,l}, . . . , E_{2,l} for l = 1, 2, 3, we use Lemma 2.1 to compute the remaining three coefficients on ring R_4(v_1).

Example 5.2. The space S_4(T_{P S}) is the 87 dimensional subspace of ~S^{4,6,7}_{10} (T_{P S}) which satisfies three additional smoothness conditions associated with τ^5_{7,l} for l = 1, 2, 3.

Discussion: Fig. 4 shows the MDS for this element. It consists of 28 points in each of the disks D_6(v_i), marked with dark dots, along with the three points marked with squares.

§6. Nodal degrees of freedom

It is common in the finite-element literature to describe the degrees of freedom of macro-elements in terms of derivatives. In this section we show that there is a natural way to do this for the macro elements introduced in Definition 4.1. Let D_x and D_y be the usual partial derivatives. Let δ_t be point evaluation at t. If e := ⟨v_l, v_{l+1}⟩ is one of the edges of T , we denote the derivative normal to that edge by D_e. Let η^j_{e,i} := (j + 1 − i)v_l + iv_{l+1} j + 1 , i = 1, . . . , j. (6.1) Theorem 6.1. Given 8k ≤ r ≤ 8k + 7, let S_r(△_{P S}) be the spline space defined in Definition 4.1 where ρ, μ, d are as in Table 1. Then any spline s ∈ S_r(△_{P S}) is uniquely determined by the following set of data: 1) {δ_{vi} D^α_x D^β_y }_{0≤α+β≤ρ}, for i = 1, 2, 3,

2) {δ_ηj_{el,i} D_{el} }^j_{i=1}, for j = 1, . . . , r − d + μ and l = 1, 2, 3, where e_l := ⟨v_l, v_{l+1}⟩.

Proof: It is easy to see that setting this nodal data is equivalent to setting the B-coefficients listed in Theorem 4.2. See [9] for some explicit formulae.

§7. Hermite Interpolation of Scattered Data

In this section we briefly examine the use of our macro-elements for interpolation of Hermite data at a set of scattered points V := {(x_i, y_i)}^V_{i=1}. Our aim is to construct a C^r spline which interpolates this data.

We begin by triangulating the data points. Let △ be a triangulation with vertices at the points of V . For many applications, this might be the Delaunay triangulation. Let △_{P S} be the triangulation obtained from △ by performing the following steps:

1) insert the incenters of each triangle T of △, 2) connect the incenters of neighboring triangles, 3) connect the incenter of each triangle T to the three vertices of T and to the centers of any edges of T which are boundary edges of △.

Thus, each triangle of △ has been subjected to a PS-split. To perform interpolation, we make use of the space

S_r(△_{P S}) := {s ∈ C^r(Ω) : s|_T ∈ S_r(T_{P S}) for all T ∈ △}, (7.1)

where Ω is the union of the triangles in △.

Fig. 2. The macro-element S_2(T_{P S}).

Fig. 3. The macro-element S_3(T_{P S}).

Fig. 4. The macro-element S_4(T_{P S}).

Fig. 5. The macro-element S_5(T_{P S}).

Fig. 6. The macro-element S_6(T_{P S}).

Fig. 7. The macro-element S_7(T_{P S}).

Fig. 8. The macro-element S_8(T_{P S}).

Fig. 9. The macro-element S_9(T_{P S}).

Theorem 7.1. Given 8k ≤ r ≤ 8k + 7, let ρ, μ, d be as in Table 1. Then

dim S_r(△_{P S}) = ( 3ρ + 2 2 ) V + ( r + μ − d + 1 2 ) E, (7.2) where V and E are the number of vertices and edges of △, respectively.

Proof: Let M_r be the following set of domain points:

1) for each vertex v of △, choose a triangle T of △_{P S} attached to v and include D^T_ρ (v), 2) for each edge e = ⟨v_1, v_2⟩ of △, let T = ⟨v, v_1, v_2⟩ be a triangle of △_{P S} containing the edge e. Then include the points {ξ^T_{j,j+μ−d−1,2d+1−μ−2j} , . . . , ξ^T_{j,0,d−j}} for j = d − μ + 1, . . . , r. The cardinality of M_r is precisely the number in (7.2). Now setting the coefficients c_ξ of s for ξ ∈ M_r, we can use the smoothness conditions to uniquely determine all remaining coefficients in the disks D_ρ(v_i). Then the remaining coefficients in each macro-triangle can be uniquely computed as in the proof of Theorem 4.2. This shows that M_r is a MDS, and the result follows.

We claim that the minimal determining set M_r described in the proof of Theorem 7.1 is stable. To see this, we note that as shown in Lemma 2.2 of [13], the smallest angle in the refined triangulation △_{P S} is at least θ_△ sin(θ_△)/4, where θ_△ is the smallest angle in △.

We are now ready to solve the Hermite interpolation problem.

Theorem 7.2. Given r ≥ 0, let d, ρ, μ be as in Table 1. For any function f which is sufficiently smooth so that the needed derivatives exist, there is a unique spline s ∈ S_r(△_{P S}) such that D^ν_xD^μ_y s(x_i, y_i) = D^ν_xD^μ_y f(x_i, y_i), 0 ≤ ν + μ ≤ ρ, i = 1, . . . , n, and D^{d−μ+j} e s(η^j_{e,i}) = D^{d−μ+j}_e f(η^j_{e,i}), 1 ≤ i ≤ j, 1 ≤ j ≤ r − d + μ, for all edges e of △, where η^j_{e,i} are the points associated with e as in (6.1).

Proof: For each triangle T of △, the interpolant s can be constructed locally since the given data uniquely determines the nodal data listed in Theorem 6.1. By construction of the macro-elements, the resulting spline s is globally in C^r, and thus lies in the spline space S_r(△_{P S}).

The Hermite interpolant of Theorem 7.2 is exact for polynomials of degree d. Coupling this with the stability of the construction and using the Bramble- Hilbert lemma as in [12], it is easy to establish the following error bound which shows that for sufficiently smooth f, the Hermite interpolant provides optimal order approximation.

Theorem 7.3. Suppose f lies in the Sobolev space W^{k+1}_∞ (Ω) for some ρ ≤ k ≤ d, and let s be the interpolating spline of Theorem 7.2. Then ‖D^α_x D^β_y (f − s)‖_∞ ≤ K|△|^{k+1−α−β}|f|_{k+1,∞} (7.3) for 0 ≤ α + β ≤ k, where |△| is the mesh size of △ (i.e., the diameter of the largest triangle), and |f|_{k+1,p} is the usual Sobolev semi-norm. If Ω is convex, then the constant K depends only on r and on the smallest angle θ_△ in △. If Ω is nonconvex, it also depends on the Lipschitz constant L_{∂Ω} associated with the boundary of Ω.

Although we did not need a basis to solve the Hermite interpolation problem, for other applications it is useful to observe that the space S_r(△_{P S}) has a convenient stable local basis. For each ξ in the MDS M_r defined in the proof of Theorem 7.1, let B_ξ be the unique spline in S_r(△_{P S}) such that λ_ηB_ξ = δ_{ξ,η}, η ∈ M_r, (7.4) where λ_η is the linear functional which picks off the B-coefficient corresponding to the domain point η. In view of (7.4), the splines {B_ξ}_{ξ∈Mr} are linearly independent, and thus form a basis for S_r(△_{P S}). It is easy to see that the B_ξ have local support. In particular,

1) If ξ is a point as in item 1) of Theorem 7.1, then supp(B_ξ) is contained in the union of all triangles of △ sharing the vertex v.

2) If ξ is a point as in item 2) of Theorem 7.1, then supp(B_ξ) is contained in T ∪ ~T , where T and ~T are the triangles of △ sharing the edge e. (If e is a boundary edge of △, then there is only one such triangle, and it is the support set).

§8. Remarks

Remark 8.1. Macro-elements can be constructed without splitting triangles, see [23–26]. As observed in [22], they belong to the classical superspline space S^{r,2r}_{4r+1}(T ), see also [15,16].

Remark 8.2. The java code of the first author for examining determining sets for superspline spaces was the key tool in discovering the macro-elements described in this paper. The code is described in [1], and can be used or downloaded from

http://www.math.utah.edu/∼alfeld. That web site also contains code that can

be used to generate colored versions of our figures for all values of r, along with a detailed documentation of the MDS code.

Remark 8.3. As shown in [13], it is not possible to construct C^r macro-elements on the PS-split using splines of lower degree than those considered here, and it is not possible to enforce lower supersmoothness at the vertices of T . At first glance it might appear the degrees of freedom in item 2) of Theorem 4.2 could also be removed. This can in fact be done if one is interested only in an element on a single triangle. But it does not work if we want an element which can be applied locally in a larger triangulation. The reason is that enforcing any additional smoothness will lead to a coefficient in 2) being determined by data at all three vertices. If this is done on two neighboring macro triangles, we will in general get coefficients which do not satisfy the C^r smoothness across the common edge.

Remark 8.4. It is of course possible to construct smooth macro-elements on other triangle splits such as the Clough-Tocher split. For macro-elements on these splits, see [2,8,12]. The degrees of the splines used here are lower than for the Clough- Tocher splits, but the cost is a more complicated split. Splines of still lower degree could be obtained by working with even more complicated triangle splits.

Remark 8.5. It is also possible to create macro-elements with even fewer degrees of freedom by the process of condensation. This amounts to further restricting the spline space (usually by forcing certain cross-derivatives along edges of the triangle T to be of lower degree than they naturally are). We do not recommend this strategy since it produces elements which no longer reproduce the full polynomial space, and thus have reduced approximation power.

Remark 8.6. The construction described here is not unique in the sense that there are other choices of the extra smoothness conditions which also lead to macroelements with the same number of degrees of freedom.

Remark 8.7. In contrast to the Clough-Tocher case [2], it is not possible to perform Powell-Sabin refinement on general triangulations by splitting all triangles T := ⟨u, v, w⟩ about a split point v_T := ru + sv + tw with fixed barycentric coordinates r, s, t. In Sect. 7 we have followed the usual approach in which the points v_T are chosen to the be the incenters of the triangles. This is known to guarantee that refinement is possible and also insures the stability.

Remark 8.8. Theorem 7.3 describes the approximation power of the the spaces S_r(△_{P S}) measured in the uniform norm. Analogous results hold for the p-norms, and can be proved using the quasi-interpolation operators Q_k defined by

Q_kf := ∑ ξ∈M_r λ_{ξ,k}f B_ξ,

where B_ξ are the dual basis splines of Sect. 6 and λ_{ξ,k} are the linear functionals defined in Sect. 10 of [11].

Remark 8.9. For special results on Powell-Sabin elements associated with uniform three-direction (type-I) meshes, see [6–7].

References

1. Alfeld, P., Bivariate splines and minimal determining sets, J. Comput. Appl.

Math. 119 (2000), 13–27.

2. Alfeld, P. and L. L. Schumaker, Smooth macro-elements based on Clough- Tocher triangle splits, Numer. Math., to appear.

3. Davydov, O. and L. L. Schumaker, On stable local bases for bivariate polynomial splines, Constr. Approx., to appear.

4. Ibrahim, A. and L. L. Schumaker, Super spline spaces of smoothness r and degree d ≥ 3r + 2, Constr. Approx. 7 (1991), 401–423.

5. Laghchim-Lahlou, M., Eléments finis composites de classe C^k dans IR^2, dissertation, Thèse de Doctorat, INSA de Rennes, 1991.

6. Laghchim-Lahlou, M., Composite C^r-triangular finite elements of PS type on a three direction mesh, in Curves and Surfaces, P.-J. Laurent, A. Le Méhauté, and L. L. Schumaker (eds), Academic Press, New York, 1991, 275–278.

7. Laghchim-Lahlou, M., C^r-finite elements of Powell-Sabin type on the three direction mesh, Advances in Comp. Math. 6 (1996), 191–206.

8. Laghchim-Lahlou, M. and P. Sablonniere, Triangular finite elements of HCT type and class C^ρ, Advances in Comp. Math. 2 (1994), 101-122.

9. Lai, M. J., On dual functionals of polynomials in B-form, J. Approx. Theory 67 (1991), 19–37.

10. Lai, M.-J., On C^2 quintic spline functions over triangulations of Powell-Sabin’s type, J. Comput. Appl. Math. 73 (1996), 135–155.

11. Lai, M.-J. and L. L. Schumaker, On the approximation power of bivariate splines, Advances in Comp. Math. 9 (1998), 251–279.

12. Lai, M.-J. and L. L. Schumaker, Macro-elements and stable local bases for splines on Clough-Tocher triangulations, Numer. Math., to appear.

13. Lai, M.-J. and L. L. Schumaker, Macro-elements and stable local bases for spaces of splines on Powell-Sabin triangulations, Math. Comp., to appear.

14. Lai, M.-J. and L. L. Schumaker, Quadrilateral macro-elements, manuscript, 2000.

15. Méhauté, A. Le, Interpolation et approximation par des fonctions polynomiales par morceaux dans IR^n, dissertation, Univ. Rennes, 1984.

16. Méhauté, A. Le, A finite element approach to surface reconstruction, in Computation of Curves and Surfaces, W. Dahmen, M. Gasca and C. Micchelli (eds), Kluwer, Dordrecht, Netherlands, 1990, 237–274.

17. Powell, M. J. D. and M. A. Sabin, Piecewise quadratic approximations on triangles, ACM Trans. Math. Software 3 (1977), 316–325.

18. Sablonnière, P., Composite finite elements of class C^k, J. Comp. Appl. Math.

12 (1985), 541–550.

19. Sablonnière, P., Eléments finis triangulaires de degré 5 et de classe C^2, in Computers and Computing, P. Chenin et al (eds), Wiley, New York, 1986, 111-115.

20. Sablonnière, P., Composite finite elements of class C^2, in Topics in Multivariate Approximation, C. K. Chui, L. L. Schumaker, and F. Utreras (eds), Academic Press, New York, 1987, 207–217.

21. Sablonnière, P. and M. Laghchim-Lahlou, Elements finis polynomiaux composés de classe C^r, C. R. Acad. Sci. Paris Sr. I Math. 316 (1993), 503–508.

22. Schumaker, L. L., On super splines and finite elements, SIAM J. Numer. Anal.

26 (1989), 997–1005.

23. Ženišek, A., Interpolation polynomials on the triangle, Numer. Math. 15 (1970), 283–296.

24. Ženišek, A., A general theorem on triangular C^m elements, Rev. Francaise Automat. Informat. Rech. Opér., Anal. Numer. 22 (1974), 119–127.

25. Zlamal, M, On the finite element method, Numer. Math. 12 (1968), 394–409. 26. Zlamal, M., A finite element procedure of the second order of accuracy, Numer.

Math. 14 (1970), 394–402.